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ÏÐÎÁËÅÌÀÖÅÍÒÐÀÈÔÎÊÓÑÀ: ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÐÅØÅ-
ÍÈß È ÃÈÏÎÒÅÇÛ

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ñèñòåìà ẋ =
∑̀
i=0

Pmi(x, y),

ẏ =
∑̀
i=0

Qmi(x, y) ñ îñîáîé òî÷êîé âòîðîé ãðóïïû (öåíòð èëè ôîêóñ)

â íà÷àëå êîîðäèíàò, ãäå Pmi è Qmi îäíîðîäíûå ïîëèíîìû ñòåïåíè
mi ≥ 1 îòíîñèòåëüíî x è y, à m0 = 1. Ìíîæåñòâî {1,mi}`i=1 ñîñòîèò
èç êîíå÷íîãî ÷èñëà (` <∞) ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë. Ïîêàçàíî,
÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè-
÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è ôî-
êóñà äëÿ óêàçàííîé äèôôåðåíöèàëüíîé ñèñòåìû íå ïðåâûøàåò ÷èñëî
% = 2(

∑`
i=0mi + `) + 3. Èñõîäÿ èç ýòîãî è äîïîëíèòåëüíûõ àðãóìåí-

òîâ âûäâèíóòà îáîñíîâàííàÿ ãèïîòåçà, ÷òî ÷èñëî ñóùåñòâåííûõ óñëî-
âèé öåíòðà ω, êîòîðûå ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ óêàçàí-
íîé äèôôåðåíöèàëüíîé ñèñòåìû íå ïðåâûøàåò óêàçàííîå ÷èñëî %, ò.å.
ω ≤ %.

Ïîêàçàíî òàêæå, ÷òî ÷èñëî %− 2 ÿâëÿåòñÿ âåðõíåé ãðàíèöåé ÷èñëà
ôóíêöèîíàëüíî-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, ïðèíèìàþùèõ ó÷à-
ñòèå â ðåøåíèè óêàçàííîé ïðîáëåìû. Ïðåäïîëàãàåòñÿ, ÷òî ÷èñëî ñóùå-
ñòâåííûõ óñëîâèé öåíòðà, ðåøàþùèõ ïðîáëåìó öåíòðà è ôîêóñà äëÿ
ðàññìàòðèâàåìîé ñèñòåìû, óäîâëåòâîðÿåò íåðàâåíñòâó ω ≤ %− 2.

Ìîíîãðàôèÿ ðàññ÷èòàíà íà ìàòåìàòèêîâ, íàó÷íûõ ðàáîòíèêîâ, ïðå-
ïîäàâàòåëåé, äîêòîðàíòîâ.
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THE CENTER-FOCUS PROBLEM: ALGEBRAIC SOLUTIONS AND
HYPOTHESES

The nonlinear di�erential system ẋ =
∑̀
i=0

Pmi(x, y), ẏ =
∑̀
i=0

Qmi(x, y)

with a singular point of a center or focus type (a weak focus) at the
origin of coordinates is considered, where Pmi and Qmi are homogeneous
polynomials of degree mi ≥ 1 in x and y, and m0 = 1. The set {1,mi}`i=1

consists of a �nite number (` <∞) of distinct natural numbers. It is proved
that the maximal number of algebraically independent focal quantities used
in solving of the center-focus problem for given di�erential system does not
exceed % = 2(

∑`
i=0mi+`)+3. Based on this fact and additional arguments

we put forward a lawful hypothesis, that the number of the essential center
conditions ω, witch solve the center-focus problem for given di�erential
system does not exceed %, i.e. ω ≤ %.

It is shown that the number %− 2 is the upper border for the number
of functional independent focal quantities that take part in solving of
the considered problem. It is assumed that the number of the essential
center conditions, which solve the center-focus problem for given di�erential
system, satis�es the inequality ω ≤ %− 2.

The monograph is intended for mathematicians, scientists, professors,
PhD students.
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Ââåäåíèå

Îäíîé èç ñòàðûõ ïðîáëåì êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëü-
íûõ óðàâíåíèé ÿâëÿåòñÿ ïðîáëåìà öåíòðà è ôîêóñà. Îíà ïîÿâëÿåòñÿ,
íàïðèìåð, â ñëó÷àå, êîãäà êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ äèô-
ôåðåíöèàëüíîé ñèñòåìû

dx

dt
= X(x, y),

dy

dt
= Y (x, y) (1)

ÿâëÿþòñÿ ÷èñòî ìíèìûìè.

Óêàçàííàÿ ïðîáëåìà áûëà ñôîðìóëèðîâàíà áîëåå 130 ëåò íàçàä
ôðàíöóçêèì ìàòåìàòèêîì Àíðè Ïóàíêàðå (1854�1912). Îí ïîêàçàë,
÷òî åñëè äèôôåðåíöèàëüíàÿ ñèñòåìà íå ìîæåò áûòü ðåøåíà â ÿâíîì
âèäå, òî ìîæíî ïðèáåãíóòü ê èçó÷åíèþ ïîâåäåíèÿ èõ ðåøåíèé (èíòå-
ãðàëüíûõ êðèâûõ) áåç çíàíèÿ ýòèõ ðåøåíèé. Òàê ïîÿâèëàñü êà÷åñòâåí-
íàÿ òåîðèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé. Îäíèì èç âàæíåéøèõ âî-
ïðîñîâ ýòîé òåîðèè ÿâëÿåòñÿ èçó÷åíèå ïîâåäåíèÿ èíòåãðàëüíûõ êðè-
âûõ (òðàåêòîðèé) âáëèçè îñîáûõ òî÷åê, ò.å. òàêèõ òî÷åê, äëÿ êîòîðûõ
X(x, y) = Y (x, y) = 0. Â ñâÿçè ñ ýòèì Ïóàíêàðå ïðåäëîæèë ñëåäóþùóþ
êëàññèôèêàöèþ îñîáûõ òî÷åê: ñåäëî, óçåë, öåíòð è ôîêóñ.

à) ñåäëî á) óçåë

Ôèã. 1. Îñîáûå òî÷êè ïåðâîé ãðóïïû
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à) öåíòð á) ôîêóñ

Ôèã. 2. Îñîáûå òî÷êè âòîðîé ãðóïïû

Êàê áûëî îòìå÷åíî âûøå, íàëè÷èå öåíòðà èëè ôîêóñà â îñîáîé
òî÷êå ñèñòåìû (1) îáåñïå÷èâàåòñÿ ÷èñòîé ìíèìîñòüþ êîðíåé õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ. Ïðè ýòîì óñëîâèè â ñëó÷àå öåíòðà îñîáàÿ òî÷-
êà îêðóæåíà çàìêíóòûìè òðàåêòîðèÿìè, à â ñëó÷àå ôîêóñà îêðóæåíà
ñïèðàëÿìè. Ïðîáëåìà öåíòðà è ôîêóñà ñîñòîèò â îïðåäåëåíèè óñëîâèÿ
êîãäà îñîáàÿ òî÷êà ÿâëÿåòñÿ öåíòðîì. Â îáùåì ñëó÷àå ïðîáëåìà öåí-
òðà àëãåáðàè÷åñêè íåðàçðåøèìà [1, 2]. Ñòîèò îòìåòèòü, ÷òî â ìèðîâîé
ëèòåðàòóðå ïðîáëåìå öåíòðà è ôîêóñà ïîñâÿùåíî áîëüøîå êîëè÷åñòâî
ðàáîò â íàó÷íûõ öåíòðàõ Ôðàíöèè, Ðîññèè, Áåëîðóñèè, Êèòàÿ, Âåëè-
êîáðèòàíèè, Èñïàíèè, Ïîëüøû, Ñëîâåíèè, Êàíàäû, ÑØÀ è äð.

Â Ðåñïóáëèêå Ìîëäîâà ïåðâûì íà÷àë çàíèìàòüñÿ ïðîáëåìîé öåí-
òðà è ôîêóñà äëÿ äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîëèíîìèàëüíûìè íåëè-
íåéíîñòÿìè àêàäåìèê Ê.Ñ. Ñèáèðñêèé (1928�1990). Ïåðâàÿ åãî ðàáîòà
½Îá óñëîâèÿõ íàëè÷èÿ öåíòðà è ôîêóñà� (Ó÷. çàï. Êèøèí. óí-òà 11,
(1954), ñ. 115�117) âûçâàëà èíòåðåñ ê ýòîé ïðîáëåìå è ó íàñ â ñòðàíå.

Åãî êàíäèäàòñêàÿ äèññåðòàöèÿ áûëà ñîñðåäîòî÷åíà íà íåêîòîðûõ
àñïåêòàõ ïðîáëåìû öåíòðà è ôîêóñà è áûëà çàùèùåíà â 1955 ãîäó â Êà-
çàíñêîì óíèâåðñèòåòå (Ðîññèÿ). Íà ðàçíûõ ýòàïàõ ó÷åíèêè àêàäåìèêà
Ê.Ñ. Ñèáèðñêîãî (Í.È. Âóëïå, À.Ñ. Øóáý, Þ.Ô. Êàëèí, Â.À. Áàëòàã,
Ä.Â. Êîçìà è äð.) ðàññìàòðèâàëè ðàçíûå âîïðîñû ýòîé ïðîáëåìû è
ïîëó÷èëè çíà÷èòåëüíûå ðåçóëüòàòû.

Åñëè ðàññìîòðåòü ñëó÷àé êîãäà ôóíêöèè X(x, y) è Y (x, y) ñèñòåìû
(1) ÿâëÿþòñÿ ïîëèíîìàìè, òî äëÿ òîãî, ÷òîáû ïðîáëåìà öåíòðà è ôîêó-
ñà áûëà àëãåáðàè÷åñêè ðàçðåøèìà íåîáõîäèìî, ÷òîáû ëèíåéíûå ÷àñòè
ýòîé ñèñòåìû áûëè îòëè÷íûìè îò íóëÿ. Çàïèøåì óêàçàííóþ ñèñòåìó â
âèäå

dx

dt
=
∑̀
i=0

Pmi(x, y),
dy

dt
=
∑̀
i=0

Qmi(x, y) (` <∞), (2)

ãäå Pmi è Qmi ÿâëÿþòñÿ îäíîðîäíûìè ïîëèíîìàìè ñòåïåíè mi ≥ 1
îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x, y, à m0 = 1. Ìíîæåñòâî {1,m1,
m2, ...,m`} ñîñòîèò èç êîíå÷íîãî ÷èñëà (` < ∞) ðàçëè÷íûõ íàòóðàëü-
íûõ ÷èñåë. Êîýôôèöèåíòû è ïåðåìåííûå ïîëèíîìîâ ñèñòåìû (2) ïî-
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ëó÷àþò çíà÷åíèÿ èç ïîëÿ äåéñòâèòåëüíûõ ÷èñåë R. Ñèñòåìó (2) áóäåì
îáîçíà÷àòü ÷åðåç s(m0,m1, ...,m`).

Ôóíäàìåíòàëüíûå ðåçóëüòàòû ê ïðîáëåìå öåíòðà è ôîêóñà áûëè
ïîëó÷åíû À. Ì. Ëÿïóíîâûì (1857�1918) [3]. Àíðè Ïóàíêàðå è Àëåê-
ñàíäð Ëÿïóíîâ çàëîæèëè îñíîâû êà÷åñòâåííîé òåîðèè äèôôåðåíöè-
àëüíûõ ñèñòåì.

Êàê áûëî ïîêàçàíî â [3,4], ïðè íàëè÷èè îñîáîé òî÷êè âòîðîé ãðóï-
ïû â íà÷àëå êîîðäèíàò óñëîâèÿ öåíòðà ñîñòîÿò èç ðàâåíñòâà íóëþ áåñ-
êîíå÷íîé ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ

L1, L2, ..., Lk, ..., (3)

çàâèñÿùèå îò êîýôôèöèåíòîâ ïîëèíîìîâ ïðàâûõ ÷àñòåé ñèñòåìû (2),
êîòîðûå ïðèíÿòî íàçûâàòü ôîêóñíûìè âåëè÷èíàìè, ïîñòîÿííûìè Ëÿ-
ïóíîâà èëè ïîñòîÿííûìè Ïóàíêàðå-Ëÿïóíîâà.

Åñëè õîòÿ áû îäíà èç âåëè÷èí (3) îòëè÷íà îò íóëÿ, òî íà÷àëî êîîð-
äèíàò äëÿ ñèñòåìû (2) ÿâëÿåòñÿ ôîêóñîì. Ýòè óñëîâèÿ ÿâëÿþòñÿ íåîá-
õîäèìûìè è äîñòàòî÷íûìè.

Èç òåîðåìû Ãèëüáåðòà î êîíå÷íîñòè áàçèñà ïîëèíîìèàëüíûõ èäåà-
ëîâ ñëåäóåò, ÷òî ñóùåñòâåííûå óñëîâèÿ öåíòðà, êîòîðûå âûðàæàþò ðà-
âåíñòâî íóëþ áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ (3), ñîñòîÿò
èç êîíå÷íîãî ÷èñëà ìíîãî÷ëåíîâ, à îñòàëüíûå ÿâëÿþòñÿ èõ ñëåäñòâèåì.

Ïðèíèìàÿ âî âíèìàíèå ýòîò ðåçóëüòàò, ïðîáëåìó öåíòðà è ôîêóñà
ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì: êàêîå êîíå÷íîå ÷èñëî ω
ïîëèíîìîâ èç (3) (ñóùåñòâåííûõ óñëîâèé öåíòðà)

Ln1
, Ln2

, ..., Lnω (ni ∈ {1, 2, ..., k, ...}; i = 1, ω, ω <∞) (4)

íåîáõîäèìî äëÿ òîãî, ÷òîáû èõ ðàâåíñòâî íóëþ àííóëèðîâàëî âñå ïî-

ëèíîìû èç (3)?
Ñëåäîâàòåëüíî, ïðîáëåìà öåíòðà è ôîêóñà ñîñòîèò èç äâóõ ÷àñòåé.

Ïåðâàÿ ÷àñòü îòíîñèòñÿ ê íàõîæäåíèþ ÷èñëà ω, îïðåäåëÿþùåãî âåðõ-
íþþ ãðàíèöó êîëè÷åñòâà ôîêóñíûõ âåëè÷èí, êîòîðûå ñîñòàâëÿþò ñó-
ùåñòâåííûå óñëîâèÿ öåíòðà. Âòîðàÿ ÷àñòü ñîñòîèò â îïðåäåëåíèè ìíî-
æåñòâà Ω = {n1, n2, ..., nω} èíäåêñîâ ni (i = 1, ω), ñîîòâåñòâóþùèõ ôî-
êóñíûì âåëè÷èíàì êîòîðûå ñîñòàâëÿþò ñóùåñòâåííûå óñëîâèÿ öåíòðà.

Îáîáùåííàÿ ïðîáëåìà öåíòðà è ôîêóñà ñîñòîèò â îïðåäåëåíèè âåðõ-
íåé ãðàíèöû ÷èñëà λ àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí èç
Π = {Li : i ∈ Ω}.

Ñóùåñòâóåò ìíåíèå, ÷òî åñëè ïðîáëåìà öåíòðà è ôîêóñà äëÿ ñèñòå-
ìû s(1,m1, ...,m`), èìåþøåé â íà÷àëå êîîðäèíàò îñîáóþ òî÷êó âòîðîé
ãðóïïû, (öåíòð èëè ôîêóñ), ñëó÷àéíî ðåøàåòñÿ îòðèöàòåëüíî, òî ðåøå-
íèå îáîáùåííîé ïðîáëåìû öåíòðà è ôîêóñà ìîæåò ñ÷èòàòüñÿ îêîí÷à-
òåëüíûì ðåøåíèåì ýòîé ïðîáëåìû.
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Ïðîáëåìà íàõîæäåíèÿ ñóùåñòâåííûõ óñëîâèé öåíòðà (4) ñ ÷èñëîì
ω ÿâëÿåòñÿ ñâåðõñëîæíîé çàäà÷åé è åå ïîëíîå ðåøåíèå äàíî äëÿ ñè-
ñòåì s(1, 2) è s(1, 3) äëÿ êîòîðûõ ñîîòâåñòâåííî èìååì ω = 3, 5 (ñì.,
íàïðèìåð, [5]� [7]).

Íà ñåãîäíÿøíèé äåíü íå èçâåñòíî ÷èñëî ω äëÿ ñèñòåìû s(1, 2, 3),
êîòîðóþ ìîæåì ñ÷èòàòü òàêæå íåäîñòàòî÷íî ñëîæíîé ñèñòåìîé.

Ñóùåñòâóåò íåîïóáëèêîâàííàÿ ãèïîòåçà ïðîô. Ã.Æîëîíäåêà (Ïîëü-
øà), êîòîðàÿ áîëüøå îñíîâûâàåòñÿ íà èíòóèöèè, ÷òî äëÿ ñèñòåìû
s(1, 2, 3) ÷èñëî ω ≤ 13. Ýòà ãèïîòåçà íå îïðîâåðíóòà äî ñèõ ïîð. Îä-
íàêî â ðàáîòå [8] ïîêàçàíî, ÷òî 12 ôîêóñíûõ âåëè÷èí íå äîñòàòî÷íî
äëÿ ðåøåíèÿ ïðîáëåìû öåíòðà è ôîêóñà äëÿ ñèñòåìû s(1, 2, 3).

Îòìåòèì, ÷òî ïóòü ðåøåíèÿ ïðîáëåìû öåíòðà è ôîêóñà èçíà÷àëü-
íî áûë ïðåäëîæåí Ïóàíêàðå è Ëÿïóíîâûì, êîòîðûé ïîçâîëèë ïîëó-
÷èòü å¼ ðåøåíèå äëÿ ñèñòåì s(1, 2) è s(1, 3) è äðóãèõ ñëó÷àåâ ÷àñòíûõ
ñèñòåì. Îäíàêî äëÿ ñèñòåìû s(1, 2, 3) óêàçàííûé ïóòü â ðåøåíèè ïðî-
áëåìû öåíòðà è ôîêóñà ñâÿçàí ñ íåïðåîäîëèìûìè âû÷èñëåíèÿìè äà-
æå ñ ïðèìåíåíèåì ñàìûõ ìîùíûõ êîìïüþòåðîâ. Ýòè òðóäíîñòè òàêæå
íåïðåîäîëèìû è äëÿ äðóãèõ áîëåå ñëîæíûõ ñèñòåì s(1,m1, ...,m`).

Ïîýòîìó â êà÷åñòâå îñíîâû áûëà âçÿòà îáîáùåííàÿ ïðîáëåìà öåí-
òðà è ôîêóñà, êîòîðàÿ áûëà ñôîðìóëèðîâàíà âûøå äëÿ ëþáûõ ñè-
ñòåì âèäà s(1,m1, ...,m`). Ýòî ïîçâîëèëî èçáåæàòü âû÷èñëåíèÿ ôîêóñ-
íûõ âåëè÷èí (3) äëÿ óêàçàííûõ ñèñòåì, è çàìåíèòü ýòîò ïðîöåññ èñ-
ñëåäîâàíèåì íåêîòîðûõ àëãåáð Ëè îïåðàòîðîâ è ãðàäóèðîâàííûõ àë-
ãåáð Ñèáèðñêîãî êîìèòàíòîâ äëÿ ðàññìàòðèâàåìûõ ñèñòåì. Äëÿ îöåíêè
ìàêñèìàëüíîãî ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí
ñèñòåìû s(1,m1, ...,m`) è áûëè èñïîëüçîâàíû ýòè àëãåáðû. Â ðåçóëü-
òàòå áûëà ïîëó÷åíà êîíå÷íàÿ âåðõíÿÿ ãðàíèöà ÷èñëà àëãåáðàè÷åñêè-
íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, ïðèíèìàþùèõ ó÷àñòèå â ðåøåíèè ïðî-
áëåìû öåíòðà è ôîêóñà äëÿ ëþáîé ñèñòåìû s(1,m1, ...,m`) èç (1.1)�
(1.2), îá ýòîì âïåðâûå áûëî çàÿâëåíî íà ìåæäóíàðîäíîé êîíôåðåí-
öèè [43]. Ðåçóëüòàòû î ðåøåíèè îáîáùåííîé ïðîáëåìû öåíòðà è ôîêóñà
äîêëàäûâàëèñü íà ìåæäóíàðîäíûõ êîíôåðåíöèÿõ ïî äèôôåðåíöèàëü-
íûì óðàâíåíèÿì è ïî àëãåáðå [44,45].

Êðîìå òîãî, äëÿ ñèñòåìû Ëÿïóíîâà sL(1,m1,m2, ...,m`) èç (41.1)�
(41.2) íàéäåíà âåðõíÿÿ ãðàíèöà ÷èñëà ôóíêöèîíàëüíî-íåçàâèñèìûõ ôî-
êóñíûõ âåëè÷èí, ïðèíèìàþùèå ó÷àñòèå â ðåøåíèå ïðîáëåìû öåíòðà è
ôîêóñà äëÿ ýòèõ ñèñòåì.

Ãëàâà 1 (��1�7) ïîñâÿùåíà ïîñòðîåíèþ àëãåáðû Ëè îïåðàòîðîâ ïðåä-
ñòàâëåíèÿ öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå êîýôôèöèåíòîâ è
ïåðåìåííûõ äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîëèíîìèàëüíûìè íåëèíåé-
íîñòÿìè âèäà (2).
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Ãëàâà 2 (��8�13) ïîñâÿùåíà èññëåäîâàíèþ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äëÿ öåíòðîàôôèííûõ èíâàðèàíòîâ è êîìèòàíòîâ ñèñòåìû (2) è
èçó÷åíèþ èõ àëãåáðàè÷åñêèõ áàçèñîâ.

Ãëàâà 3 (��14�18) ïîñâÿùåíà èññëåäîâàíèþ ïðîèçâîäÿùèõ ôóíêöèé
è ðÿäîâ Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî êîìèòàíòîâ è èíâàðèàíòîâ
ïîëèíîìèàëüíûõ äèôôåðåíöèàëüíûõ ñèñòåì âèäà (2).

Ãëàâà 4 (��19�26) ïîñâÿùåíà ïîñòðîåíèþ ðÿäîâ Ãèëüáåðòà äëÿ àë-
ãåáð Ñèáèðñêîãî ðàçëè÷íûõ äèôôåðåíöèàëüíûõ ñèñòåì âèäà (2) è âû-
÷èñëåíèÿ äëÿ ýòèõ àëãåáð ðàçìåðíîñòüþ Êðóëëÿ.

Ãëàâà 5 (��27�31) ïîñâÿùåíà ïðèâåäåíèþ ïîíÿòèé ñâÿçàííûõ ñ íî-
âîé ôîðìóëèðîâêîé ïðîáëåìû öåíòðà è ôîêóñà äëÿ ñèñòåìû âèäà (2).

Ãëàâà 6 (��32�39) ïîñâÿùàåòñÿ ïðèìåðàì äèôôåðåíöèàëüíûõ ñè-
ñòåì, äëÿ êîòîðûõ îïðåäåëÿåòñÿ âåðõíÿÿ ãðàíèöà ÷èñëà àëãåáðàè÷åñêè-
íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, ïðèíèìàþùèõ ó÷àñòèå â ðåøåíèè ïðî-
áëåìû öåíòðà è ôîêóñà, à òàêæå îáîáùåíèå ýòèõ ðåçóëüòàòîâ äëÿ ëþáîé
ñèñòåìû s(1,m1, ...,m`).

Ãëàâà 7 (��40�45) ïîñâÿùåíà ïîëó÷åíèþ âåðõíåé ãðàíèöû ÷èñëà
ôóíêöèîíàëüíî-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí ïðèíèìàþùèõ ó÷àñòèå
â ðåøåíèå ïðîáëåìû öåíòðà è ôîêóñà äëÿ ñèñòåìû Ëÿïóíîâà sL(1,m1,
m2, ...,m`) è ñðàâíåíèå åå ñ ðåçóëüòàòàìè ãëàâû 6. Ðåçóëüòàòû ñåäüìîé
ãëàâû áûëè ïîëó÷åíû â 2017 ãîäó è âïåðâûå ïóáëèêóþòñÿ â íàñòîÿùåé
ìîíîãðàôèè. Çäåñü îñîáåííî âàæíî îòìåòèòü, ÷òî ïåðâîî÷åðåäíîå îçíà-
êîìëåíèå ÷èòàòåëÿ ñ ðåçóëüòàòàìè ñåäüìîé ãëàâû ïîìîæåò åìó áûñòðåå
è áëèæå ïîäîéòè ê ïîíèìàíèþ ðåçóëüòàòîâ ïåðâûõ øåñòè ãëàâ.

Àâòîðû ÷ðåçìåðíî áëàãîäàðíû Í.È. Âóëïå, çà ïîëåçíûå äèñêóññèè
ïî îïóáëèêîâàííîé ñòàòüå [10], îñíîâíûå ðåçóëüòàòû êîòîðîé âîøëè
â íàñòîÿùóþ ìîíîãðàôèþ, è çà ðåêëàìó, ïîëó÷åííûõ ðåçóëüòàòîâ â
íàó÷íûõ öåíòðàõ äðóãèõ ñòðàí.

Àâòîðû ãëóáîêî ïðèçíàòåëüíû ó÷àñòíèêàì ñåìèíàðà Èíñòèòóòà ìà-
òåìàòèêè è èíôîðìàòèêè ÀÍÌ è Òèðàñïîëüñêîãî ãîñóíèâåðñèòåòà (Êè-
øèíýó) ½Äèôôåðåíöèàëüíûå óðàâíåíèÿ è àëãåáðû� çà ÷ðåçâû÷àéíî ïî-
ëåçíûå è ïëîäîòâîðíûå îáñóæäåíèÿ ìàòåðèàëîâ, âêëþ÷åííûõ â ýòó
êíèãó, à òàêæå Ë.Ò. Áåíäàñ çà ðåäàêòèðîâàíèå ðóêîïèñè.

Àâòîðû èñêðåííå áëàãîäàðíû ðåöåíçåíòàì À.Ñ. Øóáý è Ä.Â. Êîç-
ìà çà êðèòè÷åñêèå çàìå÷àíèÿ è ñîâåòû. Âñå æå íåäîñòàòêè íà ñîâåñòè
àâòîðîâ.

Îñîáóþ áëàãîäàðíîñòü àâòîðû âûðàæàþò àêàäåìèêó Ì.Ì. ×îáà-
íó è æóðíàëèñòêå Ò. Ðîòàðó çà ïîïóëÿðíîå èçëîæåíèå, äëÿ øèðîêîãî
êðóãà ÷èòàòåëåé, ïåðâîíà÷àëüíûõ ðåçóëüòàòîâ ýòîé êíèãè â ñòàòüå [9].
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Ïðèíöèïû, êîòîðûå êàçàëèñü èìåþùèìè ñàìóþ äîñòîâåðíóþ
ìàòåìàòè÷åñêóþ áàçó, îñïàðèâàþòñÿ òåïåðü ó÷åíûìè. Êíèãè,
ïîäîáíûå ãëóáîêîìó ñî÷èíåíèþ Àíðè Ïóàíêàðå ½Íàóêà è
ãèïîòåçà� [11], äàþò äîêàçàòåëüñòâà ýòîìó íà êàæäîé ñòðàíè-
öå. Ýòîò çíàìåíèòûé ìàòåìàòèê ïîêàçàë, ÷òî äàæå ìàòåìà-
òèêà æèâåò ìíîæåñòâîì ãèïîòåç è óñëîâíîñòåé.

Ñâÿòèòåëü Ëóêà (Âîéíî-ßñåíåöêèé) [12]

Ãëàâà 1. Àëãåáðà Ëè îïåðàòîðîâ ïðåä-

ñòàâëåíèÿ öåíòðîàôôèííîé

ãðóïïû â ïðîñòðàíñòâå êîýô-

ôèöèåíòîâ ïîëèíîìèàëüíûõ

äèôôåðåíöèàëüíûõ ñèñòåì

�1. Äâóìåðíûå ïîëèíîìèàëüíûå äèôôåðåí-

öèàëüíûå ñèñòåìû

Ðàññìîòðèì äâóìåðíóþ àâòîíîìíóþ ïîëèíîìèàëüíóþ ñèñòåìó äèô-
ôåðåíöèàëüíûõ óðàâíåíèé

ẋ =
∑̀
i=0

Pmi(x, y) ≡ P (x, y),

ẏ =
∑̀
i=0

Qmi(x, y) ≡ Q(x, y) (` <∞),

(1.1)

ãäå ẋ = dx
dt , ẏ = dy

dt . ×åðåç Γ = {mi}`i=0 îáîçíà÷èì íåêîòîðîå êîíå÷íîå
ìíîæåñòâî öåëûõ ðàçëè÷íûõ íåîòðèöàòåëüíûõ ÷èñåë, à îäíîðîäíîñòè
Pmi è Qmi ñòåïåíèmi îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x è y (òî åñòü
Pmi(αx, αy) = αmiPmi(x, y), Qmi(αx, αy) = αmiQmi(x, y) α ∈ R) â ïðà-
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âîé ÷àñòè ñèñòåìû (1.1) ïðè
(
mi
k

)
= mi!

(mi−k)!k! çàäàþòñÿ ðàâåíñòâàìè

Pmi(x, y) =

mi∑
k=0

(mi

k

)
i
a1
kx

mi−kyk,

Qmi(x, y) =

mi∑
k=0

(mi

k

)
i
a2
kx

mi−kyk, (mi ∈ Γ, i = 0, `).

(1.2)

Îòìåòèì, ÷òî âñå ïåðåìåííûå è êîýôôèöèåíòû ñèñòåìû (1.1)�(1.2)
ïðèíèìàþò çíà÷åíèå èç ïîëÿ äåéñòâèòåëüíûõ ÷èñåë R.

Äëÿ óäîáñòâà ñèñòåìû âèäà (1.1)�(1.2) â îäåëüíûõ ñëó÷ÿõ, áóäåì
çàäàâàòü îáîçíà÷åíèÿìè s(m0,m1, ...,m`) èëè s(Γ), ãäå Γ = {mi}`i=0, â
êîòîðûõ ñðàçó âèäíî, îäíîðîäíîñòè êàêîé ñòåïåíè ñîäåðæàòñÿ â ïðàâûå
÷àñòè ýòèõ ñèñòåì.

Ïðèâåäåì óïðîùåííûå çàïèñè íåêîòîðûõ ñèñòåì âèäà (1.1)�(1.2),
êîòîðûå ïîíàäîáÿòñÿ â äàëüíåéøåì.

1.1. Àôôèííàÿ ñèñòåìà. Åñëè â (1.1)�(1.2) ïðèíÿòü Γ = {0, 1}, òî
ïîëó÷èì äèôôåðåíöèàëüíóþ ñèñòåìó s(0, 1)

ẋ = a+ cx+ dy, ẏ = b+ ex+ fy, (1.3)

ãäå

a =
0
a1

0, b =
0
a2

0, c =
1
a1

0, d =
1
a1

1, e =
1
a2

0, f =
1
a2

1. (1.4)

Îòìåòèì, ÷òî â ñèñòåìå (1.3) a è b íàçûâàþòñÿ ñâîáîäíûìè ÷ëåíà-
ìè, à cx+ dy è ex+ fy � ëèíåéíûìè ÷àñòÿìè.

1.2. Ñèñòåìà ñ êâàäðàòè÷åñêèìè íåëèíåéíîñòÿìè. Åñëè â (1.1)�
(1.2) ïîëîæèòü Γ = {1, 2}, òî ïîëó÷èì äèôôåðåíöèàëüíóþ ñèñòåìó
s(1, 2), êîòîðàÿ â óïðîùåííîé çàïèñè, ïðèíÿòîé âî ìíîãèõ ðàáîòàõ, áó-
äåò èìåòü âèä

ẋ = cx+ dy + gx2 + 2hxy + ky2,

ẏ = ex+ fy + lx2 + 2mxy + ny2,
(1.5)

ãäå

c =
0
a1

0, d =
0
a1

1, e =
0
a2

0, f =
0
a2

1, g =
1
a1

0, h =
1
a1

1, k =
1
a1

2,

l =
1
a2

0, m =
1
a2

1, n =
1
a2

2.
(1.6)

Îòìåòèì, ÷òî ïðè îòñóòñâèè â ñèñòåìå (1.5) ëèíåéíîé ÷àñòè, ïîëó-
÷àåì äèôôåðåíöèàëüíóþ ñèñòåìó s(2), êîòîðóþ ïðèíÿòî íàçûâàòü

1.3. Êâàäðàòè÷íîé ñèñòåìîé, êîòîðàÿ çàïèñûâàåòñÿ â âèäå

ẋ = gx2 + 2hxy + ky2,

ẏ = lx2 + 2mxy + ny2.
(1.7)
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1.4. Ñèñòåìà ñ êóáè÷åñêèìè íåëèíåéíîñòÿìè. Åñëè â (1.1)�(1.2)
ïîëîæèòü Γ = {1, 3}, òî ïîëó÷èì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 3),
êîòîðàÿ â óïðîùåííîé çàïèñè, ïðèíÿòîé â íåêîòîðûõ ðàáîòàõ, áóäåò
èìåòü âèä

ẋ = cx+ dy + px3 + 3qx2y + 3rxy2 + sy3,

ẏ = ex+ fy + tx3 + 3ux2y + 3vxy2 + wy3,
(1.8)

ãäå

c =
0
a1

0, d =
0
a1

1, e =
0
a2

0, f =
0
a2

1, p =
1
a1

0, q =
1
a1

1, r =
1
a1

2,

s =
1
a1

3, t =
1
a2

0, u =
1
a2

1, v =
1
a2

2, w =
1
a2

3.
(1.9)

Îòìåòèì, ÷òî ïðè îòñóòñòâèè â ñèñòåìå (1.8) ëèíåéíîé ÷àñòè, ïî-
ëó÷àåì äèôôåðåíöèàëüíóþ ñèñòåìó s(3), êîòîðóþ ïðèíÿòî íàçûâàòü

1.5. Êóáè÷åñêîé ñèñòåìîé, êîòîðàÿ çàïèñûâàåòñÿ â âèäå

ẋ = px3 + 3qx2y + 3rxy2 + sy3,

ẏ = tx3 + 3ux2y + 3vxy2 + wy3.
(1.10)

Â äàëüíåéøåì áóäóò ðàññìîòðåíû è äðóãèå ñèñòåìû âèäà (1) ïðè
ðàçëè÷íûõ Γ = {mi}`i=0, îòëè÷íûõ îò âûøåïðèâåäåííûõ.

�2. Îäíîïàðàìåòðè÷åñêèå ëèíåéíûå ãðóïïû

ïðåîáðàçîâàíèé ôàçîâîé ïëîñêîñòè ñèñòå-

ìû (1.1)− (1.2)

Ðàññìîòðèì ïðåîáðàçîâàíèÿ, âêëþ÷åííûå â îäíîïàðàìåòðè÷åñêîå
ñåìåéñòâî {Tα}:

x = f1(x, y, α), y = f2(x, y, α), (2.1)

ãäå α � âåùåñòâåííûé ïàðàìåòð, íåïðåðûâíî èçìåíÿþùèéñÿ â íåêî-
òðîì èíòåðâàëå èç R. Êàæäîìó ÷àñòíîìó çíà÷åíèþ ïàðàìåòðà α ñîîò-
âåòñòâóåò íåêîòîðîå ïðåîáðàçîâàíèå ñåìåéñòâà. Ïðåîáðàçîâàíèå (2.1)
ôàçîâîé ïëîñêîñòè E2(x, y) îçíà÷àåò, ÷òî òî÷êà (x, y) ïåðåâîäèòñÿ â
íîâîå ïîëîæåíèå (x, y) â òîé æå ïëîñêîñòè E2(x, y).

Îïðåäåëåíèå 2.1. Ñêàæåì, ÷òî ñåìåéñòâî G1 = {Tα}, ñîñòîÿ-
ùåå èç ôóíêöèé (2.1), íåïðåðûâíî çàâèñÿùèõ îò ïàðàìåòðà α, îáðà-
çóåò îäíîïàðàìåòðè÷åñêóþ ãðóïïó G1 ïðåîáðàçîâàíèé, åñëè

1) TαTβ = Tγ , ãäå Tγ ∈ {Tα} è γ = ϕ(α, β) ñ÷èòàåòñÿ äîñòàòî÷íîå
÷èñëî ðàç äèôôåðåíöèðóåìûì;

2) Tα0
= I (èëè T0 = I ) (ñóùåñòâîâàíèå åäèíèöû);
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3) T−1
α = Tα−1 (ñóùåñòâîâàíèå îáðàòíîãî ýëåìåíòà);

4) Tα(TβTγ) = (TαTβ)Tγ (àññîöèàòèâíîñòü óìíîæåíèÿ â ãðóïïå).
Îòìåòèì, ÷òî ÷åðåç α−1 îáîçíà÷åíî çíà÷åíèå ïàðàìåòðà, îòâå÷àþ-

ùåè îáðàòíîìó ïðåîáðàçîâàíèþ, à óñëîâèå 2) îçíà÷àåò ñóùåñòâîâàíèå
åäèíñòâåííîãî çíà÷åíèÿ ïàðàìåòðà α, îáåñïå÷èâàþùåãî òîæäåñòâåííîå
ïðåîáðàçîâàíèå â ãðóïïå.

Ïðèìåð 2.1. Ðàññìîòðèì çàìåíó ïåðåìåííûõ

x = µx, y = y(µ ∈ R\{0}). (2.2)

Âîçüìåì òåïåðü äâà ÷àñòíûõ çíà÷åíèÿõ µ è µ′ ïàðàìåòðà èç R\{0}
è ïîñëåäîâàòåëüíî ïðèìåíèì çàìåíó (2.2) è çàìåíó Tµ′

x = µ′x, y = y(µ′ ∈ R\{0}). (2.3)

Ïîäñòàâëàÿ (2.2) â ýòè ðàâåíñòâà, ïîëó÷àåì

x = µµ′x, y = y(µ, µ′ ∈ R\{0}).

Îòñþäà âèäíî, ÷òî ðåçóëüòàò ïðèìåíåíèÿ äâóõ ïîñëåäîâàòåëüíûõ çà-
ìåí ïåðåìåííûõ (2.2) è (2.3) òîæäåñòâåíåí ðåçóëüòàòó ïðèìåíåíèÿ òðå-
òüåãî ïðåîáðàçîâàíèÿ ýòîãî ñåìåéñòâà ñî çíà÷åíèåì ïàðàìåòðà
µ′′ = µµ′. Ñèìâîëè÷åñêè ýòî çàïèñûâàþò â âèäå TµTµ′ = Tµ′′ è ãî-
âîðÿò, ÷òî çàìåíà (2.2) îïðåäåëÿåò ñâîéñòâî ãðóïïû. Ñóùåñòâîâàíèå
åäèíèöû â (2.2) îïðåäåëÿåòñÿ çíà÷åíèåì ïàðàìåòðà µ0 = 1. Îáðàòíàÿ
çàìåíà äëÿ (2.2) èìååò âèä x = µ−1x, y = y, òî åñòü T−1

µ = Tµ−1 è
µ−1 = 1/µ. Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî çàìåíà (2.2) îáðàçóåò ïðåîá-

ðàçîâàíèå. Äëÿ äîêàçàòåëüñòâà àññîöèàòèâíîñòè ïðåîáðàçîâàíèÿ (2.2)
êðîìå (2.3) áåðåòñÿ åùå ïðåîáðàçîâàíèå Tµ′′ :

x = µ′′x, y = y (µ′′ ∈ R\{0})

è íåïîñðåñòâåííî ïðîâåðÿåòñÿ ñâîéñòâî 4) îïðåäåëåíèÿ 2.1.
Ñëåäîâàòåëüíî, ñåìåéñòâî {Tµ}, çàäàííîå ïðåîáðàçîâàíèåì (2.2),

îáðàçóåò ãðóïïó, êîòîðóþ îáîçíà÷èì ÷åðåç M(2,R).
Ïðèìåð 2.2. Ðàññìîòðèì çàìåíó ïåðåìåííûõ, çàäàííûõ ñåìåé-

ñòâîì {Tz}:
x = x+ zy, y = y (z ∈ R). (2.4)

Àíàëîãè÷íî ïðåäûäóùåìó ïðèìåðó 2.1 ìîæíî ïîêàçàòü, ÷òî âñå
óñëîâèÿ îïðåäåëåíèÿ 2.1 âûïîëíÿþòñÿ è ñåìåéñòâî çàìåí (2.4) îáðàçóåò
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ãðóïïó íåïðåðûâíûõ ïðåîáðàçîâàíèé îò ïàðàìåòðà z, êîòîðóþ îáàçíà-
÷èì ÷åðåç Z+(2,R).

Ñëåäóåò îòìåòèòü, ÷òî â ñëó÷àå ïðåîáðàçîâàíèÿ (2.4) îáðàòíîå ïðå-
îáðàçîâàíèå T−1

z áóäåò ñîñòîÿòü èç

x = x− zy, y = y. (2.5)

Ïðè ýòîì çíà÷åíèå ïàðàìåòðà, îòâå÷àþùåå îáðàòíîìó ïðåîáðàçîâàíèþ,
áóäåò z−1 = −z.

Â äàëüíåéøåì ïîíàäîáÿòñÿ åùå äâå îäíîïàðàìåòðè÷åñêèå ãðóïïû
ïðåîáðàçîâàíèé, çàäàííûå ñëåäóþùèìè ïðèìåðàìè:

Ïðèìåð 2.3. Ãðóïïà ïðåîáðàçîâàíèé Z−(2,R), çàäàííàÿ ñåìåé-
ñòâîì çàìåí {Th}:

x = x, y = hx+ y (h ∈ R). (2.6)

Ïðèìåð 2.4. Ãðóïïà ïðåîáðàçîâàíèé L(2,R), çàäàííàÿ ñåìåé-
ñòâîì çàìåí {Tλ}:

x = x, y = λy (λ ∈ R\{0}). (2.7)

Ïðèìå÷àíèå 2.1. Ãðóïïû M(2,R), Z+(2,R), Z−(2,R), L(2,R) áó-
äåì íàçûâàòü ëèíåéíûìè îäíîïàðàìåòðè÷åñêèìè ãðóïïàìè.

�3. Öåíòðîàôôèííàÿ è óíèìîäóëÿðíàÿ ãðóï-

ïû ïðåîáðàçîâàíèé ôàçîâîé ïëîñêîñòè

ñèñòåìû (1.1)− (1.2)

Â ýòîì ïàðàãðàôå ïðèâåäåì äâå ëèíåéíûå ãðóïïû, íåïðåðûâíî çà-
âèñÿùèå áîëüøå ÷åì îò îäíîãî ïàðàìåòðà, ÷èñëî êîòîðûõ êîíå÷íîå.
Åñëè ÷èñëî ïàðàìåòðîâ ðàâíî r è íåò âîçìîæíîñòè åãî óìåíüøèòü, òî
ãðóïïà íàçûâàåòñÿ r�ïàðàìåòðè÷åñêîé. Îïðåäåëåíèÿ r�ïàðàìåòðè÷åñ-
êîé ãðóïïû ñîâïàäàåò ñ îïðåäåëåíèåì 2.1, òîëüêî â äàííîì ñëó÷àå ïîä
ïàðàìåòðîì α áóäåì ïîíèìàòü íåêèé âåêòîð ñ r�êîîðäèíàòàìè.

Ïðèìåð 3.1. GL(2,R)�ãðóïïà âñåõ öåíòðîàôôèííûõ ïðåîáðàçî-
âàíèé ôàçîâîé ïëîñêîñòè E2(x, y):

x = αx+ βy, y = γx+ δy,(
∆ = det

(
α β
γ δ

)
6= 0

)
,

(3.1)
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ãäå x è y � íîâûå ïåðåìåííûå, à α, β, γ, δ ∈ R ïîëó÷àþò íåïðåðûâíî
èçìåíÿþùèåñÿ çíà÷åíèÿ.

Ïðîâåðèì âûïîëíåíèå ñåìåéñòâîì (3.1) óñëîâèé îïðåäåëåíèÿ 2.1.
Åñëè ñ÷èòàòü ïðîèçâåäåíèåì ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé (3.1) è

x = α′x+ β′y, y = γ′x+ δ′y,(
∆′ = det

(
α′ β′

γ′ δ′

)
6= 0

)
,

(3.2)

çàäàííûì ðàâåíñòâàìè

x = α′(αx+ βy) + β′(γx+ δy) = α′′x+ β′′y,

y = γ′(αx+ βy) + δ′(γx+ δy) = γ′′x+ δ′′y,
(3.3)

òî äëÿ èõ ìàòðèö èìååì(
α′′ β′′

γ′′ δ′′

)
=

(
αα′ + β′γ α′β + β′δ
αγ′ + γδ′ βγ′ + δδ′

)
, (3.4)

èëè òîæå ñàìîå (
α′′ β′′

γ′′ δ′′

)
=

(
α′ β′

γ′ δ′

)(
α β
γ δ

)
. (3.5)

Åñëè îáîçíà÷èòü ÷åðåç ∆′′ îïðåäåëèòåëü ìàòðèöû (3.4) äëÿ ïðåîáðàçî-
âàíèÿ (3.3), òî èç (3.5) èìååì

∆′′ = ∆′∆, (3.6)

è ýòîò îïðåäåëèòåëü, ñîãëàñíî (3.1) è (3.2) îòëè÷åí îò íóëÿ. Ñëåäîâà-
òåëüíî, ïðåîáðàçîâàíèå (3.3) òàêæå ÿâëÿåòñÿ öåíòðîàôôèííûì ïðåîá-
ðàçîâàíèåì, òî åñòü âûïîëíÿåòñÿ ïåðâîå óñëîâèå îïðåäåëåíèÿ 2.1.

Â êà÷åñòâå åäèíèöû ñåìåéñòâà (3.1) (òîæäåñòâåííîãî öåíòðîàôôèí-
íîãî ïðåîáðàçîâàíèÿ) áåðåòñÿ ïðåîáðàçîâàíèå ñ ïàðàìåòðàìè

α = 1, β = 0, γ = 0, δ = 1. (3.7)

Ñ ïîìîùüþ (3.1) ìîæíî ïîêàçàòü ñóùåñòâîâàíèå îáðàòíîãî ýëåìåíòà

x =
δ

∆
x+

β′

∆
y, y =

γ′

∆
x+

α

∆
y, (3.8)

ãäå
β′ = −β, γ′ = −γ. (3.9)

Àíàëîãè÷íî ïåðâîìó óñëîâèþ ìîæíî ïðîâåðèòü àññîöèàòèâíîñòü â
ãðóïïå.
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Îòìåòèì, ÷òî ïàðàìåòðû α, β, γ, δ â (3.1) ÿâëÿþòñÿ íåçàâèñèìûìè,
òàê êàê ∆ 6= 0. Ñëåäîâàòåëüíî, ÷èñëî ïàðàìåòðîâ â ýòîé ãðóïïå íåëüçÿ
óìåíüøèòü. À ýòî ïîêàçûâàåò, ÷òî ãðóïïà GL(2,R) ÿâëÿåòñÿ ÷åòûðåõ-
ïàðàìåòðè÷åñêîé.

Ïðèìåð 3.2. SL(2,R) � ãðóïïà âñåõ óíèìîäóëÿðíûõ ïðåîáðàçî-
âàíèé ôàçîâîé ïëîñêîñòè E2(x, y):

x = αx+ βy, y = γx+ δy,(
∆ = det

(
α β
γ δ

)
= 1

)
,

(3.10)

ãäå x è y�íîâûå ïåðåìåííûå, à α, β, γ, δ ∈ R ïîëó÷àþò íåïðåðûâíî
èçìåíÿþùèåñÿ çíà÷åíèÿ.

Îòìåòèì, ÷òî òàê êàê ∆ = 1, òî ÷èñëî ïàðàìåòðîâ ìîæíî óìåíü-
øèòü íà åäèíèöó. Ñëåäîâàòåëüíî, óíèìîäóëÿðíàÿ ãðóïïà ÿâëÿåòñÿ òðåõ-
ïàðàìåòðè÷åñêîé.

Òàê êàê âñå óíèìîäóëÿðíûå ïðåîáðàçîâàíèÿ ñîäåðæàòñÿ â ãðóïïå
öåíòðîàôôèííûõ ïðåîáðàçîâàíèé, òî áóäåì ãîâîðèòü, ÷òî îíè îáðàçó-
þò ïîäãðóïïó â ãðóïïå âñåõ öåíòðîàôôèííûõ ïðåîáðàçîâàíèé.

Ïðèìå÷àíèå 3.1. Êàæäîå öåíòðîàôôèííîå ïðåîáðàçîâàíèå (3.1)
ìîæíî ðàññìàòðèâàòü êàê ñîñòàâíóþ èç äâóõ ïðåîáðàçîâàíèé:

x = |∆| 12x, y = |∆| 12 y (3.11)

è

x =
α

|∆| 12
x+

β

|∆| 12
y, y =

γ

|∆| 12
x+

δ

|∆| 12
y, (3.12)

ãäå âòîðîå èç íèõ ÿâëÿåòñÿ óíèìîäóëÿðíûì.

Äëÿ äîêàçàòåëüñòâà ïðèå÷àíèÿ 3.1 äîñòàòî÷íî âû÷èñëèòü ïðîèçâå-
äåíèå ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé (3.11) è (3.12).

Áóäåì ñ÷èòàòü ïðåîáðàçîâàíèÿ (3.1) èëè (3.10) çàäàííûìè, åñëè çà-

äàíû ìàòðèöû ïðåîáðàçîâàíèÿ q =

(
α β
γ δ

)
, è çàïèøåì q ∈ GL(2,R),

èëè q ∈ SL(2,R).

Ñëåäóÿ [13], ïîêàæåì, ÷òî èìååò ìåñòî

Òåîðåìà 3.1. Ïðåîáðàçîâàíèå (3.1), ïðèíàäëåæàùåå ÷åòûðåõïà-

ðàìåòðè÷åñêîé ãðóïïå GL(2,R), ìîæåò áûòü ïðåäñòàâëåíî â âèäå

ïðîèçâåäåíèÿ ïðåîáðàçîâàíèé (2.2), (2.4), (2.6) è (2.7), ïðèíàäëåæàùèõ

ñîîòâåòñòâåííî îäíîïàðàìåòðè÷åñêèì ãðóïïàì M(2,R), Z+(2,R),
Z−(2,R), L(2,R).
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ìàòðèöû, ñîîòâåòñòâóþùèå ïðåîáðà-
çîâàíèÿì (2.2), (2.4), (2.6) è (2.7), ÷åðåç

q1 =

(
µ 0
0 1

)
, q2 =

(
1 z
0 1

)
, q3 =

(
1 0
h 1

)
, q4 =

(
1 0
0 λ

)
,

(3.13)
ãäå µ, λ ∈ R\{0}. Î÷åâèäíî, ÷òî q1, q2, q3, q4 ∈ GL(2,R). Îòìåòèì, ÷òî
âûïîëíåíèå ïðåîáðàçîâàíèé ñ ìàòðèöàìè (3.13) â ñëåäóþùåì ïîðÿäêå
q4((q1q2)q3) äàåò ïðåîáðàçîâàíèå ñ ìàòðèöåé

q =

(
µ+ µzh µz
λh λ

)
. (3.14)

Äëÿ òîãî ÷òîáû ïðåîáðàçîâàíèå (3.1) ñ ìàòðèöåé q =

(
α β
γ δ

)
∈

GL(2,R) ïðåäñòàâèòü â âèäå (3.14), äîñòàòî÷íî âçÿòü

µ =
∆

δ
, z =

βδ

∆
, h =

γ

δ
, λ = δ (δ 6= 0).

Åñëè æå δ = 0, òî ∆ = βγ 6= 0, è äëÿ äàííîãî ïðåîáðàçîâàíèÿ ìîæåò
áûòü íàïèñàíà ìàòðèöà

q =

(
α β
∆
β 0

)
,

êîòîðàÿ ðàâíà ïðîèçâåäåíèþ

q3 ·
(

α β
−αh+ ∆

β −βh

)
.

Ñîãëàñíî ïðåäûäóùèì ðàññóæäåíèÿì ïîëó÷àåì, ÷òî âòîðîé ñîìíî-
æèòåëü â ýòîì ïðîèçâåäåíèè ìîæíî ïðåäñòàâèòü â âèäå q4((q1q2)q3),
ïîòîìó ÷òî â ðàâåíñòâå(

α β
−αh+ ∆

β −βh

)
=

(
α1 β1

γ1 δ1

)
ïàðàìåòð δ1 = −βh íå ðàâåí íóëþ, òàê êàê â ñëó÷àå ïðîèçâîëüíîãî h
β = 0, à ýòî âëå÷åò çà ñîáîé ∆ = βγ = 0. Òåîðåìà 3.1 äîêàçàíà.
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�4. Îïåðàòîðû Ëè îäíîïàðàìåòðè÷åñêèõ ëè-

íåéíûõ ãðóïï è èõ ïðåäñòàâëåíèÿ â ïðî-

ñòðàíñòâå êîýôôèöèåíòîâ ñèñòåìû

(1.1)− (1.2)

Ïðåäïîëîæèì, ÷òî ïðåîáðàçîâàíèÿ (2.1) îáðàçóþò îäíîïàðàìåòðè-
÷åñêóþ ëèíåéíóþ ãðóïïó. ßñíî, ÷òî ïîñëå ïðåîáðàçîâàíèÿ ñ ýëåìåíòà-
ìè ýòîé ãðóïïû â ñèñòåìå (1.1)�(1.2) óêàçàííàÿ ñèñòåìà íå ìåíÿåò ñâîé
âèä è ìîæåò áûòü çàïèñàíà ñëåäóþùèì îáðàçîì:

ẋ =
∑̀
i=0

mi∑
k=0

(mi

k

) i
b1kx

mi−k yk,

ẏ =
∑̀
i=0

mi∑
k=0

(mi

k

) i
b2kx

mi−k yk.

(4.1)

Ïðèìå÷àíèå 4.1. Îòìåòèì, ÷òî êîýôôèöèåíòû
i

bjk (j = 1, 2)
ñèñòåìû (4.1) ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè îò êîýôôèöèåíòîâ

ñèñòåìû (1.1)�(1.2) ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò ïàðàìåòðà

α. Ïîñëåäíåå óòâåðæäåíèå çàïèøåì â âèäå

i

bjk =
i
gjk(A,α) (i = 0, `; j = 1, 2; k = 0,mi), (4.2)

ãäå ÷åðåç A îáîçíà÷åíà ñîâîêóïíîñòü êîýôôèöèåíòîâ ïðàâûõ ÷àñòåé

ñèñòåìû (1.1)�(1.2).
Îòìåòèì, ÷òî ðàâåíñòâà (4.2) îïðåäåëÿþò íåêîòîðóþ ãðóïïó

ëèíåéíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà êîýôôèöèåíòîâ EN (A) ñèñòå-
ìû (1.1)�(1.2), ãîìîìîðôíóþ ãðóïïå (2.1), èëè, êàê ãîâîðÿò, ñîîòíî-

øåíèÿ (4.2) îïðåäåëÿþò íåêîòîðîå ëèíåéíîå ïðåäñòàâëåíèå ãðóïïû

(2.1) â ïðîñòðàíñòâå EN (A). Àíàëîãè÷íî îïðåäåëÿåòñÿ ëèíåéíîå ïðåä-
ñòàâëåíèå r�ïàðàìåòðè÷åñêîé ëèíåéíîé ãðóïïû (2.1) ñ

α = (α1, α2, ..., αr) â ïðîñòðàíñòâå EN (A).
×åðåç N îáîçíà÷åíî ÷èñëî êîýôôèöèåíòîâ ïðàâûõ ÷àñòåé ñèñòåìû

(1.1)�(1.2), êîòîðîå îïðåäåëÿåòñÿ ðàâåíñòâîì

N = 2

(∑̀
i=0

mi + `+ 1

)
. (4.3)

Ïðåäïîëîæèì, ÷òî â ãðóïïå (2.1) òîæäåñòâåííîå ïðåîáðàçîâàíèå
îáåñïå÷èâàåòñÿ ïðè α = 0 (â [14] äîêàçàíî, ÷òî â ëþáîé îäíîïàðàìåò-
ðè÷åñêîé ãðóïïå ìîæíî ââåñòè íîâûé ïàðàìåòð ñ ýòèì óñëîâèåì, òî
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åñòü åñëè Tα0
= I è α0 6= 0, òî ïåðåîáîçíà÷åíèåì ïàðàìåòðà ìîæíî

äîáèòñÿ T0 = I).
Ðàçëîæèì ôóíêöèè (2.1) è (4.2) â ðÿäû Òåéëîðà ïî ïàðàìåòðó

α â îêðåñòíîñòè α = 0. Ïî óñëîâèþ T0 = I èìååì f1(x, y, 0) = x,

f2(x, y, 0) = y è
i
gjk(A, 0) =

i
ajk (i = 0, `; j = 1, 2; k = 0,mi). Ïîýòî-

ìó, îáîçíà÷èâ

ξj(x, y) =
∂f j(x, y, α)

∂α

∣∣∣∣
α=0

,
i
ηjk(A) =

∂
i
gjk(A,α)

∂α

∣∣∣∣∣
α=0

(i = 0, `; j = 1, 2; k = 0,mi),

(4.4)

çàïèøåì ïðåîáðàçîâàíèÿ (2.1) è (4.2) â âèäå

x = x+ ξ1(x, y)α+ o(α), y = y + ξ2(x, y)α+ o(α),

i

bjk =
i
ajk +

i
ηjk(A)α+ o(α) (i = 0, `; j = 1, 2; k = 0,mi).

(4.5)

Åñëè îáîçíà÷èòü ÷åðåçB ñîâîêóïíîñòü ïðàâûõ ÷àñòåé ñèñòåìû (4.1),
òî â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ãðóïïû (2.1) è (4.2) îïðåäåëÿþòñÿ ñâîèì

êàñàòåëüíûì âåêòîðíûì ïîëåì (ξ, η) =
(
ξ1, ξ2,

i
ηjk

)
(i = 0, `; j = 1, 2;

k = 0,mi), òàê êàê ôîðìóëàìè (4.4) çàäàåòñÿ êàñàòåëüíûé âåêòîð â
òî÷êå (x, y,A) ê êðèâîé, îïèñûâàåìîé òî÷êàìè (x, y,B) ïðè ãðóïïîâîì
ïðåîáðàçîâàíèè (2.1) è (4.2).

Îäíîïàðàìåòðè÷åñêèå ãðóïïû (2.1) è (4.2) ïîëíîñòüþ âîññòàíàâ-
ëèâàþòñÿ, åñëè èçâåñòíû êîîðäèíàòû âåêòîðà (ξ, η). Ýòîò ïðîöåññ îñó-
ùåñòâëÿåòñÿ ñ ïîìîùüþ óðàâíåíèé Ëè ñ íà÷àëüíûì óñëîâèåì [15]:

dx

dα
= ξ1(x, y), x|α=0 = x,

dy

dα
= ξ2(x, y), y|α=0 = y,

dB

dα
= η(B), B|α=0 = A.

(4.6)

Äëÿ ëþáîé îäíîïàðàìåòðè÷åñêîé ãðóïïû (2.1) è åå ïðåäñòàâëåíèÿ
(4.2) çàïèñûâàþòñÿ óðàâíåíèÿ Ëè (4.6) îäíîçíà÷íûì îáðàçîì è îáðàò-
íî.

Êàñàòåëüíîå âåêòîðíîå ïîëå (ïðîñòðàíñòâî) (ξ, η) =
(
ξ1, ξ2,

i
ηjk

)
(i = 0, `; j = 1, 2; k = 0,mi) çàïèñûâàåòñÿ òàêæå ñ ïîìîùüþ äèôôåðåí-
öèàëüíîãî îïåðàòîðà ïåðâîãî ïîðÿäêà:

X = ξ1(x, y)
∂

∂x
+ ξ2(x, y)

∂

∂y
+D, (4.7)
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ãäå

D =

2∑
j=1

∑̀
i=1

mi∑
k=0

i
ηjk(A)

∂

∂
i
ajk

. (4.8)

Ôóíêöèè ξj(x, y) è
i
ηjk(A) íàçûâàþòñÿ êîîðäèíàòàìè îïåðàòîðîâ

(4.7) è (4.8), à îïåðàòîð (4.8) íàçûâàåòñÿ îïåðàòîðîì ïðåäñòàâëåíèÿ
ãðóïïû (2.1) â ïðîñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2).

Îïåðàòîð X (D) íàçûâàåòñÿ èíôèíèòåçèìàëüíûì îïåðàòîðîì Ëè,
èëè ïðîñòî îïåðàòîðîì Ëè ãðóïïû ïðåîáðàçîâàíèé (2.1) â ïðîñòðàíñòâå
EN+2(x, y,A) (EN (A)), ãäå N èç (4.3).

�5. Îïåðàòîðû ïðåäñòàâëåíèÿ ëèíåéíûõ

ãðóïï (2.2), (2.4), (2.6) è (2.7) â ïðîñòðàí-
ñòâå ïåðåìåííûõ è êîýôôèöèåíòîâ ñèñòå-

ìû (1.1)− (1.2)

Òåîðåìà 5.1. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû M(2,R) èç (2.2)
â ïðîñòðàíñòâå EN+2(x, y,A) ñèñòåìû (1.1)�(1.2) èìååò âèä

X1 = x
∂

∂x
+D1, (5.1)

ãäå

D1 =
∑̀
i=0

mi∑
k=0

[
(−mi + k + 1)

i
a1
k

∂

∂
i
a1
k

+ (−mi + k)
i
a2
k

∂

∂
i
a2
k

]
. (5.2)

Äîêàçàòåëüñòâî. Ïðè ïðåîáðàçîâàíèè (2.2) â ñèñòåìå (1.1)�(1.2)
êîýôôèöèåíòû ñèñòåìû (4.1) çàïèøóòñÿ â âèäå

i

b1k = µ−mi+k+1 ia1
k,

i

b2k = µ−mi+k
i
a2
k (i = 0, `, k = 0,mi). (5.3)

Îòìåòèì, ÷òî äëÿ ïðåîáðàçîâàíèé (2.2) è (5.3) òîæäåñòâåííîå ïðå-
îáðàçîâàíèå ïîëó÷àåòñÿ ïðè µ0 = 1. Åñëè ââåñòè |µ| = exp(µ) (µ ∈ R),
òî èç (2.2) è (5.3) èìååì ñëåäóþùåå ñåìåéñòâî ïðåîáðàçîâàíèé {Tµ}:

x = xexp(µ), y = y,
i

b1k =
i
a1
kexp(−mi + k + 1)µ,

i

b2k =
i
a2
kexp(−mi + k)µ (i = 0, `, k = 0,mi), µ ∈ R,

(5.4)
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óäîâëåòâîðÿþùåå óñëîâèþ T0 = I, è ïðè ýòîì µ−1 = −µ. Òàê êàê â
(5.4) µ = 0 îáåñïå÷èâàåò òîæäåñòâåííîå ïðåîáðàçîâàíèå â ïðîñòðàíñòâå
EN+2(x, y,A), òî, ïðèíèìàÿ âî âíèìàíèå (4.4) èç (5.4), ïîëó÷àåì

ξ1 = x, ξ2 = 0,
i
η1
k = (−mi + k + 1)

i
a1
k,

i
η2
k = (−mi + k)

i
a2
k.

Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (4.7)�(4.8) íàõîäèì (5.1)�(5.2). Òåîðåìà 5.1
äîêàçàíà.

Ñëåäñòâèå 5.1. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû M(2,R) â ïðî-
ñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2) èìååò âèä (5.2).

Òåîðåìà 5.2. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû Z+(2,R) èç (2.4)
â ïðîñòðàíñòâå EN+2(x, y,A) ñèñòåìû (1.1)�(1.2) èìååò âèä

X2 = y
∂

∂x
+D2, (5.5)

ãäå

D2 =
∑̀
i=0

mi∑
k=0

[(
i
a2
k − k

i
a1
k−1

) ∂

∂
i
a1
k

− k ia2
k−1

∂

∂
i
a2
k

]
. (5.6)

Äîêàçàòåëüñòâî. Åñëè îñóùåñòâèòü ïðåîáðàçîâàíèå (2.4) â ñèñòå-
ìå (1.1)�(1.2), òî êîýôôèöèåíòû ïîëó÷åííîé ñèñòåìû (4.1) çàïèøóòñÿ
â âèäå

i

b1k =
i
a1
k + (

i
a2
k − k

i
a1
k−1)z + o(z),

i

b2k =
i
a2
k − k

i
a2
k−1z + o(z)

(i = 0, `, k = 0,mi),
(5.7)

ãäå o(z) ÿâëÿåòñÿ ïîëèíîìîì, ñîäåðæàþùèì z â ñòåïåíè íå ìåíüøå äâóõ
âî âñåõ ÷ëåíàõ.

Ñ ïîìîùüþ (2.4), (4.4) è (5.7) ñòðîèì êîîðäèíàòû êàñàòåëüíîãî âåê-
òîðà (ξ, η) ãðóïïû Z+(2,R), êîòîðûå èìåþò âèä

ξ1 = y, ξ2 = 0,
i
η1
k =

i
a2
k − k

i
a1
k−1,

i
η2
k = −k ia2

k−1.

Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (4.7)�(4.8), íàõîäèì (5.5)�(5.6). Òåîðåìà 5.2
äîêàçàíà.

Ñëåäñòâèå 5.2. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû Z+(2,R) â ïðî-
ñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2) èìååò âèä (5.6).

Òåîðåìà 5.3. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû Z−(2,R) èç (2.6)
â ïðîñòðàíñòâå EN+2(x, y,A) ñèñòåìû (1.1)�(1.2) èìååò âèä

X3 = x
∂

∂y
+D3, (5.8)
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ãäå

D3 =
∑̀
i=0

mi∑
k=0

[
(−mi + k)

i
a1
k+1

∂

∂
i
a1
k

+ (
i
a1
k + (−mi + k)

i
a2
k+1)

∂
i
a2
k

]
. (5.9)

Äîêàçàòåëüñòâî. Åñëè îñóùåñòâèòü ïðåîáðàçîâàíèå (2.6) â ñèñòå-
ìå (1.1)�(1.2), òî êîýôôèöèåíòû ïîëó÷åííîé ñèñòåìû (4.1) çàïèøóòñÿ
â âèäå

i

b1k =
i
a1
k − (mi − k)

i
a1
k+1h+ o(h),

i

b2k =
i
a2
k + [

i
a1
k − (mi − k)

i
a2
k+1]h+ o(h) (i = 0, `, k = 0,mi),

(5.10)

ãäå o(h) ÿâëÿåòñÿ ïîëèíîìîì, ñîäåðæàþùèì h â ñòåïåíè íå ìåíüøå
äâóõ âî âñåõ ÷ëåíàõ.

Ñ ïîìîùüþ (2.6), (4.4) è (5.10) ñòðîèì êîîðäèíàòû êàñàòåëüíîãî
âåêòîðà (ξ, η) ãðóïïû Z−(2,R), êîòîðûå èìåþò âèä

ξ1 = 0, ξ2 = x,
i
η1
k = (−mi + k)

i
a1
k+1,

i
η2
k =

i
a1
k − (mi − k)

i
a2
k+1.

Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (4.7)�(4.8), íàõîäèì (5.8)�(5.9). Òåîðåìà 5.3
äîêàçàíà.

Ñëåäñòâèå 5.3. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû Z−(2,R) â ïðî-
ñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2) èìååò âèä (5.9).

Òåîðåìà 5.4. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû L(2,R) èç (2.7) â
ïðîñòðàíñòâå EN+2(x, y,A) ñèñòåìû (1.1)�(1.2) èìååò âèä

X4 = y
∂

∂y
+D4, (5.11)

ãäå

D4 =
∑̀
i=0

mi∑
k=0

[
−k ia1

k

∂

∂
i
a1
k

− (k − 1)
i
a2
k

∂

∂
i
a2
k

]
. (5.12)

Äîêàçàòåëüñòâî. Ïðè ïðåîáðàçîâàíèè (2.7) â ñèñòåìå (1.1)�(1.2)
êîýôôèöèåíòû ïîëó÷åííîé ñèñòåìû (4.1) çàïèøóòñÿ â âèäå

i

b1k = λ−k
i
a1
k,

i

b2k = λ−k+1 ia2
k (i = 0, `; k = 0,mi). (5.13)

Îòìåòèì, ÷òî äëÿ ïðåîáðàçîâàíèé (2.7) è (5.13) òîæäåñòâåííîå ïðå-
îáðàçîâàíèå ïîëó÷àåòñÿ ïðè λ0 = 1. Åñëè ââåñòè |λ| = expλ, (λ ∈ R),
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òî èç (2.7) è (5.13) èìååì ñëåäóþùåå ñåìåéñòâî ïðåîáðàçîâàíèé {Tλ}:

x = x, y = y expλ,
i

b1k =
i
a1
kexp(−kλ),

i

b2k =
i
a2
kexp(−k + 1)λ

(i = 0, `; k = 0,mi), λ ∈ R,
(5.14)

óäîâëåòâîðÿþùåå óñëîâèþ T0 = I, è ïðè ýòîì λ
−1

= −λ.
Òàê êàê â (5.14) λ = 0 îáåñïå÷èâàåò òîæäåñòâåííîå ïðåîáðàçîâàíèå

â ïðîñòðàíñòâå EN+2(x, y,A), òî, ïðèíèìàÿ âî âíèìàíèå (4.4), èç (5.14)
ïîëó÷àåì

ξ1 = 0, ξ2 = y,
i
η1
k = −k ia1

k,
i
η2
k = (−k + 1)

i
a2
k.

Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (4.7)�(4.8), íàõîäèì (5.11)�(5.12). Òåîðåìà
5.4 äîêàçàíà.

Ñëåäñòâèå 5.4. Îïåðàòîð ïðåäñòàâëåíèÿ ãðóïïû L(2,R) èç (2.7)
â ïðîñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2) èìååò âèä

(5.12).

�6. Àëãåáðà Ëè îïåðàòîðîâ ïðåäñòàâëåíèÿ

öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå

ïåðåìåííûõ è êîýôôèöèåíòîâ ñèñòåìû

(1.1)− (1.2)

Îïðåäåëåíèå 6.1. Ñëåäóÿ Ë.Â. Îâñÿííèêîâó [14], ñêàæåì, ÷òî

ëèíåéíîå ïðîñòðàíñòâî L íàä ïîëåì R íàçûâàåòñÿ àëãåáðîé Ëè, åñëè

äëÿ ëþáûõ äâóõ åãî ýëåìåíòîâ u, v îïðåäåëåíà îïåðàöèÿ êîììóòàöèè

[u, v], äàþùàÿ ñíîâà ýëåìåíò L (êîììóòàòîð ýëåìåíòîâ u, v) è óäî-

âëåòâîðÿþùàÿ ñëåäóùèì àêñèîìàì:

1) áèëèíåéíîñòè: äëÿ ëþáûõ u, v, w ∈ L è α, β ∈ R

[αu+ βv,w] = α[u,w] + β[v, w], [u, αv + βw] = α[u, v] + β[u,w];

2) àíòèñèììåòðè÷íîñòè: äëÿ ëþáûõ u, v ∈ L

[u, v] = −[v, u];

3) ñïðàâåäëèâîñòè òîæäåñòâà ßêîáè: äëÿ ëþáûõ u, v, w ∈ L

[[u, v], w] + [[v, w], u] + [[w, u], v] = 0.
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Ðàçìåðíîñòüþ àëãåáðû Ëè L íàçûâàåòñÿ ðàçìåðíîñòü åå âåêòîðíî-
ãî ïðîñòðàíñòâà L è â ñëó÷àå êîíå÷íîé ðàçìåðíîñòè r îáîçíà÷àåòñÿ
ñèìâîëîì Lr è íàçûâàåòñÿ êîíå÷íîìåðíîé.

Â �5 áûëî äàíî îïèñàíèå îïåðàòîðîâ Ëè ïðåäñòàâëåíèÿ îäíîïàðà-
ìåòðè÷åñêèõ ãðóïïM(2,R), Z+(2,R), Z−(2,R), L(2,R) â ïðîñòðàíñòâàõ
EN+2(x, y,A) è EN (A) ñèñòåìû (1.1)�(1.2), ãäå N èç (4.3). Ýòè îïå-
ðàòîðû ÿâëÿþòñÿ äèôôåðåíöèàëüíûìè îïåðàòîðàìè ïåðâîãî ïîðÿäêà,
îáùèé âèä êîòîðûõ ìîæåò áûòü çàïèñàí ñëåäóþùèì îáðàçîì

Y (F ) =

N+2∑
i=1

Pi
∂F

∂yi
, (6.1)

à âåêòîð

(y1, y2, ..., yN+2) = (x, y,
0
a1

0,
0
a1

1, ...,
`
a2
m`

) ∈ EN+2(x, y,A) (6.2)

è Pi � ìíîãî÷ëåíû îò y1, y2, ..., yN+2.
Î÷åâèäíî, ÷òî

Y (F1 + F2) = Y (F1) + Y (F2),

Y (F1F2) = F1Y (F2) + F2Y (F1), Y (α) = 0,
(6.3)

åñëè F1, F2�ôóíêöèè îò y1, y2, ..., yN+2, à α ∈ R. Êîìïîçèöèÿ Y1Y2 äâóõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ âèäà (6.1) åñòü ñíîâà äèôôåðåíöèàëü-
íûé îïåðàòîð, íî åñëè Y1 è Y2 èìåþò ïîðÿäîê 1, òî Y1Y2 áóäåò èìåòü
ïîðÿäîê 2, òàê êàê â íåãî áóäóò âõîäèòü óæå âòîðûå ïðîèçâîäíûå. Îä-
íàêî òî, ÷òî êîììóòàòîð

[Y1, Y2] = Y1Y2 − Y2Y1 (6.4)

ñíîâà ÿâëÿåòñÿ îïåðàòîðîì ïåðâîãî ïîðÿäêà, ñëåäóåò èç òîãî, ÷òî åñ-
ëè äëÿ Y1,Y2 âûïîëíåíû ñîîòíîøåíèÿ (6.3), òî îíè âûïîëíåíû è äëÿ
[Y1, Y2].

Åñëè çàäàòü îïåðàòîðû Y1 è Y2 â êîîðäèíàòíîé çàïèñè

Y1 =

N+2∑
i=1

Pi
∂

∂yi
, Y2 =

N+2∑
i=1

Qi
∂

∂yi
, (6.5)

ãäå Pi è Qi�ôóíêöèè îò y1, y2, ..., yN+2, òî ñ ó÷åòîì (6.3) è (6.4) ïîëó÷èì

[Y1, Y2] =

N+2∑
i=1

Ri
∂

∂yi
, Ri =

N+2∑
i=1

(
Pk
∂Qi
∂yk
−Qk

∂Pi
∂yk

)
. (6.6)
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Îòñþäà íåïîñðåäñòâåííî âèäíî, ÷òî [Y1, Y2] ÿâëÿåòñÿ îïåðàòîðîì ïåð-
âîãî ïîðÿäêà. Ýòî ìîæåò íàì ïðîèëëþñòðèðîâàòü

Ïðèìåð 6.1. Çàïèñûâàÿ îïåðàòîðû (5.1)�(5.2), (5.5)�(5.6), (5.8)�
(5.9), (5.11)�(5.12) â ïðîñòðàíñòâå E8(x, y,A) äëÿ ñèñòåìû (1.3), ãäå

A = (a, b, c, d, e, f), (6.7)

èìååì

X1 = x
∂

∂x
+D1, X2 = y

∂

∂x
+D2,

X3 = x
∂

∂y
+D3, X4 = y

∂

∂y
+D4,

(6.8)

à

D1 = a
∂

∂a
+ d

∂

∂d
− e ∂

∂e
,

D2 = b
∂

∂a
+ e

∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
,

D3 = a
∂

∂b
− d ∂

∂c
+ (c− f)

∂

∂e
+ d

∂

∂f
,

D4 = b
∂

∂b
− d ∂

∂d
+ e

∂

∂e
.

(6.9)

Âû÷èñëÿÿ âñåâîçìîæíûå êîììóòàòîðû îïåðàòîðîâ (6.8)�(6.9), ïî-
ëó÷àåì

[X1, X2] = −X2, [X1, X3] = X3, [X1, X4] = 0,

[X2, X1] = X2, [X2, X3] = X4 −X1, [X2, X4] = −X2,

[X3, X1] = −X3, [X3, X2] = X1 −X4, [X3, X4] = X3,

[X4, X1] = 0, [X4, X2] = X2, [X4, X3] = −X3.

(6.10)

Îäíàêî ñëåäóåò îòìåòèòü, ÷òî ðàâåíñòâî (6.4) èìååò ñëåäóþùåå ïðå-
èìóùåñòâî

Ëåììà 6.1. Êîììóòàòîð (6.4), îïåðàòîðû êîòîðîãî èìåþò âèä

(6.5), èíâàðèàíòåí îòíîñèòåëüíî ñèñòåìû êîîðäèíàò (6.2) â

EN+2(x, y,A).
Äîêàçàòåëüñòâî ëåììû 6.1 ìîæíî íàéòè â ðàáîòå Ë.Â. Îâñÿííèêîâà

[14].
Ëåãêî ìîæíî ïðîâåðèòü, ÷òî ìíîæåñòâî îïåðàòîðîâ (6.1) îáðàçó-

þò ëèíåéíîå ïðîñòðàíñòâî è óäîâëåòâîðÿþò îïðåäåëåíèþ 6.1. Ñëåäî-
âàòåëüíî, èìååò ìåñòî

Ëåììà 6.2. Ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ïåðâîãî ïî-

ðÿäêà (6.1) îáðàçóþò àëãåáðó Ëè îïåðàòîðîâ.
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Â ýòîé àëãåáðå îòñóòñòâóåò àññîöèàòèâíîñòü, íî îíà çàìåíåíà òîæ-
äåñòâîì ßêîáè.

Ïðåäïîëîæèì, ÷òî ðàçìåðíîñòü àëãåáðû Ëè ëèíåéíûõ äèôôåðåí-
öèàëüíûõ îïåðàòîðîâ êîíå÷íà è ðàâíà r, è çàôèêñèðóåì â ýòîé àëãåáðå,
êîòîðóþ îáîçíà÷èì ÷åðåç Lr, íåêîòîðûé áàçèñ Y1, Y2, ..., Yr. Ðàññìîò-
ðèì êîììóòàòîðû [Yµ, Yν ] âñåâîçìîæíûõ ïàð ýòèõ áàçèñíûõ îïåðàòî-
ðîâ. Òàê êàê ëþáîé îïåðàòîð Y èç Lr ðàçëàãàåòñÿ ïî áàçèñó

Y =

r∑
µ=1

eµYµ, e
µ = const, (6.11)

òî çíà÷åíèÿ âñåõ [Yµ, Yν ] ïîçâîëÿþò îäíîçíà÷íî íàéòè êîììóòàòîð ëþ-
áûõ îïåðàòîðîâ èç àëãåáðû Lr ñ èñïîëüçîâàíèåì áèëèíåéíîñòè. Îòñþäà
ÿñíî, ÷òî r�ìåðíîå âåêòîðíîå ïðîñòðàíñòâî Lr ñ áàçèñîì Y1, Y2, ..., Yr
îáðàçóåò àëãåáðó Ëè òîãäà è òîëüêî òîãäà, êîãäà êîììóòàòîðû áàçèñ-
íûõ îïåðàòîðîâ ïðèíàäëåæàò Lr, òî åñòü êîãäà

[Yµ, Yν ] =

r∑
λ=1

CλµνYλ, (µ, ν = 1, r), (6.12)

ãäå Cλµν�âåùåñòâåííûå ÷èñëà, íàçûâàåìûå ñòðóêòóðíûìè ïîñòîÿííû-
ìè àëãåáðû Lr. Óäîáíûé ñïîñîá äëÿ íåïîñðåäñòâåííîé ðàáîòû ñ àëãåá-
ðîé Ëè ñëåäóþùèé: çàäàåòñÿ áàçèñ îïåðàòîðîâ è òàáëèöà èõ êîììóòà-
òîðîâ, êîòîðàÿ ëåãêî ñòðîèòñÿ ñ ïîìîùüþ (6.3) è â êîòîðîé çíà÷åíèå
[Yµ, Yν ] ðàñïîëàãàåòñÿ íà ïåðåñå÷åíèè µ-é ñòðîêè è ν-ãî ñòîëáöà. Åñëè
òàáëèöà êîììóòàòîðîâ ñîñòîèò èç îäíèõ íóëåé, òî àëãåáðà Ëè ÿâëÿåòñÿ
êîììóòàòèâíîé. Îòñþäà èìååì

Ñëåäñòâèå 6.1. Îäíîìåðíàÿ àëãåáðà Ëè îïåðàòîðîâ, òî åñòü àë-

ãåáðà Ëè, ñîñòîÿùàÿ èç îäíîãî áàçèñíîãî îïåðàòîðà, ÿâëÿåòñÿ êîììó-

òàòèâíîé.

Ïðèìå÷àíèå 6.1. Ñ ïîìîùüþ ôîðìóë (6.6) ìîæíî ïîêàçàòü,

÷òî ðàâåíñòâà (6.10) èìåþò ìåñòî äëÿ îïåðàòîðîâ (5.1)�(5.2), (5.5)�
(5.6), (5.8)�(5.9), (5.11)�(5.12), ïðèìåíÿåìûõ ê ñèñòåìå (1.1)�(1.2) ïðè
ëþáîì Γ = {mi}`i=0.

Èçõîäÿ èç ïðèìå÷àíèÿ 6.1, ðàññìîòðèì ñîâîêóïíîñòü ýòèõ îïåðà-
òîðîâ è ñîñòàâèì òàáëèöó 6.1 èõ êîììóòàòîðîâ, â êîòîðîé çíà÷åíèå
[Yµ, Yν ] ðàñïîëàãàåòñÿ íà ïåðåñå÷åíèè µ-é ñòðîêè è ν-ãî ñòîëáöà.
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Òàáëèöà 6.1

X1 X2 X3 X4

X1 0 −X2 X3 0
X2 X2 0 X4 −X1 −X2

X3 −X3 X1 −X4 0 X3

X4 0 X2 −X3 0

Îòñþäà çàìåòèì, ÷òî âåêòîðíîå ïðîñòðàíñòâî ñ áàçèñîì (5.1), (5.5),
(5.8) è (5.11) îáðàçóåò 4-ìåðíóþ àëãåáðó Ëè L4.

Ïðèìå÷àíèå 6.2. Åñëè â òàáëèöå 6.1 X1, X2, X3, X4 çàìåíèòü

ñîîòâåòñòâåííî íà D1, D2, D3, D4 èç (5.2), (5.6), (5.9), (5.12), òî äëÿ
íîâûõ îïåðàòîðîâ ýòà òàáëèöà ñîõðàíèòñÿ è, ñëåäîâàòåëüíî, âåêòîð-

íîå ïðîñòðàíñòâî ñ ýòèì áàçèñîì îáðàçóåò 4-ìåðíóþ àëãåáðó Ëè ïðè

Γ 6= {1}.
Ðàâåíñòâà (6.10) íàçûâàþòñÿ ñòðóêòóðíûìè óðàâíåíèÿìè àëãåáðû

Ëè L4.

Åñëè òåïåðü ïðèíÿòü âî âíèìàíèå, ÷òî îïåðàòîðû (5.1), (5.5), (5.8),
(5.11) ((5.2), (5.6), (5.9), (5.12)) ÿâëÿþòñÿ ñîîòâåòñnâåííî îïåðàòîðà-
ìè ïðåäñòàâëåíèé îäíîïàðàìåòðè÷åñêèõ ãðóïï (2.2), (2.4), (2.6), (2.7) â
ïðîñòðàíñòâå EN+2(x, y,A) (EN (A)), òî ñ ó÷åòîì òåîðåìû 3.1 íåîáõî-
äèìî îòìåòèòü, ÷òî ýòè îäíîïàðàìåòðè÷åñêèå ãðóïïû ÿâëÿþòñÿ òåìè
ãðóïïàìè, íà êîòîðûå ðàçëàãàåòñÿ ãðóïïà GL(2,R), è åå ïðåäñòàâëåíèå
â ïðîñòðàíñòâå EN+2(x, y,A) (EN (A)). Òàêèì îáðàçîì, ïðåäñòàâëåíèþ
ãðóïïû GL(2,R) â ïðîñòðàíñòâå EN+2(x, y,A) (EN (A)) ñòàâèòñÿ â ñî-
îòâåòñòâèå àëãåáðà Ëè îïåðàòîðîâ X1, X2, X3, X4 (D1, D2, D3, D4),
îïðåäåëåííûõ òàáëèöåé 6.1 êîììóòàòîðîâ.

�7. Êîììåíòàðèè ê ïåðâîé ãëàâå

Â ýòîé ãëàâå ðàññìàòðèâàþòñÿ íåïðåðûâíûå ãðóïïû ëèíåéíûõ ïðå-
îáðàçîâàíèé äëÿ äâóìåðíûõ ïîëèíîìèàëüíûõ äèôôåðåíöèàëüíûõ ñè-
ñòåì (1.1)�(1.2). Ïîêàçàíî, ÷òî ýòè ïðåîáðàçîâàíèÿ ñîõðàíÿþò ôîðìó
óêàçàííûõ ñèñòåì. Ýòî ïðèâîäèò íàñ ê òåîðèè ãðóïï è àëãåáð Ëè, áåç
êîòîðûõ íåëüçÿ ñåãîäíÿ ïðåäñòàâèòü ñîâðåìåííóþ ìàòåìàòèêó è äàæå
ôèçèêó. Ïîýòîìó ñîõðàíåíèå ôîðìû äèôôåðåíöèàëüíîé ñèñòåìû (1.1)�
(1.2) ïðè óêàçàííûõ âûøå ãðóïïàõ ëèíåéíûõ ïðåîáðàçîâàíèé è îçíà-
÷àåò äîïóñê ýòèõ ãðóïï è ñîîòâåñòâóþùèõ èì àëãåáð Ëè îïåðàòîðîâ ê
óêàçàíûì ñèñòåìàì. Êàê ïîêàçàíî â [15,20] ýòîò ôàêò ïðîâåðÿåòñÿ òåì,
÷òî êîîðäèíàòû ïîëó÷åííûõ îïåðàòîðîâ X1, X2, X3, X4 ñîîòâåñòâåííî
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èç (5.1)�(5.2), (5.5)�(5.6), (5.8)�(5.9), (5.11)�(5.12), ñ ó÷åòîì (4.7)�(4.8)
óäîâëåòâîðÿþò îïðåäåëÿþùèì óðàâíåíèÿì

ξ1
xP + ξ1

yQ = ξ1Px + ξ2Py +D(P ),

ξ2
xP + ξ2

yQ = ξ1Qx + ξ2Qy +D(Q),
(7.1)

ñîîòâåòñòâóþùèì ñèñòåìå (1.1)�(1.2), ãäå P è Q èç óêàçàííîé ñèñòåìû.
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Ãëàâà 2. Äèôôåðåíöèàëüíûå óðàâíå-

íèÿ äëÿ öåíòðîàôôèííûõ èí-

âàðèàíòîâ è êîìèòàíòîâ äèô-

ôåðåíöèàëüíûõ ñèñòåì è èõ

ïðèìåíåíèÿ

�8. Ïîíÿòèå öåíòðîàôôèííîãî êîìèòàíòà è

èíâàðèàíòà äèôôåðåíöèàëüíîé ñèñòåìû

Íàïîìíèì, ÷òî â äàëüíåéøåì áóäåì ñ÷èòàòü çàäàííîñòü ïðåîáðà-

çîâàíèÿ (3.1) ÷åðåç ìàòðèöó q =

(
α β
γ δ

)
, à åå ïðèíàäëåæíîñòü ê

ãðóïïå GL(2,R) áóäåì ïèñàòü q ∈ GL(2,R) è ∆ = det(q).

Îáîçíà÷èì ñîâîêóïíîñòü êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2) ÷åðåç
A, à (4.1)�÷åðåç B. Èç ïðèìå÷àíèÿ 4.1 âèäíî, ÷òî B = g(A, q), òî åñòü
B ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îò A è ðàöèîíàëüíîé îò ýëåìåíòîâ
ïðåîáðàçîâàíèÿ q.

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 8.1. Ðàññìîòðèì ìíîãî÷ëåí, çàâèñÿùèé îò êîýôôèöèåí-
òîâ ñèñòåìû (1.3) è ôàçîâûõ ïåðåìåííûõ x, y, êîòîðûé çàïèøåì â âèäå
îïðåäåëèòåëÿ

k1(x, y,A) = det

(
a x
b y

)
, (8.1)

ãäå ÷åðåç A îáîçíà÷èì ñîâîêóïíîñòü êîýôôèöèåíòîâ ïðàâîé ÷àñòè ýòîé
ñèñòåìû. Òîãäà ïîñëå ïðåîáðàçîâàíèÿ (3.1) â ñèñòåìå (1.3) ïîëó÷àåì
ñèñòåìó

ẋ = a+ c x+ d y, ẏ = b+ e x+ f y, (8.2)
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ãäå
a = αa+ βb, b = γa+ δb,

∆c = δ(αc+ βe)− γ(αd+ βf),

∆d = −β(αc+ βe) + α(αd+ βf),

∆e = δ(γc+ δe)− γ(γd+ δf),

∆f = −β(γc+ δe) + α(γd+ δf).

(8.3)

Àíàëîãè÷íîå âûðàæåíèå (8.1) äëÿ ñèñòåìû (8.2) áóäåò èìåòü âèä

k1(x, y,B) = det

(
a x

b y

)
. (8.4)

Áóäåì èñêàòü, êàêîå ñîîòíîøåíèå ñóùåñòâóåò ìåæäó (8.1) è (8.4).
Äëÿ ýòîãî çàìåòèì, ÷òî ìàòðèöà èç (8.4) ñ ïîìîùüþ (3.1) è (8.3) çàïè-
øåòñÿ â âèäå (

a x

b y

)
=

(
αa+ βb αx+ βy
γa+ δb γx+ δy

)
, (8.5)

ãäå ïðàâàÿ ÷àñòü ïîëó÷èò âèä(
αa+ βb αx+ βy
γa+ δb γx+ δy

)
=

(
α β
γ δ

)(
a x
b y

)
.

Îòñþäà ñ ó÷åòîì (8.5) èìååì(
a x

b y

)
=

(
α β
γ δ

)(
a x
b y

)
.

Ïðèìåíÿÿ ê ýòîìó ðàâåíñòâó ñâîéñòâî îïðåäåëèòåëÿ, ïîëó÷àåì

det

(
a x

b y

)
= det

(
α β
γ δ

)
det

(
a x
b y

)
,

îòêóäà ñ ó÷åòîì (3.1), (8.1), (8.4) íàõîäèì ðàâåíñòâî

k1(x, y,B) = ∆k1(x, y,A) (8.6)

äëÿ ëþáîé ñîâîêóïíîñòè êîýôôèöèåíòîâ A ñèñòåìû (1.3), ëþáûõ x è y
è ëþáûõ ïðåîáðàçîâàíèé q ∈ GL(2,R). Çàìåòèì òàêæå èç (8.6), ÷òî âû-
ðàæåíèå (8.4) ðàâíî ïðîèçâåäåíèþ îïðåäåëèòåëÿ ïðåîáðàçîâàíèÿ (3.1)
íà èñêîìîå âûðàæåíèå (8.1).

Ïðèìåð 8.2. Ðàññìîòðèì äëÿ ñèñòåìû (1.3) ìàòðèöó êîýôôèöè-
åíòîâ â âèäå

F =

(
c d
e f

)
(8.7)
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è çàïèøåì ñóììó åå ýëåìåíòîâ ïî ãëàâíîé äèàãîíàëè

i1(F ) = c+ f. (8.8)

Îáû÷íî ýòó ñóììó îáîçíà÷àþò trF è íàçûâàþò åå ñëåäîì ìàòðèöû F .
Òîãäà äëÿ ñîîòâåòñòâóþùåé ñèñòåìû (8.2), ïîëó÷åííîé ïîñëå ïðåîáðà-
çîâàíèÿ (3.1), â ñèñòåìå (1.3) àíàëîãè÷íîå âûðàæåíèå èìååò âèä

i1(F ) = c+ f. (8.9)

Èñïîëüçóÿ ðàâåíñòâà (8.3), íàõîäèì

i1(F ) = i1(F ), (8.10)

òî åñòü èñêîìîå âûðàæåíèå (8.8) íå ìåíÿåò ñâîåãî çíà÷åíèÿ ïîñëå ëþ-
áîãî ïðåîáðàçîâàíèÿ (3.1) â ñèñòåìå (1.3).

Ñ ïîìîùüþ (8.3) ëåãêî ìîæíî óáåäèòñÿ, ÷òî ñóììà ýëåìåíîâ âòî-
ðîé äèàãîíàëè d+ e ìàòðèöû F èç (8.7) íå îáëàäàåò óêàçàííûì âûøå
ñâîéñòâîì.

Åñëè îáîçíà÷èòü ñîâîêóïíîñòü êîýôôèöèåíòîâ ñèñòåìû (4.1), ïî-
ëó÷åííîé ïîñëå ïðåîáðàçîâàíèÿ (3.1) â ñèñòåìå (1.1)�(1.2), ÷åðåç B, òî
ïðèìåðû 8.1 è 8.2 ïîäâîäÿò íàñ ê òîìó, ÷òî ìîæíî äàòü ñëåäóþùåå

Îïðåäåëåíèå 8.1. Ñêàæåì, ÷òî öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ

K(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m1
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

),

êîòîðóþ â äàëüíåéøåì áóäåì îáîçíà÷àòü ÷åðåç K(x, y,A), îò ñîâîêóï-

íîñòè A êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2) è ôàçîâûõ ïåðåìåííûõ x
è y íàçûâàåòñÿ öåíòðîàôôèííûì êîìèòàíòîì ýòîé ñèñòåìû, åñëè

ñóùåñòâóåò òàêàÿ ôóíêöèÿ λ(q), ÷òî òîæäåñòâî

K(x, y,B) ≡ λ(q)K(x, y,A) (8.11)

èìååò ìåñòî äëÿ ëþáûõ q ∈ GL(2,R), âñåâîçìîæíûõ êîýôôèöèåíòîâ

ñèñòåìû (1.1)�(1.2) è ëþáûõ ïåðåìåííûõ x è y. Åñëè æå êîìèòàíò

K íå çàâèñèò îò ïåðåìåííûõ x è y, òî åãî ïðèíÿòî íàçûâàòü öåí-

òðîàôôèííûì èíâàðèàíòîì ñèñòåìû (1.1)�(1.2).
Ïðèìå÷àíèå 8.1. Â ìîíîãðàôèè [16] ïîêàçàíî, ÷òî â (8.11)

λ(q) = ∆−g, ãäå g � öåëîå ÷èñëî. ×èñëî g ïðèíÿòî íàçûâàòü âåñîì

êîìèòàíòà K(x, y,A).
Åñëè g = 0, òî êîìèòàíò K(x, y,A) íàçûâàåòñÿ àáñîëþòíûì, â ïðî-

òèâíîì ñëó÷àå � îòíîñèòåëüíûì.
Â îïðåäåëåííûõ ñëó÷àÿõ â íàçûâàíèè "öåíòðîàôôèííûé êîìèòàíò"

áóäåì îïóñêàòü ñëîâî "öåíòðîàôôèííûé åñëè ýòî íå ïðèâîäèò ê íåäî-
ðàçóìåíèÿì.
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Èç ïðèìåðîâ 8.1 è 8.2 ïîëó÷àåì

Çàìå÷àíèå 8.1. Âûðàæåíèå k1 èç (8.1) ÿâëÿåòñÿ îòíîñèòåëü-

íûì êîìèòàíòîì ñ âåñîì g = −1 äëÿ ñèñòåìû (1.3), à i1 èç (8.8)
ÿâëÿåòñÿ àáñîëþòíûì èíâàðèàíòîì ñèñòåìû (1.3).

Íåïîñðåäñòâåííî èç îïðåäåëåíèÿ 8.1 âûòåêàåò

Ñâîéñòâî 8.1. Ïðîèçâåäåíèå ëþáûõ äâóõ öåíòðîàôôèííûõ êîìè-

òàíòîâ (èíâàðèàíòîâ) ñèñòåìû (1.1)�(1.2) ÿâëÿåòñÿ öåíòðîàôôèí-

íûì êîìèòàíòîì (èíâàðèàíòîì) ñ âåñîì, ðàâíûì ñóììå âåñîâ ñîìíî-

æèòåëåé.

Ñâîéñòâî 8.2. Ñóììà äâóõ öåíòðîàôôèííûõ êîìèòàíòîâ (èíâà-
ðèàíòîâ) ñèñòåìû (1.1)�(1.2) ñ îäèíàêîâûìè âåñàìè ÿâëÿåòñÿ åå öåí-
òðîàôôèííûì êîìèòàíòîì (èíâàðèàíòîì) ñ òåì æå âåñîì.

Î÷åâèäíî, ÷òî ñóììà äâóõ öåíòðîàôôèííûõ êîìèòàíòîâ (èíâàðèàí-
òîâ) íå âñåãäà ÿâëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì (èíâàðèàíòîì).

Çàìå÷àíèå 8.2. Àíàëîãè÷íî ïðèìåðàì 8.1 è 8.2 ñ ïîìîùüþ (8.3)
ëåãêî ìîæíî óáåäèòñÿ, ÷òî ñëåäóþùèå âûðàæåíèÿ ÿâëÿþòñÿ öåíòðî-

àôôèííûìè èíâàðèàíòàìè è êîìèòàíòàìè ñèñòåìû (1.3) ñ ñîîòâåò-
ñòâóþùèìè âåñàìè g

i1 = c+ f, g = 0,

i2 = c2 + 2de+ f2, g = 0,

i3 = −ea2 + (c− f)ab+ db2, g = −1,

k1 = −bx+ ay, g = −1;

k2 = −ex2 + (c− f)xy + dy2, g = −1,

k3 = −(ea+ fb)x+ (ca+ db)y, g = −1.

(8.12)

ßñíî, ÷òî ñ ó÷åòîì ñâîéñòâ 8.1, 8.2 èç (8.12) ìîæíî ïîëó÷èòü áåñ-
êîíå÷íîå ÷èñëî öåíòðîàôôèííûõ êîìèòàíòîâ è èíâàðèàíòîâ ñèñòåìû
(1.3).

�9. Öåíòðîàôôèíûå ïðåîáðàçîâàíèÿ ñèñòå-

ìû (1.1)− (1.2)

Ëåììà 9.1. Ïðåäñòàâëåíèåì ãðóïïû öåíòðîàôôèííûõ ïðåîáðà-

çîâàíèé GL(2,R) ñ ôîðìóëàìè (3.1) â ïðîñòðàíñòâå êîýôôèöèåíòîâ

EN (A) äèôôåðåíöèàëüíîé ñèñòåìû (1.1)�(1.2) ÿâëÿåòñÿ ÷åòûðåõïà-
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ðàìåòðè÷åñêàÿ ãðóïïà, çàäàííàÿ îäíîé èç ñåðèé âûðàæåíèé

∆mi
i

b1k = (−1)k
(mi − k)!

(mi)!

(
α
∂

∂γ
+ β

∂

∂δ

)k
[αPmi(δ,−γ) + βQmi(δ,−γ)],

(9.1)

∆mi
i

b2k = (−1)k
(mi − k)!

(mi)!

[
γ

(
α
∂

∂γ
+ β

∂

∂δ

)k
Pmi(δ,−γ)+

+ δ

(
α
∂

∂γ
+ β

∂

∂δ

)k
Qmi(δ,−γ)

]
(i = 0, `; k = 0,mi),

(9.2)

èëè

∆mi
i

b1k = (−1)mi−k
k!

(mi)!

[
α

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
Pmi(−β, α) +

+β

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
Qmi(−β, α)

]
,

(9.3)

∆mi
i

b2k = (−1)mi−k
k!

(mi)!

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
[γPmi(−β, α)+

+δQmi(−β, α)] (i = 0, `, k = 0,mi),

(9.4)

â êîòîðûõ çíà÷åíèå ïàðàìåòðîâ α = δ = 1, β = γ = 0 îòâå÷àåò

òîæäåñòâåííîìó ïðåîáðàçîâàíèþ (3.7).
Äîêàçàòåëüñòâî. Ñîãëàñíî ïðèìå÷àíèþ 4.1 âûðàæåíèÿ (9.1), (9.2)

èëè (9.3), (9.4) îáðàçóþò ãðóïïó ïðåîáðàçîâàíèé ïðîñòðàíñòâà êîýôôè-
öèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2).

Ïðè öåíòðîàôôèííîì ïðåîáðàçîâàíèè (3.1) â ñèñòåìå (1.1) ñ ó÷åòîì
(3.8)�(3.9) íàõîäèì

ẋ =
∑
mi∈Γ

[α∆−miPmi(δx+ β′y, γ′x+ αy)+

+β∆−miQmi(δx+ β′y, γ′x+ αy)],

ẏ =
∑
mi∈Γ

[γ∆−miPmi(δx+ β′y, γ′x+ αy)+

+δ∆−miQmi(δx+ β′y, γ′x+ αy)].

(9.5)

Ñ ó÷åòîì (1.2) äëÿ Pmi è Qmi èìååì

Pmi(δx+ β′y, γ′x+ αy) =

mi∑
k=0

(
mi

k

)
i
a1
k(δx+ β′y)mi−k(γ′x+ αy)k,
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Qmi(δx+ β′y, γ′x+ αy) =

mi∑
k=0

(
mi

k

)
i
a2
k(δx+ β′y)mi−k(γ′x+ αy)k,

èëè, ÷òî òîæå ñàìîå

Pmi(δx+ β′y, γ′x+ αy) =

mi∑
k=0

(
mi

k

)
i

B1
kx

mi−k yk,

Qmi(δx+ β′y, γ′x+ αy) =

mi∑
k=0

(
mi

k

)
i

B2
kx

mi−k yk,

(9.6)

ãäå êîýôôèöèåíòû
i

B1
k è

i

B2
k ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè îò

α, β′, γ′, δ è ëèíåéíûìè ôóíêöèÿìè îò
i
ajk. Òîãäà èç (9.5) ñ ó÷åòîì (9.6)

íàõîäèì

ẋ =
∑
mi∈Γ

mi∑
k=0

(
mi

k

)
i

b1kx
mi−k yk,

ẏ =
∑
mi∈Γ

mi∑
k=0

(
mi

k

)
i

b2kx
mi−k yk,

(9.7)

ãäå

∆mi
i

b1k = α
i

B1
k + β

i

B2
k, ∆mi

i

b2k = γ
i

B1
k + δ

i

B2
k (i = 0, `). (9.8)

Îáîçíà÷èì ξ = y
x , η = x

y è èç (9.6) íàõîäèì

Pmi(δ + β′ξ, γ′ + αξ) =

mi∑
k=0

(
mi

k

)
i

B1
kξ
k,

Qmi(δ + β′ξ, γ′ + αξ) =

mi∑
k=0

(
mi

k

)
i

B2
kξ
k (i = 0, `)

(9.9)

è

Pmi(δη + β′, γ′η + α) =

mi∑
k=0

(
mi

k

)
i

B1
kη
mi−k,

Qmi(δη + β′, γ′η + α) =

mi∑
k=0

(
mi

k

)
i

B2
kη
mi−k (i = 0, `).

(9.10)

Åñëè ðàçëîæèòü â ðÿä Òåéëîðà ìíîãî÷ëåíû (9.9) è (9.10) ñîîòâåò-
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ñòâåííî ïî ïåðåìåííûì ξ è η, òî ïîëó÷èì

Pmi(δ + β′ξ, γ′ + αξ) =

mi∑
k=0

ξk

k!

(
α
∂

∂γ′
+ β′

∂

∂δ

)k
Pmi(δ, γ

′),

Qmi(δ + β′ξ, γ′ + αξ) =

mi∑
k=0

ξk

k!

(
α
∂

∂γ′
+ β′

∂

∂δ

)k
Qmi(δ, γ

′)

(i = 0, `)

(9.11)

è

Pmi(δη + β′, γ′η + α) =

mi∑
k=0

ηmi−k

(mi − k)!

(
γ′
∂

∂α
+ δ

∂

∂β′

)mi−k
Pmi(β

′, α),

Qmi(δη + β′, γ′η + α) =

mi∑
k=0

ηmi−k

(mi − k)!

(
γ′
∂

∂α
+ δ

∂

∂β′

)mi−k
Qmi(β

′, α)

(i = 0, `).
(9.12)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ξ è η ñîîò-
âåòñòâåííî â (9.9) è (9.11), à òàêæå (9.10) è (9.12), ïîëó÷àåì

i

B1
k =

(mi − k)!

mi!

(
α
∂

∂γ′
+ β′

∂

∂δ

)k
Pmi(δ, γ

′),

i

B2
k =

(mi − k)!

mi!

(
α
∂

∂γ′
+ β′

∂

∂δ

)k
Qmi(δ, γ

′) (i = 0, `),

èëè

i

B1
k =

k!

mi!

(
γ′
∂

∂α
+ δ

∂

∂β′

)mi−k
Pmi(β

′, α),

i

B2
k =

k!

mi!

(
γ′
∂

∂α
+ δ

∂

∂β′

)mi−k
Qmi(β

′, α) (i = 0, `).

Èç ïîñëåäíèõ ÷åòûðåõ ðàâåíñòâ ñ ó÷åòîì (3.9) èìååì

i

B1
k = (−1)k

(mi − k)!

mi!

(
α
∂

∂γ
+ β

∂

∂δ

)k
Pmi(δ,−γ),

i

B2
k = (−1k)

(mi − k)!

mi!

(
α
∂

∂γ
+ β

∂

∂δ

)k
Qmi(δ,−γ) (i = 0, `),

(9.13)
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èëè

i

B1
k = (−1)mi−k

k!

mi!

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
Pmi(−β, α),

i

B2
k = (−1)mi−k

k!

mi!

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
Qmi(−β, α) (i = 0, `).

(9.14)

Ñ ó÷åòîì (9.8) è (9.13)�(9.14) ïîëó÷àåì äëÿ
i

b1k è
i

b2k âûðàæåíèÿ (9.1)�
(9.2) èëè (9.3)�(9.4). Ëåììà 9.1 äîêàçàíà.

Ñðàâíèâàÿ (1.1)�(1.2) è (9.7), ïîëó÷àåì

Ñëåäñòâèå 9.1. Ïðè öåíòðîàôôèííîì ïðåîáðàçîâàíèè (3.1) ñè-
ñòåìà (1.1) ñ íîâûìè êîýôôèöèåíòàìè è íîâûìè ïåðåìåííûìè ñî-

õðàíÿåò ñâîé ïðåæíèé âèä, à åå îäíîðîäíîñòè ïðàâûõ ÷àñòåé îòíî-

ñèòåëüíî x è y ïåðåõîäÿò â îäíîðîäíîñòè òîé æå ñòåïåíè îòíîñè-

òåëüíî x è y.

Èç (9.1)�(9.2) è (9.3)�(9.4) èìååì

Ñëåäñòâèå 9.2. Âûðàæåíèå ∆mi
i

b1k (∆mi
i

b2k) èìååò âèä (9.1) èëè
(9.3) ((9.2) èëè (9.4)) è ÿâëÿåòñÿ îäíîðîäíîé ôóíêöèåé ñòåïåíè k + 1
(k) îòíîñèòåëüíî ïàðû (α, β) è ñòåïåíè mi − k (mi − k + 1) îòíîñè-
òåëüíî ïàðû (γ, δ).

Ðàññìîòðèì âûðàæåíèÿ êîýôôèöèåíòîâ àôôèíîé äèôôåðåíöèàëü-
íîé ñèñòåìû (1.3) ïîñëå öåíòðîàôôèííîãî ïðåîáðàçîâàíèÿ (3.1). Ñ ïî-
ìîùüþ ëåììû 9.1 è ðàâåíñòâ (1.4) ïîëó÷àåì (8.3), ãäå â ñèñòåìå (8.2)

èìååì a =
0

b10, b =
0

b20, c =
1

b10, d =
1

b11, e =
1

b20, f =
1

b21.

�10. Äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ öåí-

òðîàôôèííûõ èíâàðèàíòîâ è êîìèòàí-

òîâ

Ïðèìåð 10.1. Ðàññìîòðèì àëãåáðó Ëè îïåðàòîðîâ, ñîîòâåòñòâó-
þùóþ ïðåäñòàâëåíèþ ãðóïïû GL(2,R) â ïðîñòðàíñòâå E6(x, y,A) ñè-
ñòåìû (1.3). Ñîãëàñíî ïðèìåðó 6.1 óêàçàííàÿ àëãåáðà Ëè ñîñòîèò èç
îïåðàòîðîâ (6.8)�(6.9). Äëÿ èíâàðèàíòîâ è êîìèòàíòîâ (8.12) ñèñòåìû
(1.3) ïðè ãðóïïå GL(2,R) ñ ïîìîùüþ óêàçàííûõ îïåðàòîðîâ ïîëó÷èì
ðàâåíñòâà

Dm(ij) = 0 (m = 1, 4, j = 1, 2), D1(i3) = D4(i3) = i3, D2(i3) = D3(i3) = 0
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è
X1(kj) = X4(kj) = i3, X2(kj) = X3(kj) = 0 (j = 1, 3).

Èìååò ìåñòî
Òåîðåìà 10.1. Äëÿ òîãî, ÷òîáû öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ îò

êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2) áûëà öåíòðîàôôèííûì èíâàðèàí-

òîì ýòîé ñèñòåìû ñ âåñîì g, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà

óäîâëåòâîðÿëà óðàâíåíèÿì

D1(I) = D4(I) = −gI, D2(I) = D3(I) = 0, (10.1)

ãäå Dm (m = 1, 4) èç (5.2), (5.6), (5.9), (5.12) è îáðàçóþò àëãåáðó Ëè

îïåðàòîðîâ äëÿ ïðåäñòàâëåíèÿ ãðóïïû GL(2,R) â ïðîñòðàíñòâå êîýô-
ôèöèåíòîâ EN (A) ñèñòåìû (1.1)�(1.2).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïðåäïîëîæèì ÷òî, I(A) ÿâëÿåò-
ñÿ öåíòðîàôôèííûì èíâàðèàíòîì ñèñòåìû (1.1)�(1.2) ñ âåñîì g. Òîãäà
ñîãëàñíî îïðåäåëåíèþ 8.1 è ïðèìå÷àíèþ 8.1 èìååò ìåñòî òîæäåñòâî

I(B) = ∆−gI(A), (10.2)

ãäå ñîâîêóïíîñòü B ñîñòîèò èç êîýôôèöèåíòîâ ñèñòåìû (9.7), èìåþùèõ
âèä (9.1)�(9.4).

Îòìåòèì, ÷òî îïðåäåëèòåëü ïðåîáðàçîâàíèÿ (3.1) óäîâëåòâîðÿåò äèô-
ôåðåíöèàëüíûì óðàâíåíèÿì

α
∂∆

∂α
+ β

∂∆

∂β
= ∆, γ

∂∆

∂α
+ δ

∂∆

∂β
= 0,

α
∂∆

∂γ
+ β

∂∆

∂δ
= 0, γ

∂∆

∂γ
+ δ

∂∆

∂δ
= ∆.

(10.3)

Åñëè ïðèìåíèòü ê îáåèì ÷àñòÿì ðàâåíñòâà (10.2) îïåðàòîðû

α
∂

∂α
+ β

∂

∂β
, γ

∂

∂α
+ δ

∂

∂β
, α

∂

∂γ
+ β

∂

∂δ
, γ

∂

∂γ
+ δ

∂

∂δ
,

òî ñ ó÷åòîì ðàâåíñòâ (10.3) ïîëó÷èì

α
∂I(B)

∂α
+ β

∂I(B)

∂β
= −gI(B), γ

∂I(B)

∂α
+ δ

∂I(B)

∂β
= 0,

α
∂I(B)

∂γ
+ β

∂I(B)

∂δ
= 0, γ

∂I(B)

∂γ
+ δ

∂I(B)

∂δ
= −gI(B).

(10.4)

Ýòó ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæíî ïðåäñòàâèòü è
â äðóãîì âèäå ñ ó÷åòîì òîãî, ÷òî ñîãëàñíî ðàâåíñòâàì (9.1)�(9.4) I(B)
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ÿâëÿåòñÿ ñëîæíîé ôóíêöèåé îò α, β, γ, δ âõîäÿùèõ â
0

b10,
0

b11, ...,
0

b1m1
, ...,

`

b20,
`

b21, ...,
`

b2m` . Òîãäà èç (10.4) ïîëó÷àåì ñëåäóþùóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé:

∑̀
i=0

mi∑
k=0

α∂ ib1k
∂α

+ β
∂
i

b1k
∂β

 ∂I(B)

∂
i

b1k

+

α∂ ib2k
∂α

+ β
∂
i

b2k
∂β

 ∂I(B)

∂
i

b2k

 = −gI(B),

∑̀
i=0

mi∑
k=0

γ ∂ ib1k
∂α

+ δ
∂
i

b1k
∂β

 ∂I(B)

∂
i

b1k

+

γ ∂ ib2k
∂α

+ δ
∂
i

b2k
∂β

 ∂I(B)

∂
i

b2k

 = 0,

∑̀
i=0

mi∑
k=0

α∂ ib1k
∂γ

+ β
∂
i

b1k
∂δ

 ∂I(B)

∂
i

b1k

+

α∂ ib2k
∂γ

+ β
∂
i

b2k
∂δ

 ∂I(B)

∂
i

b2k

 = 0,

∑̀
i=0

mi∑
k=0

γ ∂ ib1k
∂γ

+ δ
∂
i

b1k
∂δ

 ∂I(B)

∂
i

b1k

+

γ ∂ ib2k
∂γ

+ δ
∂
i

b2k
∂δ

 ∂I(B)

∂
i

b2k

 = −gI(B).

(10.5)

Ðàññìîòðèì ïîëó÷åíèå áîëåå ïðîñòûõ âûðàæåíèé äëÿ êðóãëûõ ñêî-
áîê èç (10.5). Ñ ó÷åòîì ðàâåíñòâ (10.3) èìååì

∆mi

α∂ ib1k
∂α

+ β
∂
i

b1k
∂β

 = −mi

i

b1k∆mi + α
∂(∆mi

i

b1k)

∂α
+ β

∂(∆mi
i

b1k)

∂β
, (10.6)

∆mi

α∂ ib2k
∂α

+ β
∂
i

b2k
∂β

 = −mi

i

b2k∆mi + α
∂(∆mi

i

b2k)

∂α
+ β

∂(∆mi
i

b2k)

∂β
, (10.7)

∆mi

γ ∂ ib1k
∂α

+ δ
∂
i

b1k
∂β

 = γ
∂(∆mi

i

b1k)

∂α
+ δ

∂(∆mi
i

b1k)

∂β
, (10.8)

∆mi

γ ∂ ib2k
∂α

+ δ
∂
i

b2k
∂β

 = γ
∂(∆mi

i

b2k)

∂α
+ δ

∂(∆mi
i

b2k)

∂β
, (10.9)

∆mi

α∂ ib1k
∂γ

+ β
∂
i

b1k
∂δ

 = α
∂(∆mi

i

b1k)

∂γ
+ β

∂(∆mi
i

b1k)

∂δ
, (10.10)
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∆mi

α∂ ib2k
∂γ

+ β
∂
i

b2k
∂δ

 = α
∂(∆mi

i

b2k)

∂γ
+ β

∂(∆mi
i

b2k)

∂δ
, (10.11)

∆mi

γ ∂ ib1k
∂γ

+ δ
∂
i

b1k
∂δ

 = −mi

i

b1k∆mi + γ
∂(∆mi

i

b1k)

∂γ
+ δ

∂(∆mi
i

b1k)

∂δ
,

(10.12)

∆mi

γ ∂ ib2k
∂γ

+ δ
∂
i

b2k
∂δ

 = −mi

i

b2k∆mi + γ
∂(∆mi

i

b2k)

∂γ
+ δ

∂(∆mi
i

b2k)

∂δ
.

(10.13)

Ïðèíèìàÿ âî âíèìàíèå ñòåïåíè îäíîðîäíîñòåé âûðàæåíèé ∆mi
i

b1k

è ∆mi
i

b2k îòíîñèòåëüíî ïàð (α, β) è (γ, δ) èç ñëåäñòâèÿ 9.2, ïî òåîðåìå
Ýéëåðà îá îäíîðîäíîñòè ôóíêöèè äëÿ ðàâåíñòâ (10.6)�(10.7) è (10.12)�
(10.13) ñîîòâåòñòâåííî ïîëó÷àåì

α
∂(∆mi

i

b1k)

∂α
+ β

∂(∆mi
i

b1k)

∂β
= (k + 1)∆mi

i

b1k,

α
∂(∆mi

i

b2k)

∂α
+ β

∂(∆mi
i

b2k)

∂β
= k∆mi

i

b2k,

γ
∂(∆mi

i

b1k)

∂γ
+ δ

∂(∆mi
i

b1k)

∂δ
= (mi − k)∆mi

i

b1k,

γ
∂(∆mi

i

b2k)

∂γ
+ δ

∂(∆mi
i

b2k)

∂δ
= (mi − k + 1)∆mi

i

b2k.

(10.14)

Ñ ó÷åòîì (9.3) äëÿ âûðàæåíèÿ èç ëåâîé ÷àñòè (10.8) íàõîäèì

(−1)mi−k
(mi)!

k!
∆mi

γ ∂ ib1k
∂α

+ δ
∂
i

b1k
∂β

 =

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k
×

×[γPmi(−β, α) + δQmi(−β, α)] + α

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k+1

Pmi(−β, α)+

+β

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k+1

Qmi(−β, α).
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Èç ýòîãî ðàâåíñòâà ñ ïîìîùüþ (9.3) è (9.4) ïðè k − 1 èìååì

γ
∂
i

b1k
∂α

+ δ
∂
i

b1k
∂β

=
i

b2k − k
i

b1k−1.
(10.15)

Äëÿ ëåâîé ÷àñòè (10.9) ñ ó÷åòîì (9.4) ïîëó÷àåì

∆mi

γ ∂ ib2k
∂α

+ δ
∂
i

b2k
∂β

 = (−1)mi−k
k!

(mi)!

(
γ
∂

∂α
+ δ

∂

∂β

)mi−k+1

×

×[γPmi(−β, α) + δQmi(−β, α)] = −k∆mi
i

b2k−1.
(10.16)

Ñ ïîìîùüþ (9.1) äëÿ ëåâîé ÷àñòè (10.10) èìååì

∆mi

α∂ ib1k
∂γ

+ β
∂
i

b1k
∂δ

 = (−1)k
(mi − k)!

(mi)!

(
α
∂

∂γ
+ β

∂

∂δ

)k+1

×

×[αPmi(δ,−γ) + βQmi(δ,−γ)] = −(mi − k)∆mi
i

b1k+1.

(10.17)

Ñ ó÷åòîì (9.2) äëÿ ëåâîé ÷àñòè (10.11) ïîëó÷àåì

(−1)k
(mi)!

(mi − k)!
∆mi

α∂ ib2k
∂γ

+ β
∂
i

b2k
∂δ

 =

(
α
∂

∂γ
+ β

∂

∂δ

)k
×

×[αPmi(δ,−γ) + βQmi(δ,−γ)] + γ

(
α
∂

∂γ
+ β

∂

∂δ

)k+1

Pmi(δ,−γ)+

+δ

(
α
∂

∂γ
+ β

∂

∂δ

)k+1

Qmi(δ,−γ).

Îòñþäà ñ ó÷åòîì (9.1) è (9.2) ïðè k + 1 èìååì

α
∂
i

b2k
∂γ

+ β
∂
i

b2k
∂δ

=
i

b1k − (mi − k)
i

b2k+1.
(10.18)

Òîãäà ñ ïîìîùüþ (10.14), (10.16) è (10.17) èç (10.6)�(10.7), (10.9)�
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(10.10) è (10.12)�(10.13) ïîñëå ñîêðàùåíèÿ íà ∆mi ïîëó÷àåì

α
∂
i

b1k
∂α

+ β
∂
i

b1k
∂β

= −(mi − k − 1)
i

b1k,

α
∂
i

b2k
∂α

+ β
∂
i

b2k
∂β

= −(mi − k)
i

b2k,

γ
∂
i

b2k
∂α

+ δ
∂
i

b2k
∂β

= −k
i

b2k−1,

α
∂
i

b1k
∂γ

+ β
∂
i

b1k
∂δ

= −(mi − k)
i

b1k+1,

γ
∂
i

b1k
∂γ

+ δ
∂
i

b1k
∂δ

= −k
i

b1k,

γ
∂
i

b2k
∂γ

+ δ
∂
i

b2k
∂δ

= −(k − 1)
i

b2k.

(10.19)

Ñ ó÷åòîì (10.15), (10.18) è (10.19) ñèñòåìà (10.5) ïåðåïèøåòñÿ â
âèäå

∑̀
i=0

mi∑
k=0

(mi − k − 1)
i

b1k
∂I(B)

∂
i

b1k

+ (mi − k)
i

b2k
∂I(B)

∂
i

b2k

 = −gI(B),

∑̀
i=0

mi∑
k=0

k ib1k−1

∂I(B)

∂
i

b1k

+ k
i

b2k−1

∂I(B)

∂
i

b2k

−
i

b2k
∂I(B)

∂
i

b1k

 = 0,

∑̀
i=0

mi∑
k=0

(mi − k)
i

b1k+1

∂I(B)

∂
i

b1k

+ (mi − k)
i

b2k+1

∂I(B)

∂
i

b2k

−
i

b1k
∂I(B)

∂
i

b2k

 = 0,

∑̀
i=0

mi∑
k=0

k ib1k ∂I(B)

∂
i

b1k

+ (k − 1)
i

b2k
∂I(B)

∂
i

b2k

 = −gI(B).

(10.20)
Ýòà ñèñòåìà óðàâíåíèé äîëæíà èìåòü ìåñòî äëÿ ëþáîãî ïðåîáðàçî-

âàíèÿ (3.1). Â ÷àñòíîñòè, ïðè òîæäåñòâåííîì ïðåîáðàçîâàíèè
α = δ = 1, β = γ = 0 ñ ïîìîùüþ (1.1)�(1.2) è (3.1) ïîëó÷àåì ðàâåíñòâà
i

bjk =
i
ajk (i = 0, `, j = 1, 2, k = 0,mi). Ñ ó÷åòîì ýòîãî èç (10.20) ñ ïîìî-

ùüþ Dm (m = 1, 4) èç (5.2), (5.6), (5.9), (5.12) íàõîäèì íåîáõîäèìîñòü
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óñëîâèé (10.1).

Äîñòàòî÷íîñòü. Ïðåäïîëîæèì, ÷òî öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ
I(A) óäîâëåòâîðÿåò óðàâíåíèÿì (10.1) ñ îïåðàòîðàìè (5.2), (5.6), (5.9),
(5.12) ïðè ëþáûõ A ∈ EN (A). Òîãäà ñ ó÷åòîì ýòîãî ñïðàâåäëèâû ðà-
âåíñòâà (10.20) è, ñëåäîâàòåëüíî, ðàâåíñòâà (10.4).

Îòìåòèì, ÷òî åñëè ôîðìàëüíî ïðèìåíÿòü L = ln|I(B)|, òî èç (10.4)
íàõîäèì ðàâåíñòâà

α
∂L

∂α
+ β

∂L

∂β
= −g, γ ∂L

∂α
+ δ

∂L

∂β
= 0,

α
∂L

∂γ
+ β

∂L

∂δ
= 0, γ

∂L

∂γ
+ δ

∂L

∂δ
= −g.

(10.21)

Ñ ó÷åòîì (10.3) ýòèì æå óðàâíåíèÿì óäîëåòâîðÿåò ôóíêöèÿ L =
= −gln|∆|+ ln|C|, ãäå ∆ èç (3.1), à C�ïðîèçâîëüíàÿ êîíñòàíòà. Ñëåäî-
âàòåëüíî, èç ln|I(B)| = −gln|∆|+ ln|C| ïîëó÷àåì

I(B) = C∆−g. (10.22)

Ýòî èìååò ìåñòî òàêæå è ïðè òîæäåñòâåííîì ïðåîáðàçîâàíèè α = δ = 1,
β = γ = 0 ãðóïïû (3.1) â ñèñòåìå (1.1)�(1.2). Òàê êàê â ýòîì ñëó÷àå
i

bjk =
i
ajk (i = 0, `, j = 1, 2, k = 0,mi), òî C = I(A). Ñ ó÷åòîì ðàâåíñòâà

(10.22) íàõîäèì òîæäåñòâî (10.2), êîòîðîå ñîãëàñíî îïðåäåëåíèþ 7.1
ïîòâåðæäàåò äîñòàòî÷íîñòü óñëîâèé (10.1).

Î òîì, ÷òî îïåðàòîðûDm (m = 1, 4) îáðàçóþò àëãåáðó Ëè äëÿ ïðåä-
ñòàâëåíèÿ ãðóïïû GL(2,R) â ïðîñòðàíñòâå EN (A), íóæíî ñìîòðåòü â
�6. Òåîðåìà 10.1 äîêàçàíà.

Çàìå÷àíèå 10.1. Äèôôåðåíöèàëüíûå îïåðàòîðû D2 è D3, ñîäåð-

æàùèåñÿ â óðàâíåíèÿõ ñèñòåìû (10.1), ñîâïàäàþò ñ óñòàíîâëåííûìè

â ðàáîòå [17] îïåðàòîðàìè Ω è Θ.

Ñëåäóÿ àíàëîãè÷íîìó äîêàçàòåëüñòâó òåîðåìû 10.1, ìîæíî ïîêà-
çàòü, ÷òî èìååò ìåñòî

Òåîðåìà 10.2. Äëÿ òîãî, ÷òîáû öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ

K(x, y,A) áûëà öåíòðîàôôèííûì êîìèòàíòîì ýòîé ñèñòåìû ñ âåñîì

g, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà óäîâëåòâîðÿëà óðàâíåíèÿì

X1(K) = X4(K) = −gK, X2(K) = X3(K) = 0, (10.23)

ãäå Xm (m = 1, 4) èç (5.1), (5.5), (5.8), (5.11) è îáðàçóþò àëãåáðó

Ëè îïåðàòîðîâ äëÿ ïðåäñòàâëåíèÿ ãðóïïû GL(2,R) â ïðîñòðàíñòâå

EN+2(x, y,A) ñèñòåìû (1.1)�(1.2).
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�11. Ðàöèîíàëüíûå àáñîëþòíûå öåíòðîàô-

ôèííûå èíâàðèàíòû è êîìèòàíòû è èõ

ïðèìåíåíèÿ

Ðàññìîòðèì ñëó÷àé, êîãäà â (8.11) K(x, y,A) åñòü äðîáü, òî åñòü åå
÷èñëèòåëü è çíàìåíàòåëü ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò ñîâîêóïíîñòè A
êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2) è ôàçîâûõ ïåðåìåííûõ x, y.

Èòàê, ïóñòü

K(x, y,A) =
R(x, y,A)

S(x, y,A)
, (11.1)

ãäå R è S � âçàèìíî ïðîñòûå öåëûå ðàöèîíàëüíûå ôóíêöèè îò ñîâî-
êóïíîñòè A è ôàçîâûå ïåðåìåííûå x, y.

ÅñëèK(x, y,A) ÿâëÿåòñÿ ðàöèîíàëüíûì àáñîëþòíûì öåíòðîàôôèí-
íûì êîìèòàíòîì, òî èç (8.11) áóäåò ñëåäîâàòü

R(x, y,B)S(x, y,A) = R(x, y,A)S(x, y,B). (11.2)

Â ðàâåíñòâå (11.2) ïîñëå ïîäñòàíîâêè âìåñòî ñîâîêóïíîñòè B èõ
âûðàæåíèÿ èç (9.1)�(9.2) èëè (9.3)�(9.4) è x, y èç (3.1) ïîëó÷åííîå ñîîò-
íîøåíèå äîëæíî îáðàùàòñÿ â òîæäåñòâî îòíîñèòåëüíî êîýôôèöèåíòîâ
ñèñòåìû (1.1)�(1.2) è ôàçîâûõ ïåðåìåííûõ x, y ïðè ëþáûõ çíà÷åíèÿõ

α, β, γ, δ ∈ R, äëÿ êîòîðûõ det

(
α β
γ δ

)
6= 0. Â ñèëó ðàâåíñòâà (11.2)

ëåâàÿ ÷àñòü äîëæíà äåëèòñÿ íà R(x, y,A). Íî R è S ÿâëÿþòñÿ âçàèìíî
ïðîñòûìè. Ñëåäîâàòåëüíî, R(x, y,A), ðàññìàòðèâàåìîå êàê ìíîãî÷ëåí
îò êîýôôèöèåòîâ ñèñòåìû (1.1)�(1.2) è ôàçîâûõ ïåðåìåííûõ x, y, äîëæ-
íî äåëèòñÿ íà R(x, y,A). Òàê êàê ñòåïåíè ýòèõ ìíîãî÷ëåíîâ, î÷åâèäíî,
îäèíàêîâû, òî

R(x, y,B) = λ1(q)R(x, y,A).

Ðàññóæäàÿ àíàëîãè÷íî, äëÿ S(x, y,A) èç (11.2) íàõîäèì

S(x, y,B) = λ2(q)S(x, y,A).

Ñîãëàñíî ïðèìå÷àíèþ 8.1 λ1(q) = ∆−g1 è λ2(q) = ∆−g2 , ãäå g1 è g2�
öåëûå ÷èñëà.

Íåòðóäíî óáåäèòñÿ, ÷òî g1 = g2. Ñëåäîâàòåëüíî, R è S ÿâëÿþòñÿ
îòíîñèòåëüíûìè öåíòðîàôôèííûìè êîìèòàíòàìè ñ îäèíàêîâûìè âåñà-
ìè. Òî æå ñàìîå ìîæíî ñêàçàòü è ïî îòíîøåíèþ ê öåëûì ðàöèîíàëüíûì
àáñîëþòíûì öåíòðîàôôèííûì èíâàðèàíòàì. Îòñþäà èìååò ìåñòî
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Òåîðåìà 11.1. Âñÿêèé àáñîëþòíûé ðàöèîíàëüíûé öåíòðîàôôèí-

íûé êîìèòàíò (èíâàðèàíò) ñèñòåìû (1.1)�(1.2) åñòü ÷àñòíîå îò äå-

ëåíèÿ äâóõ öåëûõ ðàöèîíàëüíûõ öåíòðîàôôèííûõ êîìèòàíòîâ (èíâà-
ðèàíòîâ) ýòîé ñèñòåìû ñ îäèíàêîâûìè âåñàìè è íàîáîðîò.

Çàìå÷àíèå 11.1. Èäåÿ äîêàçàòåëüñòâà òåîðåìû 11.1 âçÿòà íàìè
èç ðàáîòû [18].

Ïðèìåð 11.1. Ðàññìîòðèì âûðàæåíèÿ (8.12), êîòîðûå ñîãëàñíî
çàìå÷àíèþ 8.2 ÿâëÿþòñÿ öåíòðîàôôèííûìè èíâàðèàíòàìè è êîìèòàí-
òàìè ñèñòåìû (1.3) ñ êîíêðåòíûìè âåñàìè g.

Â ñîîòâåòñòâèè ñ òåîðåìîé 11.1 ëåãêî ìîæíî óáåäèòñÿ, ÷òî, íàïðè-
ìåð, îòíîøåíèÿ i1

i2
, k1

i3
, k2

i3
, k3

i3
, k2

k1
, k3

k1
, k3

k2
ÿâëÿþòñÿ àáñîëþòíûìè ðàöè-

îíàëüíûìè öåíòðîàôôèííûìè èíâàðèàíòàìè è êîìèòàíòàìè ñèñòåìû
(1.3).

Èç òåîðåì 10.1 è 10.2 ëåãêî ïîëó÷àåì, ÷òî èìååò ìåñòî
Ëåììà 11.1. Äëÿ òîãî, ÷òîáû ôóíêöèÿ (11.1) áûëà ðàöèîíàëü-

íûì àáñîëþòíûì öåíòðîàôôèííûì êîìèòàíòîì (èíâàðèàíòîì) ñè-
ñòåìû (1.1)�(1.2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà óäîâëåòâî-

ðÿëà óðàâíåíèÿì

Xi(K) = 0, (Di(K) = 0) (i = 1, 4), (11.3)

ãäå âûðàæåíèÿ X1, X2, X3, X4 (D1, D2, D3, D4) èç (5.1), (5.5), (5.8),
(5.11) ((5.2), (5.6), (5.9), (5.12)) îáðàçóþò àëãåáðó Ëè îïåðàòîðîâ.

Åñëè ñîñòàâèòü ìàòðèöó M èç êîîðäèíàò îïåðàòîðîâ X1, X2, X3,
X4 à ÷åðåç M1�òó æå ìàòðèöó òîëüêî äëÿ îïåðàòîðîâ D1, D2, D3, D4 è
îáîçíà÷èòü èõ îáùèå ðàíãè ñîîòâåòñòâåííî ÷åðåç R è R1, òî ñ ïîìîùüþ
ëåììû 11.1 èç îäíîðîäíûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ (11.3) ïîëó÷àåì, ÷òî èìååò ìåñòî

Ëåììà 11.2. Ìàêñèìàëüíîå ÷èñëî ôóíêöèîíàëüíûõ íåçàâèñèìûõ

ðàöèîíàëüíûõ àáñîëþòíûõ öåíòðîàôôèííûõ êîìèòàíòîâ (èíâàðèàí-
òîâ) äèôôåðåíöèàëüíîé ñèñòåìû (1.1)�(1.2) ðàâíî

2

(∑̀
i=0

mi + `

)
+ 4−R

(
2

(∑̀
i=0

mi + `

)
+ 2−R1

)
. (11.4)

Îòìåòèì, ÷òî äëÿ òîãî, ÷òîáû ñèñòåìà (1.1)�(1.2) îáëàäàëà m ðà-
öèîíàëüíûìè àáñîëþòíûìè öåíòðîàôôèííûìè êîìèòàíòàìè è èíâà-
ðèàíòàìè, íåáõîäèìî, ÷òîáû îíà èìåëà m + 1 öåíòðîàôôèííûõ êîìè-
òàíòîâ è èíâàðèàíòîâ èç îïðåäåëåíèÿ 8.1. Ñ ó÷åòîì ýòîãî è ëåììû 11.2
ïîëó÷àåì, ÷òî ïðè R = R1 = 4 èìååò ìåñòî

Òåîðåìà 11.2. Ìàêñèìàëüíîå ÷èñëî ôóíêöèîíàëüíûõ íåçàâèñè-

ìûõ öåíòðîàôôèííûõ êîìèòàíòîâ (èíâàðèàíòîâ) ñèñòåìû (1.1)�(1.2)
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ðàâíî

% = 2

(∑̀
i=0

mi + `

)
+ 1

(
%̃ = 2

(∑̀
i=0

mi + `

)
− 1, Γ 6= {0}, {1}

)
.

(11.5)

Â ôîðìóëèðîâêå òåîðåìû 11.2 èñêëþ÷åíà èç ðàññìîòðåíèÿ ñèñòå-
ìà (1.1)�(1.2) ïðè Γ 6= {0}, {1} äëÿ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ,
òàê êàê â ïåðâîì ñëó÷àå îòñóñòâóþò àáñîëþòíûå èíâàðèàíòû ãðóïïû
GL(2,R), à âî âòîðîì � èõ äâà.

Ëåãêî ïîêàçàòü, ÷òî â îñòàëüíûõ ñëó÷àÿõ ìàòðèöà, ïîñòðîåííàÿ
íà êîîðäèíàòàõ îïåðàòîðîâ X1, X2, X3, X4 (D1, D2, D3, D4), âñåãäà
îáëàäàåò ìèíîðîì 4-ãî ïîðÿäêà, îòëè÷íûì îò íóëÿ.

Ïðèìå÷àíèå 11.1. Ïðîâåäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, êàê â òåî-

ðèè èíâàðèàíòîâ áèíàðíûõ ôîðì (ñì., íàïðèìåð, [13]), óáåæäàåìñÿ,

÷òî óêàçàííûå ÷èñëà â òåîðåìå 11.2 åñòü íå ÷òî èíîå, êàê ÷èñëî

ýëåìåíòîâ â àëãåáðàè÷åñêîì áàçèñå êîìèòàíòîâ (èíâàðèàíòîâ) äèô-
ôåðåíöèàëüíîé ñèñòåìû (1.1)�(1.2), òî åñòü åñëè îáîçíà÷èòü ýòè

öåíòðîàôôèííûå êîìèòàíòû ÷åðåç K1,K2, ...,K% (èíâàðèàíòû ÷åðåç

I1, I2, ..., I%̃), òî äëÿ ëþáîãî öåíòðîàôôèííîãî êîìèòàíòà K (èíâà-
ðèàíòà I) îí óäîâëåòâîðÿåò óðàâíåíèþ

P0K
m + P1K

m−1 + ...+ Pm = 0 (Q0I
n +Q1I

n−1 + ...+Qn = 0),
(11.6)

ãäå Pmi (i = 0,m) (Qi (i = 0, n)) ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò K1,K2, ...,
K% (I1, I2, ..., I%̃). Ïîýòîìó â äàëüíåéøåì ÷èñëî % (%̃) èç òåîðåìû 11.2
áóäåì ñ÷èòàòü îòíîñÿùèìñÿ ê àëãåáðàè÷åñêîìó áàçèñó öåíòðîàôôèí-

íûõ êîìèòàíòîâ (èíâàðèàíòîâ) ñèñòåìû (1.1)�(1.2).

Îáîçíà÷èì ÷åðåç S êîýôôèöèåíò ïðè íàèâûñøåé ñòåïåíè xδ â êî-
ìèòàíòå K, êîòîðûé â [17] íàçâàí ïîëóèíâàðèàíòîì. Â ýòîé æå ìîíî-
ãðàôèè ïîêàçàíî, ÷òî åñëè S ÿâëÿåòñÿ ïîëóèíâàðèàíòîì â êîìèòàíòå
K ñèñòåìû (1.1)�(1.2), òî

K = Sxδ −D3(S)xδ−1y +
1

2!
D2

3(S)xδ−2y2 + ...+
(−1)δ

δ!
Dδ

3(S)yδ, (11.7)

ãäå D3 âçÿò èç (5.9).

Ïðèìå÷àíèå 11.2. Ñ ïîìîùüþ ðàâåíñòâà (11.7) ìîæíî óâè-

äåòü, ÷òî êîìèòàíòû K1,K2, ...,K% äëÿ ñèñòåìû (1.1)�(1.2) ÿâëÿþò-
ñÿ àëãåáðàè÷åñêè-íåçàâèñèìûìè òîãäà è òîëüêî òîãäà, êîãäà ÿâëÿþò-

ñÿ àëãåáðàè÷åñêè-íåçàâèñèìûìè èõ ïîëóèíâàðèàíòû.
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Ïðåäïîëîæèì, ÷òî êîìèòàíò (11.7) çàïèñàí â âèäå

K = (S0 + α0)xδ + (S1 + α1)xδ−1y + (S2 + α2)xδ−2y2 + ...+ (Sδ + αδ)y
δ,

(11.8)
ãäå Si (i = 0, δ)�íåêîòîðûå èçâåñòíûå ìíîãî÷ëåíû îò êîýôôèöèåíòîâ
ñèñòåìû (1.1)�(1.2), à αi (i = 0, δ)�íåèçâåñòíûå ïîëèíîìû, êîòîðûå çà-
âèñÿò îò êîýôôèöèåíòîâ òîé æå ñèñòåìû.

Ñîãëàñíî ðàâåíñòâó (11.7) äëÿ êîìèòàíòà (11.8) ïîëó÷àåì ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

D3(S0 + α0) = −(S1 + α1), −D3(S1 + α1) = S2 + α2,

D3(S2 + α2) = −(S3 + α3), −D3(S3 + α3) = S4 + α4,

...................................................................................

(−1)k−1D3(Sk−1 + αk−1) = (−1)k(Sk + αk) (k = 1, δ).

(11.9)

Ïîñêîëüêî ÷èñëî íåèçâåñòíûõ α0, α1, ..., αδ áîëüøå íà åäèíèöó, ÷åì
÷èñëî óðàâíåíèé (11.9), òî ñïðàâåäëèâà

Ëåììà 11.3. Ñèñòåìà (11.9) èìååò áåñêîíå÷íîå ìíîæåñòâî ðå-

øåíèé, êîòîðûå ïîðîæäàþò áåñêîíå÷íîå ÷èñëî êîìèòàíòàõ âèäà (11.8)
äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (1.1)�(1.2).

�12. Ïðèìåðû àëãåáðàè÷åñêèõ áàçèñîâ öåí-

òðîàôôèííûõ êîìèòàíòîâ è èíâàðèàí-

òîâ äëÿ íåêîòîðûõ äèôôåðåíöèàëüíûõ

ñèñòåì

Ïðèìåð 12.1. Äëÿ ñèñòåìû (1.3) àëãåáðà Ëè îïåðàòîðîâ ïðåä-
ñòàâëåíèÿ öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå E8(x, y,A) ñîñòîèò
èç îïåðàòîðîâ (6.8)�(6.9). Ñ ó÷åòîì ýòîãî è ñèñòåìû (1.3), âûïèñûâàÿ
äëÿ íåå ìàòðèöó êîîðäèíàò ýòèõ îïåðàòîðîâ, èìååì

M =


x 0 a 0 0 d −e 0
y 0 b 0 e f − c 0 −e
0 x 0 a −d 0 c− f d
0 y 0 b 0 −d e 0

 . (12.1)

Íåòðóäíî ïðîâåðèòü, ÷òî R = rankM = 4. Òàêîé âûâîä ñäåëàí
èñõîäÿ èç òîãî, ÷òî, íàïðèìåð, äëÿ îäíîãî èç ìèíîðîâ M ÷åòâåðòîãî
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ïîðÿäêà èìååì

det


x 0 0 d
y 0 e f − c
0 x −d 0
0 y 0 −d

 = −d k2 6≡ 0,

ãäå k2 èç (8.12). Òàê êàê â ýòîì ñëó÷àå äëÿ ñèñòåìû (1.3) èìååì
Γ = {0, 1}, òî åñòü îíà ïîëó÷àåòñÿ èç ñèñòåìû (1.1)�(1.2) ïðè ` = 1,
m0 = 0, m1 = 1, òî èç (11.5) íàõîäèì % = 5. Ñëåäîâàòåëüíî, äëÿ ñè-
ñòåìû (1.3) àëãåáðàè÷åñêèé áàçèñ ñîñòîèò èç ïÿòè öåíòðîàôôèííûõ
èíâàðèàíòîâ è êîìèòàíòîâ. Ïîêàæåì, ÷òî â êà÷åñòâå òàêîâûõ ìîæíî
âçÿòü ïåðâûå ïÿòü èíâàðèàíòîâ è êîìèòàíòîâ èç (8.12). Äëÿ ýòîãî ñî-
ñòàâëÿåì ñ ïîìîùüþ âñåõ øåñòè èíâàðèàíòîâ è êîìèòàíòîâ èç (8.12)
ìàòðèöó ßêîáè

J =



∂i1
∂x

∂i1
∂y

∂i1
∂a

∂i1
∂b

∂i1
∂c

∂i1
∂d

∂i1
∂e

∂i1
∂f

∂i2
∂x

∂i2
∂y

∂i2
∂a

∂i2
∂b

∂i2
∂c

∂i2
∂d

∂i2
∂e

∂i2
∂f

∂i3
∂x

∂i3
∂y

∂i3
∂a

∂i3
∂b

∂i3
∂c

∂i3
∂d

∂i3
∂e

∂i3
∂f

∂k1

∂x
∂k1

∂y
∂k1

∂a
∂k1

∂b
∂k1

∂c
∂k1

∂d
∂k1

∂e
∂k1

∂f
∂k2

∂x
∂k2

∂y
∂k2

∂a
∂k2

∂b
∂k2

∂c
∂k2

∂d
∂k2

∂e
∂k2

∂f
∂k3

∂x
∂k3

∂y
∂k3

∂a
∂k3

∂b
∂k3

∂c
∂k3

∂d
∂k3

∂e
∂k3

∂f


. (12.2)

Âû÷èñëèâ âñå 28 ìèíîðîâ øåñòîãî ïîðÿäêà äëÿ ýòîé ìàòðèöû, íà-
õîäèì ÷òî âñå îíè ðàâíû íóëþ. Ñëåäîâàòåëüíî, ñðåäè øåñòè öåíòðîàô-
ôèííûõ èíâàðèàíòîâ è êîìèòàíòîâ (8.12) ñèñòåìû (1.3) åñòü àëãåáðàè-
÷åñêàÿ çàâèñèìîñòü, êîòîðàÿ èìååò âèä

(i1k1 − k3)2 − i2k2
1 − 2i3k2 + k2

3 = 0. (12.3)

Îòìåòèì, ÷òî â òåîðèè èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì
(ñì., íàïðèìåð [16]) ñîîòíîøåíèÿ âèäà (12.3) íàçûâàþòñÿ ñèçèãèåé.

Äàëåå, âû÷èñëÿÿ ñ ïîìîùüþ (8.12) ìèíîð ïÿòîãî ïîðÿäêà ìàòðèöû
(12.2), ïîñòðîåííûé íà ëèíèÿõ 1,2,3,4,5 è ñòîëáöàõ 1,2,3,5,6, ïîëó÷àåì

∆12356
12345 = 2[(−4a2e3 + 4abce2 − 4abe2f − b2c2e+ 2b2cef − b2ef2)x+

+(2a2ce2 − 2a2e2f − abc2e+ 2abcef + 4abde2 − 2abef2 − 2b2cde+

+2b2def)y] 6≡ 0.

Ýòî ïîçâîëÿåò çàêëþ÷èòü, ÷òî âûðàæåíèÿ i1, i2, i3, k1 è k2 ñîñòàâëÿþò
àëãåáðàè÷åñêèé áàçèñ öåíòðîàôôèííûõ êîìèòàíòîâ ñèñòåìû (1.3).
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Ïðèìå÷àíèå 12.1. Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ ìîæíî ïî-

êàçàòü, ÷òî ëþáûå ïÿòü öåíòðîàôôèííûõ êîìèòàíòîâ è èíâàðèàí-

òîâ èç (8.12) îáðàçóþò àëãåáðàè÷åñêèé áàçèñ êîìèòàíòîâ ñèñòåìû

(1.3).
Ïðèìå÷àíèå 12.2. Ñ ïîìîùüþ îïåðàòîðîâ (6.9) è ôîðìóëû äëÿ %̃

èç (11.5) ëåãêî äîêàçûâàåòñÿ, ÷òî àëãåáðàè÷åñêèé áàçèñ èíâàðèàíòîâ

ñèñòåìû (1.3) ñîñòîèò èç 3-õ ýëåìåíòîâ. Òàêîâûìè ìîãóò áûòü i1,
i2, i3 èç (6.12).

Ïðèìåð 12.2. Ðàññìîòðèì êâàäðàòè÷íóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé (1.7). Ñ ó÷åòîì îáîçíà÷åíèé (1.6) è àëãåáðû Ëè îïå-
ðàòîðîâ ïðåäñòàâëåíèÿ öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå E6(A)
ñèñòåìû (1.7) (ñì. �5) ïîëó÷àåì, ÷òî îíà ñîñòîèò èç îïåðàòîðîâ

D1 = −g ∂
∂g

+ k
∂

∂k
− 2l

∂

∂l
−m ∂

∂m
,

D2 = l
∂

∂g
+ (−g +m)

∂

∂h
+ (−2h+ n)

∂

∂k
− l ∂

∂m
− 2m

∂

∂n
,

D3 = −2h
∂

∂g
− k ∂

∂h
+ (−2m+ g)

∂

∂l
+ (−n+ h)

∂

∂m
+ k

∂

∂n
,

D4 = −h ∂

∂h
− 2k

∂

∂k
+ l

∂

∂l
− n ∂

∂n
.

(12.4)

Ñîñòàâëÿÿ ìàòðèöó M1, ïîñòðîåííóþ íà êîîðäèíàòíûõ âåêòîðàõ
ýòèõ îïåðàòîðîâ, ïîëó÷àåì

M1 =


−g 0 k −2l −m 0
l −g +m −2h+ n 0 −l −2m
−2h −k 0 −2m+ g −n+ h k

0 −h −2k l 0 −n

 .

(12.5)
Íåòðóäíî óáåäèòñÿ, ÷òî âñå 15 ìèíîðîâ ÷åðòâåðòîãî ïîðÿäêà ýòîé ìàò-
ðèöû íå òîæäåñòâåííû íóëþ. Â êà÷åñòâå ïðèìåðà ïðèâåäåì âûðàæåíèå
îäíîãî èç òàêèõ ìèíîðîâ, ïîñòðîåííîãî íà ñòîëáöàõ 1,2,3,4 ìàòðèöû
(12.5), èìåþùåãî âèä

∆1234 = −2g3k + 2g2h2 − g2hn+ 6g2km− 4gh2m− 9ghkl−
+2ghmn+ gkln− 4gkm2 + 8h3l − 4h2ln+ 8hklm− 3k2l2 6≡ 0.

(12.6)

Ñëåäîâàòåëüíî, äëÿ ìàòðèöû (12.5) îáùèé ðàíã R1 = rankM1 = 4. Òî-
ãäà ñ ó÷åòîì ïðèìå÷àíèÿ 11.1 è òåîðåìû 11.2 (â ýòîì ñëó÷àå èìååì
` = 0, m0 = 2) íàõîäèì %̃ = 3, òî åñòü ñèñòåìà (1.7) îáëàäàåò àëãåá-
ðàè÷åñêèì áàçèñîì öåíòðîàôôèííûõ èíâàðèàòîâ, ñîñòîÿùèõ èç òðåõ
ýëåìåíòîâ.
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Áóäåì èñêàòü ýòîò áàçèñ ñðåäè èíâàðèàíòîâ ýòîé äèôôåðåíöèàëü-
íîé ñèñòåìû, èçâåñòíûõ èç ðàáîòû [16] è èìåþùèõ âèä

I7 = g3k − g2h2 + g2hn+ g2km− 3gh2m+ 2ghkl + 2ghmn+ 2gkln−
−gkm2 + gmn2 − h3l − h2ln− 4h2m2 + 2hklm+ hln2 − 3hm2n+

+2klmn− km3 + ln3 −m2n2,

I8 = g3k − g2h2 + g2hn− g2km− gh2m+ 4ghkl + 3gkm2 + gmn2−
−3h3l + 3h2ln− 4h2m2 − 4hklm− hln2 − hm2n+ 2k2l2 + 4klmn−

−3km3 + ln3 −m2n2,

I9 = g3k − g2h2 + g2hn+ 3g2km+ 2g2n2 − 5gh2m− 4ghmn+

+3gkm2 + gmn2 + h3l + 3h2ln− 4h2m2 + 3hln2 − 5hm2n+

+km3 + ln3 −m2n2,

I15 = g4kn− g3h2n− 2g3hkm+ g3hn2 − g3k2l − g3kmn+

+2g2h3m+ 3g2h2kl − 3g2h2mn+ 3g2hkln− 3g2k2lm− 3g2km2n−
−g2mn3 − 2gh4l − gh3ln+ 4gh3m2 + 3gh2klm+ 3gh2ln2 + 6ghkm3+

+ghln3 + 3ghm2n2 − 3gk2lm2 − 3gklmn2 + gkm3n− gln4 + gm2n3−
−4h4lm+ h3kl2 − 6h3lmn+ 3h2kl2n− 4h2m3n+ 3hkl2n2−
−3hklm2n+ 4hkm4 + 2hlmn3 − 2hm3n2 − k2lm3 + kl2n3−

−3klm2n2 + 2km4n.
(12.7)

Ïðèìåíÿÿ òåîðåìó 10.1 ê ýòèì âûðàæåíèÿì, ïîëó÷àåì

D1(Ij) = D4(Ij) = −2Ij , D2(Ij) = D3(Ij) = 0 (j = 7, 8, 9),

D1(I15) = D4(I15) = −3I15, D2(I15) = D3(I15) = 0,

ãäå Di (i = 1, 4) èç (12.4). Ýòî ïîòâåðæäàåò, ÷òî âûðàæåíèÿ (12.7)
ÿâëÿþòñÿ öåíòðîàôôèííûìè èíâàðèàíòàìè ñèñòåìû (1.7). Ñîñòàâëÿÿ
äëÿ ìíîãî÷ëåíîâ (12.7) ìàòðèöó ßêîáè, íàõîäèì

J =


∂I7
∂g

∂I7
∂h

∂I7
∂k

∂I7
∂l

∂I7
∂m

∂I7
∂n

∂I8
∂g

∂I8
∂h

∂I8
∂k

∂I8
∂l

∂I8
∂m

∂I8
∂n

∂I9
∂g

∂I9
∂h

∂I9
∂k

∂I9
∂l

∂I9
∂m

∂I9
∂n

∂I15

∂g
∂I15

∂h
∂I15

∂k
∂I15

∂l
∂I15

∂m
∂I15

∂n

 . (12.8)

Îòìåòèì, ÷òî âñå 15 ìèíîðîâ ÷åòâåðòîãî ïîðÿäêà ýòîé ìàòðèöû ðàâ-
íû íóëþ. Ñëåäîâàòåëüíî, ñðåäè öåíòðîàôôèííûõ èíâàðèàíòîâ (12.7)
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ñóùåñòâóåò àëãåáðàè÷åñêàÿ çàâèñèìîñòü, êîòîðàÿ èìååò âèä

f1 ≡ (I8 − I7)I2
9 + (I9 − I7)I2

7 − 2I2
15 = 0. (12.9)

Ýòà ñèçèãèÿ èçâåñòíà èç ðàáîòû [16]. Äàëåå, âû÷èñëèâ ïîñòðîåííûé
òðåòüåãî ïîðÿäêà ìèíîð, íàïðèìåð, íà ïåðâûõ òðåõ ëèíèÿõ è ïåðâûõ
òðåõ ñòîëáöàõ ìàòðèöû (12.8), íàéäåì, ÷òî îí îòëè÷åí îò íóëÿ. Ñëåäî-
âàòåëüíî, öåíòðîàôôèííûå èíâàðèàíòû I7, I8, I9 ìîæíî âçÿòü â êà÷å-
ñòâå ýëåìåíòîâ àëãåáðàè÷åñêîãî áàçèñà öåíòðîàôôèííûõ èíâàðèàíòîâ
ñèñòåìû (1.7). Íåòðóäíî óáåäèòñÿ, ÷òî ëþáûå òðè èíâàðèàíòà èç (12.7)
òàêæå ôîðìèðóþò àëãåáðàè÷åñêèé áàçèñ öåíòðîàôôèííûõ èíâàðèàí-
òîâ ñèñòåìû (1.7), òî åñòü %̃ = 3.

Ïðèìåð 12.3. Ðàññìîòðèì êóáè÷åñêóþ ñèñòåìó äèôôåðåíöèàëü-
íûõ óðàâíåíèé (1.10). Ñ ó÷åòîì îáîçíà÷åíèé (1.9) è àëãåáðû Ëè îïå-
ðàòîðîâ äëÿ ïðåäñòàâëåíèÿ öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå
E8(A) ñèñòåìû (1.10) (ñì. �5) ïîëó÷àåì, ÷òî îíà ñîñòîèò èç îïåðàòî-
ðîâ

D1 = −2p
∂

∂p
− q ∂

∂q
+ s

∂

∂s
− 3t

∂

∂t
− 2u

∂

∂u
− v ∂

∂v
,

D2 = t
∂

∂p
+ (−p+ u)

∂

∂q
+ (−2q + v)

∂

∂r
+ (−3r + w)

∂

∂s
−

−t ∂
∂u
− 2u

∂

∂v
− 3v

∂

∂w
,

D3 = −3q
∂

∂p
− 2r

∂

∂q
− s ∂

∂r
+ (−3u+ p)

∂

∂t
+ (−2v + q)

∂

∂u
+

+(−w + r)
∂

∂v
+ s

∂

∂w
,

D4 = −q ∂
∂q
− 2r

∂

∂r
− 3s

∂

∂s
+ t

∂

∂t
− v ∂

∂v
− 2w

∂

∂w
.

(12.10)

Ñîñòàâëÿÿ ìàòðèöó M1, ïîñòðîåííóþ íà êîîðäèíàòíûõ âåêòîðàõ
ýòèõ îïåðàòîðîâ, ïîëó÷àåì

M1 =

 −2p −q 0 s −3t −2u −v 0
t −p+ u −2q + v −3r + w 0 −t −2u −3v

−3q −2r −s 0 −3u+ p −2v + q −w + r s
0 −q −2r −3s t 0 −v −2w

 .

(12.11)
Ëåãêî ïðîâåðèòü, ÷òî âñå 70 ìèíîðîâ ÷åòâåðòîãî ïîðÿäêà ýòîé ìàòðèöû
íå òîæäåñòâåííî ðàâíû íóëþ. Ê ïðèìåðó ïðèâåäåì âûðàæåíèå îäíîãî
èç òàêèõ ìèíîðîâ, ïîñòðîåííîãî íà ñòîëáöàõ 1,2,3,4 ìàòðèöû (12.11),
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èìåþùåãî âèä

∆1234 = 6p2s2 − 36pqrs+ 2pqsw + 24pr3 − 8pr2w + 12prsv−
−6ps2u+ 24q3s− 18q2r2 + 6q2rw − 12q2sv + 6qrsu+

+4qs2t− 4r2st.

(12.12)

Ñëåäîâàòåëüíî, äëÿ ìàòðèöû (12.11) îáùèé ðàíã R1 = rankM1 = 4.
Òîãäà ñ ó÷åòîì ïðèìå÷àíèÿ 11.1 è òåîðåìû 11.2 (â íåé èìååì ` = 0,
m0 = 3) íàõîäèì %̃ = 5, òî åñòü ñèñòåìà (1.10) îáëàäàåò àëãåáðàè÷åñêèì
áàçèñîì öåíòðîàôôèííûõ èíâàðèàòîâ, ñîñòîÿùèõ èç ïÿòè ýëåìåíòîâ.
Áóäåì èñêàòü ýòîò áàçèñ ñðåäè èíâàðèàíòîâ ýòîé äèôôåðåíöèàëüíîé
ñèñòåìû, èçâåñòíûõ èç ðàáîòû [17] è èìåþùèõ âèä

J1 = 2pr + 2pw − 2q2 − 4qv + 2ru+ 2uw − 2v2,

J2 = 2pr − 2q2 + 2qv − 4ru+ 2st+ 2uw2 − 2v2,

J3 = −p2s+ 3pqr − pqw + 5prv − 2psu+ pvw − 2q3 − 2q2v − qru− 5quw+

+2qv2 + r2t+ 2rtw + ruv − su2 + tw2 − 3uvw + 2v3,

J4 = −p2s+ 3pqr − pqw + 2prv + psu+ pvw − 2q3 + q2v − 4qru− 3qst−
−2quw − qv2 + 4r2t− rtw + 4ruv + 3stv − 4su2 + tw2 − 3uvw + 2v3,

J5 = −p2rw + p2sv + pq2w − 2pqsu+ pr2u− 2pruw + 2prv2 − puw2+

+pv2w − q3v + q2ru+ q2st+ 2q2uw − 2q2v2 − qr2t+ 2qstv − 2qsu2+

+qtw2 − qv3 − 2r2tv + 2r2u2 − 2rtvw + ru2w + ruv2 + stv2 − su2v,

J6 = 2p3w3 − 18p2qvw2 + 6p2ruw2 + 12p2rv2w − 6p2stw2 + 12p2suvw−
−12p2sv3 + 12pq2uw2 + 42pq2v2w + 12pqrtw2 − 120pqruvw + 24pqstvw−

−24pqsu2w + 36pqsuv2 − 24pr2tvw + 78pr2u2w − 24prstuw+

+24prstv2 − 36prsu2v + 6ps2t2w − 12ps2tuv + 12ps2u3 − 12q3tw2−
−42q3v3 + 36q2rtvw + 126q2ruv2 + 24q2stuw − 78q2stv2 − 36qr2tuw−

−126qr2u2v − 12qrst2w + 120qrstuv − 6qs2t2v − 12qs2tu2+

+12r3t2w + 42r3u3 − 12r2st2v − 42r2stu2 + 18rs2t2u− 2s3t3.
(12.13)

Ïðèìåíÿÿ òåîðåìó 10.1 ê ýòèì âûðàæåíèÿì, ïîëó÷àåì

D1(Jj) = D4(Jj) = −2Jj , D2(Jj) = D3(Jj) = 0 (j = 1, 2),

D1(Jj) = D4(Jj) = −3Jj , D2(Jj) = D3(Jj) = 0 (j = 3, 4),

D1(J5) = D4(J5) = −4J5, D2(J5) = D3(J5) = 0,

D1(J6) = D4(J6) = −6J6, D2(J6) = D3(J6) = 0,
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ãäå Di (i = 1, 4) èç (12.10).
Ýòî ïîäâåðæäàåò, ÷òî âûðàæåíèÿ (12.13) ÿâëÿþòñÿ öåíòðîàôôèí-

íûìè èíâàðèàíòàìè ñèñòåìû (1.10). Ñîñòàâëÿÿ äëÿ ìíîãî÷ëåíîâ (12.13)
ìàòðèöó ßêîáè, èìååì

J =



∂J1

∂p
∂J1

∂q
∂J1

∂r
∂J1

∂s
∂J1

∂t
∂J1

∂u
∂J1

∂v
∂J1

∂w
∂J2

∂p
∂J2

∂q
∂J2

∂r
∂J2

∂s
∂J2

∂t
∂J2

∂u
∂J2

∂v
∂J2

∂w
∂J3

∂p
∂J3

∂q
∂J3

∂r
∂J3

∂s
∂J3

∂t
∂J3

∂u
∂J3

∂v
∂J3

∂w
∂J4

∂p
∂J4

∂q
∂J4

∂r
∂J4

∂s
∂J4

∂t
∂J4

∂u
∂J4

∂v
∂J4

∂w
∂J5

∂p
∂J5

∂q
∂J5

∂r
∂J5

∂s
∂J5

∂t
∂J5

∂u
∂J5

∂v
∂J5

∂w
∂J6

∂p
∂J6

∂q
∂J6

∂r
∂J6

∂s
∂J6

∂t
∂J6

∂u
∂J6

∂v
∂J6

∂w


. (12.14)

Îòìåòèì, ÷òî âñå 28 ìèíîðîâ øåñòîãî ïîðÿäêà ýòîé ìàòðèöû ðàâíû
íóëþ. Ñëåäîâàòåëüíî, ñðåäè öåíòðîàôôèííûõ èíâàðèàíòîâ (12.13) ñó-
ùåñòâóåò àëãåáðàè÷åñêàÿ çàâèñèìîñòü (ñèçèãèÿ), êîòîðàÿ èìååò âèä

ϕ1 ≡ 18J6
1 − 81J5

1J2 + 189J4
1J

2
2 + 108J4

1J5 − 279J3
1J

3
2 − 108J3

1J2J5−
−30J3

1J
2
3 + 96J3

1J3J4 − 12J3
1J

2
4 − 144J3

1J6 + 243J2
1J

4
2 − 324J2

1J
2
2J5+

+162J2
1J2J

2
3 − 432J2

1J2J3J4 + 108J2
1J2J

2
4 + 324J2

1J2J6 − 108J1J
5
2 +

+540J1J
3
2J5 − 196J1J

2
2J

2
3 + 504J1J

2
2J3J4 − 144J1J

2
2J

2
4 − 432J1J

2
2J6−

−648J1J2J
2
5 + 288J1J

2
3J5 − 144J1J3J4J5 − 144J1J

2
4J5 − 432J1J5J6+

+18J6
2 − 216J4

2J5 + 66J3
2J

2
3 − 168J3

2J3J4 + 48J3
2J

2
4 + 144J3

2J6+

+648J2
2J

2
5 − 720J2J

2
3J5 + 1008J2J3J4J5 − 288J2J

2
4J5 − 864J2J5J6+

+128J4
3 − 416J3

3J4 + 480J2
3J

2
4 + 264J2

3J6 − 224J3J
3
4 − 672J3J4J6+

+32J4
4 + 192J2

4J6 − 2592J3
5 + 288J2

6 = 0.
(12.15)

Äàëåå, âû÷èñëèâ ïîñòðîåííûé ïÿòîãî ïîðÿäêà ìèíîð, íàïðèìåð, íà
ïåðâûõ ïÿòè ëèíèÿõ è ïåðâûõ ïÿòè ñòîëáöàõ ìàòðèöû (12.14), íàõîäèì,
÷òî îí îòëè÷åí îò íóëÿ. Ñëåäîâàòåëüíî, öåíòðîàôôèííûå èíâàðèàíòû
J1− J5 ìîæíî âçÿòü â êà÷åñòâå ýëåìåíòîâ àëãåáðàè÷åñêîãî áàçèñà öåí-
òðîàôôèííûõ èíâàðèàíòîâ ñèñòåìû (1.10). Ìîæíî òàêæå óáåäèòüñÿ,
÷òî ëþáûå ïÿòü èíâàðèàíòîâ èç (12.13) òàêæå ôîðìèðóþò àëãåáðàè÷å-
ñêèé áàçèñ öåíòðîàôôèííûõ èíâàðèàíòîâ ñèñòåìû (1.10).

�13. Êîììåíòàðèè êî âòîðîé ãëàâå

Öåíòðîàôôèííûå êîìèòàíòû è èíâàðèàíòû äèôôåðåíöèàëüíûõ ñè-
ñòåì âèäà (1.1)�(1.2) íàøëè øèðîêîå ïðèìåíåíèå â êà÷åñòâåííîì èññëå-
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äîâàíèè ýòèõ ñèñòåì (ñì., íàïðèìåð, [15]� [17]). Îäíàêî ñóùåñòâóþùèå
ìåòîäû èõ ïîñòðîåíèÿ [16, 17] íå äàþò âîçìîæíîñòè çàðàíåå îïðåäå-
ëèòü êîëè÷åñòâî èíâàðèàíòîâ è êîìèòàíòîâ â àëãåáðàè÷åñêîì è äðóãèõ
áàçèñàõ, ÷èñëî êîòîðûõ ðàçíèòñÿ îò ñèñòåìû ê ñèñòåìå.

Â ýòîé ãëàâå äàíû îáùèå ôîðìóëû ÷èñëà èíâàðèàíòîâ è êîìèòàí-
òîâ, âõîäÿùèõ â àëãåáðàè÷åñêèé áàçèñ äëÿ ëþáîé ñèñòåìû âèäà (1.1)�
(1.2).
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Ãëàâà 3. Ïðîèçâîäÿùèå ôóíêöèè è ðÿ-

äû Ãèëüáåðòà äëÿ ãðàäóèðî-

âàííûõ àëãåáð Ñèáèðñêîãî

êîìèòàíòîâ è èíâàðèàíòîâ

äèôôåðåíöèàëüíûõ ñèñòåì

�14. Ôîðìóëû äëÿ âåñîâ öåíòðîàôôèííûõ

êîìèòàíòîâ è èíâàðèàíòîâ çàäàíîãî òè-

ïà

Îòìåòèì, ÷òî èíäåêñ i íàä êîýôôèöèåíòàìè ñèñòåìû (1.1)�(1.2)

óêàçûâàåò íà òî, ÷òî
i
ajk ïðèíàäëåæàò îäíîðîäíîñòÿì Pmi(x, y) è

Qmi(x, y), à ` óêàçûâàåò íà ÷èñëî îäíîðîäíîñòåé, íàõîäÿùèõñÿ â ïðàâîé
÷àñòè ñèñòåìû (1.2).

Îïðåäåëåíèå 14.1. Ñêàæåì, ÷òî öåíòðîàôôèííûé êîìèòàíò

ñèñòåìû (1.1)�(1.2) èìååò òèï

(d) = (δ, d1, d2, ..., d`), (14.1)

åñëè îí ÿâëÿåòñÿ îäíîðîäíûì ìíîãî÷ëåíîì ñòåïåíè di îòíîñèòåëüíî

êîýôôèöèåíòîâ
i
ajk îäíîðîäíîñòåé Pmi(x, y) è Qmi(x, y) è ñòåïåíè δ

îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x, y. Ïðè ýòîì ÷èñëî d =
∑`
i=1 di

(δ) íàçîâåì ñòåïåíüþ (ïîðÿäêîì) êîìèòàíòà òèïà (14.1).

Çàìå÷àíèå 14.1. Èç îïðåäåëåíèÿ 8.1 öåíòðîàôôèííîãî èíâàðè-

àíòà êàê êîìèòàíòà, â êîòîðîì îòñóòñòâóþò ôàçîâûå ïåðåìåííûå

x è y, ñëåäóåò, ÷òî äëÿ èíâàðèàíòà ñèñòåìû (1.1)�(1.2) òèïà (14.1)
â ýòîé çàïèñè δ = 0.
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Åñëè, íàïðèìåð, ðàññìîòðåòü òèï (14.1) äëÿ öåíòðîàôôèííûõ êî-
ìèòàíòîâ ñèñòåìû (1.3), òî îí çàïèøåòñÿ â âèäå

(d) = (δ, d1, d2), (14.2)

òàê êàê â ïðàâîé ÷àñòè ýòîé ñèñòåìû èìåþòñÿ äâå îäíîðîäíîñòè íóëå-
âîé ñòåïåíè è ëèíåéíîé.

Ïðèìåð 14.1. Ðàññìîòðèì òèïû öåíòðîàôôèííûõ èíâàðèàíòîâ
ñèñòåìû (1.3), ïðèâåäåííûõ â (8.12) èç çàìå÷àíèÿ 8.2:

1) èíâàðèàíò i1 èìååò òèï (0, 0, 1);
2) èíâàðèàíò i2 èìååò òèï (0, 0, 2);
3) èíâàðèàíò i3 èìååò òèï (0, 2, 1);
4) êîìèòàíò k1 èìååò òèï (1, 1, 0);
5) êîìèòàíò k2 èìååò òèï (2, 0, 1);
6) êîìèòàíò k3 èìååò òèï (1, 1, 1).
Ïðèìåð 14.2. Öåíòðîàôôèííûå èíâàðèàíòû I7, I8, I9 è I15 èç

(12.7) ÿâëÿþòñÿ ñîîòâåòñòâåííî èíâàðèàíòàìè òèïà (0, 4) è (0, 6) äëÿ
ñèñòåìû (1.7). Åñëè ðàññìîòðåòü öåíòðîàôôèííûå èíâàðèàíòû (12.13)
äëÿ ñèñòåìû (1.10), òî J1, J2 ÿâëÿþòñÿ èíâàðèàíòàìè òèïà (0, 2),
J3, J4�òèïà (0, 3), J5�òèïà (0, 4), J6�òèïà (0, 6).

Ëåììà 14.1. Åñëè öåíòðîàôôèííûé êîìèòàíò K(x, y,A) ñèñòå-
ìû (1.1)�(1.2) èìååò òèï (14.1) è âåñ g, òî ïðè Γ = {mi}`i=0 ñïðàâåä-

ëèâî ðàâåíñòâî

2g =
∑̀
i=0

di(mi − 1)− δ. (14.3)

Äîêàçàòåëüñòâî. Ïóñòü çàäàí öåíòðîàôôèííûé êîìèòàíò
K(x, y,A) â âèäå

K(x, y,A) =
∑

C
∏̀
i=0

(
i
a1

0)
i
η0(

i
a1

1)
i
η1 ...(

i
a1
mi)

i
ηmi (

i
a2

0)
i

ξ0(
i
a2

1)
i

ξ1 ...(
i
a2
mi)

i

ξmi×

×xδ1yδ2 ,
(14.4)

èìåþùèé òèï (14.1) è âåñ g, ãäå C�÷èñëåííûå êîýôôèöèåíòû. Ñëåäî-
âàòåëüíî, èç (14.4) ñîãëàñíî îïðåäåëåíèþ 14.1 èìååì

δ1 + δ2 = δ, (14.5)

i
η0 +

i
η1 + ...+

i
ηmi +

i

ξ0 +
i

ξ1 +
i

ξ2 + ...+
i

ξmi = di, (i = 0, `). (14.6)

Îñóùåñòâèâ â ñèñòåìå (1.1)�(1.2) öåíòðîàôôèííîå ïðåîáðàçîâàíèå

x = µ−1x, y = µ−1y, ∆ = µ−2, µ ∈ R\{0}, (14.7)
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ïîëó÷àåì ñèñòåìó (9.7), â êîòîðîé íîâûå êîýôôèöèåíòû èìåþò âèä

i

bjk = µmi−1 iajk (j = 1, 2, i = 0, `, k = 0,mi). (14.8)

Ñ äðóãîé ñòîðîíû, åñëè èñïîëüçîâàòü òîò ôàêò, ÷òî K(x, y,A) ÿâ-
ëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì ñèñòåìû (1.1)�(1.2) âåñà g, òî ñî-
ãëàñíî îïðåäåëåíèþ 8.1 è ïðèìå÷àíèþ 8.1 äëÿ ïðåîáðàçîâàíèÿ (14.7) ñ
ïîìîùüþ (14.4) èìååì

∑
C
∏̀
i=0

(
i

b10)
i
η0(

i

b11)
i
η1 ...(

i

b1mi)
i
ηmi (

i

b20)
i

ξ0(
i

b21)
i

ξ1 ...(
i

b2mi)
i

ξmixδ1yδ2 =

= µ2g
∑

C
∏̀
i=0

(
i
a1

0)
i
η0(

i
a1

1)
i
η1 ...(

i
a1
mi)

i
ηmi (

i
a2

0)
i

ξ0(
i
a2

1)
i

ξ1 ...(
i
a2
mi)

i

ξmixδ1yδ2 .

Ïîäñòàâëÿÿ â ëåâîé ÷àñòè ýòîãî ðàâåíñòâà (14.7) è (14.8), íàõîäèì

µ
∑`
i=0(mi−1)(

i
η0+

i
η1+...+

i
ηmi+

i

ξ0+
i

ξ1+...+
i

ξmi )−(δ1+δ2) = µ2g,

îòêóäà ñ ó÷åòîì (14.5) è (14.6) ïîëó÷èì ðàâåíñòâî (14.3). Ëåììà 14.1
äîêàçàíà.

Ñëåäñòâèå 14.1. Öåíòðîàôôèííûå êîìèòàíòû èëè èíâàðèàí-

òû ñèñòåìû (1.1)�(1.2), èìåþùèå îäèíàêîâûé òèï (14.1), îáëàäàþò
îäíèì è òåì æå âåñîì.

Äîêàçàòåëüñòâî ñëåäñòâèÿ 14.1 ñëåäóåò íåïîñðåäñòâåííî èç ðàâåí-
ñòâà (14.3).

Çàìå÷àíèå 14.2. Ðàâåíñòâî (14.3) äëÿ öåíòðîàôôèííûõ êîìè-

òàíòîâ ñèñòåìû (1.1)�(1.2) èçâåñòíî èç ðàáîòû [17].

�15. Ïåðâîíà÷àëüíàÿ ôîðìà ïðîèçâîäÿùåé

ôóíêöèè äëÿ öåíòðîàôôèííûõ êîìèòàí-

òîâ äèôôåðåíöèàëüíûõ ñèñòåì

Ëåììà 15.1. Ìíîæåñòâî öåíòðîàôôèííûõ êîìèòàíòîâ ñèñòå-

ìû (1.1)�(1.2) îäíîãî è òîãî æå òèïà (14.1) îáðàçóåò êîíå÷íîìåðíîå

ëèíåéíîå ïðîñòðàíñòâî, òî åñòü îáëàäàåò êîíå÷íîé ìàêñèìàëüíîé

ñèñòåìîé ëèíåéíî-íåçàâèñèìûõ êîìèòàíòîâ (ëèíåéíûé áàçèñ) çàäàí-
íîãî òèïà, ÷åðåç êîòîðûå âûðàæàþòñÿ ëèíåéíî âñå îñòàëüíûå.

Äîêàçàòåëüñòâî. Ïóñòü ñóùåñòâóþò öåíòðîàôôèííûå êîìèòàíòû
ñèñòåìû (1.1)�(1.2) òèïà (14.1). Òîãäà ñîãëàñíî ñâîéñòâó 8.2 è ñëåäñòâèþ
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14.1 äëÿ ëþáûõ äâóõ òàêèõ êîìèòàíòîâ K è k ýòîãî ìíîæåñòâà è ëþ-
áûõ ÷èñåë α, β ∈ R èìååì K + k, è αK ïðèíàäëåæàò ýòîìó ìíîæåñòâó,
è èìåþò ìåñòî ðàâåíñòâà α(K + k) = αK + αk, (α + β)K = αK + βK,
(αβ)K = α(βK), 1 ·K = K. Äëÿ ëþáîãî êîìèòàíòà K ñóùåñòâóåò îá-
ðàòíûé ýëåìåíò (−K). Ñóììà êîìèòàíòîâ ÿâëÿåòñÿ êîììóòàòèâíîé è
àññîöèàòèâíîé, à íóëåâûì ýëåìåíòîì ñ÷èòàåòñÿ êîìèòàíò, òîæäåñòâåí-
íî ðàâíûé íóëþ, êîòîðûé ìîæíî ñ÷èòàòü êîìèòàíòîì ëþáîãî âåñà è
ëþáîãî òèïà. Ñëåäîâàòåëüíî, ýòî ìíîæåñòâî îáðàçóåò ëèíåéíîå ïðî-
ñòðàíñòâî. Èç ìîíîãðàôèé [16, ñòð. 18] è [17, ñòð. 29] ñëåäóåò, ÷òî òàêîå
ïðîñòðàíñòâî ÿâëÿåòñÿ êîíå÷íîìåðíûì. Ëåììà 15.1 äîêàçàíà.

Îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî öåíòðîàôôèííûõ êîìèòàíòîâ
ñèñòåìû (1.1)�(1.2) òèïà (14.1) ÷åðåç

V
(d)
Γ , (15.1)

à åãî ðàçìåðíîñòü

dimRV
(d)
Γ . (15.2)

Â ìîíîãðàôèè [17, ñòð. 24�26] ïîêàçàíî, ÷òî äëÿ ïðîñòðàíñòâ êî-
ìèòàíòîâ (15.1) èìååò ìåñòî èçâåñòíûé êëàññè÷åñêèé ðåçóëüòàò (ñì.,
íàïðèìåð, [18])

Òåîðåìà 15.1. Ðàçìåðíîñòü ïðîñòðàíñòâà (15.1) îïðåäåëÿåòñÿ
ðàâåíñòâîì

dimRV
(d)
Γ = Ng −Ng−1, (15.3)

ãäå Ng (Ng−1) ðàâíî ìíîæåñòâó âñåõ ðàçëè÷íûõ ñèñòåì öåëûõ íåîò-

ðèöàòåëüíûõ ÷èñåë

1
η0,

1
η1, ...,

1
ηm1 ,

1

ξ0,
1

ξ1, ...,
i

ξm1 , ...,
`
η0,

`
η1, ...,

`
ηm` ,

`

ξ0,
`

ξ1, ...,
`

ξm` ,

ñðåäè êîòîðûõ äîïóñêàþòñÿ è îäèíàêîâûå, óäîâëåòâîðÿþùèå ñèñòåìå

(14.6) ñîâìåñòíî ñ óðàâíåíèåì

∑̀
i=0

[
0
i
η0 + 1

i
η1 + ...+mi

i
ηmi + (−1)

i

ξ0 + 0
i

ξ1 + ...+ (mi − 1)
i

ξmi

]
= g,(∑̀

i=0

[
i
η0 + 1

i
η1 + ...+mi

i
ηmi + (−1)

i

ξ0 + 0
i

ξ1 + ...+ (mi − 1)
i

ξmi

]
= g − 1

)
,

(15.4)

ãäå g ÿâëÿåòñÿ âåñîì êîìèòàíòà èç ïðîñòðàíñòâà (15.1).
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Ïðîñóììèðîâàâ óðàâíåíèÿ (14.6) ñ ïåðâûì èç (15.4), ïîëó÷èì ýê-
âèâàëåíòíóþ ñèñòåìó

i
η0 +

i
η1 + ...+

i
ηmi +

i

ξ0 +
i

ξ1 + ...+
i

ξmi = di, (i = 0, `),(∑̀
i=0

[
0
i
η0 + 2

i
η1 + ...+ (mi + 1)

i
ηmi +

i

ξ1 + 2
i

ξ2 + ...+mi

i

ξmi

]
= g + d

)
,

(15.5)
ãäå d âçÿòî èç îïðåäåëåíèÿ 14.1.

Ðàññìîòðèì ñóììó
∑
ug+dzd0

0 zd1
1 ...zd`` , êîòîðàÿ ñ ïîìîùüþ (15.5)

çàïèøåòñÿ êàê∑
u

∑`
i=0

[
i
η0+2

i
η1+...+(mi+1)

i
ηmi+

i

ξ1+2
i

ξ2+...+mi
i

ξmi

]
×

×
∏̀
i=0

z
i
η0+

i
η1+...+

i
ηmi+

i

ξ0+
i

ξ1+...+
i

ξmi
i .

Ïðåäñòàâèâ ýòó ñóììó â âèäå

∏̀
i=0

∑
(uzi)

i
η0

∑
(u2zi)

i
η1 ...

∑
(umi+1zi)

i
ηmi×

×
∑

z
i

ξ0

i

∑
(uzi)

i

ξ1 ...
∑

(umizi)
i

ξmi ,

ïîëó÷èì, ÷òî îíà ýêâèâàëåíòíà ïðîèçâåäåíèþ

∏̀
i=0

1∏mi+1
p=1 (1− upzi)

· 1∏mi
q=0(1− uqzi)

. (15.6)

Áîëåå óäîáíî äëÿ èñïîëüçîâàíèÿ (15.6) ìîæíî çàïèñàòü â âèäå

∏̀
i=0

Ψmi(u), (15.7)

ãäå

Ψmi(u) =

{
1

(1−zi)(1−uzi) ïðè mi = 0,
1

(1−zi)(1−umi+1zi)
∏mi
k=1(1−ukzi)2 ïðè mi 6= 0

(15.8)

äëÿ êàæäîãî i = 0, 1, 2, ..., `. Èç ñêàçàííîãî ïîëó÷àåì, ÷òî ÷èñëî Ng
ðàâíÿåòñÿ êîýôôèöèåíòó ïðè ug+dzd0

0 zd1
1 zd2

2 ...zd`` â ðàçëîæåíèè ôóíê-
öèè (15.7) ñ ïîìîùüþ (15.8) ïî ñòåïåíÿì u, z0, z1, z2, ..., z`.
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Àíàëîãè÷íî ñ ó÷åòîì òåîðåìû 15.1 ìîæíî ïîêàçàòü, ÷òî ÷èñëîNg−1

ðàâíÿåòñÿ êîýôôèöèåíòó ïðè ug+d−1zd0
0 zd1

1 ...zd`` â ðàçëîæåíèè ïî ñòå-
ïåíÿì u, z0, z1, ..., z` âûðàæåíèÿ (15.7) ñ ó÷åòîì (15.8), èëè, ÷òî òîæå

ñàìîå, êîýôôèöèåíòó ïðè ug+dzd0
0 zd1

1 ...zd`` â âûðàæåíèè u
∏`
i=0 Ψmi(u).

Îòñþäà èìååì, ÷òî ðàçíîñòü Ng −Ng−1 ïðè ðàçëè÷íûõ g è d ÿâëÿåòñÿ
êîýôôèöèåíòîì ôóíêöèè

ΨΓ(u) = (1− u)
∏̀
i=0

Ψmi(u), (15.9)

êîòîðóþ íàçîâåì ïðîèçâîäÿùåé ôóíêöèåé äëÿ öåíòðîàôôèííûõ êîìè-
òàíòîâ ñèñòåìû (1.1)�(1.2) ñ Γ = {mi}`i=0, ãäå Ψmi(u) èìååò âèä (15.8).

Òàêèì îáðàçîì, ïðèõîäèì ê òîìó, ÷òî ñïðàâåäëèâà

Òåîðåìà 15.2. dimRV
(d)
Γ ðàâíÿåòñÿ êîýôôèöèåíòó ïðè ìîíîìå

ug+dzd0
0 zd1

1 ...zd`` â ðàçëîæåíèè ïðîèçâîäÿùåé ôóíêöèè (15.9) äëÿ öåí-

òðîàôôèííûõ êîìèòàíòîâ ñèñòåìû (1.1)�(1.2) ïî ïîëîæèòåëüíûì

ñòåïåíÿì u, z0, z1, ..., z`.
Ñëåäóÿ À.Êýëè (ñì., íàïðèìåð, [13]), çàïèøåì âûðàæåíèå (15.9),

çàìåíèâ â íåì u íà u−2 è zi íà u
mi+1zi, â âèäå

ϕ
(0)
Γ (u) = (1− u−2)ψ(0)

m0
(u)ψ(0)

m1
(u)...ψ(0)

m`
(u), (15.10)

ãäå ñîãëàñíî (15.8) èìååì

ψ(0)
mi (u) =

{
1

(1−uzi)(1−u−1zi)
ïðè mi = 0,

1
(1−umi+1zi)(1−u−mi−1zi)

∏mi
k=1(1−umi−2k+1zi)2 ïðè mi 6= 0

(15.11)
äëÿ êàæäîãî Γ = {mi}`i=0.

Ñëåäóÿ Ñèëüâåñòðó (ñì., íàïðèìåð, [13]), âûðàæåíèå (15.10) áóäåì
íàçûâàòü ïåðâîíà÷àëüíîé ôîðìîé ïðîèçâîäÿùåé ôóíêöèè äëÿ öåíòðî-
àôôèííûõ êîìèòàíòîâ ñèñòåìû (1.1)�(1.2).

Îòìåòèì, ÷òî ïðè óêàçàííûõ çàìåíàõ À.Êýëè ìîíîì ug+dzd0
0 zd1

1 ...zd``
ñ ó÷åòîì ðàâåíñòâà (14.3) ïåðåõîäèò â ìîíîì uδzd0

0 zd1
1 ...zd`` .

Ñ ó÷åòîì ïîñëåäíåãî óòâåðæäåíèÿ, à òàêæå òåîðåìû 15.2 è ðàâåí-
ñòâà (15.10)�(15.11) äîêàçàíà

Òåîðåìà 15.3. dimRV
(d)
Γ ðàâíÿåòñÿ êîýôôèöèåíòó ïðè ìîíîìå

uδzd0
0 zd1

1 ...zd`` â ðàçëîæåíèè ïåðâîíà÷àëüíîé ôîðìû ïðîèçâîäÿùåé ôóíê-

öèè (15.10)�(15.11) äëÿ öåíòðîàôôèííûõ êîìèòàíòîâ ñèñòåìû (1.1)�
(1.2) ïî ïîëîæèòåëüíûì ñòåïåíÿì u, z0, z1, ..., z`.

Ïðèìåð 15.1. Åñëè â ñèñòåìå (1.1)�(1.2) ïðèíÿòü Γ = {0, 1}, òî
ïîëó÷èì ` = 1, m0 = 0, m1 = 1. Òîãäà èç (15.10)�(15.11) äëÿ öåíòðîàô-
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ôèííûõ êîìèòàíòîâ ñèñòåìû (3.1) èìååì ïåðâîíà÷àëüíóþ ôîðìó ïðî-
èçâîäÿùåé ôóíêöèè âèäà

ϕ
(0)
0,1(u) =

1− u−2

(1− uz0)(1− u−1z0)(1− u2z1)(1− z1)2(1− u−2z1)
. (15.12)

�16. Ïðèìåðû ïðèâåäåííûõ ôîðì ïðîèçâî-

äÿùèõ ôóíêöèé äëÿ öåíòðîàôôèííûõ

êîìèòàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì

Â ðàáîòàõ À.Êýëè (ñì., íàïðèìåð, [13]) äëÿ áèíàðíûõ ôîðì ïîêà-
çàíî, ÷òî åñëè ôóíêöèþ (15.10)�(15.11) ïðåäñòàâèòü â âèäå

ϕΓ(u)− u−2ϕΓ(u−1) = ϕ
(0)
Γ (u), (16.1)

òî ìîæíî îãðàíè÷èòüñÿ èçó÷åíèåì òîëüêî ðàöèîíàëüíîé ôóíêöèè ϕΓ(u),
òàê êàê âòîðîé ÷ëåí â ëåâîé ÷àñòè (16.1) ñîäåðæèò îòðèöàòåëüíûå ñòå-
ïåíè u, à ñîãëàñíî òåîðåìå 15.3 íàñ èíòåðåñóþò òîëüêî ÷ëåíû ñ ïîëî-

æèòåëüíûìè ñòåïåíÿìè â ðàçëîæåíèè ôóíêöèè ϕ
(0)
Γ (u).

Îòìåòèì, ÷òî èç òåîðåìû 15.3 è ðàâåíñòâà (16.1) ñëåäóåò
Ïðåäëîæåíèå 16.1.

ϕΓ(u) =
∑
(d)

dimRV
(d)
Γ uδzd0

0 zd1
1 ...zd`` . (16.2)

Ïðèìåð 16.1. Äëÿ ôóíêöèè (15.12) íàõîäèì

ϕ0,1(u)− u−2ϕ0,1(u−1) = ϕ
(0)
0,1(u), (16.3)

ãäå

ϕ0,1(u) =
1 + uz0z1

(1− uz0)(1− z1)(1− z2
1)(1− z2

0z1)(1− u2z1)
. (16.4)

Îäíàêî âîçíèêàåò âîïðîñ, êàê ìîæíî ïîëó÷èòü ôóíêöèþ ϕΓ(u)
èç (16.1) äëÿ áîëåå ñëîæíûõ Γ. Ýòà ïðîáëåìà ðåøàåòñÿ ïðèìåíåíè-
åì óñîâåðøåíñòâîâàííîãî ìåòîäà Ñèëüâåñòðà [13] ðàçëîæåíèÿ ôóíêöèè

ϕ
(0)
Γ (u) íà ýëåìåíòàðíûå äðîáè [19, 20]. Ïîëó÷åííàÿ ôóíêöèÿ ϕΓ(u) ïî

ïðåäëîæåíèþ Ñèëüâåñòðà íàçâàíà ïðèâåäåííîé ôîðìîé ïðîèçâîäÿùåé

ôóíêöèè.
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Ïðîèëëþñòðèðóåì ýòîä ìåòîä íà îäíîì ïðèìåðå.
Ïðèìåð 16.2. Ïðåäïîëîæèì, ÷òî â ñèñòåìå (1.1)�(1.2) èìååì

Γ = {2}, òî åñòü ` = 0, m0 = 2. Åñëè â ýòîì ñëó÷àå îáîçíà÷èòü â
(15.11) z0 = c, òî èç (15.10) äëÿ êîìèòàíòîâ ýòîé ñèñòåìû ïîëó÷èì
ïåðâîíà÷àëüíóþ ôîðìó ïðîèçâîäÿùåé ôóíêöèè âèäà

ϕ
(0)
2 (u) =

1 + u−2

(1− u3c)(1− uc)2(1− u−1c)2(1− u−3c)
. (16.5)

Åñëè çàïèñàòü ïðàâóþ ÷àñòü (16.5) â âèäå ýëåìåíòàðíûõ äðîáåé
îòíîñèòåëüíî u, òî ïîëó÷èì

ϕ
(0)
2 (u) = ϕ2(u) + ϕ

(1)
2 (u), (16.6)

ãäå ϕ2(u) (ϕ
(1)
2 (u)) åñòü ñóììà äðîáåé, ñîîòâåòñòâóþùèõ ôàêòîðàì â

çíàìåíàòåëå (16.5) ñ ïîëîæèòåëüíûìè (îòðèöàòåëüíûìè) ñòåïåíÿìè u.
Òîãäà â ñîîòâåòñòâèè ñ ýòèì èìååì

ϕ2(u) = A+B, (16.7)

A =

2∑
i=0

Ai
1− αiu

, B =

1∑
j=0

Bj
(1− uc)2−j , (16.8)

à αi = %ic
1/3 (i = 0, 1, 2) è %i ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ

%3 − 1 = 0. (16.9)

Óìíîæèâ îáå ÷àñòè ðàâåíñòâà (16.6) íà 1 − u3c ñ ó÷åòîì (16.7) è
(16.8) ïîëó÷èì

ϕ2(u)(1− u3c) =

2∑
i=0

Ai
1− αiu

(1− u3c) + [B + ϕ
(1)
2 (u)](1− u3c). (16.10)

Òàê êàê 1−u3c = (1−α0u)(1−α1u)(1−α2u), òî (16.10) ìîæåì çàïèñàòü
êàê

ϕ
(0)
2 (u)(1− u3c) =

2∑
i=0

Ai

2∏
j=0
j 6=i

(1− αju) + [B + ϕ
(1)
2 (u)](1− u3c). (16.11)

Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî u = α−1
i , ïîëó÷àåì

Ai

2∏
j=0
j 6=i

(1− αjα−1
i ) = ϕ

(0)
2 (u)(1− u3c)|u=α−1

i
(i = 0, 1, 2). (16.12)
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Ñ ó÷åòîì òîãî ÷òî %i ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ (16.9) ëåãêî
ìîæíî ïîêàçàòü, ÷òî

2∏
j=0
j 6=i

(1− αjα−1
i ) = 3 (i = 0, 1, 2).

Ïðèíèìàÿ âî âíèìàíèå ïîñëåäíåå ðàâåíñòâî, èç (16.12) è (16.5) íà-
õîäèì

3Ai =
1− α2

i

(1− α−1
i c)2(1− αic)(1− α3

i c)
(i = 0, 1, 2).

Îòñþäà ñ ó÷åòîì òîãî ÷òî αi = %ic
1/3 (i = 0, 1, 2) è %3

i = 1, èìååì

3Ai =
1

(1− c2)(1− α2
i )(1− α4

i )
2

(i = 0, 1, 2).

Òàê, êàê

1− α2
i =

1− α6
i

1 + α2
i + α4

i

, 1− α4
i =

1− α12
i

1 + α4
i + α8

i

,

òî èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷àåì

Ai =
(1 + α2

i + α4
i )(1 + α4

i + α8
i )

2

3(1− c2)2(1− c4)2
. (16.13)

Ïîäñòàâëÿÿ (16.13) â ïåðâîå ðàâåíñòâî (16.8), íàõîäèì

A =
1

3(1− c2)2(1− c4)2

[
2∑
i=0

Ni
1− αiu

]
, (16.14)

ãäå
Ni = (1 + α2

i + α4
i )(1 + α4

i + α8
i )

2 (i = 0, 1, 2). (16.15)

Ïðèâåäÿ ê îáùåìó çíàìåíàòåëþ âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ
(16.14), ñ ó÷åòîì òîãî ÷òî

α0 + α1 + α2 = c1/3(%0 + %1 + %2) = 0,

ïîëó÷èì

A =

∑2
i=0Ni + u

∑2
i=0 αiNi + u2(α1α2N0 + α0α2N1 + α0α1N2)

3(1− c2)2(1− c4)2(1− u3c)
.

(16.16)
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Ïðèíèìàÿ âî âíèìàíèå, ÷òî

2∑
i=0

αmi =

{
3cn ïðè m = 3n,

0 ïðè m 6= 3n,

ñ ó÷åòîì (16.15) íàõîäèì

2∑
i=0

Ni = 3 + 6c2 + 15c4 + 3c6,

2∑
i=0

αiNi = 3c+ 15c3 + 6c5 + 3c7,

α1α2N0 + α0α2N1 + α0α1N2 = 9c2 + 9c4 + 9c6.

Èç ïîñëåäíèõ ðàâåíñòâ è (16.16) ïîñëå ñîêðàùåíèÿ íà 3 ïîëó÷àåì

A =
1

(1− c2)2(1− c4)2(1− u3c)
[1 + 2c2 + 5c4 + c6 + u(c+ 5c3+

+2c5 + c7) + u2(3c2 + 3c4 + 3c6)].

(16.17)

Åñëè óìíîæèòü îáå ÷àñòè (16.6) íà (1−uc)2, òî ñ ó÷åòîì (16.5) è âòîðîãî
ðàâåíñòâà (16.8) ïîëó÷èì

B0 +B1(1− uc) + [A+ ϕ
(1)
2 (u)](1− uc)2 =

1− u−2

(1− u3c)(1− u−1c)2(1− u−3c)
.

(16.18)
Ïîäñòàâëÿÿ â ýòî ðàâåíñòâî u = c−1, íàõîäèì

B0 =
c2

(1− c2)2(1− c4)
. (16.19)

Òåïåðü âçÿâ ïðîèçâîäíóþ ïî u îò îáåèõ ÷àñòåé (16.18) è ïðèíÿâ
u = c−1, èìååì

−cB1 =
d

du

[
1− u−2

(1− u3c)(1− u−1c)2(1− u−3c)

]
u=c−1

,

îòêóäà ïîëó÷àåì

B1 = − 3c2(1 + c2 + c4)

(1− c2)2(1− c4)2
. (16.20)

Ïîäñòàâëÿÿ (16.19) â (16.20), âî âòîðîì ðàâåíñòâå (16.8) èìååì

B =
1

(1− c2)2(1− c4)2(1− uc)2
[−4c2 − 3c4 − 2c6 + u(3c3 + 3c5 + 3c7)].

(16.21)
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Èç (16.7) ñ ïîìîùüþ (16.20) è (16.21) ïîñëå ñîêðàùåíèÿ íà 1 − c2
ïîëó÷àåì ñëåäóþùóþ ôîðìó ïðîèçâîäÿùåé ôóíêöèè:

ϕ2(u) =
N2(u, c)

D2(u, c)
, (16.22)

ãäå

D2(u, c) = (1− c2)(1− c4)2(1− uc)2(1− u3c),

N2(u, c) = 1− c2 + c4 + u(−c+ 3c3 − 2c5) + u2(2c2 − 3c4+

+c6) + u3(−c3 + c5 − c7).

(16.23)

Ïðèìåð 16.3. Ïðåäïîëîæèì, ÷òî â ñèñòåìå (1.1)�(1.2) èìååì
Γ = {3}, òî åñòü ` = 0, m0 = 3. Åñëè â ýòîì ñëó÷àå îáîçíà÷èòü â
(15.11) z1 = d, òî èç (15.10) äëÿ êîìèòàíòîâ ýòîé ñèñòåìû ïîëó÷èì
ïåðâîíà÷àëüíóþ ôîðìó ïðîèçâîäÿùåé ôóíêöèè âèäà

ϕ
(0)
3 (u) =

1− u−2

(1− u4d)(1− u2d)2(1− d)2(1− u−2d)2(1− u−4d)
. (16.24)

Àíàëîãè÷íî ïðèìåðó 16.2 ñ ïîìîùüþ ýòîé ôóíêöèè ïîëó÷àåì ñëåäó-
þùóþ ïðèâåäåííóþþ ôîðìó ïðîèçâîäÿùåé ôóíêöèè:

ϕ3(u) =
N3(u, d)

D3(u, d)
, (16.25)

ãäå

D3(u, d) = (1− d2)3(1− d3)2(1− u2d)2(1− u4d),

N3(u, d) = 1− d2 + d4 + u2(−d+ d2 + 3d3 − 2d5) + u4(2d2−
−3d4 − d5 + d6) + u6(−d3 + d5 − d7).

(16.26)

Çàìå÷àíèå 16.1. Â [15], [20�22] íàéäåíû ïðèâåäåííûå ôîðìû ïðî-

èçâîäÿùèõ ôóíêöèé äëÿ êîìèòàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì (1.1)�
(1.2) ïðè Γ = {0}, {1}, {0, 1}, {2}, {0, 2}, {1, 2}, {0, 1, 2}, {3}, {0, 3},
{1, 3}, {2, 3}, {4}, {1, 4}, {5}, {1, 5}.

Çàìå÷àíèå 16.2. Ïðèâåäåííàÿ ôîðìà ïðîèçâîäÿùåé ôóíêöèè äëÿ
èíâàðèàíòîâ äèôôåðåíöèàëüíîé ñèñòåìû (1.1)�(1.2) ïðè ôèêñèðîâàí-

íîì Γ ïîëó÷àåòñÿ èç ïðèâåäåííîé ôîðìû ïðîèçâîäÿùåé ôóíêöèè äëÿ

êîìèòàíòîâ ϕΓ(u) òîé æå ñèñòåìû ïðè u = 0.
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�17. Ðÿäû Ãèëüáåðòà äëÿ ãðàäóèðîâàííûõ

àëãåáð óíèìîäóëÿðíûõ êîìèòàíòîâ è èí-

âàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì

Ïóñòü SL(2,R) ⊆ GL(2,R) ÿâëÿåòñÿ ïîäãðóïïîé óíèìîäóëÿðíûõ
ïðåîáðàçîâàíèé, òî åñòü SL(2,R) ñîñòîèò èç ïðåîáðàçîâàíèé âèäà (3.10),
äëÿ êîòîðûõ ∆ = 1.

Îïðåäåëåíèå 17.1. Ñêàæåì, ÷òî öåëàÿ ðàöèîíàëüíàÿ ôóíêöèÿ

L(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m0
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

)

îò ôàçîâûõ ïåðåìåííûõ x, y è êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2) íà-
çûâàåòñÿ óíèìîäóëÿðíûì êîìèòàíòîì ýòîé ñèñòåìû, åñëè èìååò

ìåñòî ðàâåíñòâî

L(x, y,
0

b10,
0

b11, ...,
0

b1m0
, ...,

`

b20,
`

b21, ...,
`

b2m`) = L(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m0
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

),

äëÿ ëþáûõ êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2), ôàçîâûõ ïåðåìåííûõ

x, y è ïðåîáðàçîâàíèé q ∈ SL(2,R) èç (3.10).
Àíàëîãè÷íî (15.1) îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî óíèìîäóëÿð-

íûõ êîìèòàíòîâ ñèñòåìû (1.1)�(1.2) òèïà (14.1) ÷åðåç

S
(d)
Γ . (17.1)

Ëåììà 17.1. V
(d)
Γ
∼= S

(d)
Γ .

Äîêàçàòåëüñòâî. Ïóñòü êîìèòàíò

K(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m0
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

)

ïðèíàäëåæèò ïðîñòðàíñòâó (15.1). Òîãäà ñ ó÷åòîì âêëþ÷åíèÿ
SL(2,R) ⊆ GL(2,R) óêàçàííûé êîìèòàíò áóäåò ýëåìåíòîì ïðîñòðàíñòâ
(17.1), ÷òî óêàçûâàåò íà îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ýëåìåíòàìè
ïðîñòðàíñòâ (15.1) è (17.1) â îäíîì íàïðàâëåíèè.

Ïîêàæåì, ÷òî òàêîå ñîîòâåòñòâèå ñóùåñòâóåò è â îáðàòíîì íàïðàâ-
ëåíèè. Äëÿ ýòîãî èñïîëüçóåì ïðèìå÷àíèå 3.1. Åñëè â ñèñòåìå (1.1)�(1.2)
îñóùåñòâèòü ïðåîáðàçîâàíèå (3.11), òî äëÿ êîýôôèöèåíòîâ ñèñòåìû

(9.7) áóäåì èìåòü
i

bjk = ∆−
1
2 (mi−1) iajk. Òîãäà ñîãëàñòî òîìó, ÷òî êîìèòàíò

K ÿâëÿåòñÿ îäíîðîäíûì òèïà (14.1) äëÿ óíèìîäóëÿðíîãî êîìèòàíòà L,
ïðèíàäëåæàùåãî ïðîñòðàíñòâó (17.1), ïðè ýòîì ïðåîáðàçîâàíèè áóäåì
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èìåòü ðàâåíñòâî

L(∆
1
2x,∆

1
2 y,∆−

1
2 (m0−1) 0

a1
0,∆

− 1
2 (m0−1) 0

a1
1, ...,∆

− 1
2 (m0−1) 0

a0
m0
,

∆−
1
2 (m0−1) 1

a2
0,∆

− 1
2 (m0−1) 0

a2
1, ..,∆

− 1
2 (m0−1) 0

a2
m0
, ...,∆−

1
2 (m`−1) `a2

m`
) =

= ∆−gK(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m0
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

),
(17.2)

ãäå äëÿ g èìååì ðàâåíñòâî (15.3).
Åñëè â ïîëó÷åííîé ñèñòåìå ïîñëå ïðåîáðàçîâàíèÿ (3.11) îñóùåñòâèòü

óíèìîäóëÿðíîå ïðåîáðàçîâàíèå (3.12), òî äëÿ óíèìîäóëÿðíîãî êîìè-
òàíòà èç ëåâîé ÷àñòè (17.2) èìååì

L(x, y,
0

b10,
0

b11, ...,
0

b1m0
, ...,

`

b20,
`

b21, ...,
`

b2m`) =

= L(∆
1
2x,∆

1
2 y,∆−

1
2 (m0−1) 0

a1
0,∆

− 1
2 (m0−1) 0

a1
1, ...,∆

− 1
2 (m0−1) 0

a1
m0
,

∆−
1
2 (m0−1) 0

a2
0,∆

− 1
2 (m0−1) 0

a2
1, ..,∆

− 1
2 (m0−1) 0

a2
m0
, ...,∆−

1
2 (m`−1) `a2

m`
).

Òîãäà ñ ïîìîùüþ ïîñëåäíåãî ðàâåíñòâà è ñ ó÷åòîì (17.2) èìååì òîæäå-
ñòâî

L(x, y,
0

b10,
0

b11, ...,
0

b1m0
, ...,

`

b20,
`

b21, ...,
`

b2m`) =

= ∆−gK(x, y,
0
a1

0,
0
a1

1, ...,
0
a1
m0
, ...,

`
a2

0,
`
a2

1, ...,
`
a2
m`

)

äëÿ ëþáîãî ïðåîáðàçîâàíèÿ (3.11), ëþáûõ êîýôôèöèåíòîâ ñèñòåìû (1.1)�
(1.2) è ëþáûõ ôàçîâûõ ïåðåìåíûíõ x, y. Îòìåòèì, ÷òî g îïðåäåëÿåòñÿ
ñ ïîìîùüþ (14.3) è ñîãëàñíî ïðèìå÷àíèþ 8.1 ÿâëÿåòñÿ öåëûì ÷èñëîì.

Òåì ñàìûì óñòàíîâèëè, ÷òî óíèìîäóëÿðíîìó êîìèòàíòó òèïà (14.1)
îäíîçíà÷íî ñòàâèòñÿ â ñîîòâåòñòâèå öåíòðîàôôèííûé êîìèòàíò ñèñòå-
ìû (1.1)�(1.2), êîòîðûé ñîâïàäàåò ñ íèì æå. Ëåììà 17.1 äîêàçàíà.

Â äîêàçàòåëüñòâå ëåììû 17.1 ñîäåðæèòñÿ êðèòåðèé öåíòðîàôôè-
íîé èíâàðèàíòíîñòè ëþáîãî îäíîðîäíîãî ìíîãî÷ëåíà îò êîýôôèöèåí-
òîâ ñèñòåìû (1.1)�(1.2) è ôàçîâûõ ïåðåìåíûíõ x, y, êîòîðûé ôîðìóëè-
ðóåòñÿ êàê

Ñëåäñòâèå 17.1. Äëÿ òîãî ÷òîáû öåëàÿ ðàöèîíàëüíàÿ è îäíî-

ðîäíàÿ ôóíêöèÿ òèïà (14.1) îò êîýôôèöèåíòîâ ñèñòåìû (1.1)�(1.2)
ÿâëÿëàñü öåíòðîàôôèííûì êîìèòàíòîì ýòîé ñèñòåìû, íåîáõîäèìî

è äîñòàòî÷íî, ÷òîáû îíà ÿâëÿëàñü óíèìîäóëÿðíûì êîìèòàíòîì òî-

ãî æå òèïà (14.1) óêàçàííîé ñèñòåìû.

Ñëåäñòâèå 17.2. Èìååò ìåñòî ðàâåíñòâî

dimRV
(d)
Γ = dimRS

(d)
Γ .
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Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî

SΓ =
∑
(d)

S
(d)
Γ , (17.3)

ÿâëÿþùååñÿ ãðàäóèðîâàííîé àëãåáðîé êîìèòàíòîâ, â êîòîðîé åå êîì-

ïîíåíòû óäîâëåòâîðÿþò âêëþ÷åíèþ S
(d)
Γ S

(e)
Γ ⊆ S(d+e)

Γ .
Ñëåäóÿ ðàáîòå [23], ïîä îáîáùåííûì ðÿäîì Ãèëüáåðòà àëãåáðû (17.3)

áóäåì ïîíèìàòü

H(SΓ, u, z0, z1, ..., z`) =
∑
(d)

dimRS
(d)
Γ uδzd0

0 zd1
1 ...zd`` . (17.4)

Èç ðàâåíñòâà (16.2) è (17.4) ñ ïîìîùüþ ñëåäñòâèÿ 17.2 ïîëó÷àåì

H(SΓ, u, z0, z1, ..., z`) = ϕΓ(u). (17.5)

Îòìåòèì, ÷òî (ñîãëàñíî òîé æå ðàáîòå [23]) îáû÷íûé ðÿä Ãèëüáåðòà
î÷åâèäíûì îáðàçîì ïîëó÷àåòñÿ èç îáîáùåííîãî

HSΓ
(u) = H(SΓ, u, u, u, ..., u). (17.6)

Òàêèì îáðàçîì, ñ ïîìîùüþ (17.5) èìååì
Çàêëþ÷åíèå 17.1. Ïðèâåäåííàÿ ôîðìà ïðîèçâîäÿùåé ôóíêöèè

äëÿ êîìèòàíòîâ ñèñòåìû (1.1)�(1.2) ñ çàäàííûì Γ ÿâëÿåòñÿ îáîá-

ùåííûì ðÿäîì Ãèëüáåðòà äëÿ àëãåáðû óíèìîäóëÿðíûõ êîìèòàíòîâ

(17.3) ñ òåì æå Γ.
Çàìå÷àíèå 17.1. Åñëè îáîçíà÷èòü àëãåáðó èíâàðèàíòîâ ïðè ôèê-

ñèðîâàííîì Γ äëÿ ñèñòåìû (1.1)�(1.2) ÷åðåç SIΓ, òî ñîãëàñíî çàìå÷à-
íèþ 16.2 è ðàâåíñòâó (17.5) äëÿ îáîáùåííîãî ðÿäà Ãèëüáåðòà ýòîé

àëãåáðû èìååì

H(SIΓ, z0, z1, ..., z`) = H(SΓ, 0, z0, z1, ..., z`) = ϕΓ(0), (17.7)

à äëÿ îáû÷íîãî ðÿäà Ãèëüáåðòà ïîëó÷àåì

HSIΓ(z) = H(SIΓ, z, z, ..., z). (17.8)

Âàæíîå ïðèìå÷àíèå 17.1. Îòìåòèì, ÷òî öåíòðîàôôèííûå

êîìèòàíòû è èíâàðèàíòû ñèñòåì âèäà (1.1)�(1.2) âïåðâûå áûëè èçó-

÷åíû â ðàáîòàõ àêàäåìèêà Ê.Ñ. Ñèáèðñêîãî [16,24,25] è ïîëó÷èëè äàëü-
íåéøåå ðàçâèòèå â ðàáîòàõ åãî ó÷åíèêîâ. Òàê êàê â íàñòîÿùåì ïàðà-

ãðàôå ïîêàçàíî, ÷òî óêàçàííûå êîìèòàíòû è èíâàðèàíòû ñîñòàâëÿ-

þò îñíîâó ãðàäóèðîâàííûõ àëãåáð êîìèòàíòîâ SΓ è èíâàðèàíòîâ SIΓ,
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òî ýòè àëãåáðû áóäåì íàçûâàòü ãðàäóèðîâàííûìè àëãåáðàìè Ñèáèð-

ñêîãî êîìèòàíòîâ SΓ è ãðàäóèðîâàííûìè àëãåáðàìè Ñèáèðñêîãî èí-

âàðèàíòîâ SIΓ äëÿ ñèñòåìû s(Γ). Â äàëüíåéøåì áóäåì èñïîëüçîâàòü

ñîêðàùåííîå íàçâàíèå "àëãåáðû Ñèáèðñêîãî" SΓ è SIΓ.

�18. Êîììåíòàðèè ê òðåòüåé ãëàâå

Îòìåòèì, ÷òî ìåòîä ïðîèçâîäÿùèõ ôóíêöèé ÿâëÿåòñÿ äîñòàòî÷-
íî ñòàðûì è íàñ÷èòûâàåò ñîòíè ëåò. Îí áûë èñïîëüçîâàí â ðàáîòàõ
È.Íüþòîíà (1642�1727), Ä.Áåðíóëëè (1700�1782), Ë.Ýéëåðà (1707�1783),
Ê. Ãàóññà (1777�1855), Ð. Ðèìàíà (1826�1866), À.Êýëè (1821�1895), Äæ.
Ñèëüâåñòðà (1814�1897), Ä. Ãèëüáåðòà (1862�1943) è äðóãèõ ó÷åííûõ
äëÿ äîêàçàòåëüñòâà íåîæèäàííûõ ðåçóëüòàòîâ.

Íàâåðíîå, ïåðâûì ïðîÿâëåíèåì ýòîãî ìåòîäà ÿâëÿåòñÿ ôîðìóëà áè-
íîìà Íüþòîíà, êîòîðàÿ ãîâîðèò, ÷òî ÷èñëî(

n

k

)
=

n!

k!(n− k)!

ÿâëÿåòñÿ êîýôôèöèåíòîì ïðè tk â ìíîãî÷ëåíå (1 + t)n, òî åñòü

(1 + t)n =

n∑
k=0

(
n

k

)
tk.

Íà ñîâðåìåííîì ÿçûêå ìîæåì ñêàçàòü, ÷òî ôóíêöèÿ
(1 + t)n ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé äëÿ ÷èñåë(

n

0

)
,

(
n

1

)
, ...,

(
n

n

)
.

Èç ýòèõ ñîîáðàæåíèé, òàêèå ÷èñëà íàçûâàþòñÿ åùå è áèíîìèàëüíûìè

êîýôôèöèåíòàìè.
Ìåòîä ïðîèçâîäÿùèõ ôóíêöèé â ñâîåé îñíîâå èìååò î÷åíü ïðîñòóþ

èäåþ. Íåêîòîðîé ïîñëåäîâàòåëüíîñòè äåéñòâèòåëüíûõ ÷èñåë a0, a1, a2, ...
ñòàâèòñÿ â ñîîòâåòñòâèå âûðàæåíèå âèäà

a(t) = a0 + a1t+ a2t
2 + ...,

êîòîðîå áóäåì íàçûâàòü ðÿäîì, èëè ïðîèçâîäÿùåé ôóíêöèåé, ýòîé ïî-
ñëåäîâàòåëüíîñòè. Ýòó ôóíêöèþ ìû ìîæåì ñåáå ïðåäñòàâèòü êàê ìíî-
ãî÷ëåí áåñêîíå÷íîé ñòåïåíè. Òàêîå âûðàæåíèå íàçûâàåòñÿ ôîðìàëü-
íûì ñòåïåííûì ðÿäîì, òàê êàê íàñ íå èíòåðåñóåò åãî ñõîäèìîñòü.
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×àñòî óêàçàííûå ðÿäû èìåþò ïðîñòûå ôîðìû, ïîçâîëÿþùèå ñäå-
ëàòü îïðåäåëåííûå âûâîäû îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè {an}n≥0,
êîòîðûå äðóãèì ïóòåì î÷åíü òðóäíî ïîëó÷èòü.

Ïóñòü V �âåêòîðíîå ïðîñòðàíñòâî, êîòîðîå ïðåäñòàâèìî â âèäå ïðÿ-
ìîé ñóììû êîíå÷íîìåðíûõ ïîäïðîñòðàíñòâ

V =

∞⊕
n=0

Vn, Vn
⋂

(n 6=m)

Vm = {0}.

Òàêîå ðàçëîæåíèå áóäåì íàçûâàòü ãðàäóèðîâêîé. Ïðîèçâîäÿùåé ôóíê-

öèåé äëÿ V , èëè ïîñëåäîâàòåëüíîñòè dimRVn (n = 0, 1, 2, 3, ...), áóäåì
íàçûâàòü ôîðìàëüíûé ðÿä

ΦV (t) =

∞∑
n=0

(dimRVn)tn. (18.1)

Ïðèìå÷àòåëüíûé ýôôåêò äëÿ ïðîèçâîäÿùèõ ôóíêöèé ñîñòîèò â
òîì, ÷òî ñîîòâåñòâóþùèé ôîðìàëüíûé ðÿä ìîæåò ñõîäèòñÿ â íåêîòîðîé
îêðåñòíîñòè íóëÿ ê íåêîòîðîé êîíêðåòíîé ôóíêöèè. Òàêèì îáðàçîì,
èçó÷èâ åå ñâîéñòâà (íàïðèìåð, ïîëþñà, íóëè) ìû ìîæåì ïîëó÷èòü äî-
ïîëíèòåëüíóþ èíôîðìàöèþ î ñòðóêòóðå ïðîñòðàíñòâà V , â ÷àñòíîñòè
îá àñèìïòîòè÷åñêîì ïîâåäåíèè ïîñëåäîâàòåëüíîñòè {dimRVn}∞n=0.

Åñëè V = A ÿâëÿåòñÿ ãðàäóèðîâàííîé àëãåáðîé, òî (18.1) íàçû-
âàåòñÿ ðÿäîì Ãèëüáåðòà äëÿ ýòîé àëãåáðû è îáîçíà÷àåòñÿ ÷åðåç HA(t),
êîòîðûé íåñåò â ñåáå ñîäåðæàòåëüíóþ èíôîðìàöèþ î õàðàêòåðå àñèìï-
òîòè÷åñêîãî ïîâåäåíèÿ àëãåáðû A.

Ïðè èçó÷åíèè ïðîñòðàíñòâà V , èëè àëãåáðû A, â íåêîòîðûõ ñëó÷à-
ÿõ ìîãóò áûòü ââåäåíû ïðîèçâîäÿùèå ôóíêöèè, èëè ðÿäû Ãèëüáåðòà,
êîòîðûå çàâèñÿò îò íåñêîëüêèõ ïåðåìåíííûõ. Ýòîò ôàêò îòðàæàåò áî-
ëåå äåòàëüíóþ ãðàäóèðîâêó ýòèõ îáüåêòîâ. Â ðåçóëüòàòå ýòè ôóíêöèè
ïîëó÷èëè ñîîòâåòñòâåííî íàçâàíèå îáîáùåííûõ ïðîèçâîäÿùèõ ôóíê-
öèé è ðÿäîâ Ãèëüáåðòà, à òå, êîòîðûå èìåþò âèä (18.1), íàçûâàþòñÿ
îáû÷íûìè.

Ïðîíèêíîâåíèå ïðîèçâîäÿùèõ ôóíêöèé è ðÿäîâ Ãèëüáåðòà â òåî-
ðèþ äâóìåðíûõ àâòîíîìíûõ ïîëèíîìèàëüíûõ äèôôåðåíöèàëüíûõ ñè-
ñòåì ïåðâîãî ïîðÿäêà èìååò ñâîå íà÷àëî â ðàáîòàõ [15,20].

Îòìåòèì (ñì. [23]), ÷òî òåðìèí ðÿä Ãèëüáåðòà áåðåò ñâîå íà÷àëî îò
êëàññè÷åñêèõ ðåçóëüòàòîâ Ãèëüáåðòà, îòíîñÿùèõñÿ ê êîììóòàòèâíîìó
ñëó÷àþ. Èíîãäà åãî òàêæå íàçûâàþò ðÿäîì Ïóàíêàðå, íî íà ñåãîäíÿ
óñòîÿâøèìñÿ ñëåäóåò ñ÷èòàòü èìåííî ýòîò òåðìèí, ñâÿçûâàÿ èìÿ Ïó-
àíêàðå òîëüêî ñ ãîìîëîãè÷åñêèì ðÿäîì. Íåñìîòðÿ íà òî, ÷òî àëãåáðû
SΓ è SIΓ äëÿ ñèñòåìû âèäà (1.1)�(1.2) èìåþò ñâîå íà÷àëî è äåòàëüíî
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èçó÷åíû â ðàáîòàõ [15, 20], íàçâàíèå "àëãåáðû Ñèáèðñêîãî" îíè ïîëó-
÷èëè ëèøü â ñòàòüå [10]. Ýòî áûëî âûçâàíî òåì, ÷òî áëàãîäàðÿ óêà-
çàííûì àëãåáðàì ìîæíî áûëî äàòü îòâåò íà îäèí èç âàæíåéøûõ âî-
ïðîñîâ êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ ñèñòåì, ñâÿçàííûì ñ
÷èñëîì àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, ïðèíèìàþùèõ
ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è ôîêóñà äëÿ ëþáîé äèôôåðåíöè-
àëüíîé ñèñòåìû âèäà (1.1)�(1.2) ñ ïîëèíîìèàëüíûìè íåëèíåéíîñòÿìè.
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Ãëàâà 4. Ðÿäû Ãèëüáåðòà äëÿ àëãåáð

Ñèáèðñêîãî SΓ (SIΓ) è ðàç-

ìåðíîñòü Êðóëëÿ äëÿ íèõ

�19. Ðàçìåðíîñòü Êðóëëÿ äëÿ ãðàäóèðîâàí-

íûõ àëãåáð Ñèáèðñêîãî

Â äàëüíåéøåì îãðàíè÷èìñÿ èçó÷åíèåì ñèñòåì âèäà s(1,m1,m2, ...,m`)
èç (1.1)�(1.2) è, ñëåäîâàòåëüíî, àëãåáð Ñèáèðñêîãî S1,m1,m2,...,m` è
SI1,m1,m2,...,m` .

Èç òåîðèè èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì [16] è òåíçî-
ðîâ [18] ñëåäóåò, ÷òî ãðàäóèðîâàííûå àëãåáðû Ñèáèðñêîãî S1,m1,m2,...,m`

è SI1,m1,m2,...,m` ÿâëÿþòñÿ êîììóòàòèâíûìè è êîíå÷íî îïðåäåëåííûìè
àëãåáðàìè. Åñëè äëÿ ýòèõ àëãåáð ââåñòè åäèíîå îáîçíà÷åíèå À, òî ïî-
ñëåäíåå óòâåðæäåíèå äëÿ íèõ çàïèøåòñÿ â âèäå

A =< a1, a2, ..., am|f1 = 0, f2 = 0, ..., fn = 0 > (m,n <∞), (19.1)

ãäå ai ÿâëÿþòñÿ îáðàçóþùèìè ýòîé àëãåáðû, fj�îïðåäåëÿþøùèìè ñî-
îòíîøåíèÿìè (ñèçèãèÿìè) ìåæäó ýòèìè îáðàçóþùèìè.

Èçâåñòíî, íàïðèìåð èç [20], ÷òî äëÿ ñàìîé ïðîñòîé äèôôåðåíöè-
àëüíîé ñèñòåìû s(0, 1) èç (1.3) âèäà

ẋ = a+ cx+ dy, ẏ = b+ ex+ fy

êîíå÷íî îïðåäåëåííûå ãðàäóèðîâàííûå àëãåáðû êîìèòàíòîâ S0,1 è èí-
âàðèàíòîâ SI0,1 çàïèøóòñÿ ñîîòâåòñòâåííî

S0,1 =< i1, i2, i3, k1, k2, k3|(i1k1 − k3)2 + k2
3 − i2k2

1 − 2i3k2 = 0 >,

SI0,1 =< i1, i2, i3 >,
(19.2)
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ãäå ñîãëàñíî (8.12) èìååì

i1 = c+ f, i2 = c2 + 2de+ f2, i3 = −ea2 + (c− f)ab+ db2,

k1 = −bx+ ay, k2 = −ex2 + (c− f)xy + dy2,

k3 = −(ea+ fb)x+ (ca+ db)y.

Îòìåòèì, ÷òî â [26] íà ïðèìåðå ñèñòåìû s(0, 1) èç (1.3) íàáðàí îïðå-
äåëåííûé îïûò ïðèëîæåíèÿ êëàññè÷åñêèõ ãðóïï, àëãåáð Ëè è òåîðèè
èíâàðèàíòîâ è êîìèòàíòîâ â êà÷åñòâåííîì èññëåäîâàíèè àâòîíîìíûõ
ïîëèíîìèàëüíûõ äèôôåðåíöèàëüíûõ ñèñòåì, íàêîïëåííûé â êèøèíåâ-
ñêîé øêîëå ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì.

Â [20] òàêæå ïðèâåäåíû ïðèìåðû àëãåáð èíâàðèàíòîâ Ñèáèðñêîãî
äëÿ ñèñòåì (1.7) è (1.10), êîòîðûå ñîîòâåòñòâåííî çàïèøóòñÿ

SI2 =< I7, I8, I9, I15|f1 = 0 >,

ãäå I7 − I9, I15 èç (12.7) è f1 èç (12.9), è

SI3 =< J1, J2, J3, J4, J5, J6|ϕ1 = 0 >,

ãäå J1 − J6 èç (12.13) è ϕ1 èç (12.15).
Îïðåäåëåíèå 19.1. [27] Ýëåìåíòû a1, a2, ..., ar àëãåáðû A íàçûâà-

þòñÿ àëãåáðàè÷åñêè-íåçàâèñèìûìè, åñëè äëÿ ëþáîãî íåòðèâèàëüíîãî

ìíîãî÷ëåíà F îò r ïåðåìåííûõ èìååò ìåñòî íåðàâåíñòâî

F (a1, a2, ..., ar) 6= 0.

Îïðåäåëåíèå 19.2. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñè-

ìûõ ýëåìåíòîâ ãðàäóèðîâàííîé àëãåáðû A íàçûâàåòñÿ ðàçìåðíîñòüþ

Êðóëëÿ ýòîé àëãåáðû, êîòîðóþ îáîçíà÷èì ÷åðåç %(A).
Èçâåñòíî, ÷òî äëÿ àëãåáðû A, çàäàíîé â âèäå (19.1), ñïðàâåäëèâî

ðàâåíñòâî n = m − %(A). Îäíàêî ýòî ðàâåíñòâî ìàëî ýôôåêòèâíî, òàê
êàê ÷èñëà m è n äëÿ áîëüøèñòâà àëãåáð èíâàðèàíòîâ è êîìèòàíòîâ
ñèñòåì âèäà (1.1)�(1.2) íåâîçìîæíî îïðåäåëèòü.

Â êëàññè÷åñêîé òåîðèè èíâàðèàíòîâ [13] ìíîæåñòâî ýëåìåíòîâ a1,
a2, ..., a%(A) èç A, êîòîðûå îòðàæàþò ðàçìåðíîñòü Êðóëëÿ àëãåáðû A íà-
çûâàþòñÿ àëãåáðàè÷åñêèì áàçèñîì ýòîãî ìíîæåñòâà. Ýòî îçíà÷àåò (àíà-
ëîãè÷íî ïðèìå÷àíèþ 11.1), ÷òî äëÿ ∀a ∈ A (a 6= aj) ñóùåñòâóåò òàêîå
íàòóðàëüíîå ÷èñëî p, ñîîòâåòñòâóþùåå a, ÷òî èìååò ìåñòî ðàâåíñòâî

P0a
p + P1a

p−1 + ...+ Pp = 0, (19.3)
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ãäå Pk (k = 0, p ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò aj (j = 1, %(A)). Îòìåòèì,
÷òî âîîáùå ãîâîðÿ P0 6≡ 1.

Åñëè äëÿ âñåõ a ∈ A â (19.3) èìååì P0 ≡ 1, òî òàêîé áàçèñ ïðèíÿòî
íàçûâàòü öåëûì àëãåáðàè÷åñêèì. Åãî ñóùåñòâîâàíèå ïîêàçàíî Ãèëüáåð-
òîì (ñì., íàïðèìåð [13]). ×èñëî åãî ýëåìåíòîâ îáîçíà÷èì ÷åðåç %′(A).

Îòìåòèì, ÷òî ÷èñëà ýëåìåíòîâ â óêàçàííûõ áàçèñàõ íå âñåãäà ñîâ-
ïàäàþò ìåæäó ñîáîé. Òàê â [20] èìååì, ÷òî äëÿ ñèñòåìû s(4) ðàç-
ìåðíîñòü Êðóëëÿ %(SI4) = 7, à â [28] äëÿ ýòîé æå ñèñòåìû ïîëó÷à-
åì, ÷òî ÷èñëî ýëåìåíòîâ â öåëîì àëãåáðàè÷åñêîì áàçèñå òîé æå àë-
ãåáðû åñòü %′(SI4) = 9, òî åñòü %(SI4) < %′(SI4). Èç [20] èìååì, ÷òî
äëÿ ñèñòåìû s(0, 1) ñïðàâåäëèâû ðàâåíñòâà %(S0,1) = %′(S0,1) = 5 è
%(SI0,1) = %′(SI0,1) = 3. Èç ðàáîò [19], [20], [29] ñëåäóåò, ÷òî äëÿ ñè-
ñòåì s(2) è s(3) èìååì %(SI2) = %′(SI2) = 3, %(SI3) = %′(SI3) = 5. Â
ðàáîòàõ [20], [30] íàõîäèì, ÷òî äëÿ ñèñòåìû s(1, 2) ñïðàâåäëèâû ðàâåí-
ñòâà %(SI1,2) = %′(SI1,2) = 7. Îäíàêî äëÿ ñèñòåìû s(1, 2, 3) ñîãëàñíî [20]
è [31] èìååì, ÷òî %(SI1,2,3) = 15 à %′(SI1,2,3) = 21.

Óêàçàííûå ïðèìåðû, ïîäâîäÿò íàñ ê òîìó, ÷òî

%(A) ≤ %′(A).

Ýòî íåðàâåíñòâî ïîä÷åðêèâàåò, ÷òî öåëûé àëãåáðàè÷åñêèé áàçèñ ñîäåð-
æèò àëãåáðàè÷åñêèé áàçèñ àëãåáðû A. Äîêàçàòåëüñòâî ýòîãî ôàêòà ëåã-
êî ïîëó÷àåòñÿ îò ïðîòèâíîãî.

Ïðèìå÷àíèå 19.1. Ãëàâíûì ñâîéñòâîì öåëîãî àëãåáðàè÷åñêîãî

áàçèñà àëãåáðû èíâàðèàíòîâ A ñîñòîèò â òîì, ÷òî ýòî íàèìåíü-

øåå ÷èñëî ýëåìåíòîâ àëãåáðû A, ðàâåíñòâî íóëþ êîòîðûõ îáðàùàþò

â íîëü âñå ýëåìåíòû àëãåáðû A.
Â äàëüíåéøåì ïîíàäîáÿòñÿ î÷åâèäíûå óòâåðæäåíèÿ
Ïðåäëîæåíèå 19.1. Åñëè B ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåá-

ðîé àëãåáðû A, òî òîãäà ìåæäó ðàçìåðíîñòÿìè Êðóëëÿ ýòèõ àëãåáð

èìååò ìåñòî íåðàâåíñòâî

%(B) ≤ %(A).

Ïðåäëîæåíèå 19.2. Åñëè ðàçìåðíîñòü Êðóëëÿ àëãåáðû A ÿâëÿ-

åòñÿ %(A), òî íà ëþáîì ìíîãîîáðàçèè V = {a = 0, b < 0} ïðè ôèêñè-

ðîâàííûõ a, b ∈ A (b íå âëèÿåò íà óêàçàííîì ìíîãîîáðàçèè) â àëãåá-

ðå A íàéäåòñÿ íå áîëüøå %(A) àëãåáðàè÷åñêè-íåçàâèñèìûõ ýëåìåíòîâ

(âîçìîæíî è íå áîëüøå %(A) ýëåìåíòîâ, êîòîðûå îáðàçóþò öåëûé àë-

ãåáðàè÷åñêèé áàçèñ) ýòîé àëãåáðû.

Èç òåîðåìû 11.2, ïðèìå÷àíèå 11.1, è îïðåäåëåíèÿ 19.2 ñëåäóåò
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Çàêëþ÷åíèå 19.1. Ðàçìåðíîñòü Êðóëëÿ äëÿ ãðàäóèðîâàííûõ àë-

ãåáð Ñèáèðñêîãî S1,m1,m2,...,m` è SI1,m1,m2,...,m` âûðàæàþòñÿ ôîðìóëà-

ìè

%(S1,m1,m2,...,m`) = 2

(∑̀
i=1

mi + `

)
+ 3, (19.4)

%(SI1,m1,m2,...,m`) = 2

(∑̀
i=1

mi + `

)
+ 1. (19.5)

�20. Ðÿäû Ãèëüáåðòà äëÿ ãðàäóèðîâàííûõ àë-

ãåáð Ñèáèðñêîãî S1,m1,m2,...,m`
, SI1,m1,m2,...,m`

Ñîãëàñíî òåîðåìå 15.3 è ñëåäñòâèþ 17.2 ïîëó÷àåì, ÷òî â àëãåáðå Ñè-

áèðñêîãî S1,m1,m2,...,m` äëÿ åå ïðîñòðàíñòâ èìååì dimRS
(d)
1,m1,m2,...,m`

<
∞. Òîãäà ñëåäóÿ (17.4), ïîä îáîáùåííûì ðÿäîì Ãèëüáåðòà àëãåáðû
S1,m1,m2,...,m` áóäåì ïîíèìàòü ôîðìàëüíûé ðÿä

H(S1,m1,m2,...,m` , u, z0, z1, ..., z`) =
∑
(d)

dimRS
(d)
1,m1,m2,...,m`

uδzd0
0 zd1

1 ...zd`` ,

(20.1)
î êîòîðîì ãîâîðèòñÿ, ÷òî îí îòðàæàåò u, z � ãðàäóèðîâêó óêàçàííîé
àëãåáðû.

Ñîãëàñíî çàìå÷àíèþ 17.1 äëÿ àëãåáðû èíâàðèàíòîâ SI1,m1,m2,...,m`

ïîëó÷àåì ðàâåíñòâî

H(SI1,m1,m2,...,m` , z0, z1, ..., z`) = H(S1,m1,m2,...,m` , 0, z0, z1, ..., z`),
(20.2)

à îáû÷íûå ðÿäû Ãèëüáåðòà çàïèøóòñÿ ñîîòâåòñòâåííî

HS1,m1,m2,...,m`
(u) = H(S1,m1,m2,...,m` , u, u, u, ..., u),

HSI1,m1,m2,...,m`
(z) = H(SI1,m1,m2,...,m` , z, z, ..., z).

(20.3)

Ïîñëåäíèå ðÿäû íåñóò ñîäåðæàòåëüíóþ èíôîðìàöèþ î õàðàêòåðå àñèìï-
òîòè÷åñêîãî ïîâåäåíèÿ óêàçàííûõ àëãåáð.

Ìåòîä ïîñòðîåíèÿ îáîáùåííûõ ðÿäîâ Ãèëüáåðòà (20.1)�(20.3) äëÿ
àëãåáð Ñèáèðñêîãî S1,m1,m2,...,m` è SI1,m1,m2,...,m` ðàçðàáîòàí â ðàáîòàõ
[15, 20] è ïîêàçàí íà ïðîñòûõ ïðèìåðàõ èç �16. Êàê áûëî ïîêàçàíî â
ýòîì ïàðàãðàôå, îáîáùåííûå ðÿäû Ãèëüáåðòà äëÿ àëãåáð S0,1 è SI0,1

84



óíèìîäóëÿðíûõ êîìèòàíòîâ è èíâàðèàíòîâ ñèñòåìû s(0, 1) èìåþò âèä
ñîîòâåòñòâåííî

H(S0,1, u, z0, z1) =
1 + uz0z1

(1− uz0)(1− z1)(1− z2
1)(1− z2

0z1)(1− u2z1)
,

H(SI0,1, z0, z1) =
1

(1− z1)(1− z2
1)(1− z2

0z1)
.

Òîãäà ñîãëàñíî (20.3) ñ èõ ïîìîùüþ îáû÷íûå ðÿäû Ãèëüáåðòà çàïèøóò-
ñÿ

HS0,1
(u) =

1− u+ u2

(1− u)2(1− u2)(1− u3)2
, HSI0,1(z) =

1

(1− z)(1− z2)(1− z3)
.

Ïðèìå÷àíèå 20.1. Ñëåäóÿ [32], îòìåòèì, ÷òî ðàçìåðíîñòü Êðóë-
ëÿ %(S1,m1,m2,...,m`) (%(SI1,m1,m2,...,m`)) äëÿ ãðàäóèðîâàííûõ àëãåáð Ñè-

áèðñêîãî S1,m1,m2,...,m` (SI1,m1,m2,...,m`) ðàâíÿåòñÿ ïîðÿäêó ïîëþñà îáû÷-
íîãî ðÿäà Ãèëüáåðòà HS1,m1,m2,...,m`

(u) (HSI1,m1,m2,...,m`
(z)) â åäèíèöå.

Íàïðèìåð, ïðèíèìàÿ âî âíèìàíèå âûøåïðèâåäåííûå îáû÷íûå ðÿ-
äû Ãèëüáåðòà HS0,1(u) è HSI0,1(z), ïîëó÷àåì äëÿ ðàçìåðíîñòè Êðóëëÿ
àëãåáð S0,1 è SI0,1 ñîîòâåòñòâåííî %(S0,1) = 5 è %(SI0,1) = 3.

Â äðóãèõ ñëó÷àÿõ, êîãäà îòñóòñòâóåò ÿâíûé âèä îáû÷íîãî ðÿäà
Ãèëüáåðòà, íî èçâåñòíî ðàçëîæåíèå â ñòåïåííîé ðÿä, òî ìîæíî èñïîëü-
çîâàòü ñëåäóþùåå

Ïðèìå÷àíèå 20.2. Óñëîâèìñÿ, ÷òî ñðàâíåíèå ðÿäîâ ñ íåîòðèöà-

òåëüíûìè êîýôôèöèåíòàìè ïðîèñõîäèò ïîêîýôôèöèåíòíî

(
∑
ant

n ≤
∑
bnt

n ⇔ an ≤ bn, ∀n). Ïðèíèìàÿ ýòî âî âíèìàíèå, åñ-

ëè äëÿ êîììóòàòèâíûõ ãðàäóèðîâàííûõ àëãåáð A è B èìååì

HA(t) ≤ HB(t), (20.4)

òî äëÿ èõ ðàçìåðíîñòåé Êðóëëÿ òàêæå ïîëó÷àåì %(A) ≤ %(B).
Òàêæå ïîíÿòíî, ÷òî åñëè äëÿ îáû÷íîãî ðÿäà Ãèëüáåðòà êîììó-

òàòèâíîé ãðàäóèðîâàííîé àëãåáðû A èìååì

HA(t) ≤ C

(1− t)m
, (20.5)

ãäå C�íåêîòîðàÿ ôèêñèðîâàííàÿ ïîñòîÿííàÿ, òî ïîëó÷àåì %(A) ≤ m.
Äîêàçàòåëüñòâî ïðèìå÷àíèÿ 20.2 ïîëó÷àåòñÿ ñ ïîìîùüþ òåîðåìû

Ìàêîëåÿ èç ðàáîòû [33].
Ñëåäñòâèå 20.1. Îòìåòèì, ÷òî ôîðìóëû (19.4)�(19.5) ñîäåð-

æàò ÿâíûé âèä ðàçìåðíîñòåé Êðóëëÿ äëÿ ãðàäóèðîâàííûõ àëãåáð Ñè-

áèðñêîãî S1,m1,m2,...,m` , SI1,m1,m2,...,m` äèôôåðåíöèàëüíîé ñèñòåìû

s(1,m1,m2, ...,m`).
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Îäíàêî, çíàíèå ðÿäîâ Ãèëüáåðòà äëÿ ýòèõ àëãåáð äàåò äîïîëíèòåëü-
íóþ èíôîðìàöèþ îá óêàçàííûõ àëãåáðàõ êîòîðàÿ áóäåò èñïîëüçîâàíà â
äàëüíåéøåì. Â îäíî è òî æå âðåìÿ ñ ïîìîùüþ ýòèõ ðÿäîâ ïîäòâåðæäà-
åòñÿ åùå ðàç èíôîðìàöèÿ î ðàçìåðíîñòåé Êðóëëÿ àëãåáð Ñèáèðñêîãî
äëÿ êîíêðåòíûõ ñèñòåì s(1,m1,m2, ...,m`).

�21. Ðÿäû Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî

S1,2, SI1,2 è èõ ðàçìåðíîñòü Êðóëëÿ

Èç (15.10)�(15.11) ïðè Γ = {1, 2}, ïîëîæèâ ` = 1 è m0 = 1, m1 = 2 è
ââåäÿ äëÿ óäîáñòâà îáîçíà÷åíèÿ z0 = b, z1 = c, íàõîäèì äëÿ êîìèòàíòîâ
äèôôåðåíöèàëüíîé ñèñòåìû ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè s(1, 2)
ïåðâîíà÷àëüíóþ ôîðìó ïðîèçâîäÿùåé ôóíêöèè

ϕ
(0)
1,2(u) = (1− u−2)ψ

(0)
1 (u)ψ

(0)
2 (u), (21.1)

ãäå

ψ
(0)
1 (u) =

1

(1− u2b)(1− b)2(1− u−2b)
,

ψ
(0)
2 (u) =

1

(1− u3c)(1− uc)2(1− u−1c)2(1− u−3c)
.

(21.2)

Èñïîëüçóÿ óñîâåðøåíñòâîâàííûé ìåòîä Ñèëüâåñòðà ðàçëîæåíèÿ

ôóíêöèè ϕ
(0)
1,2(u) íà ýëåìåíòàðíûå äðîáè ïî àíàëîãèè ñ ïðèìåðîì 16.2

è ïðèíèìàÿ âî âíèìàíèå ôóíêöèîíàëüíîå óðàâíåíèÿ Êýëè (16.1) è çà-
êëþ÷åíèå 17.1, ïîëó÷àåì, ÷òî ñïðàâåäëèâà

Òåîðåìà 21.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(S1,2, u, b, c) äëÿ àë-
ãåáðû Ñèáèðñêîãî S1,2 ñèñòåìû s(1, 2) èç (1.5) ÿâëÿåòñÿ ðàöèîíàëüíîé
ôóíêöèåé îò u, b, c è èìååò âèä

H(S1,2, u, b, c) =
N1,2(u, b, c)

D1,2(u, b, c)
, (21.3)

ãäå

D1,2(u, b, c) = (1− b)(1− b2)(1− c2)(1− c4)2(1− bc2)2(1− b3c2)·
·(1− u2b)(1− uc)2(1− u3c),

(21.4)
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N1,2(u, b, c) = 1− c2 + c4 + b(c2 + 2c4 − 2c6) + b2(c2 + c4 − c6 − c8)+

+b3(2c4 − 2c6 − c8) + b4(−c6 + c8 − c10) + u[−c+ 3c3 − 2c5+

+b(2c− 5c5 + 3c7) + b2(c− 2c5 + c9) + b3(c3 − 3c5 + 2c7) + b4(c7−
−3c9 + 2c11)] + u2[2c2 − 3c4 + c6 + b(−3c4 + 4c6 − 2c8) + b2(−2c4+

+c10) + b3(c2 − 3c4 + 2c10) + b4(−2c4 + 2c6 − c8 + 3c10 − c12)+

+b5(c6 − c8 + c10)] + u3[−c3 + c5 − c7 + b(c− 3c3 + c5 − 2c7 + 2c9)+

+b2(−2c3 + 3c9 − c11) + b3(−c3 + 2c9) + b4(2c5 − 4c7 + 3c9)+

+b5(−c7 + 3c9 − 2c11)] + u4[b(−2c2 + 3c4 − c6) + b2(−2c6 + 3c8 − c10)+

+b3(−c4 + 2c8 − c12) + b4(−3c6 + 5c8 − 2c12) + b5(2c8 − 3c10 + c12)]+

+u5[b(c3 − c5 + c7) + b2(c5 + 2c7 − 2c9) + b3(c5 + c7 − c9 − c11)+

+b4(2c7 − 2c9 − c11) + b5(−c9 + c11 − c13)].
(21.5)

Äîêàçàòåëüñòâî òåîðåìû 21.1 ñëåäóåò èç ñïðàâåäëèâîñòè ôóíê-
öèîíàëüíîãî óðàâíåíèÿ Êýëè:

H(S1,2, u, b, c)− u−2H(S1,2, u
−1, b, c) = ϕ

(0)
1,2(u),

ãäå H(S1,2, u, b, c) èç (21.3)�(21.5), à ϕ
(0)
1,2(u) èç (21.1)�(21.2).

Ñîãëàñíî çàìå÷àíèþ 17.1 èç òåîðåìû 21.1 èìååì

Ñëåäñòâèå 21.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(SI1,2, b, c) äëÿ

àëãåáðû Ñèáèðñêîãî SI1,2 èìååò âèä

H(SI1,2, b, c) =
NI1,2(b, c)

DI1,2(b, c)
, (21.6)

ãäå

DI1,2(b, c) = (1− b)(1− b2)(1− c2)(1− c4)2(1− bc2)2(1− b3c2),

NI1,2(b, c) = 1− c2 + c4 + b(c2 + 2c4 − 2c6) + b2(c2 + c4 − c6−
−c8) + b3(2c4 − 2c6 − c8) + b4(−c6 + c8 − c10).

(21.7)

Èñïîëüçóÿ ðàâåíñòâà (17.6) è (17.8) èç âûðàæåíèé (21.3)�(21.7), ïî-
ëó÷àåì, ÷òî èìååò ìåñòî

Òåîðåìà 21.2. Îáû÷íûå ðÿäû Ãèëüáåðòà HS1,2
(u) è HSI1,2(z) äëÿ
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àëãåáð Ñèáèðñêîãî S1,2 è SI1,2 ñèñòåìû s(1, 2) èç (1.5) èìåþò âèä

HS1,2
(u) =

1

(1− u2)2(1− u3)3(1− u4)3(1− u5)
(1 + u+ u2+

+4u3 + 11u4 + 20u5 + 29u6 + 33u7 + 39u8 + 41u9 + 39u10+

+33u11 + 29u12 + 20u13 + 11u14 + 4u15 + u16 + u17 + u18),

(21.8)

HSI1,2(z) =
1 + z3 + 2z4 + 3z5 + 3z6 + 3z7 + 2z8 + z9 + z12

(1− z)(1− z2)(1− z3)2(1− z4)2(1− z5)
. (21.9)

Òåîðåìà 21.3. Ðàçìåðíîñòü Êðóëëÿ àëãåáð Ñèáèðñêîãî S1,2 è

SI1,2 ðàâíà ñîîòâåòñòâåííî %(S1,2) = 9 è %(SI1,2) = 7.

Äîêàçàòåëüñòâî. Èç ðàáîòû [34] èçâåñòíî, ÷òî äëÿ òîãî, ÷òîáû
òî÷êà u = 1 (z = 1), áûëà ïîëþñîì ôóíêöèè HSΓ(u) HSIΓ(z) êðàòíîñòè
ïîðÿäêà k (k ≥ 1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà áûëà íóëåì

êðàòíîñòè k äëÿ ôóíêöèè 1
HSΓ

(u)

(
1

HSIΓ (z)

)
.

Ïðîèëëþñòðèðóåì ýòî íà ñëó÷àå îáû÷íûõ ðÿäîâ ÃèëüáåðòàHS1,2
(u)

è HSI1,2(z) èç (21.8) è (21.9). Íåòðóäíî çàìåòèòü, ÷òî

1

HS1,2
(u)

=
(1− u)9

(1 + u)−2(1 + u+ u2)−3(1 + u+ u2 + u3)−3
·

· 1

(1 + u+ u2 + u3 + u4)−1
(1 + u+ u2 + 4u3 + 11u4 + 20u5 + 29u6+

+33u7 + 39u8 + 41u9 + 39u10 + 33u11 + 29u12 + 20u13 + 11u14 + 4u15+

+u16 + u17 + u18)−1

è

1

HSI1,2(z)
=

(1− z)7

(1 + z)−1(1 + z + z2)−2(1 + z + z2 + z3)−2
·

· 1

(1 + z + z2 + z3 + z4)−1
(1 + z3 + 2z4 + 3z5 + 3z6 + 3z7 + 2z8+

+z9 + z12)−1,

îòêóäà íàõîäèì, ÷òî limu→1(1− u)9HS1,2(u) 6= 0 è limz→1(1− z)7·
·HSI1,2(z) 6= 0. Îòñþäà èìååì, ÷òî â òî÷êå u = 1 (z = 1) ôóíêöèÿ
HS1,2

(u) (HSI1,2(z)) èìååò ïîëþñ êðàòíîñòè 9 (7). Ñîãëàñíî ïðèìå÷àíèþ
20.1 òåîðåìà 21.3 äîêàçàíà.
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�22. Ðÿäû Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî

S1,3, SI1,3 è èõ ðàçìåðíîñòü Êðóëëÿ

Èç (15.10)�(15.11) ïðè Γ = {1, 3}, ïðèíÿâ ` = 1 è m0 = 1, m1 = 3
è ââåäÿ äëÿ óäîáñòâà îáîçíà÷åíèÿ z0 = b, z1 = d, íàõîäèì äëÿ êî-
ìèòàíòîâ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 3) ïåðâîíà÷àëüíóþ ôîðìó
ïðîèçâîäÿùåé ôóíêöèè

ϕ
(0)
1,3(u) = (1− u−2)ψ

(0)
1 (u)ψ

(0)
3 (u), (22.1)

ãäå

ψ
(0)
1 (u) =

1

(1− u2b)(1− b)2(1− u−2b)
,

ψ
(0)
3 (u) =

1

(1− u4d)(1− u2d)2(1− d)2(1− u−2d)2(1− u−4d)
.

(22.2)

Èñïîëüçóÿ óñîâåðøåíñòâîâàííûé ìåòîä Ñèëüâåñòðà ðàçëîæåíèÿ

ôóíêöèè ϕ
(0)
1,3(u) íà ýëåìåíòàðíûå äðîáè ïî àíàëîãèè ñ ïðèìåðîì 16.2

è ïðèíèìàÿ âî âíèìàíèå ôóíêöèîíàëüíîå óðàâíåíèÿ Êýëè (16.1) è çà-
êëþ÷åíèå 17.1, ïîëó÷àåì, ÷òî ñïðàâåäëèâà

Òåîðåìà 22.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(S1,3, u, b, d) äëÿ àë-
ãåáðû Ñèáèðñêîãî S1,3 ñèñòåìû s(1, 3) èç (1.8) ÿâëÿåòñÿ ðàöèîíàëüíîé
ôóíêöèåé îò u, b, d è èìååò âèä

H(S1,3, u, b, d) =
N1,3(u, b, d)

D1,3(u, b, d)
, (22.3)

ãäå

D1,3(u, b, d) = (1− b)(1− b2)(1− u2b)(1− bd)2(1− b2d)(1− d2)3·
·(1− d3)2(1− u2d)2(1− u4d),

(22.4)

N1,3(u, b, d) =

4∑
k=0

R2k(b, d)u2k,
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à

R0(b, d) = 1 + b(−d+ d2 + 3d3 − 2d5) + b2(2d2 − 3d4 − d5 + d6)+

+b3(−d3 + d5 − d7)− d2 + d4,

R2(b, d) = b(2d+ 4d2 − 2d3 − 8d4 + 4d6) + b2(d− d2 − 6d3 + 7d5 − 3d7)+

+b3(−2d2 + 4d4 − 4d6 + 2d8) + b4(d3 − d5 + d7)− d+ d2 + 3d3 − 2d5,

R4(b, d) = b(d− d2 − 6d3 + 7d5 − 3d7) + b2(−3d2 − 2d3 + 6d4 − 6d6+

+2d7 + 3d8) + b3(3d3 − 7d5 + 6d7 + d8 − d9) + b4(−d4 + d5 + 3d6 − 2d8)+

+2d2 − 3d4 − d5 + d6,

R8−2k(b, d) = −b4d10R2k(b−1, d−1) (k = 0, 1).
(22.5)

Ñîãëàñíî çàìå÷àíèþ 17.1 èç òåîðåìû 22.1 èìååì
Ñëåäñòâèå 22.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(SI1,3, b, d) äëÿ

àëãåáðû Ñèáèðñêîãî SI1,3 èìååò âèä

H(SI1,3, b, d) =
NI1,3(b, d)

DI1,3(b, d)
, (22.6)

ãäå

DI1,3(b, d) = (1− b)(1− b2)(1− bd)2(1− b2d)(1− d2)3(1− d3)2,

NI1,3(b, d) = 1− d2 + d4 + b(−d+ d2 + 3d3 − 2d5)+

+b2(2d2 − 3d4 − d5 + d6) + b3(−d3 + d5 − d7).

(22.7)

Èñïîëüçóÿ ðàâåíñòâà (17.6) è (17.8) èç âûðàæåíèé (22.3)�(22.7), ïî-
ëó÷àåì, ÷òî èìååò ìåñòî

Òåîðåìà 22.2. Îáû÷íûå ðÿäû Ãèëüáåðòà HS1,3
(u) è HSI1,3(z) äëÿ

àëãåáð Ñèáèðñêîãî S1,3 è SI1,3 ñèñòåìû s(1, 3) èç (1.8) èìåþò âèä

HS1,3(u) =
1

(1− u2)5(1− u3)5(1− u5)
(1 + u+ u3 + 9u4 + 16u5+

+19u6 + 15u7 + 14u8 + 15u9 + 19u10 + 16u11 + 9u12 + u13+

+u15 + u16),

(22.8)

HSI1,3(z) =
1

(1− z)(1− z2)5(1− z3)3
(1− z2 + z3 + 5z4 + z5−

−z6 + z8).

(22.9)

Òåîðåìà 22.3. Ðàçìåðíîñòü Êðóëëÿ àëãåáð Ñèáèðñêîãî S1,3 è

SI1,3 ðàâíà ñîîòâåòñòâåííî %(S1,3) = 11 è %(SI1,3) = 9.
Äîêàçàòåëüñòâî ýòîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó èç òåîðå-

ìû 21.3.
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�23. Ðÿäû Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî

S1,4, SI1,4 è èõ ðàçìåðíîñòü Êðóëëÿ

Èç (15.10)�(15.11) ïðè Γ = {1, 4}, ïðèíÿâ ` = 1 è m0 = 1, m1 = 4
è ââåäÿ îáîçíà÷åíèÿ z0 = b, z1 = e, íàõîäèì äëÿ êîìèòàíòîâ äèô-
ôåðåíöèàëüíîé ñèñòåìû s(1, 4) ïåðâîíà÷àëüíóþ ôîðìó ïðîèçâîäÿùåé
ôóíêöèè

ϕ
(0)
1,4(u) = (1− u−2)ψ

(0)
1 (u)ψ

(0)
4 (u), (23.1)

ãäå

ψ
(0)
1 (u) =

1

(1− u2b)(1− b)2(1− u−2b)
,

ψ
(0)
4 (u) =

1

(1− u5e)(1− u3e)2(1− ue)2(1− u−1e)2(1− u−3e)2(1− u−5e)
.

(23.2)
Èñïîëüçóÿ óñîâåðøåíñòâîâàííûé ìåòîä Ñèëüâåñòðà ðàçëîæåíèÿ

ôóíêöèè ϕ
(0)
1,4(u) íà ýëåìåíòàðíûå äðîáè ïî àíàëîãèè ñ ïðèìåðîì 16.2

è ïðèíèìàÿ âî âíèìàíèå ôóíêöèîíàëüíîå óðàâíåíèÿ Êýëè (16.1) è çà-
êëþ÷åíèå 17.1, ïîëó÷àåì, ÷òî ñïðàâåäëèâà

Òåîðåìà 23.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(S1,4, u, b, e) äëÿ àë-
ãåáðû Ñèáèðñêîãî S1,4 ñèñòåìû s(1, 4) ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíê-

öèåé îò u, b, e è èìååò âèä

H(S1,4, u, b, e) =
N1,4(u, b, e)

D1,4(u, b, e)
, (23.3)

ãäå

D1,4(u, b, e) = (1− b)(1− b2)(1− bu2)(1− be2)2(1− b3e2)2(1− b5e2)·
·(1− e2)(1− e4)2(1− e6)2(1− e8)2(1− eu)2(1− eu3)2(1− eu5),

(23.4)

N1,4(u, b, e) =

13∑
k=0

Rk(b, e)uk,

à Rk èç ïðèëîæåíèÿ 1.
Ñîãëàñíî çàìå÷àíèþ 17.1 èç òåîðåìû 23.1 èìååì
Ñëåäñòâèå 23.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(SI1,4, b, e) äëÿ

àëãåáðû Ñèáèðñêîãî SI1,4 èìååò âèä

H(SI1,4, b, e) =
NI1,4(b, e)

DI1,4(b, e)
, (23.5)
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ãäå

DI1,4(b, e) = (1− b)(1− b2)(1− be2)2(1− b3e2)2(1− b5e2)(1− e2)(1− e4)2·
·(1− e6)2(1− e8)2,

NI1,4(b, e) = R0(b, e),
(23.6)

à R0(b, e) èç ïðèëîæåíèÿ 1.

Èñïîëüçóÿ ðàâåíñòâà (17.6) è (17.8) èç âûðàæåíèé (23.3)�(23.6), ïî-
ëó÷àåì, ÷òî èìååò ìåñòî

Òåîðåìà 23.2. Îáû÷íûå ðÿäû Ãèëüáåðòà HS1,4
(u) è HSI1,4(z) äëÿ

àëãåáð Ñèáèðñêîãî S1,4 è SI1,4 ñèñòåìû s(1, 4) èìåþò âèä

HS1,4(u) =
N1,4(u)

D1,4(u)
, (23.7)

ãäå

D1,4(u) = (1− u2)(1− u3)(1− u4)3(1− u5)2(1− u6)3(1− u7)(1− u8)2,
(23.8)

N1,4(u) = 1 + u+ u2 + 5u3 + 17u4 + 39u5 + 100u6 + 218u7 + 467u8+

+865u9 + 1586u10 + 2685u11 + 4467u12 + 6889u13 + 10423u14+

+14934u15 + 20921u16 + 27849u17 + 36293u18 + 45278u19 + 55254u20+

+64697u21 + 74134u22 + 81782u23 + 88328u24 + 91866u25 + 93539u26+

+91866u27 + 88328u28 + 81782u29 + 74134u30 + 64697u31 + 55254u32+

+45278u33 + 36293u34 + 27849u35 + 20921u36 + 14934u37 + 10423u38+

+6889u39 + 4467u40 + 2685u41 + 1586u42 + 865u43 + 467u44 + 218u45+

+100u46 + 39u47 + 17u48 + 5u49 + u50 + u51 + u52.
(23.9)

HSI1,4(z) =
NI1,4(z)

DI1,4(z)
, (23.10)

ãäå

DI1,4(z) = (1− z3)(1− z4)3(1− z5)2(1− z6)2(1− z7)(1− z8)2,
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NI1,4(z) = 1 + z + z2 + 3z3 + 8z4 + 15z5 + 32z6 + 67z7 + 129z8 + 217z9+

+355z10 + 546z11 + 812z12 + 1122z13 + 1511z14 + 1948z15 + 2447z16+

+2923z17 + 3410z18 + 3827z19 + 4183z20 + 4375z21 + 4461z22 + 4375z23+

+4183z24 + 3827z25 + 3410z26 + 2923z27 + 2447z28 + 1948z29 + 1511z30+

+1122z31 + 812z32 + 546z33 + 355z34 + 217z35 + 129z36 + 67z37 + 32z38+

+15z39 + 8z40 + 3z41 + z42 + z43 + z44.
(23.11)

Òåîðåìà 23.3. Ðàçìåðíîñòü Êðóëëÿ àëãåáð Ñèáèðñêîãî S1,4 è

SI1,4 ðàâíà ñîîòâåòñòâåííî %(S1,4) = 13 è %(SI1,4) = 11.

�24. Ðÿäû Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî

S1,5, SI1,5 è èõ ðàçìåðíîñòü Êðóëëÿ

Èç (15.10)�(15.11) ïðè Γ = {1, 5}, ïðèíÿâ ` = 1 è m0 = 1, m1 = 5
è ââåäÿ îáîçíà÷åíèÿ z0 = b, z1 = f , íàõîäèì äëÿ êîìèòàíòîâ äèô-
ôåðåíöèàëüíîé ñèñòåìû s(1, 5) ïåðâîíà÷àëüíóþ ôîðìó ïðîèçâîäÿùåé
ôóíêöèè

ϕ
(0)
1,5(u) = (1− u−2)ψ

(0)
1 (u)ψ

(0)
5 (u), (24.1)

ãäå

ψ
(0)
1 (u) =

1

(1− u2b)(1− b)2(1− u−2b)
,

ψ
(0)
5 (u) =

1

(1− u6f)(1− u4f)2(1− u2f)(1− f2)2(1− u−2f)2
·

· 1

(1− u−4f)2(1− u−6f)
.

(24.2)

Èñïîëüçóÿ óñîâåðøåíñòâîâàííûé ìåòîä Ñèëüâåñòðà ðàçëîæåíèÿ

ôóíêöèè ϕ
(0)
1,5(u) íà ýëåìåíòàðíûå äðîáè ïî àíàëîãèè ñ ïðèìåðîì 16.2

è ïðèíèìàÿ âî âíèìàíèÿ ôóíêöèîíàëüíîå óðàâíåíèÿ Êýëè (16.1) è çà-
êëþ÷åíèå 17.1, ïîëó÷àåì, ÷òî ñïðàâåäëèâà

Òåîðåìà 24.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(S1,5, u, b, f) äëÿ àë-
ãåáðû Ñèáèðñêîãî S1,5 ñèñòåìû s(1, 5) ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíê-

öèåé îò u, b, f è èìååò âèä

H(S1,5, u, b, f) =
N1,5(u, b, f)

D1,5(u, b, f)
, (24.3)
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ãäå

D1,5(u, b, f) = (1− b)(1− b2)(1− bu2)(1− bf)2(1− b2f)2(1− b3f)(1 + f)·
·(1− f2)2(1− f3)3(1− f4)2(1− f5)2(1− fu2)2(1− fu4)2(1− fu6),

(24.4)

N1,5(u, b, f) =

8∑
k=0

R2k(b, f)u2k,

à R2k(b, f) èç ïðèëîæåíèÿ 2.
Ñîãëàñíî çàìå÷àíèþ 17.1 èç òåîðåìû 24.1 èìååì
Ñëåäñòâèå 24.1. Îáîáùåííûé ðÿä Ãèëüáåðòà H(SI1,5, b, f) äëÿ

àëãåáðû Ñèáèðñêîãî SI1,5 èìååò âèä

H(SI1,5, b, f) =
NI1,5(b, f)

DI1,5(b, f)
, (24.5)

ãäå

DI1,5(b, f) = (1− b)(1− b2)(1− bf)2(1− b2f)2(1− b3f)(1 + f)·
·(1− f2)2(1− f3)3(1− f4)2(1− f5)2,

NI1,5(b, f) = R0(b, f),

(24.6)

à R0(b, e) èç ïðèëîæåíèÿ 2.
Èñïîëüçóÿ ðàâåíñòâà (17.6) è (17.8) èç âûðàæåíèé (24.3)�(24.6), ïî-

ëó÷àåì, ÷òî èìååò ìåñòî
Òåîðåìà 24.2. Îáû÷íûå ðÿäû Ãèëüáåðòà HS1,5(u) è HSI1,5(z) äëÿ

àëãåáð Ñèáèðñêîãî S1,5 è SI1,5 ñèñòåìû s(1, 5) èç (1.5) èìåþò âèä

H(S1,5, u) =
N1,5(u)

D1,5(u)
, (24.7)

ãäå

D1,5(u) = (1− u4)4(1− u6)5(1− u8)4(1− u10)2, (24.8)

N1,5(u) = 1 + u2 + u4 + 3u6 + 27u8 + 70u10 + 177u12 + 338u14+

+644u16 + 1090u18 + 1800u20 + 2640u22 + 3689u24 + 4658u26+

+5555u28 + 6063u30 + 6317u32 + 6063u34 + 5555u36 + 4658u38+

+3689u40 + 2640u42 + 1800u44 + 1090u46 + 644u48 + 338u50+

+177u52 + 70u54 + 27u56 + 3u58 + u60 + u62 + u64.

(24.9)

HSI1,5(z) =
NI1,5(z)

DI1,5(z)
, (24.10)
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ãäå

DI1,5(z) = (1− z2)4(1− z3)4(1− z4)3(1− z5)2,

NI1,5(z) = 1 + z + 9z4 + 22z5 + 50z6 + 79z7 + 120z8 + 160z9+

+221z10 + 269z11 + 325z12 + 339z13 + 325z14 + 269z15+

+221z16 + 160z17 + 120z18 + 79z19 + 50z20 + 22z21 + 9z22+

+z25 + z26.

(24.11)

Òåîðåìà 24.3. Ðàçìåðíîñòü Êðóëëÿ àëãåáð Ñèáèðñêîãî S1,5 è

SI1,5 ðàâíà ñîîòâåòñòâåííî %(S1,5) = 15 è %(SI1,5) = 13.

�25. Ïîëó÷åíèå îáû÷íûõ ðÿäîâ Ãèëüáåðòà

äëÿ àëãåáð Ñèáèðñêîãî S1,2,3, SI1,2,3 ñ ïî-

ìîùüþ âû÷åòîâ è âû÷èñëåíèå ðàçìåð-

íîñòåé Êðóëëÿ äëÿ íèõ

ÏóñòüG�ëèíåéíàÿ ðåäóêòèâíàÿ ãðóïïà íà àëãåáðàè÷åñêè çàêðûòîì
ïîëå K è V n-ìåðíîå ðàöèîíàëüíîå ïðåäñòàâëåíèå. ×åðåç H(K[V ]G, t)
îáîçíà÷àåòñÿ ðÿä Ãèëüáåðòà êîëüöà èíâàðèàíòîâ K[V ]G [35].

Òåîðåìà 25.1. (Ôîðìóëà Ìîëüåíà [35]). Ïóñòü G êîíå÷íàÿ ãðóï-
ïà, äåéñòâóþùàÿ íà êîíå÷íîìåðíîì âåêòîðíîì ïðîñòðàíñòâå V íàä ïî-
ëåì K õàðàêòåðèñòèêè íå äåëÿùåìñÿ íà |G|. Òîãäà

H(K[V ]G, t) =
1

|G|
∑
σ∈G

1

det0V (1− tσ)
.

Åñëè K èìååò õàðàêòåðèñòèêó 0, òî det0V (1 − tσ) ìîæåò áûòü ïðèíÿò
êàê detV (1− tσ).

Ïðåäïîëîæèì, ÷òî char(K) = 0. Èç òåîðåìû 25.1 ñëåäóåò, ÷òî äëÿ
êîíå÷íîé ãðóïïû ðÿä Ãèëüáåðòà êîëüöà èíâàðèàíòîâ ìîæíî ëåãêî âû-
÷èñëèòü. Åñëè G ÿâëÿåòñÿ êîíå÷íîé ãðóïïîé, à V êîíå÷íîìåðíûì ïðåä-
ñòàâëåíèåì, òî ñîãëàñíî [35] èìååì

H(K[V ]G, t) =
1

|G|
∑
σ∈G

1

detV (1− tσ)
. (25.1)

Ýòà èäåÿ ìîæåò áûòü îáîáùåíà íà ïðîèçâîëüíûõ ðåäóêòèâíûõ ãðóï-
ïàõ. Ïðåäïîëîæèì, ÷òîK�ïîëå êîìïëåêñíûõ ÷èñåë C. Òîãäà ìîæíî âû-
áðàòü ìåðó Õààðà dµ íà C ñ íîðìîé

∫
C

dµ = 1. Ïóñòü V �êîíå÷íîìåðíîå
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ðàöèîíàëüíîå ïðåäñòàâëåíèå äëÿ G. Òîãäà ñîãëàñíî [35] îáîáùåíèåì
(25.1) ÿâëÿåòñÿ âûðàæåíèå

H(C[V ]G, t) =

∫
C

dµ

detV (1− tσ)
. (25.2)

Îòìåòèì, ÷òî ðÿä Ãèëüáåðòà H(C[V ]G, t) ñõîäèòñÿ äëÿ |t| < 1, ïîòî-
ìó ÷òî ýòîò ðÿä ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé ñ ïîëþñàìè òîëüêî â
t = 1. Ïîñêîëüêó C êîìïàêòíî, òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ A > 0,
÷òî äëÿ êàæäîãî σ ∈ C è êàæäîãî ñîáñòâåííîãî çíà÷åíèÿ λ äëÿ σ èìå-
åì |λ| ≤ A. Ïîñêîëüêó λ` ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì äëÿ σ`, òî
ñëåäóåò, ÷òî |λ`| ≤ A äëÿ ëþáûõ `. Ýòî îçíà÷àåò, ÷òî |λ| ≤ 1. Î÷åâèäíî,
÷òî èíòåãðàë îò ïðàâîé ÷àñòè (25.2) òàêæå îïðåäåëÿåòñÿ äëÿ |t| < 1.

Ïðåäïîëîæèì, ÷òî G ÿâëÿåòñÿ ñâÿçàííîé ãðóïïîé. Ïóñòü T�ìàêñè-
ìàëüíûé òîð äëÿ G, à D�ìàêñèìàëüíàÿ êîìïàêòíàÿ ïîäãðóïïà äëÿ T .
Ïðåäïîëîæèì, ÷òî C ñîäåðæèò D. Òîð ìîæíî îòîæäåñòâèòü ñ (C∗)r,
ãäå r�ýòî ðàíã G, à D ìîæåò áûòü èäåíòèôèöèðîâàí ñ ïîäãðóïïîé (S1)r

äëÿ (C∗)r, ãäå C∗ ⊃ S1�åäèíè÷íûé êðóã. Ìîæíî âûáðàòü ìåðó Õààðà
dν íà D òàê, ÷òî èìååò ìåñòî ðàâåíñòâî

∫
D

dν = 1.

Ïðåäïîëîæèì, ÷òî f ÿâëÿåòñÿ íåïðåðûâíûì êëàññîì ôóíêöèé íà
C. Èíòåãðàë âèäà

∫
C

f(σ)dµ ìîæíî ðàññìàòðèâàòü êàê èíòåãðàë ïî D,

ïîñêîëüêó f ïîñòîÿííà íà êëàññàõ ñîïðÿæåííîñòè. Òî÷íåå, ñóùåñòâóåò
òàêàÿ ôóíêöèÿ âåñà ϕ : D → R, ÷òî äëÿ ëþáîãî íåïðåðûâíîãî êëàññà
ôóíêöèè f èìååì ∫

C

f(σ)dµ =

∫
D

ϕ(σ)f(σ)dν.

Òîãäà ñîãëàñíî [35] ïîëó÷àåì

H(C[V ]G, t) =

∫
C

dµ

detV (1− tσ)
=

∫
D

ϕ(σ)dν

detV (1− tσ)
. (25.3)

Ïîäáèðàÿ ñîîòâåñòâóþùèå áàçèñû â V è åãî ñîïðÿæåííîå ïðîñòðàí-
ñòâî V ∗, ìîæíî äîáèòñÿ, ÷òîáû êîìïàêòíûé òîð D äåéñòâîâàë äèàãî-
íàëüíî íà V è V ∗. Òîãäà äåéñòâèå (z1, ..., zr) ∈ D íà V ∗ çàäàåòñÿ ìàò-
ðèöåé 

m1(z) 0 . . . 0
0 m2(z) . . . 0
...

...
. . .

...
0 0 . . . mn(z)

 ,

ãäå m1,m2, ...,mn ÿâëÿþòñÿ ìîíîìàìè Ëîðàíà îò z1, ..., zr.
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Â ýòèõ îáîçíà÷åíèÿõ èìååì detV (1 − t · (z1, ..., zn)) = (1 −m1(z)t)·
·(1−m2(z)t) · · · (1−mn(z)t). Îòñþäà èìååì, ÷òî ñîãëàñíî [35] ïîëó÷àåì

H(C[V ]G, t) =

∫
D

ϕ(z)dν

(1−m1(z)t)(1−m2(z)t) · · · (1−mn(z)t)
. (25.4)

Ñëåäóåò, ÷òî H(K[V ]G, t) ÿâëÿåòñÿ êîýôôèöèåíòîì zρ (â âèäå ðÿäîâ ïî
z1, ..., zr ñ êîýôôèöèåíòàìè â K(t)) â âûðàæåíèè∑

w∈W sgn(w)zw(ρ)

(1−m1(z)t)(1−m2(z)t) · · · (1−mn(z)t)
,

èëè êîýôôèöèåíòîì z0 = 1 â

z−ρ
∑
w∈W sgn(w)zw(ρ)

(1−m1(z)t)(1−m2(z)t) · · · (1−mn(z)t)
.

Íàïîìíèì òåîðåìó âû÷åòîâ èç òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðå-
ìåííîãî, êîòîðàÿ ìîæåò áûòü ïðèìåíåíà äëÿ âû÷èñëåíèÿ ðÿäîâ Ãèëü-
áåðòà äëÿ êîëåö èíâàðèàíòîâ.

Ïðåäïîëîæèì, ÷òî f(z) ÿâëÿåòñÿ ìåðîìîðôíîé ôóíêöèåé íà C. Åñ-
ëè a ∈ C, òî f ìîæíî çàïèñàòü â âèäå ðÿäà Ëîðàíà:

f(z) =

∞∑
k=−d

ck(z − a)k

â òî÷êå z = a.
Åñëè d > 0 è c−d 6= 0, òî f èìååò ïîëþñ â z = a ïîðÿäêà d.
Âû÷åò ôóíêöèè f â z = a îáîçíà÷àåòñÿ ÷åðåç Res(f, a) è îïðåäåëÿ-

åòñÿ ðàâåíñòâîì

Res(f, a) = c−1.

Åñëè ïîðÿäîê k ïîëþñà z = a ôóíêöèè f óäîâëåòâîðÿåò íåðàâåíñòâó
k ≥ 1, òî âû÷åò ìîæåò áûòü âû÷èñëåí èç ôîðìóëû

Res(f, a) =
1

(k − 1)!
lim
z→a

dk−1

dzk−1
((z − a)kf(z)).

Âûáèðàåì D òàêèì îáðàçîì, ÷òî γ : [0, 1]→ C åñòü ãëàäêàÿ êðèâàÿ.
Òîãäà èíòåãðàë ïî êðèâîé γ îïðåäåëÿåòñÿ ðàâåíñòâîì∫

γ

f(z)dz =

∫ 1

0

f(γ(t))γ′(t)dt.
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Òåîðåìà 25.2. (Òåîðåìà î âû÷åòàõ [35]). Ïðåäïîëîæèì, ÷òî D�
çàìêíóòàÿ, îäíîñâÿçàíàÿ êîìïàêòíàÿ îáëàñòü â C, ÷üÿ ãðàíèöà ÿâëÿ-
åòñÿ ∂D, è γ : [0, 1] → C�òàêàÿ ãëàäêàÿ êðèâàÿ, ÷òî γ([0, 1]) = ∂D,
γ(0) = γ(1), îêðóæàþùàÿ D ðîâíî îäèí ðàç ïðîòèâ ÷àñîâîé ñòðåëêè.
Ïðåäïîëîæèì, ÷òî f ÿâëÿåòñÿ ìåðîìîðôíîé ôóíêöèåé íà C áåç ïîëþ-
ñîâ â ∂D. Òîãäà èìååì ôîðìóëó

1

2πi

∫
γ

f(z)dz =
∑
a∈D

Res(f, a).

Îòìåòèì, ÷òî â D ñóùåñòâóåò êîíå÷íîå ÷èñëî òî÷åê â êîòîðûõ f èìååò
íåíóëåâîé âû÷åò.

Ïðèìåð 25.1 [35]. Ïóñòü T = Gm ÿâëÿåòñÿ îäíîìåðíûì òîðîì,
äåéñòâóéùèì íà 3-ìåðíîå ïðîñòðàíñòâî V ñ ìàòðèöåé

% =

 z 0 0
0 z 0
0 0 z−2

 .

Äåéñòâèå Gm íà V ∗ çàäàíî ìàòðèöåé z−1 0 0
0 z−1 0
0 0 z2

 .

Òàêèì îáðàçîì, ïîëó÷àåì ðàâåíñòâî

HT (K[V ], z, t) =
1

(1− z−1t)2(1− z2t)
. (25.5)

Äëÿ òîãî ÷òîáû ðÿä Ãèëüáåðòà ñõîäèëñÿ, íóæíî ÷òîáû |z−1t| < 1
è |z2t| < 1. Ïðåäïîëîæèì, ÷òî |z| = 1 è |t| < 1. ×òîáû íàéòè êîýôôè-
öèåíò ïðè z0, ðàçäåëèì (25.5) íà 2πiz è ïðîèíòåãðèðóåì íà åäèíè÷íîé
îêðóæíîñòè S1 â C. Òîãäà èìååì

H(K[V ]Gm , t) =
1

2πi

∫
S1

dz

z(1− z−1t)2(1− z2t)
. (25.6)

Ñîãëàñíî òåîðåìå î âû÷åòàõ 25.2 âûðàæåíèå èç (25.6) çàïèøåòñÿ â âèäå

1

2πi

∫
S1

f(z)dz =
∑
a∈D1

Res(f(z), a),

ãäå D1�åäèíè÷íûé äèñê è f(z) = z−1(1− z−1t)−2(1− z2t)−1. Ïîëþñàìè
ôóíêöèè f(z) ÿâëÿþòñÿ òîëüêî z = t è z = ±t−1/2. Òàê êàê |t| < 1, òî
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åäèíñòâåííûì ïîëþñîì â åäèíè÷íîì êðóãå ÿâëÿåòñÿ z = t. Âû÷èñëÿÿ
âû÷åò, èìååì

1

z(1− z−1t)2(1− z2t)
=

1

(z − t)2

z

1− z2t
.

Ñòåïåííîé ðÿä äëÿ g(z) = z
1−z2t â îêðåñòíîñòè z = t çàäàåòñÿ ðà-

âåíñòâîì

g(z) = g(t) + g′(t)(z − t) +
g′′(t)(z − t)2

2
+ ... =

=
t

1− t3
+

1 + t3

(1− t3)2
(z − t) + ... .

(25.7)

Ðÿä Ãèëüáåðòà H(K[V ]Gm , t) ÿâëÿåòñÿ âû÷åòîì ôóíêöèè

1

z(1− z−1t)2(1− z2t)
=

g(z)

(z − t)2

â z = t. Òîãäà èç (25.7) ñëåäóåò, ÷òî óêàçàííûé ðÿä èìååò âèä

1 + t3

(1− t3)2
.

Èç [36] èçâåñòíà
Òåîðåìà 25.3.

H(K[V ]G, t) =
1

2πi

∫
S1

1

det(I − tρV (z))

dz

z

ãäå S1 ⊂ C ÿâëÿåòñÿ åäèíè÷íûì êðóãîì {z : |z| = 1}.
Èñïîëüçóÿ òåîðåìó î âû÷åòàõ è ñîîòâåòñòâóþùóþ ïðîèçâîäÿùóþ

ôóíêöèþ (15.10)�(15.11), ïðèõîäèì ê âûâîäó, ÷òî ïîñëåäíÿÿ òåîðåìà
ìîæåò áûòü àäàïòèðîâàíà äëÿ âû÷èñëåíèÿ îáû÷íîãî ðÿäà Ãèëüáåðòà
äëÿ àëãåáðû êîìèòàíòîâ è èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì.

Òåîðåìà 25.4.

HSIΓ(t) =
1

2πi

∫
S1

ϕ
(0)
Γ (z)

z
dz,

ãäå S1 ⊂ C ÿâëÿåòñÿ åäèíè÷íûì êðóãîì {z : |z| = 1}, ϕ(0)
Γ (z)�ñîîòâåò-

ñòâóþùÿÿ ïðîèçâîäÿùàÿ ôóíêöèÿ (15.10)�(15.11).
Ñ ïîìîùüþ Òåîðåìû 25.4 ïîëó÷åíà
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Òåîðåìà 25.5. Äëÿ êóáè÷åñêîé äèôôåðåíöèàëüíîé ñèñòåìû

s(1, 2, 3) îáû÷íûå ðÿäû Ãèëüáåðòà äëÿ àëãåáð Ñèáèðñêîãî S(1, 2, 3) è

SI(1, 2, 3) êîìèòàíòîâ è èíâàðèàíòîâ ÿâëÿþòñÿ ñëåäóþùèìè:

HS1,2,3(t) =
1

(1− t)2(1− t2)2(1− t3)6(1− t4)3(1− t5)3(1− t7)
(1− t+

+3t2 + 9t3 + 36t4 + 90t5 + 220t6 + 459t7 + 946t8 + 1748t9+

+3032t10 + 4845t11 + 7302t12 + 10268t13 + 13749t14+

+17327t15 + 20781t16 + 23565t17 + 25460t18 + 26051t19+

+25460t20 + 23565t21 + 20781t22 + 17327t23 + 13749t24+

+10268t25 + 7302t26 + 4845t27 + 3032t28 + 1748t29+

+946t30 + 459t31 + 220t32 + 90t33 + 36t34 + 9t35+

+3t36 − t37 + t38),

HSI1,2,3(t) =
1

(1− t)(1− t2)3(1− t3)5(1− t4)2(1− t5)3(1− t7)
(1+

+t2 + 6t3 + 24t4 + 57t5 + 128t6 + 244t7 + 447t8 + 756t9 + 1203t10+

+1760t11 + 2433t12 + 3124t13 + 3800t14 + 4351t15 + 4736t16+

+4854t17 + 4736t18 + 4351t19 + 3800t20 + 3124t21 + 2433t22+

+1760t23 + 1203t24 + 756t25 + 447t26 + 244t27+

+128t28 + 57t29 + 24t30 + 6t31 + t32 + t34).

Èç ýòîé òåîðåìû ñëåäóåò, ÷òî ðàçìåðíîñòü Êðóëëÿ ãðàäóèðîâàííîé
àëãåáðû Ñèáèðñêîãî S1,2,3 (SI1,2,3) ðàâíà 17 (15).

Îòìåòèì, ÷òî ìåòîä âû÷èñëåíèÿ îáû÷íîãî ðÿäà Ãèëüáåðòà ñ ïî-
ìîùüþ òåîðåìû 25.4 äëÿ àëãåáð Ñèáèðñêîãî ðàçëè÷íûõ äèôôåðåíöè-
àëüíûõ ñèñòåì áûë ïîäòâåðæäåí íà ñëåäóþùèõ ðÿäàõ Ãèëüáåðòà: HSI1 ,
HS2

, HSI2 , HSI0,2 , HSI1,2 , HSI1,3 , HSI2,3 , HS5
, HSI5 , èçâåñòíûõ èç [15,20].

Ïðèìå÷àíèå 25.1. Îòìåòèì, ÷òî äëÿ ðÿäà Ãèëüáåðòà ãðàäóè-

ðîâàííîé àëãåáðû Ñèáèðñêîãî êîìèòàíòîâ ñèñòåìû s(Γ), ãäå Γ 63 0,
èìååò ìåñòî ðàâåíñòâî HSΓ

(t) = HSIΓ∪{0}(t).

�26. Êîììåíòàðèè ê ÷åòâåðòîé ãëàâå

Êàê ñëåäóåò èç ðàáîò [15,20], îáîáùåííûå è îáû÷íûå ðÿäû Ãèëüáåð-
òà äëÿ àëãåáð Ñèáèðñêîãî äèôôåðåíöèàëüíûõ ñèñòåì âèäà (1.1)�(1.2)
èãðàþò âàæíóþ ðîëü â èçó÷åíèè ñòðóêòóð ýòèõ àëãåáð. Ñ ïîìîùüþ
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óêàçàííûõ ðÿäîâ ìîæíî ñîñòàâèòü ñåáå ïðåäñòàâëåíèå î âåðõíåé ãðà-
íèöå ñòåïåíåé îáðàçóþùèõ ýòèõ àëãåáð. Èçâåñòíî [32], ÷òî åñëè îáû÷-

íûé ðÿä Ãèëüáåðòà äëÿ êîììóòàòèâíûõ àëãåáð èìååò âèä H(t) = N(t)
D(t) ,

ãäå D(t) è N(t)�ïîëèíîìû îò t, òî degD(t) > degN(t). Â íàøåì ñëó÷àå
äëÿ àëãåáð Ñèáèðñêîãî ýòî íåðàâåíñòâî òàêæå èìååò ìåñòî. Òîãäà åñëè
ýòè àëãåáðû çàïèñàòü â âèäå (19.1) à èõ îáû÷íûé ðÿä Ãèëüáåðòà â âè-

äå HA(t) = NA(t)
DA(t) , òî èç âñåõ ïðèìåðîâ ïîñòðîåíèÿ îáðàçóþùèõ àëãåáð

A â êèøèíåâñêîé øêîëå äèôôåðåíöèàëüíûõ óðàâíåíèé çàìå÷åíî, ÷òî
deg ai
1≤i≤m

≤ degDA(t), ãäå ÷åðåç deg ai îáîçíà÷åíà ñòåïåíü îáðàçóþùèõ

ýòèõ àëãåáð îòíîñèòåëüíî êîýôôèöèåíòîâ è ôàçîâûõ ïåðåìåííûõ ñî-
îòâåòñòâóþùèõ äèôôåðåíöèàëüíûõ ñèñòåì. Êðîìå òîãî, îáû÷íûé ðÿä
Ãèëüáåðòà äëÿ àëãåáðû Ñèáèðñêîãî ïîçâîëÿåò âû÷èñëèòü ðàçìåðíîñòü
Êðóëëÿ äàííîé àëãåáðû è â òî æå âðåìÿ îöåíèòü âåðõíþþ ãðàíèöó
ýòèõ ðàçìåðíîñòåé èõ ïîäàëãåáð, äëÿ êîòîðûõ ýòè ðÿäû íåèçâåñòíû.
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Ãëàâà 5. Î ïðîáëåìå öåíòðà è ôîêóñà

�27. Î íîâîé ôîðìóëèðîâêå ïðîáëåìû öåí-

òðà è ôîêóñà äëÿ äèôôåðåíöèàëüíûõ

ñèñòåì s(1,m1,m2, ...,m`)

Ðàññìîòðèì ñèñòåìó s(1,m1,m2, ...,m`) âèäà (1.1)�(1.2). Ïðåäïîëî-
æèì, ÷òî êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ óêàçàííîé ñèñòåìû ÿâ-
ëÿþòñÿ ÷èñòî ìíèìûìè, òî åñòü îñîáàÿ òî÷êà O(0, 0) ýòîé ñèñòåìû ÿâ-
ëÿåòñÿ äëÿ íåå ëèáî öåíòðîì (îêðóæåíà çàìêíóòûìè òðàåêòîðèÿìè),
ëèáî ôîêóñîì (îêðóæåíà ñïèðàëÿìè) [1], [3].

Ïðîáëåìà öåíòðà è ôîêóñà ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþ-
ùèì îáðàçîì: Åñëè äëÿ ñèñòåìû s(1,m1,m2, ...,m`) èç (1.1)�(1.2) èìå-
åì â íà÷àëå êîîðäèíàò îñîáóþ òî÷êó âòîðîé ãðóïïû (öåíòð èëè ôîêóñ),
òî êàêèå áóäóò óñëîâèÿ îòëè÷àþùèå öåíòð îò ôîêóñà? Ýòà ïðîáëåìà
áûëà ïîñòàâëåíà Ïóàíêàðå [4]. Îñíîâîïîëîãàþùèå ðåçóëüòàòû ïîëó÷å-
íû Ëÿïóíîâûì [3] êîòîðûé ïîêàçàë, ÷òî óñëîâèÿ öåíòðà ïðåäñòàâëÿ-
þò ñîáîé ðàâåíñòâî íóëþ áåñêîíå÷íîé ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ
(ôîêóñíûå âåëè÷èíû)

L1, L2, ..., Lk, ... (27.1)

îò êîýôôèöèåíòîâ ïðàâîé ÷àñòè ñèñòåìû s(1,m1, ...,m`) âèäà (1.1)�
(1.2). Åñëè õîòÿ áû îäíà èç âåëè÷èí (27.1) îòëè÷íà îò íóëÿ, òî íà÷àëî
êîîðäèíàò äëÿ ñèñòåìû s(1,m1, ...,m`) âèäà (1.1)�(1.2) ÿâëÿåòñÿ ôîêó-
ñîì. Óêàçàííûå óñëîâèÿ ÿâëÿþòñÿ íåáõîäèìûìè è äîñòàòî÷íûìè.

Â ñëó÷àå ñèñòåìû s(1,m1, ...,m`) èç òåîðåìû Ãèëüáåðòà î êîíå÷íî-
ñòè áàçèñà ïîëèíîìèàëüíûõ èäåàëîâ ñëåäóåò, ÷òî ñóùåñòâåííûõ óñëî-

âèé öåíòðà â óêàçàííîé ïîñëåäîâàòåëüíîñòè - ëèøü êîíå÷íîå ÷èñëî, à
îñòàëüíûå ÿâëÿþòñÿ èõ ñëåäñòâèÿìè. Òîãäà ïðîáëåìà öåíòðà è ôîêó-
ñà äëÿ ñèñòåìû s(1,m1, ...,m`) âèäà (1.1)�(1.2) ïðèîáðåòàåò ñëåäóþùóþ
ïîñòàíîâêó: êàêîå êîíå÷íîå ÷èñëî ïîëèíîìîâ ω (ñóùåñòâåííûõ óñëîâèé
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öåíòðà)

Ln1 , Ln2 , ..., Lnω , ... (ni ∈ {1, 2, ..., k, ...}; i = 1, ω; ω <∞) (27.2)

èç (27.1) íåîáõîäèìî ïðèâëå÷ü, ÷òîáû ðàâåíñòâî èõ íóëþ àííóëèðîâà-

ëî âñå îñòàëüíûå ìíîãî÷ëåíû (27.1)?
Â ðàáîòàõ àêàäåìèêà Ê. Ñ. Ñèáèðñêîãî [16, 24, 25] è åãî ó÷åíè-

êîâ [37]� [40] áûëî ïîêàçàíî, ÷òî äëÿ íåêîòîðûõ ñèñòåì âèäà (1.1)�
(1.2) ñóùåñòâåííûå óñëîâèÿ öåíòðà (27.2) âûðàæàþòñÿ ÷åðåç öåíòðî-
àôôèííûå êîìèòàíòû óêàçàííûõ ñèñòåì. Ýòî è ïîáóäèëî àâòîðîâ íå
èñêàòü ÿâíûé âèä óñëîâèé öåíòðà, à îïðåäåëèòü ñâÿçü ÷èñëà ôîêóñíûõ
âåëè÷èí (27.2) ñ íåêîòîðûìè õàðàêòåðèñòèêàìè ìíîæåñòâà öåíòðîàô-
ôèííûõ êîìèòàíòîâ è èíâàðèàíòîâ. Îòñþäà è âîçíèêëà îáîáùåííàÿ

ïðîáëåìà öåíòðà è ôîêóñà â ñëåäóþùåé ôîðìóëèðîâêå: îïðåäåëèòü
âåðõíþþ ãðàíèöó ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ ñóùåñòâåííûõ ôî-

êóñíûõ âåëè÷èí ïðèíèìàþùèõ ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà

è ôîêóñà äëÿ ëþáîé ñèñòåìû s(1,m1, ...,m`) âèäà (1.1)�(1.2).

�28. Èíâàðèàíòíîå ìíîãîîáðàçèå Ñèáèðñêî-

ãî öåíòðà è ôîêóñà

Ïðîáëåìà öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíûõ ñèñòåì
s(1,m1, ...,m`) âèäà (1.1)�(1.2) èìååò ñëåäóþùóþ êëàññè÷åñêóþ ôîð-
ìóëèðîâêó: äëÿ áåñêîíå÷íîé ñèñòåìû ìíîãî÷ëåíîâ

{(x2 + y2)k}∞k=1 (28.1)

ñóùåñòâóåò òàêàÿ ôóíêöèÿ

U(x, y) = x2 + y2 +

∞∑
k=3

fk(x, y), (28.2)

ãäå fk(x, y) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè ñòåïåíè k îòíîñè-

òåëüíî ïåðåìåííûõ x, y è òàêèå ïîñòîÿííûå

L1, L2, ..., Lk, ..., (27.1)

÷òî èìååò ìåñòî òîæäåñòâî

dU

dt
=

∞∑
k=1

Lk(x2 + y2)k+1 (28.3)
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(îòíîñèòåëüíî x è y) âäîëü òðàåêòîðèé ñèñòåìû Ëÿïóíîâà [3]

ẋ = y +
∑̀
i=1

Pmi(x, y), ẏ = −x+
∑̀
i=1

Qmi(x, y), (28.4)

êîòîðóþ îáîçíà÷èì ÷åðåç sL(1,m1, ...,m`).
Êàê ñëåäóåò èç òåîðèè èíâàðèàíòîâ è êîìèòàíòîâ äèôôåðåíöèàëü-

íûõ ñèñòåì [16, 17, 20], àëãåáðà S1,m1,...,m` äëÿ ëþáîé äèôôåðåíöèàëü-
íîé ñèñòåìû s(1,m1, ...,m`), çàïèñàííîé â âèäå

ẋ = cx+ dy +
∑̀
i=1

Pmi(x, y), ẏ = ex+ fy +
∑̀
i=1

Qmi(x, y) (28.5)

ñîäåðæèò ñðåäè ñâîèõ îáðàçóþùèõ ìíîãî÷ëåíû

i1 = c+ f, i2 = c2 + 2de+ f2, k2 = −ex2 + (c− f)xy + dy2, (28.6)

ïðèâåäåííûå ðàíåå â (8.12).
Çàìå÷àíèå 28.1. Îòìåòèì, ÷òî ìíîæåñòâî

V = {i1 = c+ f = 0, Discr(k2) = 2i2 − i21 < 0} (28.7)

áóäåì íàçûâàòü èíâàðèàòíûì ìíîãîîáðàçèåì Ñèáèðñêîãî öåíòðà è

ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (28.5), òàê êàê êîìèòàíò k2

èç (28.6) ñ ïîìîùüþ äåéñòâèòåëüíîãî öåíòðîàôôèííîãî ïðåîáðàçîâà-

íèÿ ïëîñêîñòè xOy íà ìíîãîîáðàçèè V ìîæåò áûòü ïðèâåäåí ê âèäó

x2 + y2, (28.8)

à ñèñòåìà (28.5) (çäåñü äîïóñêàåòñÿ ñêàëÿðíîå èçìåíåíèå âðåìåíè t)
ìîæåò áûòü ïðèâåäåíà ê âèäó (28.4) [16], äëÿ êîòîðîé êîðíè õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñòî ìíèìûìè, òî åñòü íà÷àëî

êîîðäèíàò äëÿ ýòîé ñèñòåìû ÿâëÿåòñÿ îñîáîé òî÷êîé âòîðîé ãðóïïû

(öåíòð èëè ôîêóñ).
Ñîãëàñíî çàìå÷àíèþ 28.1 ïîëó÷àåì
Çàìå÷àíèå 28.2. Åñëè ïðèíÿòü âî âíèìàíèå âûðàæåíèå êîìè-

òàíòà k2 èç (28.6) è òî, ÷òî ñ ïîìîùüþ äåéñòâèòåëüíîãî öåíòðîàô-

ôèííîãî ïðåîáðàçîâàíèÿ íà èíâàðèàòíîì ìíîãîîáðàçèè Ñèáèðñêîãî V
åãî âûðàæåíèå ìîæåò áûòü ïðèâåäåíî ê âèäó (28.8), òî ôîðìàëüíî
ýòî ìíîãîîáðàçèå äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (28.5) ìîæíî çàïè-

ñàòü â âèäå

V = {f = −c} ∪ {c = 0, d = −e = 1}. (28.9)
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�29. Ôîêóñíûå âåëè÷èíû Lk è ïîñòîÿííûåGk

íà èíâàðèàíòíîì ìíîãîîáðàçèè Ñè-

áèðñêîãî ñèñòåìû s(1,m1, ...,m`) è íó-

ëåâàÿ ôîêóñíàÿ ïñåâäîâåëè÷èíà

Ðàññìîòðèì ïðîáëåìó öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñè-
ñòåìû (28.5). Òîãäà äëÿ ýòîé ñèñòåìû çàïèøåì òîæäåñòâî[
cx+ dy +

∑̀
i=1

Pmi(x, y)

]
∂U

∂x
+

[
ex+ fy +

∑̀
i=1

Qmi(x, y)

]
∂U

∂y
=

∞∑
k=1

Gkk
k+1
2 ,

(29.1)
ãäå

U(x, y) = k2 +

∞∑
r=3

Fr(x, y), (29.2)

à k2 6≡ 0 èç (28.6) è Fr(x, y)�îäíîðîäíûå ìíîãî÷ëåíû ñòåïåíè r îòíîñè-
òåëüíî x, y. Ðàâåíñòâî (29.1) ðàñùåïëÿåòñÿ ïî ñòåïåíÿì x è y â áåñêî-
íå÷íîå ÷èñëî àëãåáðàè÷åñêèõ óðàâíåíèé, ãäå íåèçâåñòíûìè ÿâëÿþòñÿ
âåëè÷èíû G1, G2, ..., Gk, ..., à òàêæå êîýôôèöèåíòû ïîëèíîìîâ Fr(x, y).

Äëÿ ëþáîé äèôôåðåíöèàëüíîé ñèñòåìû (28.5) èç òîæäåñòâà (29.1)
ñ k2 èç (28.6) íàõîäèì, ÷òî ïåðâûå 3 óðàâíåíèÿ èìåþò âèä

x2 : e(c+ f) = 0, xy : (c− f)(c+ f) = 0, y2 : d(c+ f) = 0.

Ýòè óðàâíåíèÿ ýêâèâàëåíòíû îäíîìó èç äâóõ ñåðèé óñëîâèé:
1) c + f = 0; 2) e = c − f = d = 0. Òàê êàê k2 6≡ 0, òî ñîãëàñíî (28.6),
ýòè óñëîâèÿ ýêâèâàëåíòíû ñ ïåðâûì ðàâåíñòâîì c + f = 0, êîòîðîå
ñîäåðæèòñÿ â ìíîãîîáðàçèè V èç (28.7).

Ñëåäóÿ çà âûøåñêàçàííûì, ñîãëàñíî çàìå÷àíèþ 28.1 è ñôîðìóëè-
ðîâàííîé ïðîáëåìå öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû
(28.4), ïðèõîäèì ê âûâîäó ÷òî äëÿ ôîêóñíûõ âåëè÷èí Lk èç (27.1) è
ïîñòîÿííûõ Gk èç (29.1) èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

Lk = Gk|V (k = 1, 2, ...), (29.3)

ãäå V âçÿòî èç (28.7).
Èç ñêàçàííîãî âûøå ñëåäóåò
Çàìå÷àíèå 29.1. Òîæäåñòâî (29.1) ñ ôóíêöèåé (29.2) íà ìíîãî-

îáðàçèè V èç (28.7) ïîçâîëÿåò óòâåðæäàòü, ÷òî äèôôåðåíöèàëüíàÿ

ñèñòåìà (28.5) ïðè ýòèõ óñëîâèÿõ èìååò â íà÷àëå êîîðäèíàò îñîáóþ

òî÷êó âòîðîé ãðóïïû (öåíòð èëè ôîêóñ).
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Îáîçíà÷èì âûðàæåíèå c+ f = 0, êîòîðîå ñîäåðæèòñÿ â ìíîãîîáðà-
çèè V èç (28.7), ÷åðåç

G0 ≡ c+ f = 0, (29.4)

è áóäåì íàçûâàòü åãî íóëåâîé ôîêóñíîé ïñåâäîâåëè÷èíîé. Îòìåòèì ÷òî
G0 èç (29.4) ÿâëÿåòñÿ öåíòðîàôôèííûì (óíèìîäóëÿðíûì) èíâàðèàí-
òîì äèôôåðåíöèàëüíîé ñèñòåìû s(1,m1, ...,m`) òèïà

(0, 1, 0, ..., 0︸ ︷︷ ︸).
`

Äëÿ òîãî ÷òîáû èìåòü áîëåå ïðîçðà÷íóþ èíôîðìàöèþ î ïîñòîÿí-
íûõ G1, G2, ..., Gk, ... èç òîæäåñòâà (29.1) ñ ôóíêöèåé (29.2), èññëåäóåì
â ñëåäóþùåé ãëàâå îñòàâøèåñÿ óðàâíåíèÿ èç ðàçëîæåíèÿ ýòîãî òîæäå-
ñòâî ïî ñòåïåíÿì x3, x2y, xy2, y3, ... äëÿ ðàçëè÷íûõ äèôôåðåíöèàëüíûõ
ñèñòåì s(1,m1, ...,m`) áåç ó÷åòà ðàâåíñòâà (29.4).

�30. Ìíîãî÷ëåíû îò êîýôôèöèåíòîâ äèôôå-

ðåíöèàëüíûõ ñèñòåì, êîòîðûå èìåþò

èçîáàðíîñòü âåñà (h, g)

Ðàññìîòðèì ÷àñòíûé ñëó÷àé äèôôåðåíöèàëüíîé ñèñòåìû (28.5)
(` = 1, m1 = 2; s(1, 2)) çàïèñàííîé â òåíçîðíîì âèäå (òàêàÿ ôîðìà
çàïèñè äèôôåðåíöèàëüíûõ ñèñòåì âèäà (1.1)�(1.2) áûëà ââåäåíà àêà-
äåìèêîì Ê.Ñ. Ñèáèðñêèé [24] â 60-ûå ãîäû ïðîøëîãî ñòîëåòèÿ):

ẋj = ajαx
α + ajαβx

αxβ (j, α, β = 1, 2), (30.1)

ãäå òåíçîðíûé êîýôôèöèåíò ajαβ ñèììåòðè÷åí ïî íèæíèì èíäåêñàì, ïî
êîòîðûì çäåñü ïðîèçâîäèòñÿ ïîëíîå ñâåðòûâàíèå.

Äèôôåðåíöèàëüíàÿ ñèñòåìà (30.1) â ðàçâåðíóòîì âèäå çàïèñûâà-
åòñÿ â ñëåäóþùåé ôîðìå:

ẋ1 = a1
1x

1 + a1
2x

2 + a1
11(x1)2 + 2a1

12x
1x2 + a1

22(x2)2,

ẋ2 = a2
1x

1 + a2
2x

2 + a2
11(x1)2 + 2a2

12x
1x2 + a2

22(x2)2.
(30.2)

Îòìåòèì, ÷òî åñëè ââåñòè îáîçíà÷åíèÿ

x = x1, c = a1
1, d = a1

2, g = a1
11, h = a1

12, k = a1
22,

y = x2, e = a2
1, f = a2

2, l = a2
11, m = a2

12, n = a2
22,

(30.3)
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òî ïîëó÷àåì ðàíåå âñòðå÷àþùóþ ñèñòåìó (1.5) è íàîáîðîò.
Èç òåîðèè èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì (1.1)�(1.2) [17],

ðàçíîñòü ìåæäó ÷èñëîì íèæíèõ è âåðõíèõ èíäåêñîâ, êîòîðûå ðàâíû 1
(2), áóäåì íàçûâàòü âåñîì ëþáîé êîîðäèíàòû òåíçîðíîãî êîýôôèöèåí-

òà ajα èëè ajαβ îòíîñèòåëüíî êîîðäèíàòû x1 (x2). Íàïðèìåð:

1) Âåñ a1
2 îòíîñèòåëüíî x

1 ðàâåí −1, à îòíîñèòåëüíî x2 ðàâåí 1;
2) Âåñ a1

1 îòíîñèòåëüíî x
1 ðàâåí 0, à îòíîñèòåëüíî x2 ðàâåí 0;

3) Âåñ a2
1 îòíîñèòåëüíî x

1 ðàâåí 1, à îòíîñèòåëüíî x2 ðàâåí −1;
4) Âåñ a1

11 îòíîñèòåëüíî x
1 ðàâåí 1, à îòíîñèòåëüíî x2 ðàâåí 0;

5) Âåñ a1
12 îòíîñèòåëüíî x

1 ðàâåí 0, à îòíîñèòåëüíî x2 ðàâåí 1 è ò.ä.
Åñëè ðàññìàòðèâàåòñÿ ìíîãî÷ëåí S, êîòîðûé çàâèñèò îò êîýôôè-

öèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû (30.2) òèïà

(0, d1, d2), (30.4)

òî åñòü îäíîðîäíîé ñòåïåíè d1 îòíîñèòåëüíî êîîðäèíàò òåíçîðà ajα è
ñòåïåíè d2 îòíîñèòåëüíî êîîðäèíàò òåíçîðà a

j
αβ , òî âåñ êàæäîãî ÷ëåíà

ýòîãî ìíîãî÷ëåíà îòíîñèòåëüíî x1 èëè x2 ðàâåí ñóììå âåñîâ, ñîîòâåò-
ñòâóþùèõ äëÿ êàæäîãî ôàêòîðà ýòîãî ÷ëåíà îòíîñèòåëüíî x1 èëè x2.
Íîëü â (30.4) ïîêàçûâàåò, ÷òî âûðàæåíèå S íå ñîäåðæèò ôàçîâûõ ïå-
ðåìåííûõ x1, x2. Íàïðèìåð, îäíî÷ëåí a1

1a
2
1a

1
22 èìååò òèï (0, 2, 1) è âåñ

ðàâåí 0 îòíîñèòåëüíî x1, è âåñ ðàâåí 1 îòíîñèòåëüíî x2.
Åñëè âñå ÷ëåíû ìíîãî÷ëåíà S òèïà (30.4) èìåþò âåñ h îòíîñèòåëüíî

x1 è âåñ g îòíîñèòåëüíî x2, òî ãîâîðèì, ÷òî ìíîãî÷ëåí S èìååò èçîáàð-
íîñòü âåñà (h, g) [17].

Ñâîéñòâî èçîáàðíîñòè ìíîãî÷ëåíîâ èìååò áîëüøîå çíà÷åíèå â òåî-
ðèè èíâàðèàíòîâ. Íàïðèìåð, åñëè õîòèì ïðîâåðèòü, ìîæåò ëè ëþáîé
ìíîãî÷ëåí S îò êîýôôèöèåíòîâ ñèñòåìû (30.2) ÿâëÿòñÿ êîýôôèöèåí-
òîì â êàêîì-òî êîìèòàíòå òèïà (δ, d1, d2) ýòîé ñèñòåìû, òî íåîáõîäèìî,
÷òîáû ìíîãî÷ëåí S èìåë èçîáàðíîñòü íåêîòîðîãî âåñà (h, g).

Èçâåñòíî èç ðàáîòû [16], ÷òî êîìèòàíò ñèñòåìû (30.2) K11 èìååò
òèï (3, 1, 1) è âûðàæåíèå

K11 = A0(x1)3 +A1(x1)2x2 +A2x
1(x2)2 +A3(x3)3, (30.5)

ãäå

A0 = −a2
1a

1
11 − a2

2a
2
11, A1 = a1

1a
1
11 + a1

2a
2
11 − 2a2

1a
1
12 − 2a2

2a
2
12,

A2 = 2a1
1a

1
12 + 2a1

2a
2
12 − a2

1a
1
22 − a2

2a
2
22, A3 = a1

1a
1
22 + a1

2a
2
22.

(30.6)

Îòìåòèì, ÷òî â A0 âñå ÷ëåíû èìåþò èçîáàðíîñòü âåñà (2,−1), â A1�âåñà
(1, 0), â A2�âåñà (0, 1) è â A3�âåñà (−1, 2).
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Â ïðèâåäåííîì ïðèìåðå âûðàæåíèå A0 èç (30.6) ÿâëÿåòñÿ ïîëóèí-

âàðèàíòîì êîìèòàíòà K11 èç (30.5).
Â äàëüíåéøåì óâèäèì ÷òî ïîëóèíâàðèàíò ëþáîãî êîìèòàíòà èìååò

îñîáîå çíà÷åíèå.
Îòìåòèì, ÷òî äëÿ ïîëóèíâàðèàíòà èçîáàðíîãî âåñà (h, g) â ëþáîì

êîìèòàíòå ÷èñëî g ñîâïàäàåò ñ âåñîì ýòîãî êîìèòàíòà.

�31. Êîììåíòàðèè ê ïÿòîé ãëàâå

Â íàñòîÿùåé ãëàâå ïðèâîäèòñÿ ôîðìóëèðîâêà îáîáùåííîé ïðîáëå-
ìû öåíòðà è ôîêóñà è òå àðãóìåíòû, êîòîðûå ïîáóäèëè àâòîðîâ ê òà-
êîé ïîñòàíîâêå. Ðàññìîòðåíî èíâàðèàíòíîå ìíîãîîáðàçèå Ñèáèðñêîãî
öåíòðà è ôîêóñà, êîòîðîå òåñíî ñâÿçàíî ñ öåíòðîàôôèííîé êëàññèôè-
êàöèåé êâàäðàòè÷íîé ôîðìû (êîìèòàíòà) k2 (ñì. [16], ñ. 31) ñèñòåìû
s(1,m1, ...,m`).

Îáüÿñíÿþòñÿ ïîíÿòèÿ èçîáàðíîñòè è ïîëóèíâàðèàíòà, êîòðûå èã-
ðàþò âàæíóþ ðîëü â ïîñòðîåíèè öåíòðîàôôèííûõ êîìèòàíòîâ è èíâà-
ðèàíòîâ.
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Ãëàâà 6. Î âåðõíåé ãðàíèöå ÷èñëà àë-

ãåáðàè÷åñêè-íåçàâèñèìûõ ôî-

êóñíûõ âåëè÷èí, ïðèíèìàþ-

ùèõ ó÷àñòèå â ðåøåíèè ïðî-

áëåìû öåíòðà è ôîêóñà äëÿ

ñèñòåìû s(1,m1, ...,m`)

�32. Ïðèëîæåíèÿ ïðîèçâîäÿùèõ ôóíêöèé è

ðÿäîâ Ãèëüáåðòà ê ïðîáëåìå öåíòðà è

ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû

s(1, 2)

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 2), êîòîðóþ çàïèøåì
ñëåäóþùèì îáðàçîì:

ẋ = cx+ dy + gx2 + 2hxy + ky2,

ẏ = ex+ fy + lx2 + 2mxy + ny2
(32.1)

ñ êîíå÷íî-îïðåäåëåííîé ãðàäóèðîâàííîé àëãåáðîé óíèìîäóëÿðíûõ êî-
ìèòàíòîâ S1,2 [20]. Äëÿ ýòîé ñèñòåìû çàïèøåì ôóíêöèþ (29.2) â âèäå

U = k2 + a0x
3 + 3a1x

2y + 3a2xy
2 + a3y

3 + b0x
4 + 4b1x

3y + 6b2x
2y2+

+4b3xy
3 + b4y

4 + c0x
5 + 5c1x

4y + 10c2x
3y2 + 10c3x

2y3 + 5c4xy
4+

+c5y
5 + d0x

6 + 6d1x
5y + 15d2x

4y2 + 20d3x
3y3 + 15d4x

2y4 + 6d5xy
5+

+d6y
6 + e0x

7 + 7e1x
6y + 21e2x

5y2 + 35e3x
4y3 + 21e5x

2y5 + 7e6xy
6+
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+e7y
7 + f0x

8 + 8f1x
7y + 28f2x

6y2 + 56f3x
5y3 + 70f4y

4+

+56f5x
3y5 + 28f6x

2y6 + 8f7xy
7 + f8y

8 + ...,

(32.2)

ãäå k2 6≡ 0 èç (28.6), à a0, a1, ..., f7, f8, ...�íåèçâåñòíûå êîýôôèöèåíòû.

Òîæäåñòâî (29.1) âäîëü òðàåêòîðèé äèôôåðåíöèàëüíîé ñèñòåìû
(32.1) ñ ôóíêöèåé (32.2) ðàçëàãàåòñÿ íà ñëåäóþùèå ñèñòåìû óðàâíå-
íèé (ðàâåíñòâî (29.4) îïóùåíî):

x3 : 3ca0 + 3ea1 = 2eg − (c− f)l,

x2y : 3da0 + 3(2c+ f)a1 + 6ea2 = (f − c)(g + 2m)− 2dl + 4eh,

xy2 : 6da1 + 3(2f + c)a2 + 3ea3 = (f − c)(2h+ n) + 2ek − 4dm,

y3 : 3da2 + 3fa3 = (f − c)k − 2dn;

(32.3)

x4 : 4cb0 + 4eb1 − e2G1 = −3ga0 − 3la1,

x3y : 4db0 + 4(f + 3c)b1 + 12eb2 + 2e(c− f)G1 = −6ha0−
− 6(g +m)a1 − 6la2,

x2y2 : 12db1 + 12(c+ f)b2 + 12eb3 + [2de− (c− f)2]G1 =

= −3ka0 − 3(4h+ n)a1 − 3(g + 4m)a2 − 3la3,

xy3 : 12bd2 + 4(3f + c)b3 + 4eb4 + 2d(f − c)G1 = −6ka1−
− 6(h+ n)a2 − 6ma3,

y4 : 4db3 + 4fb4 − d2G1 = −3ka2 − 3na3;

(32.4)

x5 : 5cc0 + 5ec1 = −4gb0 − 4lb1,

x4y : 5dc0 + 5(4c+ f)c1 + 20ec2 = −8hb0 − 4(3g + 2m)b1−
− 12lb2,

x3y2 : 20dc1 + 10(3c+ 2f)c2 + 30ec3 = −4kb0 − 4(6h+ n)b1−
− 12(g + 2m)b2 − 12lb3,

x2y3 : 30dc2 + 10(2c+ 3f)c3 + 20ec4 = −12kb1 − 12(2h+

+ n)b2 − 4(g + 6m)b3 − 4lb4,

xy4 : 20dc3 + 5(c+ 4f)c4 + 5ec5 = −12kb2 − 4(2h+ 3n)b3−
− 8mb4,

y5 : 5dc4 + 5fc5 = −4kb3 − 4nb4;

(32.5)
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x6 : 6cd0 + 6ed1 + e3G2 = −5gc0 − 5lc1,

x5y : 6dd0 + 6(5c+ f)d1 + 30ed2 + 3e2(f − c)G2 = −10hc0−
− 10(2g +m)c1 − 20lc2,

x4y2 : 30dd1 + 30(2c+ f)d2 + 60ed3 + 3e[(c− f)2 − de]G2 =

= −5kc0 − 5(8h+ n)c1 − 10(3g + 4m)c2 − 30lc3,

x3y3 : 60dd2 + 60(c+ f)d3 + 60ed4 + (f − c)[(c− f)2−
− 6de]G2 = −20kc1 − 20(3h+ n)c2 − 20(g + 3m)c3 − 20lc4,

x2y4 : 60dd3 + 30(c+ 2f)d4 + 30ed5 + 3d[de− (c− f)2]G2 =

= −30kc2 − 10(4h+ 3n)c3 − 5(g + 8m)c4 − 5lc5,

xy5 : 30dd4 + 6(c+ 5f)d5 + 6ed6 + 3d2(f − c)G2 = −20kc3−
− 10(h+ 2n)c4 − 10mc5,

y6 : 6dd5 + 6fd6 − d3G2 = −5kc4 − 5nc5;

(32.6)

x7 : 7ce0 + 7ee1 = −6gd0 − 6ld1,

x6y : 7de0 + 7(6c+ f)e1 + 42ee2 = −12hd0 − 6(5g + 2m)d1−
− 30ld2,

x5y2 : 42de1 + 7(15c+ 6f)e2 + 105ee3 = −6kd0 − 6(10h+

+ n)d1 − 60(g +m)d2 − 60ld3,

x4y3 : 105de2 + 5(28c+ 21f)e3 + 140ee4 = −30kd1 − 30(4h+

+ n)d2 − 60(g + 2m)d3 − 60ld4,

x3y4 : 140de3 + 35(3c+ 4f)e4 + 105ee5 = −60kd2 − 60(2h+

+ n)d3 − 30(g + 4m)d4 − 30ld5,

x2y5 : 105de4 + 7(6c+ 15f)e5 + 42ee6 = −60kd3 − 60(h+ n)d4−
− 6(g + 10m)d5 − 6ld6,

xy6 : 42de5 + 7(c+ 6f)e6 + 7ee7 = −30kd4 − 6(2h+ 5n)d5−
− 12md6,

y7 : 7de6 + 7fe7 = −6kd5 − 6nd6;

(32.7)

x8 : 8cf0 + 8ef1 − e4G3 = −7ge0 − 7le1,

x7y : 8df0 + 8(7c+ f)f1 + 56ef2 + 4e3(c− f)G3 =

= −14he0 − 14(3g +m)e1 − 42le2,
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x6y2 : 56df1 + 56(3c+ f)f2 + 168ef3 + 2e2[2de− 3(c− f)2]G3 =

= −7ke0 − 7(12h+ n)e1 − 21(5g + 4m)e2 − 105le3,

x5y3 : 168df2 + 56(5c+ 3f)f3 + 280ef4 + 4e(f − c)[3de− (c−
− f)2]G3 = −42ke1 − 42(5h+ n)e2 − 70(2g + 3m)e3−
− 140le4,

x4y4 : 280df3 + 280(c+ f)f4 + 280ef5 + [12de(c− f)2 − 6d2e2−
− (c− f)4]G3 = −105ke2 − 35(8h+ 3n)e3 − 35(3g+

+ 8m)e4 − 105le5,

x3y5 : 280df4 + 56(3c+ 5f)f5 + 168ef6 + 4d(f − c)[(c− f)2−
− 3de]G3 = −140ke3 − 70(3h+ 2n)e4 − 42(g + 5m)e5−
− 42le6,

x2y6 : 168df5 + 56(c+ 3f)f6 + 56ef7 + 2d2[2de− 3(c− f)2]G3 =

= −105ke4 − 21(4h+ 5n)e5 − 7(g + 12m)e6 − 7le7,

xy7 : 56df6 + 8(c+ 7f)f7 + 8ef8 + 4d3(f − c)G3 = −42ke5−
− 14(h+ 3n)e6 − 14me7,

y8 : 78df7 + 8ff8 − d4G3 = −7ke6 − 7ne7.

(32.8)

Î÷åâèäíî, ÷òî ñèñòåìû ëèíåéíûõ óðàâíåíèé (32.3)�(32.8) îòíîñè-
òåëüíî íåèçâåñòíûõ a0, a1, a2, a3, b0, b1,...,b4, c0, c1,...,c5, d0, d1,...,d6,
e0, e1,...,e7, f0, f1,...,f8,..., G1, G2, G3, ... ìîãóò áûòü ïðîäîëæåíû ïðè-
ñîåäèíåíèåì ïîñëå ïîñëåäíåãî óðàâíåíèÿ èç (32.8) áåñêîíå÷íîãî ÷èñëà
óðàâíåíèé, êîòîðûå ïîëó÷àþòñÿ âñëåäñòâèå ðàâåíñòâà êîýôôèöèåíòîâ
ïðè xαyβ äëÿ α+ β > 8 â òîæäåñòâå (29.1).

Äëÿ áîëåå íàãëÿäíîãî îòðàæåíèÿ ïðîöåññà ïîëó÷åíèÿ G1 çàïèøåì
ñèñòåìû (32.3), (32.4) â ìàòðè÷íîé ôîðìå

A1B1 = C1, (32.9)

ãäå

A1 =



3c 3e 0 0 0 0 0
3d 3(2c+ f) 6e 0 0 0 0
0 6d 3(2c+ f) 3e 0 0 0
0 0 3d 3f 0 0 0
3g 3l 0 0 4c 4e 0
6h 6(g +m) 6l 0 4d 4(f + 3c) 12e
3k 3(4h+ n) 3(g + 4m) 3l 0 12d 12(c+ f)
0 6k 6(h+ n) 6m 0 0 12d
0 0 3k 3n 0 0 0

114



0 0 0
0 0 0
0 0 0
0 0 0
0 0 −e2

0 0 2e(c− f)
12e 0 2de− (c− f)2

4(3f + c) 4l 2d(f − c)
4d 4f −d2


,

B1 =



a0

a1

a2

a3

b0
b1
b2
b3
b4
G1


, C1 =



2eg + (f − c)l
(f − c)(g + 2m)− 2dl + 4eh
(f − c)(2h+ n) + 3ek − 4dm

(f − c)k − 2dn
0
0
0
0
0
0


. (32.10)

Òàê êàê ðàçìåðíîñòü ìàòðèöû A1 ðàâíà 9 × 10, òî î÷åâèäíî, ÷òî
èìååì îäíó ñâîáîäíóþ íåèçâåñòíóþ. Êàê ñëåñòâèå, ïðèíèìàÿ â êà÷åñòâå
ñâîáîäíîé íåèçâåñòíîé îäíó èç ïåðåìåííûõ bi (i ∈ {0, ..., 4}) è èñïîëüçóÿ
ïðàâèëî Êðàìåðà äëÿ ñèñòåìû (32.9), äëÿ ëþáîãî ôèêñèðîâàííîãî i
ïîëó÷àåì

G1 =
G1,i +B1,ibi

σ1,i
, (32.11)

ãäå G1,i, B1,i, σ1,i (ñì. ïðèëîæåíèÿ 3) ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò êîýô-
ôèöèåíòîâ ñèñòåìû (32.1), à bi�íåîïðåäåëåííûå êîýôôèöèåíòû ôóíê-
öèè U(x, y) èç (32.8).

Â äàëüíåéøåì áóäåò íóæåí ÿâíûé âèä îïåðàòîðîâ X1, ..., X4 àë-
ãåáðû Ëè L4 äëÿ ñèñòåìû (32.1), âûðàæåíèÿ êîòîðûõ ïîëó÷àþòñÿ èç
�5:

X1 = x
∂

∂x
+D1, X2 = y

∂

∂x
+D2, X3 = x

∂

∂y
+D3, X4 = y

∂

∂y
+D4,

(32.12)
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ãäå

D1 = d
∂

∂d
− e ∂

∂e
− g ∂

∂g
+ k

∂

∂k
− 2l

∂

∂l
−m ∂

∂m
,

D2 = e
∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
+ l

∂

∂g
+ (m− g)

∂

∂h
+

+(n− 2h)
∂

∂k
− l ∂

∂m
− 2m

∂

∂n
,

D3 = −d ∂
∂c

+ (c− f)
∂

∂e
+ d

∂

∂f
− 2h

∂

∂g
− k ∂

∂h
+

+(g − 2m)
∂

∂l
+ (h− n)

∂

∂m
+ k

∂

∂n
,

D4 = −d ∂
∂d

+ e
∂

∂e
− h ∂

∂h
− 2k

∂

∂k
+ l

∂

∂l
− n ∂

∂n
.

(32.13)

Èçó÷àÿ ìàòðèöû (32.10) ñèñòåìû (32.9), çàêëþ÷àåì, ÷òî G1,i èç
(32.11) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè ñòåïåíè 8 îòíîñèòåëüíî
êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè è ñòåïåíè 2 îòíîñèòåëüíî êîýôôèöè-
åíòîâ êâàäðàòè÷íîé ÷àñòè ñèñòåìû (32.1).

Îòìåòèì, ÷òî G1,i èç (32.11) äëÿ i = 0, 1, 2, 3, 4 ñîîòâåòñòâåííî ÿâ-
ëÿþòñÿ ìíîãî÷ëåíàìè èçîáàðíîñòè âåñà (ñì. ïðèëîæåíèå 3):

(3,−1), (2, 0), (1, 1), (0, 2), (−1, 3). (32.14)

Èç ôîðìóëû (14.3) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1) è òåîðèè
èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì [16, 17] ñëåäóåò ÷òî, ÷èñëèòå-
ëè äðîáåé (32.11) ìîãóò áûòü êîýôôèöèåíòàìè â êîìèòàíòàõ âåñà −1
òèïà (4, 8, 2). Ýòî îçíà÷àåò, ÷òî ñîãëàñíî (11.7) ñ ïîìîùüþ äèôôåðåí-
öèàëüíîãî îïåðàòîðà Ëè D3 èç (32.13) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû
(32.1) è çíàìåíàòåëÿ äðîáåé (32.11) ïîëó÷àåì ñèñòåìó èç 4-õ ëèíåéíûõ
íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

D3(G1,0 +B1,0b0) = G1,1 +B1,1b1, D3(G1,1 +B1,1b1) = −G1,2 −B1,2b2,

−D3(G1,2 +B1,2b2) = G1,3 +B1,3b3, D3(G1,3 +B1,3b3) = −G1,4 −B1,4b4,
(32.15)

ñ 5-þ íåèçâåñòíûìè b0, b1, b2, b3, b4. Ñîãëàñíî ëåììå 11.3 ñèñòåìà (32.15)
èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé. Îòìåòèì, ÷òî ÷àñòíûì ðåøå-
íèì ýòîé ñèñòåìû ÿâëÿåòñÿ b0 = b1 = b2 = b3 = = b4 = 0, äëÿ êîòîðîé
ìíîãî÷ëåí

f ′4(x, y) = G1,0x
4 + 4G1,1x

3y + 2G1,2x
2y2 + 4G1,3xy

3 +G1,4y
4 (32.16)

ÿâëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì äèôôåðåíöèàëüíîé ñèñòåìû
(32.1). Ýòî ïîäâåðæäàåòñÿ è òåîðåìîé 10.2 ñ îïåðàòîðàìè X1 − X4
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èç (32.12)�(32.13) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1), äëÿ êîòîðîé
èìååì ðàâåíñòâà

X1(f ′4) = X4(f ′4) = f ′4, X2(f ′4) = X3(f ′4) = 0.

Äðóãèì ÷àñòíûì ðåøåíèåì ñèñòåìû (32.15) ÿâëÿþòñÿ âûðàæåíèÿ

b0 =
−e(g2 + 2hl +m2)

3c2 − 4de+ 10cf + 3f2
,

b1 =
(c− f)(g2 + 2hl +m2)− 2e(gh+ kl + hm+mn)

4(3c2 − 4de+ 10cf + 3f2)
,

b2 =
2(c− f)(gh+ kl + hm+mn)− e(h2 + 2km+ n2) + d(g2 + 2hl +m2)

6(3c2 − 4de+ 10cf + 3f2)
,

b3 =
(c− f)(h2 + 2km+ n2) + 2d(gh+ kl + hm+mn)

4(3c2 − 4de+ 10cf + 3f2)
,

b4 =
d(h2 + 2km+ n2)

3c2 − 4de+ 10cf + 3f2
,

çíàìåíàòåëè êîòîðûõ îòëè÷àþòñÿ îò íóëÿ íà èíâàðèàíòíîì ìíîãîîá-
ðàçèè V èç (28.9). Ýòî ðåøåíèå îïðåäåëÿåò öåíòðîàôôèííûé êîìèòàíò

f ′′4 (x, y) = (G1,0 +B1,0b0)x4 + 4(G1,1 +B1,1b1)x3y + 2(G1,2+

+B1,2b2)x2y2 + 4(G1,3 +B1,3b3)xy3 + (G1,4 +B1,4b4)y4.
(32.17)

Î÷åâèäíî, ÷òî äèôôåðåíöèàëüíàÿ ñèñòåìà (32.15) èìååò áåñêîíå÷-
íîå ìíîæåñòâî ðåøåíèé b0, b1, b2, b3, b4, êîòîðûå îïðåäåëÿþò öåíòðîàô-
ôèííûå êîìèòàíòû òèïà (4, 8, 2).

Ñîãëàñíî ñêàçàííîìó âûøå êîìèòàíòû (32.16), (32.17) ïðèíàäëå-
æàò ê ëèíåéíîìó ïðîñòðàíñòâó

S
(4,8,2)
1,2 , (32.18)

àëãåáðû Ñèáèðñêîãî S1,2.
Îòìåòèì, ÷òî êîìèòàíòû (32.16), (32.17) íà èíâàðèàíòíîì ìíîãî-

îáðàçèè V èç (28.9) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1) èìåþò âèä

f ′4(x, y)|V = f ′′4 (x, y)|V = −8L1(x2 + y2)2 (G1|V = −8L1), (32.19)

ãäå

L1 =
1

2
[g(l − h)− k(h+ n) +m(l + n)]

ÿâëÿåòñÿ ïåðâîé ôîêóñíîé âåëè÷èíîé äèôôåðåíöèàëüíîé ñèñòåìû (32.1)
íà èíâàðèàíòíîì ìíîãîîáðàçèè V è ñîâïàäàåò ñ ôîêóñíîé âåëè÷èíîé èç
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[41 ñòð. 110] äëÿ ñèñòåìû (32.1), ïîëó÷åííîé ïîñëå çàìåíû
f = −c = 0, d = −e = 1.

Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G2

çàïèøåì ñèñòåìó óðàâíåíèé (32.3)�(32.6) â ìàòðè÷íîé ôîðìå (ñì. ïðè-
ëîæåíèå 4)

A2B2 = C2, (32.20)

îòêóäà ïîëó÷àåì

G2 =
G2,i,j +B2,i,jbi +D2,i,jdj

σ2,i,j
, (i = 0, 4, j = 0, 6). (32.21)

Èçó÷àÿ ìàòðè÷íîå ðàâåíñòâî (32.20), ïîëó÷àåì, ÷òî degG2,i,j = 24, à
èñïîëüçóÿ ñèñòåìó (32.3)�(32.6), ïîëó÷àåì, ÷òî G2,i,j èç (32.21) èìå-
åò òèï (0, 20, 4), òî åñòü G2,i,j ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè
ñòåïåíè 20 îòíîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè è ñòåïåíè 4
îòíîñèòåëüíî êîýôôèöèåíòîâ êâàäðàòè÷íîé ÷àñòè äèôôåðåíöèàëüíîé
ñèñòåìû s(1, 2) èç (32.1).

Âû÷èñëÿÿ âûðàæåíèÿ G2,i,j äëÿ êàæäîãî i = 0, 4 è j = 0, 6, ïîëó-
÷àåì äëÿ èõ èçîáàðíîñòåé ñëåäóþùóþ òàáëèöó (ñì. ïðèëîæåíèå 4):
Òàáëèöà 32.1. Âåñ èçîáàðíîñòåé ìíîãî÷ëåíîâ G2,i,j äëÿ ñèñòåìû s(1, 2)

G2,i,j d0 d1 d2 d3 d4 d5 d6

b0 (7,-3) (6,-2) (5,-1) (4,0) (3,1) (2,2) (1,3)
b1 (6,-2) (5,-1) (4,0) (3,1) (2,2) (1,3) (0,4)
b2 (5,-1) (4,0) (3,1) (2,2) (1,3) (0,4) (-1,5)
b3 (4,0) (3,1) (2,2) (1,3) (0,4) (-1,5) (-2,6)
b4 (3,1) (2,2) (1,3) (0,4) (-1,5) (-2,6) (-3,7)

Îòìåòèì, ÷òî äëÿ j = 0, 6 èìååì

G2,0,j

σ2,0,j
|V =

1

24
(38g3h+ 46gh3 + 71g2hk + 46h3k + 38ghk2 + 5hk3−

−38g3l + 3gh2l − 39g2kl + 53h2kl − 15gk2l − 32ghl2 + 15hkl2 − 5gl3+

+29g2hm+ 42ghkm+ 13hk2m− 79g2lm− 54h2lm− 68gklm− 15k2lm−
−37hl2m− 5l3m+ 6ghm2 + 6hkm2 − 39glm2 − 29klm2 + 2lm3 + 6g3n+

+109gh2n+ 48g2kn+ 159h2kn+ 33gk2n+ 5k3n− 34ghln+ 116hkln−
−57gl2n+ 15kl2n− 48g2mn− 54h2mn− 14gkmn+ 8k2mn− 138hlmn−
−62l2mn− 37gm2n− 27km2n+ 2m3n+ 72ghn2 + 175hkn2 − 72gln2+

+63kln2 − 101hmn2 − 119lmn2 − 6gn3 + 62kn3 − 62mn3),
(32.22)
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G2,2,j

σ2,2,j
|V =

1

24
(62g3h− 2gh3 + 95g2hk − 2h3k + 38ghk2 + 5hk3 − 62g3l+

+27gh2l − 39g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2 − 5gl3 + 53g2hm+

+66ghkm+ 13hk2m− 127g2lm− 6h2lm− 68gklm− 15k2lm− 13hl2m−
−5l3m+ 6ghm2 + 6hkm2 − 63glm2 − 29klm2 + 2lm3 + 6g3n+

+61gh2n+ 72g2kn+ 63h2kn+ 33gk2n+ 5k3n− 10ghln+ 68hkln−
−33gl2n+ 15kl2n− 72g2mn− 6h2mn+ 10gkmn+ 8k2mn− 66hlmn−
−38l2mn− 61gm2n− 27km2n+ 2m3n+ 72ghn2 + 127hkn2 − 72gln2+

+39kln2 − 53hmn2 − 95lmn2 − 6gn3 + 62kn3 − 62mn3),
(32.23)

G2,4,j

σ2,4,j
|V =

1

24
(62g3h− 2gh3 + 119g2hk − 2h3k + 62ghk2 + 5hk3 − 62g3l+

+27gh2l − 63g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2 − 5gl3 + 101g2hm+

+138ghkm+ 37hk2m− 175g2lm− 6h2lm− 116gklm− 15k2lm− 13hl2m−

−5l3m+ 54ghm2 + 54hkm2 − 159glm2 − 53klm2 − 46lm3 + 6g3n+

+37gh2n+ 72g2kn+ 39h2kn+ 57gk2n+ 5k3n+ 14ghln+ 68hkln−
−33gl2n+ 15kl2n− 72g2mn− 6h2mn+ 34gkmn+ 32k2mn− 42hlmn−
−38l2mn− 109gm2n− 3km2n− 46m3n+ 48ghn2 + 79hkn2 − 48gln2+

+39kln2 − 29hmn2 − 71lmn2 − 6gn3 + 38kn3 − 38mn3)
(32.24)

à
G2,1,j

σ2,1,j
è
G2,3,j

σ2,3,j
íà èíâàðèàíòíîì ìíîãîîáðàçèè V äàþò íåîïðåäåëåí-

íîñòè.
Èçó÷àÿ èçîáàðíîñòè G2,i,j ñâåðõó âíèç, äëÿ êàæäîé ñòðîêè èç òàá-

ëèöû 32.1, ñîãëàñíî òåîðèè èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì
[16, 17], íàõîäèì, ÷òî ÷èñëèòåëè ôðàêöèé (32.21) ìîãóò áûòü êîýôôè-
öèåíòàìè â öåíòðîàôôèíûõ êîìèòàíòàõ ñ ñîîòâåòñòâóþùèìè âåñàìè
−3, −2, −1, 0, 1. Èñïîëüçóÿ ýòè âåñû è ôîðìóëó (14.3) äëÿ äèôôåðåí-
öèàëüíîé ñèñòåìû (32.1), à òàêæå ôàêò, ÷òî G2,i,j èìåþò òèï (0, 20, 4),
ïîëó÷àåì, ÷òî óïîìÿíóòûå êîìèòàíòû èìåþò òèïû

(10, 20, 4), (8, 20, 4), (6, 20, 4), (4, 20, 4), (2, 20, 4). (32.25)

Òàê êàê G2 â (29.1) ÿâëÿåòñÿ êîýôôèöèåíòîì îäíîðîäíîñòè ñòåïåíè
6 îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x è y, òîãäà ëîãè÷íî âûáðàòü èç
(32.25) òèï

(6, 20, 4), (32.26)
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÷òî ñîîòâåòñòâóåò âûðàæåíèÿì G2,2,j (j = 0, 6) èç òàáëèöû 32.1. Ýòî
îçíà÷àåò ÷òî ñîãëàñíî (11.7), èñïîëüçóÿ äèôôåðåíöèàëüíûé îïåðàòîð
Ëè D3 èç (32.13) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1) è ÷èñëèòåëü
äðîáè (32.21) äëÿ ôèêñèðîâàííîãî i = 2, ïîëó÷àåì ñèñòåìó èç 6-òè íåîä-
íîðîäíûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ:

D3(G2,2,0 +B2,2,0b0 +D2,2,0d0) = −(G2,2,1 +B2,2,1b1 +D2,2,1d1),

−D3(G2,2,1 +B2,2,1b1 +D2,2,1d1) = G2,2,2 +B2,2,2b2 +D2,2,2d2,

D3(G2,2,2 +B2,2,2b2 +D2,2,2d2) = −(G2,2,3 +B2,2,3b3 +D2,2,3d3),

−D3(G2,2,3 +B2,2,3b3 +D2,2,3d3) = G2,2,4 +B2,2,4b4 +D2,2,4d4,

D3(G2,2,4 +B2,2,4b4 +D2,2,4d4) = −(G2,2,5 +B2,2,5b5 +D2,2,5d5),

−D3(G2,2,5 +B2,2,5b5 +D2,2,5d5) = G2,2,6 +B2,2,6b6 +D2,2,6d6,
(32.27)

ñ 7-þ íåèçâåñòíûìè d0, d1, ..., d6, ãäå bi (i = 0, 4) îïðåäåëåíû èç ñèñòåìû
(32.15). Ñîãëàñíî ëåììå 11.3 ñèñòåìà (32.27) èìååò áåñêîíå÷íîå ìíîæå-
ñòâî ðåøåíèé, êîòîðûå îïðåäåëÿþò êîìèòàíòû òèïà (6, 20, 4). Îòìåòèì,
÷òî ïîëó÷åíèå ÿâíûõ ðåøåíèé ñèñòåìû (32.27) ÿâëÿåòñÿ äîñòàòî÷íî
ñëîæíîé ïðîöåäóðîé. Ìû áóäåì ïîêàçûâàòü âàæíîñòü îäíîðîäíîñòåé
âûðàæåíèé G2,2,j èç (32.21) â ïîëó÷åíèè ôîêóñíûõ âåëè÷èí äèôôå-
ðåíöèàëüíîé ñèñòåìû (32.1) íà èíâàðèàíòíîì ìíîãîîáðàçèè öåíòðà è
ôîêóñà V èç (28.9). Ñîãëàñíî (32.26) ñèñòåìà (32.27) îïðåäåëÿåò öåíòðî-
àôôèííûå êîìèòàíòû, êîòîðûå ïðèíàäëåæàò ëèíåéíîìó ïðîñòðàíñòâó

S
(6,20,4)
1,2 (32.28)

àëãåáðû Ñèáèðñêîãî S1,2.
Ñîãëàñíî (11.7) è (32.27) êàæäûé êîìèòàíò, êîòîðûé ïðèíàäëåæèò

ýòîìó ïðîñòðàíñòâó, ìîæåò áûòü çàïèñàí â âèäå

f ′6(x, y) = (G2,2,0 +B2,2,0b2 +D2,2,0d0)x6 − (G2,2,1 +B2,2,1b2+

+D2,2,1d1)x5y +
1

2!
(G2,2,2 +B2,2,2b2 +D2,2,2d2)x4y2 − 1

3!
(G2,2,3+

+B2,2,3b2 +D2,2,3d3)x3y3 +
1

4!
(G2,2,4 +B2,2,4b2 +D2,2,4d4)x2y4−

− 1

5!
(G2,2,5 +B2,2,5b2 +D2,2,5d5)xy5 +

1

6!
(G2,2,6 +B2,2,6b2 +D2,2,6d6)y6.

Îòìåòèì, ÷òî íà èíâàðèàíòíîì ìíîãîîáðàçèè V èç (28.9) äëÿ äèô-
ôåðåíöèàëüíîé ñèñòåìû (32.1) âûðàæåíèÿ G2,2,j (j = 0, 6) ïîëó÷àþò
âèä

G2,2,0|V = G2,2,2|V = G2,2,4|V = G2,2,6|V = −2304L2,

G2,2,1|V = G2,2,3|V = G2,2,5|V = 0,
(32.29)
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ãäå

24L2 = 62g3h− 2gh3 + 95g2hk − 2h3k + 38ghk2 + 5hk3 − 62g3l+

+27gh2l − 39g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2 − 5gl3+

+53g2hm+ 66ghkm+ 13hk2m− 127g2lm− 6h2lm− 68gklm−
−15k2lm− 13hl2m− 5l3m+ 6ghm2 + 6hkm2 − 63glm2 − 29klm2+

+2lm3 + 6g3n+ 61gh2n+ 72g2kn+ 63h2kn+ 33gk2n+ 5k3n−
−10ghln+ 68hkln− 33gl2n+ 15kl2n− 72g2mn− 6h2mn+

+10gkmn+ 8k2mn− 66hlmn− 38l2mn− 61gm2n− 27km2n+

+2m3n+ 72ghn2 + 127hkn2 − 72gln2 + 39kln2 − 53hmn2−
−95lmn2 − 6gn3 + 62kn3 − 62mn3

ÿâëÿåòñÿ âòîðîé ôîêóñíîé âåëè÷èíîé äèôôåðåíöèàëüíîé ñèñòåìû (32.1)
íà èíâàðèàíòíîì ìíîãîîáðàçèè V.

À äëÿ âòîðîé ôîêóñíîé âåëè÷èíû, ñ ñîîòâåòñòâóþùåé G2,4,j ïîëó-
÷àåì

G2,4,0|V = G2,4,2|V = G2,4,4|V = G2,4,6|V = −2304LS2,

G2,4,1|V = G2,4,3|V = G2,4,5|V = 0,

24LS2 = 62g3h− 2gh3 + 119g2hk − 2h3k + 62ghk2 + 5hk3 − 62g3l+

+27gh2l − 63g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2 − 5gl3 + 101g2hm+

+138ghkm+ 37hk2m− 175g2lm− 6h2lm− 116gklm− 15k2lm−
−13hl2m− 5l3m+ 54ghm2 + 54hkm2 − 159glm2 − 53klm2 − 46lm3+

+6g3n+ 37gh2n+ 72g2kn+ 39h2kn+ 57gk2n+ 5k3n+ 14ghln+

+68hkln− 33gl2n+ 15kl2n− 72g2mn− 6h2mn+ 34gkmn+ 32k2mn−
−42hlmn− 38l2mn− 109gm2n− 3km2n− 46m3n+ 48ghn2 + 79hkn2−
−48gln2 + 39kln2 − 29hmn2 − 71lmn2 − 6gn3 + 38kn3 − 38mn3.

Ýòî âûðàæåíèå ñîâïàäàåò ñ ôîêóñíîé âåëè÷èíîé èç [41 ñòð. 110] äëÿ
ñèñòåìû (32.1), ïîëó÷åííîé ïîñëå çàìåíû f = −c = 0, d = −e = 1.

Ðàññìîòðèì îïðåäåëåíèå âåëè÷èíû G3 îäíîðîäíîñòè ñòåïåíè 8 îò-
íîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x è y â (32.21). Çàïèñûâàÿ ñèñòåìó
(32.3)�(32.8) â ìàòðè÷íîé ôîðìå

A3B3 = C3,
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ïîëó÷àåì

G3 =
G3,i,j,k +B3,i,j,kbi +D3,i,j,kdj + F3,i,j,kfk

σ3,i,j,k

(i = 0, 4; j = 0, 6; k = 0, 8).

(32.30)

Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ âûáèðàåì êîìèòàíò âåñà−1 äèô-
ôåðåíöèàëüíîé ñèñòåìû s(1, 2) èç (32.1), êîòîðûé ñîäåðæèò â êà÷åñòâå
ïîëóèíâàðèàíòà âûðàæåíèå G3,2,j,k + B3,2,j,kb2 + D3,2,j,kdj + F3,2,j,kfk
(k = 0, 8), è íàõîäèì, ÷òî îí ïðèíàäëåæèò ëèíåéíîìó ïðîñòðàíñòâó

S
(8,37,6)
1,2 (32.31)

àëãåáðû Ñèáèðñêîãî S1,2.
Ðàññìîòðèì ïðîäîëæåíèå ñèñòåìû (32.3)�(32.8), êîòîðàÿ ïîëó÷àåò-

ñÿ èç òîæäåñòâà (29.1) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1) è ôóíê-
öèè (32.2), ñîäåðæàùåãî âåëè÷èíó Gk, êîòîðóþ çàïèøåì â ìàòðè÷íîé
ôîðìå AkBk = Ck. Îáîçíà÷èì ÷åðåç mGk ÷èñëî óðàâíåíèé, à ÷åðåç
nGk� ÷èñëî íåèçâåñòíûõ ýòîé ñèñòåìû. Îòìåòèì, ÷òî ýòè ÷èñëà çàïè-
ñûâàþòñÿ â âèäå

mGk = 4 + 5︸ ︷︷ ︸
G1

+ 6 + 7︸ ︷︷ ︸
G2

+ 8 + 9︸ ︷︷ ︸
G3

+ · · ·+ (2k + 2) + (2k + 3)︸ ︷︷ ︸
Gk

, (k = 1, 2, 3, ...),

nGk = 4 + 6︸ ︷︷ ︸
G1

+ 6 + 8︸ ︷︷ ︸
G2

+ 8 + 10︸ ︷︷ ︸
G3

+ · · ·+ (2k + 2) + (2k + 4)︸ ︷︷ ︸
Gk

.

Îòñþäà ñëåäóåò

mGk = k(2k + 7), nGk = mGk + k > mGk . (32.32)

Àíàëîãè÷íî ïðåäûäóùèì ñëó÷àÿì èç ýòîé ñèñòåìû ïîëó÷àåì

Gk =
Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik

σk,i1,i2,...,ik
. (32.33)

Âàæíî, îïðåäåëèòü ñòåïåíü ìíîãî÷ëåíîâ Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 +
· · · +Zk,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé
ñèñòåìû (32.1).

Îòìåòèì, ÷òî ñòåïåíè íåíóëåâûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà ïðè
Gi (i = 1, k) îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû
(32.1) â îïðåäåëèòåëå Êðàìåðà ïîðÿäêà mGk , êîãäà êîýôôèöèåíòû ïðè
Gk çàìåíÿþòñÿ ñâîáîäíûìè ÷ëåíàìè óêàçàííîé ñèñòåìû, ñîñòàâëÿþò
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äèàãðàììó (êîýôôèöèåíòû ïîñëåäíåé âåëè÷èíû Gk èìåþò ïîðÿäîê 2
ñîãëàñíî çàìåíå):

G1, G2, G3, ..., Gk−1, Gk.

↓ ↓ ↓ ↓ ↓

2 3 4 k 2

Òîãäà ñòåïåíü ìíîãî÷ëåíîâGk,i1,i2,...,ik+Bk,i1,i2,...,ikbi1+· · ·+Zk,i1,i2,...,ikzik
îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû (32.1), îáî-
çíà÷åííàÿ ÷åðåç NGk , çàïèøåòñÿ â âèäå

NGk = mGk − k +
k(k + 1)

2
+ 1,

îòêóäà, ïðèíèìàÿ âî âíèìàíèå (32.32), ïîëó÷àåì

NGk =
1

2
(5k2 + 13k + 2). (32.34)

Ýòî è åñòü ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíîâGk,i1,i2,...,ik+Bk,i1,i2,...,ikbi1+
· · · +Zk,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé è êâàäðà-
òè÷íîé ÷àñòåé äèôôåðåíöèàëüíîé ñèñòåìû (32.1), êîòîðûå ñîäåðæàòñÿ
â ìíîãî÷ëåíå òèïà (d) = (δ, d1, d2). Òàê êàê δ = 2(k + 1), à d2 = 2k, òî
d1 = NGk − 2k. Òàê íàõîäèì, ÷òî êîìèòàíò âåñà −1 äèôôåðåíöèàëüíîé
ñèñòåìû s(1, 2) èç (32.1), êîòîðûé ñîäåðæèò â êà÷åñòâå ïîëóèíâàðèàíòà
Gk,i1,i2,...,ik + Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik è ñîîòâåòñòâóåò âåëè-
÷èíå Gk äëÿ k = 1, 2, 3, ..., ïðèíàäëåæèò òèïó(

2(k + 1),
1

2
(5k2 + 9k + 2), 2k

)
, (32.35)

ãäå 2(k+1)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíîñèòåëüíî ôàçîâûõ ïå-

ðåìåííûõ x, y,
1

2
(5k2 + 9k + 2)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíî-

ñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè, à 2k�ñòåïåíü îäíîðîäíîñòè
êîìèòàíòà îòíîñèòåëüíî êîýôôèöèåíòîâ êâàäðàòè÷íîé ÷àñòè äèôôå-
ðåíöèàëüíîé ñèñòåìû s(1, 2) èç (32.1).

Â äàëüíåéùåì âûðàæåíèÿ Gk,i1,i2, ..., ik +Bk,i1,i2, ..., ikbi1 + · · ·
+Zk,i1,i2,...,ikzik , êîòîðûå îïðåäåëÿþò êîìèòàíòû òèïà (32.35), ñîîòâåò-
ñòâóþùèå âåëè÷èíàì Gk (k = 1, 2, 3, ...), áóäåì íàçûâàòü îáîáùåííûìè
ôîêóñíûìè ïñåâäîâåëè÷èíàìè, à êîìèòàíòû òèïà (32.35) äëÿ
k = 1, 2, 3, ... áóäåì íàçûâàòü êîìèòàíòàìè, êîòîðûå ñîäåðæàò â êà-

÷åñòâå êîýôôèöèåíòîâ îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû

Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik .
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Îòìåòèì, ÷òî ïðîñòðàíñòâà S(2(k+1), 12 (5k2+9k+2),2k) ÿâëÿþòñÿ îáîá-
ùåííûìè çàïèñÿìè ïðîñòðàíñòâ (32.18), (32.28), (32.31) äëÿ k = 1, 2, 3, ...
àëãåáðû Ñèáèðñêîãî S1,2.

Ñîãëàñíî ðàáîòå [20] ñ ïîìîøüþ òåîðåìû 21.1 èìååò ìåñòî
Òåîðåìà 32.1. Ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà öåíòðî-

àôôèííûõ êîìèòàíòîâ òèïà (d) = (δ, d1, d2) äëÿ äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 2) èç (32.1), îáîçíà÷åííàÿ ÷åðåç dimRV
(d)
1,2 , ðàâíà êîýôôè-

öèåíòó ïðè îäíî÷ëåíå uδbd1cd2 â ðàçëîæåíèè îáîáùåííîãî ðÿäà Ãèëü-

áåðòà èç (21.3)�(21.5) äëÿ àëãåáðû Ñèáèðñêîãî S1,2 êîìèòàíòîâ ðàñ-

ñìîòðåííîé ñèñòåìû.

Ðàññìîòðèì ïîäàëãåáðó S′1,2 ⊂ S1,2, êîòîðóþ çàïèøåì â âèäå

S′1,2 =
⊕
(d)

S
(d′)
1,2 , (32.36)

ãäå ÷åðåç S
(d′)
1,2 îáîçíà÷åíû ëèíåéíûå ïðîñòðàíñòâà

S
(0,0,0)
1,2 = R, S(0,1,0)

1,2 , ..., S
(2(k+1), 12 (5k2+9k+2),2k)
1,2 , k = 1, 2, ..., (32.37)

à òàêæå ïðîñòðàíñòâà èç S1,2, êîòîðûå ñîäåðæàò âñåâîçìîæíûå èõ ïðî-
èçâåäåíèÿ.

Òàê êàê àëãåáðà S′1,2 ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåáðîé â êîíå÷-
íî-îïðåäåëåííîé àëãåáðå S1,2, òî ñîãëàñíî ïðåäëîæåíèþ 19.1 ïîëó÷àåì
%(S′1,2) ≤ %(S1,2). Èç ýòîãî íåðàâåíñòâà è èç òîãî, ÷òî %(S1,2) = 9 [20],
ñîãëàñíî ïðèìå÷àíèþ 11.2 î ïîëóèíâàðèàíòàõ è òîìó, ÷òî îáîáùåííûå
ôîêóñíûå ïñåâäîâåëè÷èíû ÿâëÿþòñÿ êîýôôèöèåíòàìè íåêîòîðûõ êî-
ìèòàíòîâ, èìååò ìåñòî

Òåîðåìà 32.2. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ

äèôôåðåíöèàëüíîé ñèñòåìû (32.1) íå ïðåâûøàåò 9.
Ñîãëàñíî ïðåäëîæåíèþ 19.2, çàìå÷àíèþ 28.1 è ðàâåíñòâó (29.3)

ñëåäóåò, ÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñ-
íûõ âåëè÷èí Lk (k = 1,∞) íå ìîæåò ïðåâûñèòü ìàêñèìàëüíîå ÷èñëî
àëãåáðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè-
÷èí Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+Zk,i1,i2,...,ikzik . Îòñþäà ñîãëàñíî
ðàâåíñòâàì (28.3) èìååì

Ñëåäñòâèå 32.1. Âåðõíÿÿ ãðàíèöà ÷èñëà àëãåáðàè÷åñêè-íåçàâèñè-
ìûõ ôîêóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðî-

áëåìû öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (32.1), íå ïðå-
âûøàåò 9.

Ðàññìîòðèì òèïû ïðîñòðàíñòâà S
(d′)
1,2 èç (32.37) äëÿ d′ = δ′+

+d′1 + d′2 ≤ 60, êîòîðûå ïîëó÷àþòñÿ èç ðàçëîæåíèÿ â ñòåïåííîé ðÿä
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äðîáè

1

(1− b)(1− u4b8c2)(1− u6b20c4)(1− u8b37c6)
, (32.38)

ãäå uδ
′
bd
′
1cd
′
2 ïîêàçûâàåò òèï ïðîñòðàíñòâà S

(d′)
1,2 äëÿ (d′) = (δ′, d′1, d

′
2).

Ïðèíèìàÿ âî âíèìàíèå ýòè òèïû è îáîáùåííûé ðÿä Ãèëüáåðòà (21.3)�
(21.5) àëãåáðû S1,2, ìîæåì çàïèñàòü ðàçëîæåíèå ðÿäà Ãèëüáåðòà àëãåá-

ðû S
′

1,2 äëÿ d
′ = δ′ + d′1 + d′2 ≤ 60, êîòîðîå èìååò âèä

H(S′1,2, u, b, c) = 1 + b+ 2b2 + 2b3 + 3b4 + 3b5 + 4b6 + 4b7 + 5b8 + 5b9+

+6b10 + 6b11 + 7b12 + 7b13 + 8b14 + 8b15 + 9b16 + 9b17 + 10b18 + 10b19+

+11b20 + 11b21 + 12b22 + 12b23 + 13b24 + 13b25 + 14b26 + 14b27 + 15b28+

+15b29 + 16b30 + 16b31 + 17b32 + 17b33 + 18b34 + 18b35 + 19b36 + 19b37+

+20b38 + 20b39 + 21b40 + 21b41 + 22b42 + 22b43 + 23b44 + 23b45 + 24b46+

+24b47 + 25b48 + 25b49 + 26b50 + 26b51 + 27b52 + 27b53 + 28b54 + 28b55+

+29b56 + 29b57 + 30b58 + 30b59 + 31b60 + u4(68b8c2 + 79b9c2 + 87b10c2+

+98b11c2 + 106b12c2 + 117b13c2 + 125b14c2 + 136b15c2 + 144b16c2+

+155b17c2 + 163b18c2 + 174b19c2 + 182b20c2 + 193b21c2 + 201b22c2+

+212b23c2 + 220b24c2231b25c2 + 239b26c2 + 250b27c2 + 258b28c2+

+269b29c2 + 277b30c2 + 288b31c2 + 296b32c2 + 307b33c2 + 315b34c2+

+326b35c2 + 334b36c2 + 345b37c2 + 353b38c2 + 364b39c2 + 372b40c2+

+383b41c2 + 391b42c2 + 402b43c2 + 410b44c2 + 421b45c2 + 429b46c2+

+440b47c2 + 448b48c2 + 459b49c2 + 467b50c2 + 478b51c2 + 486b52c2+

+497b53c2 + 505b54c2) + u6(988b20c4 + 1046b21c4u6 + 1098b22c4+

+1156b23c4 + 1208b24c4 + 1266b25c4 + 1318b26c4 + 1376b27c4 + 1428b28c4+

+1486b29c4 + 1538b30c4 + 1596b31c4 + 1648b32c4 + 1706b33c4 + 1758b34c4+

+1816b35c4 + 1868b36c4 + 1926b37c4 + 1978b38c4 + 2036b39c4 + 2088b40c4+

+2146b41c4 + 2198b42c4 + 2256b43c4 + 2308b44c4 + 2366b45c4 + 2418b46c4+

+2476b47c4 + 2528b48c4 + 2586b49c4 + 2638b50c4) + u8(798b16c4+

+855b17c4u8 + 918b18c4 + 975b19c4 + 1038b20c4 + 1095b21c4 + 1158b22c4+

+1215b23c4 + 1278b24c4 + 1335b25c4 + 1398b26c4 + 1455b27c4 + 1518b28c4+

+1575b29c4 + 1638b30c4 + 1695b31c4 + 1758b32c4 + 1815b33c4 + 1878b34c4+

+1935b35c4 + 1998b36c4 + 2055b37c4 + 2118b38c4 + 2175b39c4 + 2238b40c4+
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+2295b41c4 + 2358b42c4 + 2415b43c4 + 2478b44c4 + 2535b45c4 + 2598b46c4+

+2655b47c4 + 2718b48c4 + 6685b37c6 + 6878b38c6 + 7081b39c6 + 7274b40c6+

+7477b41c6 + 7670b42c6 + 7873b43c6 + 8066b44c6 + 8269b45c6 + 8462b46c6)+

+u10(5152b28c6 + 5361b29c6u10 + 5580b30c6 + 5789b31c6 + 6008b32c6+

+6217b33c6 + 6436b34c6 + 6645b35c6 + 6864b36c6 + 7073b37c6 + 7292b38c6+

+7501b39c6 + 7720b40c6 + 7929b41c6 + 8148b42c6 + 8357b43c6+

+8576b44c6) + u12(4294b24c6 + 4522b25c6u12 + 4740b26c6+

+4968b27c6 + 5186b28c6 + 5414b29c6 + 5632b30c6 + 5860b31c6+

+6078b32c6 + b33c6 + 6524b34c6 + 6752b35c6 + 6970b36c6+

+7198b37c6 + 7416b38c6 + 7644b39c6 + 7862b40c6 + 8090b41c6+

+8308b42c6 + 20412b40c8) + u14(18369b36c8 + 18987b37c8+

+19590b38c8) + u16(15835b32c8 + 16454b33c8 + 17088b34c8+

+17707b35c8 + 18341b36c8) + · · ·
(32.39)

Îòñþäà îáû÷íûé ðÿä Ãèëüáåðòà àëãåáðû S′1,2 èìååò âèä (ïåðâûå 61
ñëàãàåìûõ):

HS′1,2
(t) = H(S′1,2, t, t, t) = 1 + t+ 2t2 + 2t3 + 3t4 + 3t5+

+4t6 + 4t7 + 5t8 + 5t9 + 6t10 + 6t11 + 7t12 + 7t13 + 76t14+

+87t15 + 96t16 + 107t17 + 116t18 + 127t19 + 136t20 + 147t21+

+156t22 + 167t23 + 176t24 + 187t25 + 196t26 + 207t27+

+1014t28 + 1082t29 + 2142t30 + 2268t31 + 2392t32 + 2518t33+

+2642t34 + 2768t35 + 2892t36 + 3018t37 + 3142t38 + 3268t39+

+3392t40 + 3518t41 + 7936t42 + 8290t43 + 13784t44+

+14347t45 + 14908t46 + 15471t47 + 16032t48 + 16595t49+

+17156t50 + 24404t51 + 25158t52 + 25924t53 + 26678t54+

+27444t55 + 44033t56 + 45418t57 + 65175t58+

+67178t59 + 89581t60 + · · ·

(32.40)

Ðàññìîòðèì ïåðâûå 61 ñëàãàåìûõ â ðàçëîæåíèè ðÿäà Ãèëüáåðòà
àëãåáðû SI1,2, êîòîðûå ñîãëàñíî [20] ïîëó÷àþòñÿ èç (21.3)�(21.5) ñëå-
äóþùèì îáðàçîì:

HSI1,2(t) = H(S1,2, 0, t, t) = 1 + t+ 2t2 + 5t3 + 10t4 + 17t5 + 30t6 + 50t7+

+81t8 + 125t9 + 188t10 + 276t11 + 399t12 + 559t13 + 772t14 + 1051t15+
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+1409t16 + 1859t17 + 2428t18 + 3133t19 + 4004t20 + 5064t21 + 6350t22+

+7897t23 + 9752t24 + 11947t25 + 14544t26 + 17597t27 + 21168t28+

+25315t29 + 30127t30 + 35673t31 + 42051t32 + 49345t33 + 57668t34+

+67127t35 + 77855t36 + 89960t37 + 103603t38 + 118928t39 + 136102t40+

+155281t41 + 176675t42 + 200462t43 + 226870t44 + 256104t45+

+288419t46 + 324057t47 + 363307t48 + 406419t49 + 453726t50+

+505532t51 + 562185t52 + 624013t53 + 691426t54 + 764788t55+

+844540t56 + 931088t57 + 1024916t58 + 1126484t59+

+1236327t60 + · · ·
(32.41)

Òàê êàê äëÿ ðÿäîâ (32.40) è (32.41) èìååò ìåñòî íåðàâåíñòâî

HS′1,2
(t) ≤ HSI1,2(t),

òî â ïðåäïîëîæåíèè, ÷òî ýòî íåðàâåíñòâî èìååò ìåñòî è äëÿ îñòàëüíûõ
ñëàãàåìûõ ðàññìîòðåííûõ ðÿäîâ, ïîëó÷àåì íåðàâåíñòâî

%(S′1,2) ≤ %(SI1,2).

Îòìåòèì, ÷òî S′1,2 íå ÿâëÿåòñÿ ïîäàëãåáðîé â SI1,2.
Òàê êàê èç [20] èìååì %(SI1,2) = 7, òî ñîãëàñíî ïîñëåäíåìó íåðà-

âåíñòâó ïîëó÷àåì
Ïðèìå÷àíèå 32.1. Îäèí èç ïóòåé óëó÷øåíèÿ âåðõíåé ãðàíèöû

÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè-

÷èí (à òàêæå ôîêóñíûõ âåëè÷èí) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû

(32.1), êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è

ôîêóñà äëÿ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû, íàõîäèòñÿ â ïðåäïî-

ëàãàåìîì íåðàâåíñòâå %(S′1,2) ≤ 7.
Íî, ñ äðóãîé ñòîðîíû, ëåãêî ìîæíî ïðîâåðèòü ñ ïîìîùüþ (32.40),

÷òî äëÿ ïåðâûõ 61 ñëàãàåìûõ èç (32.40) èìååì

HS′1,2
(t) <

1

(1− t)5
.

Åñëè ïðåäïîëîæèì, ÷òî ýòî íåðàâåíñòâî âåðíî äëÿ âñåõ ñëàãàåìûõ
ðÿäîâ HS′1,2

(t) è (1 − t)−5, òî âîçìîæíî ñóùåñòâóåò óëó÷øåíèå ìàæî-
ðàíòíîé îöåíêè ìàêñèìàëüíîãî ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ ôî-
êóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåí-
òðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2) èç (32.1), êîòîðîå
âûðàæàåòñÿ íåðàâåíñòâîì %(S′1,2) < 5.
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�33. Òèï îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè-

÷èí äëÿ äèôôåðåíöèàëüíîé ñèñòåìû

s(1, 3)

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 3), êîòîðóþ çàïèøåì
â âèäå

ẋ = cx+ dy + px3 + 3qx2y + 3rxy2 + sy3,

ẏ = ex+ fy + tx3 + 3ux2y + 3vxy2 + wy3
(33.1)

ñ êîíå÷íî-îïðåäåëåííîé ãðàäóèðîâàííîé àëãåáðîé óíèìîäóëÿðíûõ êî-
ìèòàíòîâ S1,3 [20]. Äëÿ ýòîé ñèñòåìû çàïèøåì ôóíêöèþ (29.2) â âèäå

U = k2 + a0x
3 + 3a1x

2y + 3a2xy
2 + a3y

3 + b0x
4 + 4b1x

3y+

+6b2x
2y2 + 4b3xy

3 + b4y
4 + c0x

5 + 5c1x
4y + 10c2x

3y2+

+10c3x
2y3 + 5c4xy

4 + c5y
5 + d0x

6 + 6d1x
5y + 15d2x

4y2+

+20d3x
3y3 + 15d4x

2y4 + 6d5xy
5 + d6y

6 + e0x
7 + 7e1x

6y+

+21e2x
5y2 + 35e3x

4y3 + 21e5x
2y5 + 7e6xy

6 + e7y
7 + f0x

8+

+8f1x
7y + 28f2x

6y2 + 56f3x
5y3 + 70f4y

4 + 56f5x
3y5+

+28f6x
2y6 + 8f7xy

7 + f8y
8 + ...,

(33.2)

ãäå k2 6≡ 0 èç (28.6), à a0, a1, ..., f7, f8, ...�íåèçâåñòíûå êîýôôèöèåíòû.

Òîæäåñòâî (29.1) âäîëü òðàåêòîðèé äèôôåðåíöèàëüíîé ñèñòåìû
(33.1) ñ ôóíêöèåé (33.2) ðàçëàãàåòñÿ íà ñëåäóþùèå ñèñòåìû óðàâíå-
íèé (ðàâåíñòâî (29.4) îïóùåíî):

x3 : 3a0c+ 3a1e = 0,

x2y : 6a1c+ 3a0d+ 6a2e+ 3a1f = 0,

xy2 : 3a2c+ 6a1d+ 3a3e+ 6a2f = 0,

y3 : 3a2d+ 3a3f = 0;

(33.3)
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x4 : 4b0c+ 4b1e− e2G1 = 2ep− ct+ ft,

x3y : 12b1c+ 4b0d+ 12b2e+ 4b1f + 2ceG1 − 2efG1 = −cp+
+ fp+ 6eq − 2dt− 3cu+ 3fu,

x2y2 : 12b2c+ 12b1d+ 12b3e+ 12b2f − c2G1 + 2deG1+

+ 2cfG1 − f2G1 = −3cq + 3fq + 6er − 6du− 3cv + 3fv,

xy3 : 4b3c+ 12b2d+ 4b4e+ 12b3f − 2cdG1 + 2dfG1 = −3cr+

+ 3fr + 2es− 6dv − cw + fw,

y4 : 4b3d+ 4b4f − d2G1 = −cs+ fs− 2dw;

(33.4)

x5 : 5cc0 + 5c1e+ 3a0p+ 3a1t = 0,

x4y : 20cc1 + 5c0d+ 20c2e+ 5c1f + 6a1p+ 9a0q + 6a2t+

+ 9a1u = 0,

x3y2 : 30cc2 + 20c1d+ 30c3e+ 20c2f + 3a2p+ 18a1q + 9a0r+

+ 3a3t+ 18a2u+ 9a1v = 0,

x2y3 : 20cc3 + 30c2d+ 20c4e+ 30c3f + 9a2q + 18a1r + 3a0s+

+ 9a3u+ 18a2v + 3a1w = 0,

xy4 : 5cc4 + 20c3d+ 5c5e+ 20c4f + 9a2r + 6a1s+ 9a3v+

+ 6a2w = 0,

y5 : 5c4d+ 5c5f + 3a2s+ 3a3w = 0;

(33.5)

x6 : 6cd0 + 6d1e+ 4b0p+ 4b1t+ e3G2 = 0,

x5y : 6dd0 + 30cd1 + 30d2e+ 6d1f + 12b1p+ 12b0q+

+ 12b2t+ 12b1u− 3ce2G2 + 3e2fG2 = 0,

x4y2 : 30dd1 + 60cd2 + 60d3e+ 30d2f + 12b2p+ 36b1q + 12b0r+

+ 12b3t+ 36b2u+ 12b1v + 3c2eG2 − 3de2G2 − 6cefG2+

+ 3ef2G2 = 0,

x3y3 : 60dd2 + 60cd3 + 60d4e+ 60d3f + 4b3p+ 36b2q + 36b1r+

+ 4b0s+ 4b4t+ 36b3u+ 36b2v + 4b1w − c3G2 + 6cdeG2+

+ 3c2fG2 − 6defG2 − 3cf2G2 + f3G2 = 0,

x2y4 : 60dd3 + 30cd4 + 30d5e+ 60d4f + 12b3q + 36b2r + 12b1s+

+ 12b4u+ 36b3v + 12b2w − 3c2dG2 + 3d2eG2 + 6cdfG2−
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− 3df2G2 = 0,

xy5 : 30dd4 + 6cd5 + 6d6e+ 30d5f + 12b3r + 12b2s+

+ 12b4v + 12b3w − 3cd2G2 + 3d2fG2 = 0,

y6 : 6dd5 + 6d6f + 4b3s+ 4b4w − d3G2 = 0;

(33.6)

x7 : 7ce0 + 7ee1 + 5c0p+ 5c1t = 0,

x6y : 7de0 + 42ce1 + 42ee2 + 7e1f + 20c1p+ 15c0q + 20c2t+

+ 15c1u = 0,

x5y2 : 42de1 + 105ce2 + 105ee3 + 42e2f + 30c2p+ 60c1q+

+ 15c0r + 30c3t+ 60c2u+ 15c1v = 0,

x4y3 : 105de2 + 140ce3 + 140ee4 + 105e3f + 20c3p+ 90c2q+

+ 60c1r + 5c0s+ 20c4t+ 90c3u+ 60c2v + 5c1w = 0,

x3y4 : 140de3 + 105ce4 + 105ee5 + 140e4f + 5c4p+ 60c3q+

+ 90c2r + 20c1s+ 5c5t+ 60c4u+ 90c3v + 20c2w = 0,

x2y5 : 105de4 + 42ce5 + 42ee6 + 105e5f + 15c4q + 60c3r+

+ 30c2s+ 15c5u+ 60c4v + 30c3w = 0,

xy6 : 42de5 + 7ce6 + 7ee7 + 42e6f + 15c4r + 20c3s+ 15c5v+

+ 20c4w = 0,

y7 : 7de6 + 7e7f + 5c4s+ 5c5w = 0;

(33.7)

x8 : 8cf0 + 8ef1 + 6d0p+ 6d1t− e4G3 = 0,

x7y : 8df0 + 56cf1 + 8ff1 + 56ef2 + 30d1p+ 18d0q + 30d2t+

+ 18d1u+ 4ce3G3 − 4e3fG3 = 0,

x6y2 : 56df1 + 168cf2 + 56ff2 + 168ef3 + 60d2p+ 90d1q + 18d0r+

+ 60d3t+ 90d2u+ 18d1v − 6c2e2G3 + 4de3G3+

+ 12ce2fG3 − 6e2f2G3 = 0,

x5y3 : 168df2 + 280cf3 + 168ff3 + 280ef4 + 60d3p+ 180d2q + 90d1r+

+ 6d0s+ 60d4t+ 180d3u+ 90d2v + 6d1w + 4c3eG3−
− 12cde2G3 − 12c2efG3 + 12de2fG3 + 12cef2G3 − 4ef3G3 = 0,

x4y4 : 280df3 + 280cf4 + 280ff4 + 280ef5 + 30d4p+ 180d3q + 180d2r+

+ 30d1s+ 30d5t+ 180d4u+ 180d3v + 30d2w − c4G3+

+ 12c2deG3 − 6d2e2G3 + 4c3fG3 − 24cdefG3 − 6c2f2G3+

+ 12def2G3 + 4cf3G3 − f4G3 = 0,
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x3y5 : 280df4 + 168cf5 + 280ff5 + 168ef6 + 6d5p+ 90d4q + 180d3r+

+ 60d2s+ 6d6t+ 90d5u+ 180d4v + 60d3w − 4c3dG3+

+ 12cd2eG3 + 12c2dfG3 − 12d2efG3 − 12cdf2G3 + 4df3G3 = 0,

x2y6 : 168df5 + 56cf6 + 168ff6 + 56ef7 + 18d5q + 90d4r + 60d3s+

+ 18d6u+ 90d5v + 60d4w − 6c2d2G3 + 4d3eG3 + 12cd2fG3−
− 6d2f2G3 = 0,

xy7 : 56df6 + 8cf7 + 56ff7 + 8ef8 + 18d5r + 30d4s+ 18d6v+

+ 30d5w − 4cd3G3 + 4d3fG3 = 0,

y8 : 8df7 + 8ff8 + 6d5s+ 6d6w − d4G3 = 0.

(33.8)

Î÷åâèäíî, ÷òî ñèñòåìû ëèíåéíûõ óðàâíåíèé (33.3)�(33.8) îòíîñè-
òåëüíî íåèçâåñòíûõ a0, a1, a2, a3, b0, b1,...,b4, c0, c1,...,c5, d0, d1,...,d6,
e0, e1,...,e7, f0, f1,...,f8,..., G1, G2, G3, ... ìîæíî ðàññìàòðèâàòü êàê åäè-
íóþ ñèñòåìó, êîòîðàÿ ìîæåò áûòü ïðîäîëæåíà ïðèñîåäèíåíèåì ïîñëå
ïîñëåäíåãî óðàâíåíèÿ èç (33.8) áåñêîíå÷íîãî ÷èñëà óðàâíåíèé, êîòî-
ðûå ïîëó÷àþòñÿ âñëåäñòâèå ðàâåíñòâà êîýôôèöèåíòîâ ïðè xαyβ äëÿ
α+ β > 8 â òîæäåñòâå (29.1).

Äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G1 çàïèøåì ñèñòåìó (33.4) â ìàòðè÷íîé
ôîðìå

A1B1 = C1, (33.9)

ãäå

A1 =


4c 4e 0 0 0 −e2

4d 12c+ 4f 12e 0 0 2ce− 2ef
0 12d 12c+ 12f 12e 0 −c2 + 2de+ 2cf − f2

0 0 12d 4c+ 12f 4e −2cd+ 2df
0 0 0 4d 4f −d2

 ,

B1 =


b0
b1
b2
b3
b4
G1

 , C1 =


2ep− ct+ ft

cp+ fp+ 6eq − 2dt− 3cu+ 3fu
−3cq + 3fq + 6er − 6du− 3cv + 3fv
−3cr + 3fr + 2es− 6dv − cw + fw

−cs+ fs− 2dw

 .

(33.10)
Òàê êàê ðàçìåðíîñòü ìàòðèöû A1 ðàâíà 5×6, òî î÷åâèäíî, ÷òî èìå-

åì îäíó ñâîáîäíóþ íåèçâåñòíóþ. Êàê ñëåäñòâèå, ïðèíèìàÿ â êà÷åñòâå
ñâîáîäíîé íåèçâåñòíîé îäíó èç ïåðåìåííûõ bi (i ∈ {0, , 1, ..., 4}), ñ ïîìî-
ùüþ ïðàâèëà Êðàìåðà äëÿ ñèñòåìû (33.9) äëÿ ëþáîãî ôèêñèðîâàííîãî
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i ïîëó÷àåì

G1 =
G1,i +B1,ibi

σ1,i
, (33.11)

ãäå G1,i, B1,i, σ1,i (ñì. ïðèëîæåíèå 5) ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò êîýô-
ôèöèåíòîâ ñèñòåìû (33.1), à bi�íåîïðåäåëåííûå êîýôôèöèåíòû ôóíê-
öèè U(x, y) èç (33.8).

Â äàëüíåéøåì áóäåò íóæåí ÿâíûé âèä îïåðàòîðîâ X1, ..., X4 àë-
ãåáðû Ëè L4 äëÿ ñèñòåìû (33.1), âûðàæåíèÿ êîòîðûõ ïîëó÷àþòñÿ èç
�5:

X1 = x
∂

∂x
+D1, X2 = y

∂

∂x
+D2, X3 = x

∂

∂y
+D3, X4 = y

∂

∂y
+D4,

(33.12)
ãäå

D1 = d
∂

∂d
− e ∂

∂e
− 2p

∂

∂p
− q ∂

∂q
+ s

∂

∂s
− 3t

∂

∂t
− 2u

∂

∂u
− v ∂

∂v
,

D2 = e
∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
+ t

∂

∂p
+ (u− p) ∂

∂q
+ (v − 2q)

∂

∂r
+

+(w − 3r)
∂

∂s
− t ∂

∂u
− 2u

∂

∂v
− 3v

∂

∂w
,

D3 = −d ∂
∂c

+ (c− f)
∂

∂e
+ d

∂

∂f
− 3q

∂

∂p
− 2r

∂

∂q
− s ∂

∂r
+ (p− 3u)

∂

∂t
+

+(q − 2v)
∂

∂u
+ (r − w)

∂

∂v
+ s

∂

∂w
,

D4 = −d ∂
∂d

+ e
∂

∂e
− q ∂

∂q
− 2r

∂

∂r
− 3s

∂

∂s
+ t

∂

∂t
− v ∂

∂v
− 2w

∂

∂w
.

(33.13)
Èçó÷àÿ ìàòðèöû (33.10) ñèñòåìû (33.9) çàêëþ÷àåì, ÷òî G1,i èç

(33.11) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè ñòåïåíè 5 îòíîñèòåëüíî
êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè è ñòåïåíè 1 îòíîñèòåëüíî êîýôôèöè-
åíòîâ êóáè÷åñêîé ÷àñòè ñèñòåìû (33.1).

Îòìåòèì, ÷òî G1,i èç (33.11) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíà-
ìè îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû (33.1), ãäå äëÿ i = 0, 1, 2, 3, 4
ñîîòâåòñòâåííî ÿâëÿþòñÿ ìíîãî÷ëåíàìè èçîáàðíîñòè âåñà (ñì. ïðèëî-
æåíèå 5)

(3,−1), (2, 0), (1, 1), (0, 2), (−1, 3). (33.14)

Èç ôîðìóëû (14.3) (äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (33.1) è òåî-
ðèè èíâàðèàíòîâ äèôôåðåíöèàëüíûõ ñèñòåì [16,17]), ñëåäóåò ÷òî ÷èñ-
ëèòåëè äðîáåé (33.11) ìîãóò áûòü êîýôôèöèåíòàìè â êîìèòàíòàõ âåñà
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−1 òèïà (4, 5, 1). Ýòî îçíà÷àåò, ÷òî ñîãëàñíî (11.7) ñ ïîìîùüþ äèô-
ôåðåíöèàëüíîãî îïåðàòîðà Ëè D3 èç (33.13) äëÿ äèôôåðåíöèàëüíîé
ñèñòåìû (33.1) è çíàìåíàòåëåé äðîáåé (33.11) ïîëó÷àåì ñèñòåìó èç
4-õ ëèíåéíûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ:

D3(G1,0 +B1,0b0) = G1,1 +B1,1b1, D3(G1,1 +B1,1b1) = −G1,2 −B1,2b2,

−D3(G1,2 +B1,2b2) = G1,3 +B1,3b3, D3(G1,3 +B1,3b3) = −G1,4 −B1,4b4,
(33.15)

ñ 5-þ íåèçâåñòíûìè b0, b1, b2, b3, b4. Ñîãëàñíî ëåììå 11.3 ñèñòåìà (33.15)
èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé. Îòìåòèì, ÷òî ÷àñòíûì ðåøå-
íèåì ýòîé ñèñòåìû ÿâëÿåòñÿ b0 = b1 = b2 = b3 = b4 = 0, äëÿ êîòîðîé
ìíîãî÷ëåí

f ′4(x, y) = G1,0x
4 + 4G1,1x

3y + 2G1,2x
2y2 + 4G1,3xy

3 +G1,4y
4 (33.16)

ÿâëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì äèôôåðåíöèàëüíîé ñèñòåìû
(33.1). Ýòî ïîäâåðæäàåòñÿ è òåîðåìîé 10.2 ñ îïåðàòîðàìè X1 − X4 èç
(33.13) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (33.1), äëÿ êîòîðîé èìååì ðà-
âåíñòâà

X1(f ′4) = X4(f ′4) = f ′4, X2(f ′4) = X3(f ′4) = 0.

Î÷åâèäíî, ÷òî äèôôåðåíöèàëüíàÿ ñèñòåìà (33.15) èìååò áåñêîíå÷-
íîå ìíîæåñòâî ðåøåíèé b0, b1, b2, b3, b4, êîòîðûå îïðåäåëÿþò öåíòðîàô-
ôèííûå êîìèòàíòû òèïà

f ′′4 (x, y) = (G1,0 +B1,0b0)x4 + 4(G1,1 +B1,1b1)x3y + 2(G1,2+

+B1,2b2)x2y2 + 4(G1,3 +B1,3b3)xy3 + (G1,4 +B1,4b4)y4.
(33.17)

Ñîãëàñíî ñêàçàííîìó âûøå êîìèòàíò (33.16) èëè (33.17) ïðèíàäëå-
æèò ëèíåéíîìó ïðîñòðàíñòâó

S
(4,5,1)
1,3 , (33.18)

àëãåáðû Ñèáèðñêîãî S1,3.
Îòìåòèì, ÷òî êîìèòàíò (33.16) íà èíâàðèàíòíîì ìíîãîîáðàçèè V

èç (28.9) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (33.1) èìååò âèä

f ′4(x, y)|V = 6(p+ r + u+ w)(x2 + y2)2 (G1|V = 6(p+ r + u+ w)).
(33.19)

Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G2

çàïèøåì ñèñòåìó óðàâíåíèé (33.4), (33.6) â ìàòðè÷íîé ôîðìå (ñì. ïðè-
ëîæåíèå 6):

A2B2 = C2, (33.20)
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îòêóäà ïîëó÷àåì

G2 =
G2,i,j +B2,i,jbi +D2,i,jdj

σ2,i,j
, (i = 0, 4, j = 0, 6). (33.21)

Èçó÷àÿ ìàòðè÷íîå ðàâåíñòâî (33.20), ïîëó÷àåì ÷òî degG2,i,j = 14, à èñ-
ïîëüçóÿ ñèñòåìó (33.4), (33.6), ïîëó÷àåì, ÷òî G2,i,j èç (33.21) èìååò òèï
(0, 12, 2), òî åñòü G2,i,j ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè ñòåïåíè
12 îòíîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè è ñòåïåíè 2 îòíîñè-
òåëüíî êîýôôèöèåíòîâ êóáè÷åñêîé ÷àñòè äèôôåðåíöèàëüíîé ñèñòåìû
s(1, 3) èç (33.1).

Âû÷èñëÿÿ âûðàæåíèÿ G2,i,j äëÿ êàæäîãî i = 0, 4 è j = 0, 6, ïîëó-
÷àåì äëÿ âåñà èçîáàðíîñòåé ñëåäóþùóþ òàáëèöó (ñì. ïðèëîæåíèå 6).
Òàáëèöà 33.1. Âåñ èçîáàðíîñòåé ìíîãî÷ëåíîâ G2,i,j äëÿ ñèñòåìû s(1, 3)

G2,i,j d0 d1 d2 d3 d4 d5 d6

b0 (7,-3) (6,-2) (5,-1) (4,0) (3,1) (2,2) (1,3)
b1 (6,-2) (5,-1) (4,0) (3,1) (2,2) (1,3) (0,4)
b2 (5,-1) (4,0) (3,1) (2,2) (1,3) (0,4) (-1,5)
b3 (4,0) (3,1) (2,2) (1,3) (0,4) (-1,5) (-2,6)
b4 (3,1) (2,2) (1,3) (0,4) (-1,5) (-2,6) (-3,7)

Îòìåòèì, ÷òî äëÿ j = 0, 6 èìååì

G2 ≡
G2,2,j

σ2,2,j
|V =

3

32
(−11pq − 15qr + 5ps+ rs− pt− 5rt− 3qu+

+5su− tu+ 7pv + 3rv + 15uv − 7qw + sw − 5tw + 11vw).

(33.22)

Èç ìíîæåñòâà G2,2,j âûáèðàåì â êà÷åñòâå ïîëóèíâàðèàíòà âûðà-
æåíèå G2,2,0, êîòîðîå ñîãëàñíî òàáëèöû 33.1 èìååò âåñ −1. Îòñþäà ñ
ïîìîùüþ (11.7) è (33.21) ïîëó÷àåì, ÷òî êîìèòàíò, ñîîòâåòñòâóþùèé
ïîñòîÿíîé G2, ïðèíàäëåæèò òèïó (6, 12, 2).

Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ âûáèðàåì êîìèòàíò âåñà−1 äèô-
ôåðåíöèàëüíîé ñèñòåìû s(1, 3) èç (33.1), êîòîðûé ñîäåðæèò â êà÷åñòâå
ïîëóèíâàðèàíòà âûðàæåíèå G2,2,j + B2,2,jb2 + D2,2,jdj (j = 0, 6), è íà-
õîäèì, ÷òî îí ïðèíàäëåæèò ëèíåéíîìó ïðîñòðàíñòâó

S
(6,12,2)
1,3 , (33.23)

àëãåáðû Ñèáèðñêîãî S1,3.
Ðàññìîòðèì ïîëó÷åíèå ïîñòîÿííîé G3 ïðè îäíîðîäíîñòè ñòåïåíè 8

îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x è y â (33.21). Çàïèñûâàÿ ñèñòåìó
(33.4), (33.6), (33.8) â ìàòðè÷íîé ôîðìå

A3B3 = C3,
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ïîëó÷àåì

G3 =
G3,i,j,k +B3,i,j,kbi +D3,i,j,kdj + F3,i,j,kfk

σ3,i,j,k

(i = 0, 4; j = 0, 6; k = 0, 8).

(33.24)

Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ âûáèðàåì êîìèòàíò âåñà−1 äèô-
ôåðåíöèàëüíîé ñèñòåìû s(1, 3) èç (33.1), êîòîðûé ñîäåðæèò â êà÷åñòâå
ïîëóèíâàðèàíòà âûðàæåíèå G3,2,j,k + B3,2,j,kb2 + D3,2,j,kdj + F3,2,j,kfk
(k = 0, 8), è íàõîäèì, ÷òî îí ïðèíàäëåæèò ëèíåéíîìó ïðîñòðàíñòâó

S
(8,22,3)
1,3 (33.25)

àëãåáðû Ñèáèðñêîãî S1,3.
Ðàññìîòðèì ïðîäîëæåíèå ñèñòåìû (33.3)�(33.8), ñîäåðæàùåé ïîñòî-

ÿííóþ Gk, êîòîðàÿ ïîëó÷àåòñÿ èç òîæäåñòâà (29.1) äëÿ äèôôåðåíöè-
àëüíîé ñèñòåìû (33.1) è ôóíêöèè (33.2). Çàïèøåì ñèñòåìó (33.3)�(33.8)
â ìàòðè÷íîé ôîðìå AkBk = Ck. Îáîçíà÷èì ÷åðåç mGk ÷èñëî óðàâíå-
íèé ýòîé ñèñòåìû, à ÷åðåç nGk�÷èñëî íåèçâåñòíûõ. Îòìåòèì, ÷òî ýòè
÷èñëà çàïèñûâàþòñÿ â âèäå:

mGk = 5︸︷︷︸
G1

+7

︸ ︷︷ ︸
G2

+9

︸ ︷︷ ︸
G3
. . .

+...+ 2k + 3

︸ ︷︷ ︸
Gk

,

nGk = 6︸︷︷︸
G1

+9

︸ ︷︷ ︸
G2

+12

︸ ︷︷ ︸
G3
. . .

+...+ (2k + 3) + k

︸ ︷︷ ︸
Gk

,

äëÿ k = 1, 2, 3, . . .. Îòñþäà ïîëó÷àåòñÿ

mGk = k(k + 4), (33.26)

à
nGk = mGk + k.

Èç ýòèõ ñèñòåì ïîëó÷àåòñÿ

Gk =
Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik

σk,i1,i2,...,ik
. (33.27)
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Âàæíî, îïðåäåëèòü ñòåïåíü ìíîãî÷ëåíîâ Gk,i1,i2,...,ik + Bk,i1,i2,...,ikbi1+
· · · + Zk,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé
ñèñòåìû (33.1).

Îòìåòèì, ÷òî ñòåïåíü íåíóëåâîãî êîýôôèöèåíòà ìíîãî÷ëåíà ïðè
Gi (i = 1, k) îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû
(33.1) â îïðåäåëèòåëå Êðàìåðà ïîðÿäêà mGk , êîãäà êîýôôèöèåíòû ïðè
Gk çàìåíÿþòñÿ ñâîáîäíûìè ÷ëåíàìè óêàçàííîé ñèñòåìû ñîñòàâëÿþò
ñëåäóþùóþ äèàãðàììó

G1, G2, G3, ..., Gk−1, Gk.

↓ ↓ ↓ ↓ ↓

2 3 4 k 2

Òîãäà ñòåïåíü ìíîãî÷ëåíîâ Gk,i1,i2,...,ik + Bk,i1,i2,...,ikbi1 + · · · +
+Zk,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû (33.1), îáîçíà-
÷åííàÿ ÷åðåç NGk , çàïèøåòñÿ â âèäå

NGk = mGk +
k(k − 1)

2
+ 1,

îòêóäà ïîëó÷àåì

NGk =
1

2
(3k2 + 7k + 2). (33.28)

Ýòî è åñòü ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíîâ Gk,i1,i2,...,ik +
+Bk,i1,i2,...,ikbi1 + · · ·+Zk,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñ-
òåìû (33.1), êîòîðûå ñîäåðæàòñÿ â ìíîãî÷ëåíå òèïà (δ, d1, d2), ãäå δ�
ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî x è y, d1�ñòåïåíü îä-
íîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè,
à d2�ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî êîýôôèöèåíòîâ
êóáè÷åñêîé ÷àñòè ñèñòåìû s(1, 3) èç (33.1). Òàê êàê δ = 2(k + 1) è
d2 = k, òî d1 = NGk − 2k.

Èñõîäÿ èç ýòîãî íàõîäèì, ÷òî êîìèòàíò âåñà −1 äèôôåðåíöèàëüíîé
ñèñòåìû s(1, 3) èç (33.1), êîòîðûé ñîäåðæèò â êà÷åñòâå ïîëóèíâàðèàíòà
Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · · +Zk,i1,i2,...,ikzik è ñîîòâåòñòâóåò âåëè-
÷èíå Gk äëÿ k = 1, 2, 3, ..., ïðèíàäëåæèò òèïó(

2(k + 1),
1

2
(3k2 + 5k + 2), k

)
, (33.29)

ãäå 2(k + 1)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíîñèòåëüíî ôàçîâûõ

ïåðåìåííûõ x, y,
1

2
(3k2 + 5k + 2) ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îò-

íîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè c, d, e, f , à k�ñòåïåíü îä-
íîðîäíîñòè êîìèòàíòà îòíîñèòåëüíî êîýôôèöèåíòîâ êóáè÷åñêîé ÷àñòè
p, q, r, s, t, u, v, w äèôôåðåíöèàëüíîé ñèñòåìû s(1, 3) èç (33.1).
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Ñëåäîâàòåëüíî, âûðàæåíèÿ Gk,i1,i2,...,ik + Bk,i1,i2,...,ikbi1 + · · · +
+Zk,i1,i2,...,ikzik , êîòîðûå îïðåäåëÿþò êîìèòàíòû òèïà (33.29), ñîîòâåò-
ñòâóþùèå âåëè÷èíàì Gk (k = 1, 2, 3, ...), áóäåì íàçûâàòü îáîáùåííûìè
ôîêóñíûìè ïñåâäîâåëè÷èíàìè, à êîìèòàíòû òèïà (33.29) äëÿ
k = 1, 2, 3, ... áóäåì íàçûâàòü êîìèòàíòàìè, êîòîðûå ñîäåðæàò â êà-

÷åñòâå êîýôôèöèåíòîâ îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû

Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik .

Îòìåòèì, ÷òî ïðîñòðàíñòâà S(2(k+1), 12 (3k2+5k+2),k) ÿâëÿþòñÿ îáîá-
ùåííûìè çàïèñÿìè ïðîñòðàíñòâ (33.18), (33.23), (33.25) äëÿ k = 1, 2, 3, ...
àëãåáðû Ñèáèðñêîãî S1,3.

�34. Î ìàêñèìàëüíîì ÷èñëå àëãåáðàè÷åñêè-

íåçàâèñèìûõ ôîêóñíûõ ïñåâäîâåëè÷èí,

êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè

ïðîáëåìû öåíòðà è ôîêóñà äëÿ äèôôå-

ðåíöèàëüíîé ñèñòåìû s(1, 3)

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 3) èç (33.1). Â ýòîì
ñëó÷àå ñîãëàñíî ðàáîòå [20] ñ ïîìîùüþ òåîðåìû 22.1 èìååò ìåñòî

Òåîðåìà 34.1. Ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà öåíòðî-

àôôèííûõ êîìèòàíòîâ òèïà (d) = (δ, d1, d2) äëÿ äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 3) èç (33.1), îáîçíà÷åííàÿ ÷åðåç dimRV
(d)
1,3 , ðàâíà êîýô-

ôèöèåíòàì ïðè îäíî÷ëåíå uδbd1dd2 â ðàçëîæåíèè îáîáùåííîãî ðÿäà

Ãèëüáåðòà èç (22.3)� (22.5) äëÿ àëãåáðû Ñèáèðñêîãî S1,3 êîìèòàíòîâ

ðàññìîòðåííîé ñèñòåìû.

Ðàññìîòðèì ïîäàëãåáðó S′1,3 ⊂ S1,3, êîòîðóþ çàïèøåì â âèäå

S′1,3 =
⊕
(d)

S
(d′)
1,3 , (34.1)

ãäå ÷åðåç S
(d′)
1,3 îáîçíà÷åíû ëèíåéíûå ïðîñòðàíñòâà

S
(0,0,0)
1,3 = R, S(0,1,0)

1,3 , ..., S
(2(k+1), 12 (3k2+5k+2),k)
1,3 , k = 1, 2, ..., (34.2)

à òàêæå ïðîñòðàíñòâà èç S1,3, êîòîðûå ñîäåðæàò âñåâîçìîæíûå èõ ïðî-
èçâåäåíèÿ.

Òàê êàê àëãåáðà S′1,3 ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåáðîé â êîíå÷-
íî-îïðåäåëåííîé àëãåáðå S1,3, òî ñîãëàñíî ïðåäëîæåíèþ 19.1 ïîëó÷àåì
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%(S′1,3) ≤ %(S1,3). Èç ýòîãî íåðàâåíñòâà è èç òîãî ÷òî ñîãëàñíî òåîðå-
ìå 22.2 èìååì %(S1,3) = 11, òî ñîãëàñíî ïðèìå÷àíèþ 11.2 î ïîëóèíâà-
ðèàíòàõ è òîãî ÷òî îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû ÿâëÿþòñÿ
êîýôôèöèåíòàìè íåêîòîðûõ êîìèòàíòîâ, ñïðàâåäëèâà

Òåîðåìà 34.2. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ

äèôôåðåíöèàëüíîé ñèñòåìû (33.1), íå ïðåâûøàåò 11.

Ñîãëàñíî ïðåäëîæåíèþ 19.2, çàìå÷àíèþ 29.1 è ðàâåíñòâó (29.3) ñëå-
äóåò, ÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ
âåëè÷èí Lk (k = 1,∞) íå ìîæåò ïðåâûñèòü ìàêñèìàëüíîå ÷èñëî àëãå-
áðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí
Gk,i1,i2,...,ik +Bk,i1,i2,...,ikbi1 + · · ·+ Zk,i1,i2,...,ikzik .

Îòñþäà ñ ïîìîùüþ òåîðåìû 34.2 ïîëó÷àåì

Ñëåäñòâèå 34.1. Âåðõíÿÿ ãðàíèöà ÷èñëà àëãåáðàè÷åñêè-íåçàâèñè-
ìûõ ôîêóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðî-

áëåìû öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (33.1), íå ïðå-
âûøàåò 11.

Ðàññìîòðèì òèïû ïðîñòðàíñòâà S
(d′)
1,3 èç (34.2) äëÿ d′ = δ′ + d′1+

+d′2 ≤ 50, êîòîðûå ïîëó÷àþòñÿ èç ðàçëîæåíèè â ñòåïåííîé ðÿä äðîáè

1

(1− b)(1− u4b5d)(1− u6b12d2)(1− u8b22d3)(1− u10b35d4)
, (34.3)

ãäå uδ
′
bd
′
1dd

′
2 ïîêàçûâàåò òèï ïðîñòðàíñòâà S

(d′)
1,3 äëÿ (d′) = (δ′, d′1, d

′
2).

Ïðèíèìàÿ âî âíèìàíèå ýòè òèïû è îáîáùåííûé ðÿä Ãèëüáåðòà (22.3)�
(22.5) àëãåáðû S1,3 ìîæåì çàïèñàòü ðàçëîæåíèå ðÿäà Ãèëüáåðòà àëãå-

áðû S
′

1,3 äëÿ d
′ = δ′ + d′1 + d′2 ≤ 50, êîòîðîå èìååò âèä

H(S′1,3, u, b, d) = 1 + b+ 2b2 + 2b3 + 3b4 + 3b5 + 4b6 + 4b7 + 5b8 + 5b9+

+6b10 + 6b11 + 7b12 + 7b13 + 8b14 + 8b15 + 9b16 + 9b17 + 10b18 + 10b19+

+11b20 + 11b21 + 12b22 + 12b23 + 13b24 + 13b25 + 14b26 + 14b27 + 15b28+

+15b29 + 16b30 + 16b31 + 17b32 + 17b33 + 18b34 + 18b35 + 19b36 + 19b37+

+20b38 + 20b39 + 21b40 + 21b41 + 22b42 + 22b43 + 23b44 + 23b45 + 24b46+

+24b47 + 25b48 + 25b49 + 26b50 + (18b5d+ 22b6d+ 26b7d+ 30b8d+ 34b9d+

+38b10d+ 42b11d+ 46b12d+ 50b13d+ 54b14d+ 58b15d+ 62b16d+

+66b17d+ 70b18d+ 74b19d+ 78b20d+ 82b21d+ 86b22d+ 90b23d+

+94b24d+ 98b25d+ 102b26d+ 106b27d+ 110b28d+ 114b29d+

+118b30d+ 122b31d+ 126b32d+ 130b33d+ 134b34d+ 138b35d+
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+142b36d+ 146b37d+ 150b38d+ 154b39d+ 158b40d+ 162b41d+ 166b42d+

+170b43d+ 174b44d+ 178b45d)u4 + (174b12d2 + 193b13d2 + 208b14d2+

+227b15d2 + 242b16d2 + 261b17d2 + 276b18d2 + 295b19d2 + 310b20d2+

+329b21d2 + 344b22d2 + 363b23d2 + 378b24d2 + 397b25d2 + 412b26d2+

+431b27d2 + 446b28d2 + 465b29d2 + 480b30d2 + 499b31d2+

+514b32d2 + 533b33d2 + 548b34d2 + 567b35d2 + 582b36d2+

601b37d2 + 616b38d2 + 635b39d2 + 650b40d2 + 669b41d2+

+684b42d2)u6 + (136b10d2 + 152b11d2 + 172b12d2 + 188b13d2+

+208b14d2 + 224b15d2 + 244b16d2 + 260b17d2 + 280b18d2+

+296b19d2 + 316b20d2 + 332b21d2 + 352b22d2 + 368b23d2+

+388b24d2 + 404b25d2 + 424b26d2 + 440b27d2 + 460b28d2+

+476b29d2 + 496b30d2 + 512b31d2 + 532b32d2 + 548b33d2+

+568b34d2 + 584b35d2 + 604b36d2 + 620b37d2 + 640b38d2+

+656b39d2 + 676b40d2 + 1098b22d3 + 1155b23d3 + 1212b24d3+

+1269b25d3 + 1326b26d3 + 1383b27d3 + 1440b28d3 + 1497b29d3+

+1554b30d3 + 1611b31d3 + 1668b32d3 + 1725b33d3 + 1782b34d3+

+1839b35d3 + 1896b36d3 + 1953b37d3 + 2010b38d3 + 2067b39d3)u8+

+(791b17d3 + 850b18d3 + 909b19d3 + 968b20d3 + 1027b21d3+

+1086b22d3 + 1145b23d3 + 1204b24d3 + 1263b25d3 + 1322b26d3+

+1381b27d3 + 1440b28d3 + 1499b29d3 + 1558b30d3 + 1617b31d3+

+1676b32d3 + 1735b33d3 + 1794b34d3 + 1853b35d3 + 1912b36d3+

+1971b37d3 + 4904b35d4 + 5056b36d4)u10 + (630b15d3 + 690b16d3+

+750b17d3 + 810b18d3 + 870b19d3 + 930b20d3 + 990b21d3 + 1050b22d3+

+1110b23d3 + 1170b24d3 + 1230b25d3 + 1290b26d3 + 1350b27d3+

+1410b28d3 + 1470b29d3 + 1530b30d3 + 1590b31d3 + 1650b32d3+

+1710b33d3 + 1770b34d3 + 1830b35d3 + 3142b24d4 + 3299b25d4+

+3466b26d4 + 3623b27d4 + 3790b28d4 + 3947b29d4 + 4114b30d4+

+4271b31d4 + 4438b32d4 + 4595b33d4 + 4762b34d4)u12 + (2696b22d4+

+2865b23d4 + 3024b24d4 + 3193b25d4 + 3352b26d4 + 3521b27d4+

+3680b28d4 + 3849b29d4 + 4008b30d4 + 4177b31d4 + 4336b32d4)u14+

+(2230b20d4 + 2390b21d4 + 2560b22d4 + 2720b23d4 + 2890b24d4+
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+3050b25d4 + 3220b26d4 + 3380b27d4 + 3550b28d4 + 3710b29d4+

+3880b30d4 + 8817b29d5)u16 + 7693b27d5u18 + 6534b25d5u20 + ...
(34.4)

Îòñþäà îáû÷íûé ðÿä Ãèëüáåðòà àëãåáðû S′1,3 èìååò âèä (ïåðâûå 51
ñëàãàåìûõ):

HS′1,3
(t) = H(S′1,3, t, t, t) = 1 + t+ 2t2 + 2t3 + 3t4 + 3t5 + 4t6+

+4t7 + 5t8 + 5t9 + 24t10 + 28t11 + 33t12 + 37t13 + 42t14 + 46t15+

+51t16 + 55t17 + 60t18 + 64t19 + 379t20 + 418t21 + 458t22+

+497t23 + 537t24 + 576t25 + 616t26 + 655t27 + 695t28 + 734t29+

+2195t30 + 2353t31 + 2512t32 + 3768t33 + 3984t34 + 4199t35+

+4415t36 + 4630t37 + 4846t38 + 5061t39 + 13345t40 + 14046t41+

+14758t42 + 15459t43 + 16171t44 + 16872t45 + 17584t46+

+18285t47 + 18997t48 + 24602t49 + 48510t50 + ...

(34.5)

Ðàññìîòðèì ïåðâûå 51 ñëàãàåìûõ â ðàçëîæåíèè ðÿäà Ãèëüáåðòà
àëãåáðû SI1,3, êîòîðîå ñîãëàñíî [20] ïîëó÷àåòñÿ èç (22.3)�(22.5) ñëåäó-
þùèì îáðàçîì:

HSI1,3(t) = H(S1,3, 0, t, t) = 1 + t+ 5t2 + 9t3 + 24t4 + 42t5 + 95t6 + 160t7+

+308t8 + 506t9 + 877t10 + 1376t11 + 2229t12 + 3358t13 + 5144t14+

+7498t15 + 10996t16 + 15545t17 + 22032t18 + 30335t19 + 41764t20+

+56226t21 + 75544t22 + 99686t23 + 131205t24 + 170114t25 + 219901t26+

+280744t27 + 357236t28 + 449800t29 + 564495t30 + 702002t31 + 870184t32+

+1070195t33 + 1311989t34 + 1597351t35 + 1938881t36 + 2339064t37+

+2813664t38 + 3366216t39 + 4016096t40 + 4768162t41 + 5646208t42+

+6656574t43 + 7828224t44 + 9169512t45 + 10715232t46 + 12476184t47+

+14494113t48 + 16782555t49 + 19391253t50 + ...
(34.6)

Òàê êàê äëÿ ðÿäîâ (34.5) è (34.6) èìååò ìåñòî íåðàâåíñòâî

HS′1,3
(t) ≤ HSI1,3(t),

òî â ïðåäïîëîæåíèè, ÷òî ýòî íåðàâåíñòâî èìååò ìåñòî è äëÿ îñòàëüíûõ
ñëàãàåìûõ ðàññìîòðåííûõ ðÿäîâ, ïîëó÷àåì íåðàâåíñòâî

%(S′1,3) ≤ %(SI1,3).

Îòìåòèì, ÷òî S′1,3 íå ÿâëÿåòñÿ ïîäàëãåáðîé â SI1,3.
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Òàê êàê èç òåîðåìû 22.2 èìååì %(SI1,3) = 9, òî ñîãëàñíî ïîñëåäíåìó
íåðàâåíñòâó ïîëó÷àåì

Ïðèìå÷àíèå 34.1. Îäíèí èç ïóòåé óëó÷øåíèÿ âåðõíåé ãðàíè-

öû ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâå-

ëè÷èí (à òàêæå ôîêóñíûõ âåëè÷èí) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû

(33.1), êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è

ôîêóñà äëÿ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû, íàõîäèòñÿ â ïðåäïî-

ëàãàåìîì íåðàâåíñòâå %(S′1,3) ≤ 9.
Íî, ñ äðóãîé ñòîðîíû, ëåãêî ìîæíî ïðîâåðèòü ñ ïîìîùüþ (34.5),

÷òî äëÿ ïåðâûõ 51 ñëàãàåìûõ èìååì

HS′1,3
(t) <

1

(1− t)7
.

Åñëè ïðåäïîëîæèì, ÷òî ýòî íåðàâåíñòâî âåðíî äëÿ âñåõ ñëàãàåìûõ
ðÿäîâ HS′1,3

(t) è (1− t)−7, òî âîçìîæíî ñóùåñòâóåò óëó÷øåíèå âåðõíåé
ãðàíèöû ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, êîòî-
ðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è ôîêóñà äëÿ
äèôôåðåíöèàëüíîé ñèñòåìû s(1, 3) èç (33.1), êîòîðîå âûðàæàåòñÿ íåðà-
âåíñòâîì %(S′1,3) < 7.

�35. Äèôôåðåíöèàëüíàÿ ñèñòåìà s(1, 4) è

àëãåáðàè÷åñêè-íåçàâèñèìûå îáîáùåí-

íûå ôîêóñíûå ïñåâäîâåëè÷èíû

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 4), êîòîðóþ çàïèøåì
â âèäå

ẋ = cx+ dy + gx4 + 4hx3y + 6ix2y2 + 4jxy3 + ky4,

ẏ = ex+ fy + lx4 + 4mx3y + 6nx2y2 + 4oxy3 + py4
(35.1)

ñ êîíå÷íî-îïðåäåëåííîé ãðàäóèðîâàííîé àëãåáðîé óíèìîäóëÿðíûõ êî-
ìèòàíòîâ S1,4 [20]. Äëÿ ýòîé ñèñòåìû çàïèøåì ôóíöèþ (29.2) â âèäå

U = k2 + a0x
3 + 3a1x

2y + 3a2xy
2 + a3y

3 + b0x
4 + 4b1x

3y + 6b2x
2y2+

+4b3xy
3 + b4y

4 + c0x
5 + 5c1x

4y + 10c2x
3y2 + 10c3x

2y3 + 5c4xy
4+

+c5y
5 + d0x

6 + 6d1x
5y + 15d2x

4y2 + 20d3x
3y3 + 15d4x

2y4 + 6d5xy
5+

+d6y
6 + e0x

7 + 7e1x
6y + 21e2x

5y2 + 35e3x
4y3 + 21e5x

2y5 + 7e6xy
6+

+e7y
7 + f0x

8 + 8f1x
7y + 28f2x

6y2 + 56f3x
5y3 + 70f4y

4 + 56f5x
3y5+

+28f6x
2y6 + 8f7xy

7 + f8y
8 + g0x

9 + 9g1x
8y + 36g2x

7y2 + 84g3x
6y3+
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+126g4x
5y4 + 126g5x

4y5 + 84g6x
3y6 + 36g7x

2y7 + 9g8xy
8 + g9y

9+

+h0x
10 + 10h1x

9y + 45h2x
8y2 + 120h3x

7y3 + 210h4x
6y4 + 252h5x

5y5+

+210h6x
4y6 + 120h7x

3y7 + 45h8x
2y8 + 10h9xy

9 + h10y
10 + i0x

11+

+11i1x
10y + 55i2x

9y2 + 165i3x
8y3 + 330i4x

7y4 + 462i5x
6y5 + 462i6x

5y6+

+330i7x
4y7 + 55i9x

2y9 + 11i10xy
10 + i11y

11 + j0x
12 + 12j1x

11y+

+165i8x
3y8 + 66j2x

10y2 + 220j3x
9y3 + 495j4x

8y4 + 792j5x
7y5+

+924j6x
6y6 + 792j7x

5y7 + 495j8x
4y8 + 220j9x

3y9 + 66j10x
2y10+

+12j11xy
11 + j12y

12 + k0x
13 + 13k1x

12y + 78k2x
11y2 + 286k3x

10y3+

+715k4x
9y4 + 1287k5x

8y5 + 1716k6x
7y6 + 1716k7x

6y7 + 1287k8x
5y8+

+715k9x
4y9 + 286k10x

3y10 + 78k11x
2y11 + 13k12xy

12 + k13y
13+

+l0x
14 + 14l1x

13y + 91l2x
12y2 + 364l3x

11y3 + 1001l4x
10y4+

+2002l5x
9y5 + 3003l6x

8y6 + 3432l7x
7y7 + 3003l8x

6y8+

+2002l9x
5y9 + 1001l10x

4y10 + 364l11x
3y11 + 91l12x

2y12+

+14l13xy
13 + l14y

14 + ...,
(35.2)

ãäå k2 6≡ 0 èç (28.6), à a0, a1, ..., l13, l14, ...�íåèçâåñòíûå êîýôôèöèåíòû.
Òîæäåñòâî (29.1) âäîëü òðàåêòîðèé äèôôåðåíöèàëüíîé ñèñòåìû

(35.1) ñ ôóíêöèåé (35.2) ðàçëàãàåòñÿ íà ñëåäóþùèå ñèñòåìû óðàâíå-
íèé (ðàâåíñòâî (29.4) îïóùåíî):

x3 : 3a0c+ 3a1e = 0,

x2y : 6a1c+ 3a0d+ 6a2e+ 3a1f = 0,

xy2 : 3a2c+ 6a1d+ 3a3e+ 6a2f = 0,

y3 : 3a2d+ 3a3f = 0;

(35.3)

x4 : 4b0c+ 4b1e− e2G1 = 0,

x3y : 12b1c+ 4b0d+ 12b2e+ 4b1f + 2ceG1 − 2efG1 = 0,

x2y2 : 12b2c+ 12b1d+ 12b3e+ 12b2f − c2G1 + 2deG1+

+ 2cfG1 − f2G1 = 0,

xy3 : 4b3c+ 12b2d+ 4b4e+ 12b3f − 2cdG1 + 2dfG1 = 0,

y4 : 4b3d+ 4b4f − d2G1 = 0;

(35.4)

x5 : 5cc0 + 5c1e− 2eg + cl − fl = 0,
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x4y : 20cc1 + 5c0d+ 20c2e+ 5c1f + cg − fg − 8eh+ 2dl+

+ 4cm− 4fm = 0,

x3y2 : 30cc2 + 20c1d+ 30c3e+ 20c2f + 4ch− 4fh− 12ei+

+ 8dm+ 6cn− 6fn = 0,

x2y3 : 20cc3 + 30c2d+ 20c4e+ 30c3f + 6ci− 6fi− 8ej + 12dn+

+ 4co− 4fo = 0,

xy4 : 5cc4 + 20c3d+ 5c5e+ 20c4f + 4cj − 4fj − 2ek + 8do+

+ cp− fp = 0,

y5 : 5c4d+ 5c5f + ck − fk + 2dp = 0;

(35.5)

x6 : 6cd0 + 6d1e+ 3a0g + 3a1l = −e3G2,

x5y : 6dd0 + 30cd1 + 30d2e+ 6d1f + 6a1g + 12a0h+ 6a2l+

+ 12a1m = 3ce2G2 − 3e2fG2,

x4y2 : 30dd1 + 60cd2 + 60d3e+ 30d2f + 3a2g + 24a1h+ 18a0i+

+ 3a3l + 24a2m+ 18a1n = −3c2eG2 + 3de2G2+

+ 6cefG2 − 3ef2G2,

x3y3 : 60dd2 + 60cd3 + 60d4e+ 60d3f + 12a2h+ 36a1i+ 12a0j+

+ 12a3m+ 36a2n+ 12a1o = c3G2 − 6cdeG2 − 3c2fG2+

+ 6defG2 + 3cf2G2 − f3G2,

x2y4 : 60dd3 + 30cd4 + 30d5e+ 60d4f + 18a2i+ 24a1j + 3a0k+

+ 18a3n+ 24a2o+ 3a1p = 3c2dG2 − 3d2eG2 − 6cdfG2+

+ 3df2G2,

xy5 : 30dd4 + 6cd5 + 6d6e+ 30d5f + 12a2j + 6a1k + 12a3o+

+ 6a2p = 3cd2G2 − 3d2fG2,

y6 : 6dd5 + 6d6f + 3a2k + 3a3p = d3G2;

(35.6)

x7 : 7ce0 + 7ee1 + 4b0g + 4b1l = 0,

x6y : 7de0 + 42ce1 + 42ee2 + 7e1f + 12b1g + 16b0h+ 12b2l+

+ 16b1m = 0,

x5y2 : 42de1 + 105ce2 + 105ee3 + 42e2f + 12b2g + 48b1h+

+ 24b0i+ 12b3l + 48b2m+ 24b1n = 0,

x4y3 : 105de2 + 140ce3 + 140ee4 + 105e3f + 4b3g + 48b2h+

+ 72b1i+ 16b0j + 4b4l + 48b3m+ 72b2n+ 16b1o = 0,
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x3y4 : 140de3 + 105ce4 + 105ee5 + 140e4f + 16b3h+ 72b2i+

+ 48b1j + 4b0k + 16b4m+ 72b3n+ 48b2o+ 4b1p = 0,

x2y5 : 105de4 + 42ce5 + 42ee6 + 105e5f + 24b3i+ 48b2j+

+ 12b1k + 24b4n+ 48b3o+ 12b2p = 0,

xy6 : 42de5 + 7ce6 + 7ee7 + 42e6f + 16b3j + 12b2k + 16b4o+

+ 12b3p = 0,

y7 : 7de6 + 7e7f + 4b3k + 4b4p = 0;

(35.7)

x8 : 8cf0 + 8ef1 + 5c0g + 5c1l = e4G3,

x7y : 8df0 + 56cf1 + 8ff1 + 56ef2 + 20c1g + 20c0h+ 20c2l+

+ 20c1m = −4ce3G3 + 4e3fG3,

x6y2 : 56df1 + 168cf2 + 56ff2 + 168ef3 + 30c2g + 80c1h+

+ 30c0i+ 30c3l + 80c2m+ 30c1n = 6c2e2G3 − 4de3G3−
− 12ce2fG3 + 6e2f2G3,

x5y3 : 168df2 + 280cf3 + 168ff3 + 280ef4 + 20c3g + 120c2h+

+ 120c1i+ 20c0j + 20c4l + 120c3m+ 120c2n+ 20c1o =

= −4c3eG3 + 12cde2G3 + 12c2efG3 − 12de2fG3−
− 12cef2G3 + 4ef3G3,

x4y4 : 280df3 + 280cf4 + 280ff4 + 280ef5 + 5c4g + 80c3h+

+ 180c2i+ 80c1j + 5c0k + 5c5l + 80c4m+ 180c3n+ 80c2o+

+ 5c1p = c4G3 − 12c2deG3 + 6d2e2G3 − 4c3fG3+

+ 24cdefG3 + 6c2f2G3 − 12def2G3 − 4cf3G3 + f4G3,

x3y5 : 280df4 + 168cf5 + 280ff5 + 168ef6 + 20c4h+ 120c3i+

+ 120c2j + 20c1k + 20c5m+ 120c4n+ 120c3o+ 20c2p =

4c3dG3 − 12cd2eG3 − 12c2dfG3+

+ 12d2efG3 + 12cdf2G3 − 4df3G3,

x2y6 : 168df5 + 56cf6 + 168ff6 + 56ef7 + 30c4i+ 80c3j + 30c2k+

+ 30c5n+ 80c4o+ 30c3p = 6c2d2G3 − 4d3eG3−
− 12cd2fG3 + 6d2f2G3,

xy7 : 56df6 + 8cf7 + 56ff7 + 8ef8 + 20c4j + 20c3k + 20c5o+

+ 20c4p = 4cd3G3 − 4d3fG3,

y8 : 8df7 + 8ff8 + 5c4k + 5c5p = d4G3;

(35.8)
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x9 : 6d0g + 9cg0 + 9eg1 + 6d1l = 0,

x8y : 30d1g + 9dg0 + 72cg1 + 9fg1 + 72eg2 + 24d0h+ 30d2l+

+ 24d1m = 0,

x7y2 : 60d2g + 72dg1 + 252cg2 + 72fg2 + 252eg3 + 120d1h+

+ 36d0i+ 60d3l + 120d2m+ 36d1n = 0,

x6y3 : 60d3g + 252dg2 + 504cg3 + 252fg3 + 504eg4 + 240d2h+

+ 180d1i+ 24d0j + 60d4l + 240d3m+ 180d2n+ 24d1o = 0,

x5y4 : 30d4g + 504dg3 + 630cg4 + 504fg4 + 630eg5 + 240d3h+

+ 360d2i+ 120d1j + 6d0k + 30d5l + 240d4m+ 360d3n+

+ 120d2o+ 6d1p = 0,

x4y5 : 6d5g + 630dg4 + 504cg5 + 630fg5 + 504eg6 + 120d4h+

+ 360d3i+ 240d2j + 30d1k + 6d6l + 120d5m+ 360d4n+

+ 240d3o+ 30d2p = 0,

x3y6 : 504dg5 + 252cg6 + 504fg6 + 252eg7 + 24d5h+ 180d4i+

+ 240d3j + 60d2k + 24d6m+ 180d5n+ 240d4o+ 60d3p = 0,

x2y7 : 252dg6 + 72cg7 + 252fg7 + 72eg8 + 36d5i+ 120d4j+

+ 60d3k + 36d6n+ 120d5o+ 60d4p = 0,

xy8 : 72dg7 + 9cg8 + 72fg8 + 9eg9 + 24d5j + 30d4k + 24d6o+

+ 30d5p = 0,

y9 : 9dg8 + 9fg9 + 6d5k + 6d6p = 0;

(35.9)

x10 : 7e0g + e5G4 + 10ch0 + 10eh1 + 7e1l = 0,

x9y : 42e1g − 5ce4G4 + 5e4fG4 + 28e0h+ 10dh0 + 90ch1 + 10fh1+

+ 90eh2 + 42e2l + 28e1m = 0,

x8y2 : 105e2g + 10c2e3G4 − 5de4G4 − 20ce3fG4 + 10e3f2G4 + 168e1h+

+ 90dh1 + 360ch2 + 90fh2 + 360eh3 + 42e0i+ 105e3l + 168e2m+

42e1n = 0,

x7y3 : 140e3g − 10c3e2G4 + 20cde3G4 + 30c2e2fG4 − 20de3fG4−
+ 30ce2f2G4 + 10e2f3G4 + 420e2h+ 360dh2 + 840ch3 + 360fh3+

+ 840eh4 + 252e1i+ 28e0j + 140e4l + 420e3m+ 252e2n+ 28e1o = 0,

x6y4 : 105e4g + 5c4eG4 − 30c2de2G4 + 10d2e3G4 − 20c3efG4+
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+ 60cde2fG4 + 30c2ef2G4 − 30de2f2G4 − 20cef3G4+

+ 5ef4G4 + 560e3h+ 840dh3 + 1260ch4 + 840fh4+

+ 1260eh5 + 630e2i+ 168e1j + 7e0k + 105e5l + 560e4m+

+ 630e3n+ 168e2o+ 7e1p = 0,

x5y5 : 42e5g − c5G4 + 20c3deG4 − 30cd2e2G4 + 5c4fG4−
− 60c2defG4 + 30d2e2fG4 − 10c3f2G4 + 60cdef2G4+

+ 10c2f3G4 − 20def3G4 − 5cf4G4 + f5G4 + 420e4h+

+ 1260dh4 + 1260ch5 + 1260fh5 + 1260eh6 + 840e3i+

+ 420e2j + 42e1k + 42e6l + 420e5m+ 840e4n+

+ 420e3o+ 42e2p = 0,

x4y6 : 7e6g − 5c4dG4 + 30c2d2eG4 − 10d3e2G4 + 20c3dfG4−
− 60cd2efG4 − 30c2df2G4 + 30d2ef2G4 + 20cdf3G4−
− 5df4G4 + 168e5h+ 1260dh5 + 840ch6 + 1260fh6+

+ 840eh7 + 630e4i+ 560e3j + 105e2k + 7e7l + 168e6m+

+ 630e5n+ 560e4o+ 105e3p = 0,

x3y7 : 20cd3eG4 − 10c3d2G4 + 30c2d2fG4 − 20d3efG4−
− 30cd2f2G4 + 10d2f3G4 + 28e6h+ 840dh6 + 360ch7+

+ 840fh7 + 360eh8 + 252e5i+ 420e4j + 140e3k + 28e7m+

+ 252e6n+ 420e5o+ 140e4p = 0,

x2y8 : 5d4eG4 − 10c2d3G4 + 20cd3fG4 − 10d3f2G4 + 360dh7

+ +90ch8 + 360fh8 + 90eh9 + 42e6i+ 168e5j + 105e4k+

+ 42e7n+ 168e6o+ 105e5p = 0,

xy9 : 5d4fG4 − 5cd4G4 + 10eh10 + 90dh8 + 10ch9 + 90fh9+

+ 28e6j + 42e5k + 28e7o+ 42e6p = 0,

y10 : 10fh10 − d5G4 + 10dh9 + 7e6k + 7e7p = 0;

(35.10)

Î÷åâèäíî, ÷òî ñèñòåìû ëèíåéíûõ óðàâíåíèé (35.3)�(35.10) îòíîñè-
òåëüíî íåèçâåñòíûõ a0, a1, a2, a3, b0, b1,...,b4, c0, c1,...,c5, d0, d1,...,d6, e0,
e1,...,e7, l0, l1,...,l14, f0, f1,...,f8,..., G1, G2, G3, ... ìîæíî ðàññìàòðèâàòü
êàê åäèíóþ ñèñòåìó, êîòîðàÿ ìîæåò áûòü ïðîäîëæåíà, ïðèñîåäèíåíèåì
ïîñëå ïîñëåäíåãî óðàâíåíèÿ èç (35.10) áåñêîíå÷íîãî ÷èñëà óðàâíåíèé,
êîòîðûå ïîëó÷àþòñÿ âñëåäñòâèå ðàâåíñòâà êîýôôèöèåíòîâ ïðè xαyβ

äëÿ α+ β > 10 â òîæäåñòâå (29.1).

Äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G1 ðàññìîòðèì ñèñòåìó (35.4), êîòîðàÿ
ñîäåðæèò ïîñòîÿííûå b0, b1, b2, b3, b4, G1. Çàïèøåì ýòó ñèñòåìó â ìàò-
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ðè÷íîé ôîðìå
A1B1 = C1, (35.11)

ãäå

A1 =


4c 4e 0 0 0 −e2

4d 12c+ 4f 12e 0 0 2ce− 2ef
0 12d 12c+ 12f 12e 0 2de+ 2cf − c2 − f2

0 0 12d 4c+ 12f 4e −2cd+ 2df
0 0 0 4d 4f −d2

 ,

B1 =


b0
b1
b2
b3
b4
G1

 , C1 =


0
0
0
0
0

 . (35.12)

Îòìåòèì, ÷òî ýëåìåíòû ïåðâûõ 5-òè ñòîëáöîâ ìàòðèöûA1 èç (35.12)
ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè îò êîýôôèöèåíòîâ ñèñòåìû s(1, 4) èç
(35.1), à íåíóëåâûå ýëåìåíòû 6-ãî ñòîëáöà (ñîîòâåòñòâóþùèå â ïðîèç-
âåäåíèè (35.11) ïîñòîÿííîé G1) èìåþò ñòåïåíü 2 îòíîñèòåëüíî ýòèõ
êîýôôèöèåíòîâ. Òàê êàê ñèñòåìà (35.4) ñîñòîèò èç 5-òè óðàâíåíèé ñ
6-þ íåèçâåñòíûìè, òî îäíà èç íèõ ìîæåò áûòü îáúÿâëåíà ñâîáîäíîé.
Â êà÷åñòâå ñâîáîäíîé íåèçâåñòíîé â ñèñòåìå (35.4) ìîæåò áûòü âçÿòà
îäíà èç íåèçâåñòíûõ bi äëÿ ôèêñèðîâàíîãî i = 0, 4. Òîãäà èç ñèñòåìû
óðàâíåíèé (35.4) ïîëó÷àåì

G1 =
B1,ibi
σ1,i

(35.13)

äëÿ ôèêñèðîâàíîãî i, ðàâíîãî 0, 1, 2, 3, 4 ãäå B1,i, σ1,i ÿâëÿþòñÿ ìíîãî-
÷ëåíàìè îò êîýôôèöèåíòîâ ñèñòåìû (35.1), à bi�íåîïðåäåëåííûå êî-
ýôôèöèåíòû ôóíêöèè U(x, y) èç (35.2). Ïîëó÷àåì, ÷òî îäíî ÷àñòíîå
ðåøåíèå ñèñòåìû (35.4) ìîæåòü áûòü âçÿòî b0 = b1 = b2 = b3 = b4 = 0,
ïîýòîìó G1 ìîæíî ñ÷èòàòü ðàâíûì íóëþ.

Äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G2 ðàññìîòðèì ñèñòåìû (35.3), (35.6).
Ïîëó÷åííàÿ ñèñòåìà ñîñòîèò èç 4-õ óðàâíåíèé (35.3) äëÿ îïðåäåëåíèÿ
ai, i = 0, 4, ê êîòîðûìè äîáàâëÿåòñÿ åùå 7 óðàâíåíèé, ñîäåðæàùèõ G2.
Çàïèñûâàÿ äàííûå óðàâíåíèÿ â ìàòðè÷íîé ôîðìå è âûïîëíÿÿ àíàëî-
ãè÷íûå ðàññóæäåíèÿ, êàê â âûøåóïîìÿíóòîì ñëó÷àå, ïîëó÷àåì

G2 =
D2,idi
σ2,i

, (35.14)
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äëÿ êàæäîãî i = 0, 6. Òàê êàê ñèñòåìà (35.3) èìååò ðåøåíèå a0 = a1 =
= a2 = a3 = 0, ïîëó÷àåì ÷òî ÷àñòíîå ðåøåíèå ñèñòåìû (35.3), (35.6)
ÿâëÿåòñÿ a0 = a1 = a2 = a3 = d0 = d1 = d2 = d3 = d4 = d5 = d6 = 0.
Òàêèì îáðàçîì G2 ìîæíî ñ÷èòàòü ðàâíûì íóëþ.

Äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G3 èñïîëüçóåì ìàòðè÷íîå óðàâíåíèå
(ñì. ïðèëîæåíèå 7)

A3B3 = C3, (35.15)

Òàê êàê ðàçìåðíîñòü ìàòðèöû A3 ðàâíà 15 × 16, òî î÷åâèäíî, ÷òî
èìååì îäíó ñâîáîäíóþ íåèçâåñòíóþ. Êàê ñëåäñòâèå, ïðèíèìàÿ â êà÷å-
ñòâå ñâîáîäíîé íåèçâåñòíîé îäíó èç ïåðåìåííûõ fi (i ∈ {0, 1, ..., 8}), ñ
ïîìîùüþ ïðàâèëà Êðàìåðà äëÿ ñèñòåìû (35.15) äëÿ ëþáîãî ôèêñèðî-
âàííîãî i ïîëó÷àåì

G3 =
G3,i + F3,ifi

σ3,i
, (35.16)

ãäå G3,i, F3,i, σ3,i ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò êîýôôèöèåíòîâ ñèñòåìû
(35.1), à fi�íåîïðåäåëåííûå êîýôôèöèåíòû ôóíêöèè U(x, y) èç (35.2).

Íàñ èíòåðåñóåò ñòåïåíü ìíîãî÷ëåíîâ G3,i îòíîñèòåëüíî êîýôôèöè-
åíòîâ ñèñòåìû s(1, 4) èç (35.1). Î÷åâèäíî, ÷òî óêàçàííàÿ ñòåïåíü ñîâ-
ïàäàåò ñî ñòåïåíüþ îïðåäåëèòåëÿ Êðàìåðà ∆G3 . Òàêèì îáðàçîì, ñòå-
ïåíü G3,i îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû s(1, 4) èç (35.1) áóäåò
degG3 = 16 äëÿ âñåõ i = 0, 8. Ïðèíèìàÿ âî âíèìàíèå ðàçìåðíîñòü ñèñòå-
ìû (35.15), ïîëó÷àåì, ÷òî G3,i èìååò òèï (0, 14, 2), òî åñòü G3,i ÿâëÿåò-
ñÿ îäíîðîäíûì ìíîãî÷ëåíîì ñòåïåíè 14 îòíîñèòåëüíî êîýôôèöèåíòîâ
ëèíåéíîé ÷àñòè è îäíîðîäíûì ñòåïåíè 2 îòíîñèòåëüíî êîýôôèöèåíòîâ
íåîäíîðîäíîñòè ÷åòâåðòîãî ïîðÿäêà ñèñòåìû s(1, 4) èç (35.1). Íîëü â
(0, 14, 2) ïîêàçûâàåò, ÷òî âûðàæåíèå G3,i íå ñîäåðæèò ôàçîâûå ïåðå-
ìåííûå x, y.

Òàê êàê G3,i èç (35.16) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè îòíî-
ñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 4) èç (35.1),
òî ñîãëàñíî [17], äëÿ i = 0, 8 íàõîäèì, ÷òî îíè ÿâëÿþòñÿ ìíîãî÷ëåíàìè
èçîáàðíîñòè âåñà

(7,−1), (6, 0), (5, 1), (4, 2), (3, 3), (2, 4), (1, 5), (0, 6), (−1, 7).

Îòìåòèì òàêæå, ÷òî σ3,i ÿâëÿþòñÿ ìíîãî÷ëåíàìè òîëüêî îò êîýô-
ôèöèåíòîâ ëèíåéíîé ÷àñòè c, d, e, f ñèñòåìû s(1, 4) èç (35.1).

Äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (35.1), èñïîëüçóÿ ôîðìóëó âåñà
êîìèòàíòà (14.3), ïîëó÷àåì, ÷òî ÷èñëèòåëè äðîáåé (35.16) ìîãóò áûòü
êîýôôèöèåíòàìè â êîìèòàíòàõ âåñà −1 òèïà (8, 14, 2). Ñ ïîìîùüþ äèô-
ôåðåíöèàëüíîãî îïåðàòîðà Ëè D3 èç (35.20) äëÿ äèôôåðåíöèàëüíîé

148



ñèñòåìû (35.1) ïîëó÷àåì ñèñòåìó èç 8-ìè ëèíåéíûõ íåîäíîðîäíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:

D3(G3,0 + F3,0f0) = G3,1 + F3,1f1, D3(G3,1 + F3,1f1) = −G3,2 − F3,2f2,

−D3(G3,2 + F3,2f2) = G3,3 + F3,3f3, D3(G3,3 + F3,3f3) = −G3,4 − F3,4f4,

−D3(G3,4 + F3,4f4) = G3,5 + F3,5f5, D3(G3,5 + F3,5f5) = −G3,6 − F3,6f6,

−D3(G3,6 + F3,6f6) = G3,7 + F3,7f7, D3(G3,7 + F3,7f7) = −G3,8 − F3,8f8

(35.17)
îòíîñèòåëüíî 9-òè íåèçâåñòíûõ f0, f1, ..., f8. Ñîãëàñíî ëåììå 11.3 ñèñòå-
ìà (35.17) èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé. Îòìåòèì, ÷òî ÷àñò-
íûì ðåøåíèåì ýòîé ñèñòåìû ÿâëÿåòñÿ f0 = f1 = ... = f8 = 0, äëÿ
êîòîðîé ìíîãî÷ëåí

f ′8(x, y) = G3,0x
8 − 8G3,1x

7y − 4G3,2x
6y2 + 8G3,3x

5y3+

+2G3,4x
4y4 − 8G3,5x

3y5 − 4G3,6x
2y6 + 8G3,7xy

7 +G3,8y
8

(35.18)

ÿâëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì äèôôåðåíöèàëüíîé ñèñòåìû
(35.1). Ýòî ïîäâåðæäàåòñÿ è òåîðåìîé 10.2 ñ îïåðàòîðàìè èç �5 âèäà

X1 = x
∂

∂x
+D1, X2 = y

∂

∂x
+D2,

X3 = x
∂

∂y
+D3, X4 = y

∂

∂y
+D4,

(35.19)

ãäå

D1 = d
∂

∂d
− e ∂

∂e
− 3g

∂

∂g
− 2h

∂

∂h
− i ∂

∂i
+ k

∂

∂k
− 4l

∂

∂l
− 3m

∂

∂m
−

−2n
∂

∂n
− o ∂

∂o
,

D2 = e
∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
+ l

∂

∂g
+ (m− g)

∂

∂h
+ (n− 2h)

∂

∂i
+

+(o− 3i)
∂

∂j
+ (p− 4j)

∂

∂k
− l ∂

∂m
− 2m

∂

∂n
− 3n

∂

∂o
− 4o

∂

∂p
,

D3 = −d ∂
∂c

+ (c− f)
∂

∂e
+ d

∂

∂f
− 4h

∂

∂g
− 3i

∂

∂h
− 2j

∂

∂i
− k ∂

∂j
+

+(g − 4m)
∂

∂l
+ (h− 3n)

∂

∂m
+ (i− 2o)

∂

∂n
+ (j − p) ∂

∂o
+ k

∂

∂p
,

D4 = −d ∂
∂d

+ e
∂

∂e
− h ∂

∂h
− 2i

∂

∂i
− 3j

∂

∂j
− 4k

∂

∂k
+ l

∂

∂l
−

−n ∂

∂n
− 2o

∂

∂o
− 3p

∂

∂p
,

(35.20)
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äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (35.1), äëÿ êîòîðîé âûïîëíÿþòñÿ ðà-
âåíñòâà

X1(f ′8) = X4(f ′8) = f ′8, X2(f ′8) = X3(f ′8) = 0.

Î÷åâèäíî, ÷òî äèôôåðåíöèàëüíàÿ ñèñòåìà (35.17) èìååò áåñêîíå÷-
íîå ìíîæåñòâî ðåøåíèé f0, f1, ..., f8, êîòîðûå îïðåäåëÿþò öåíòðîàô-
ôèííûå êîìèòàíòû òèïà (8, 14, 2), êîòîðûå çàïèñûâàþòñÿ â âèäå

f ′′8 (x, y) = (G3,0 + F3,0f0)x8 − 8(G3,1 + F3,1f1)x7y − 4(G3,2+

+F3,2f2)x6y2 + 8(G3,3 + F3,3f3)x5y3 + 2(G3,4 + F3,4f4)x4y4−
−8(G3,5 + F3,5f5)x3y5 − 4(G3,6 + F3,6f6)x2y6 + 8(G3,7+

+F3,7f7)xy7 + (G3,8 + F3,8f8)y8.

(35.21)

Ñîãëàñíî ñêàçàííîìó âûøå êîìèòàíò (35.21) ïðèíàäëåæèò ëèíåé-

íîìó ïðîñòðàíñòâó S
(8,14,2)
1,4 .

Îòìåòèì, ÷òî êîìèòàíò (35.18) íà ìíîãîîáðàçèè V èç (28.9) äëÿ
äèôôåðåíöèàëüíîé ñèñòåìû s(1, 4) èç (35.1) èìååò âèä

f ′8(x, y)|V = L3(x2 + y2)4 (G3|V = L3), (35.22)

ãäå

L3 = 648(7gh+ 18hi+ 3gj + 18ij + 3hk + 7jk − 7gl − 3il − 8hm− 7lm−
−3gn+ 3kn− 18mn+ 8jo− 3lo− 18no+ 3ip+ 7kp− 3mp− 7op),

ÿâëÿåòñÿ ïåðâîé íåíóëåâîé ïîñòîÿííîé Ëÿïóíîâà äèôôåðåíöèàëüíîé
ñèñòåìû (35.1) íà èíâàðèàíòíîì ìíîãîîáðàçèè V.

Ðàññìîòðèì ïðîäîëæåíèå ñèñòåìû (35.3)�(35.10), ñîäåðæàùóþ ïî-
ñòîÿííóþ G3k, êîòîðàÿ ïîëó÷àåòñÿ èç òîæäåñòâà (29.1) äëÿ äèôôåðåí-
öèàëüíîé ñèñòåìû (35.1) è ôóíêöèè (35.2). Ñèñòåìó (35.3)�(35.10) çà-
ïèøåì â ìàòðè÷íîé ôîðìå A3kB3k = C3k. Îáîçíà÷èì ÷åðåçmG3k

÷èñëî
óðàâíåíèé ýòîé ñèñòåìû, à ÷åðåç nG3k

�÷èñëî íåèçâåñòíûõ.
Îòìåòèì, ÷òî ýòî ÷èñëî çàïèñûâàåòñÿ â âèäå

mG3k
= 6 + 9︸ ︷︷ ︸

G3

+ 12 + 15︸ ︷︷ ︸
G6

+ 18 + 21︸ ︷︷ ︸
G9

+ · · ·+ 6k + 3(2k + 1)︸ ︷︷ ︸
G3k

,

äëÿ k = 1, 2, 3, . . .. Îòñþäà ïîëó÷àåòñÿ

mG3k
= 6k2 + 9k. (35.23)

Èç ýòèõ ñèñòåì ïîëó÷àåòñÿ

G3k =
G3k,i1,i2,...,ik +B3k,i1,i2,...,ikbi1 + · · ·+ Z3k,i1,i2,...,ikzik

σ3k,i1,i2,...,ik

. (35.24)
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Âàæíî îïðåäåëèòü ñòåïåíü ìíîãî÷ëåíîâG3k,i1,i2,...,ik+B3k,i1,i2,...,ikbi1+
· · · + Z3k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé
ñèñòåìû (35.1).

Îòìåòèì, ÷òî ñòåïåíü íåíóëåâîãî êîýôôèöèåíòà ìíîãî÷ëåíà ïðè
G3i (i = 1, k) îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòå-
ìû (35.1) â îïðåäåëèòåëå Êðàìåðà ïîðÿäêà mG3k

, êîãäà êîýôôèöèåíòû
ïðè G3k çàìåíÿþòñÿ ñâîáîäíûìè ÷ëåíàìè óêàçàííîé ñèñòåìû, ñîñòàâ-
ëÿåò ñëåäóþùóþ äèàãðàììó:

G3, G6, G9, ..., G3(k−1), G3k.

↓ ↓ ↓ ↓ ↓

4 7 10 3(k − 1) + 1 2

Òîãäà ñòåïåíü ìíîãî÷ëåíîâ G3k,i1,i2,...,ik + B3k,i1,i2,...,ikbi1 + · · ·+
+Z3k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû (35.1), îáîçíà-
÷åííàÿ ÷åðåç NG3k

, çàïèøåòñÿ â âèäå

NG3k
= mG3k

− k +

[
1

2
(3k2 − 3k + 2) + k

]
,

îòêóäà ïîëó÷àåì

NG3k
=

1

2
(15k2 + 15k + 2). (35.25)

Ýòî è åñòü ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíîâ G3k,i1,i2,...,ik+
+B3k,i1,i2,...,ikbi1 +· · ·+Z3k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñ-
òåìû (35.1), êîòîðûå ÿâëÿþòñÿ ìíîãî÷ëåíàìè òèïà

(0, d1, d2), (35.26)

ãäå d1�ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî êîýôôèöèåíòîâ
ëèíåéíîé ÷àñòè, à d2�ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî
êîýôôèöèåíòîâ íåîäíîðîäíîñòè ÷åòâåðòîãî ïîðÿäêà ñèñòåìû s(1, 4) èç
(35.1). Òàê êàê d2 = 2k, òî d1 = NG3k

− 2k. Ïîýòîìó ñîãëàñíî ôîðìóëå
(14.3) ïîëó÷àåì, ÷òî δ = 2(3k + 1), êîãäà âåñ g = −1.

Òàê íàõîäèì, ÷òî êîìèòàíò âåñà −1 ñèñòåìû s(1, 4) èç (35.1), êîòî-
ðûé ñîäåðæèò â êà÷åñòâå ïîëóèíâàðèàíòà (êîýôôèöèåíò ïðè íàèâûñ-
øåé ñòåïåíè x) G3k,i1,i2,...,ik + B3k,i1,i2,...,ikbi1 + · · · + Z3k,i1,i2,...,ikzik ñî-
îòâåòñòâóþùèé ïîñòîÿííîé G3k äëÿ k = 1, 2, 3, ... (Gn = 0 åñëè n 6= 3k),
ïðèíàäëåæèò òèïó(

2(3k + 1),
1

2
(15k2 + 11k + 2), 2k

)
, (35.27)
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ãäå 2(3k + 1)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíîñèòåëüíî ôàçîâûõ

ïåðåìåííûõ x, y,
1

2
(15k2 + 11k + 2)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îò-

íîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè, à 2k�ñòåïåíü îäíîðîäíî-
ñòè êîìèòàíòà îòíîñèòåëüíî êîýôôèöèåíòîâ íåîäíîðîäíîñòè ÷åòâåðòî-
ãî ïîðÿäêà ñèñòåìû s(1, 4) èç (35.1).

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 4) èç (35.1). Â ýòîì
ñëó÷àå ñîãëàñíî ðàáîòå [20] ñ ïîìîùüþ òåîðåìû 23.1 ñïðàâåäëèâà

Òåîðåìà 35.1. Ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà öåíòðîàô-
ôèííûõ êîìèòàíòîâ òèïà (d) = (δ, d1, d2) äëÿ äèôôåðåíöèàëüíîé ñè-

ñòåìû s(1, 4) èç (35.1), îáîçíà÷åííàÿ ÷åðåç dimRV
(d)
1,4 , ðàâíà êîýôôèöè-

åíòó ïðè îäíî÷ëåíå uδbd1ed2 â ðàçëîæåíèè îáîáùåííîãî ðÿäà Ãèëüáåð-

òà èç (23.3)�(23.4) äëÿ àëãåáðû Ñèáèðñêîãî S1,4 êîìèòàíòîâ ðàññìîò-

ðåííîé ñèñòåìû.

Ðàññìîòðèì ïîäàëãåáðó S′1,4 ⊂ S1,4, êîòîðóþ çàïèøåì â âèäå

S′1,4 =
⊕
(d)

S
(d′)
1,4 , (35.28)

ãäå ÷åðåç S
(d′)
1,4 îáîçíà÷åíû ëèíåéíûå ïðîñòðàíñòâà

S
(0,0,0)
1,4 = R, S(0,1,0)

1,4 , ..., S
2(3k+1), 12 (15k2+11k+2),2k
1,4 , k = 1, 2, ..., (35.29)

à òàêæå ïðîñòðàíñòâà èç S1,4, êîòîðûå ñîäåðæàò âñåâîçìîæíûå èõ ïðî-
èçâåäåíèÿ.

Òàê êàê àëãåáðà S′1,4 ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåáðîé â êîíå÷-
íî-îïðåäåëåííîé àëãåáðå S1,4, òî ñîãëàñíî ïðåäëîæåíèþ 19.1 ïîëó÷àåì
%(S′1,4) ≤ %(S1,4). Èç ýòîãî íåðàâåíñòâà è òåîðåìû 23.3 èìååì
%(S1,4) = 13. Ñ ó÷åòîì ïðèìå÷àíèÿ 28.1 î ïîëóèíâàðèàíòàõ è òîãî
÷òî îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû ÿâëÿþòñÿ êîýôôèöèåíòàìè
ïðè íàèâûñøèõ ñòåïåíÿõ íåêîòîðûõ êîìèòàíòîâ, èìååò ìåñòî

Òåîðåìà 35.2. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ

äèôôåðåíöèàëüíîé ñèñòåìû (35.1), íå ïðåâûøàåò 13.
Èç ïðåäëîæåíèÿ 19.2 è çàìå÷àíèÿ 28.1 ñëåäóåò, ÷òî ìàêñèìàëüíîå

÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí Lk (k = 1,∞)
íå ìîæåò ïðåâûñèòü ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ
îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí G3k,i1,i2,...,ik + B3k,i1,i2,...,ikbi1 +
· · ·+ Z3k,i1,i2,...,ikzik . Îòñþäà ñ ïîìîùüþ òåîðåìû 35.2 ïîëó÷àåì

Ñëåäñòâèå 35.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû
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öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (35.1), íå ïðåâûøà-
åò 13.

Îáîáùåííàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ ïðîñòðàíñòâà V1,4, ñîñòîÿùåãî
èç ïðÿìîé ñóììû ïðîñòðàíñòâ (35.28), ìîæåò áûòü çàïèñàíà â âèäå

Φ(V1,4, u, b, e) = dimRS
(0,0,0)
1,4 + dimRS

(0,1,0)
1,4 b+

+

∞∑
k=1

dimRS
(2(k+1), 12 (15k2+11k+2),2k)
1,4 u2(k+1)b

1
2 (15k2+11k+2)e2k.

(35.30)

Èçïîëüçóÿ êîìïþòåð, ðàçëàãàåì ðÿä Ãèëüáåðòà H(S1,4, u, b, e) â ñòå-
ïåííîé ðÿä. Òîãäà äëÿ (35.30) èìååì

Φ(V1,4, u, b, e) = 1 + b+ 153u4b14e2 + 4589u6b42e4 + 49632u8b85e6 + ...

+C2(k+1), 12 (15k2+11k+2),2ku
2(k+1)b

1
2 (15k2+11k+2)e2k + ...,

(35.31)
ãäå C2(k+1), 12 (15k2+11k+2),2k�íåîïðåäåëåííûé êîýôôèöèåíò.

Ñ ïîìîùüþ ýòîé îáîáùåííîé ïðîèçâîäÿùåé ôóíêöèè è ðÿäà Ãèëü-
áåðòà H(S1,4, u, b, e) èç òåîðåìû 23.1 áûëè ïîëó÷åíû ïåðâûå ñëàãàåìûå
äî u8b85e6 â ðÿäå Ãèëüáåðòà H(S′1,4, u, b, e):

H(S′1,4, u, b, e) = 1 + b+ 2b2 + 2b3 + 3b4 + 3b5 + 4b6 + 4b7 + 5b8 + 5b9+

+6b10 + 6b11 + 7b12 + 7b13 + 8b14 + 8b15 + 9b16 + 9b17 + 10b18 + 10b19+

+11b20 + 11b21 + 12b22 + 12b23 + 13b24 + 13b25 + 14b26 + 14b27 + 15b28+

+15b29 + 16b30 + 16b31 + 17b32 + 17b33 + 18b34 + 18b35 + 19b36 + 19b37+

+20b38 + 20b39 + 21b40 + 21b41 + 22b42 + 22b43 + 23b44 + 23b45 + 24b46+

+24b47 + 25b48 + 25b49 + 26b50 + 26b51 + 27b52 + 27b53 + 28b54 + 28b55+

+29b56 + 29b57 + 30b58 + 30b59 + 31b60 + 31b61 + 32b62 + 32b63 + 33b64+

+33b65 + 34b66 + 34b67 + 35b68 + 35b69 + 36b70 + 36b71 + 37b72 + 37b73+

+38b74 + 38b75 + 39b76 + 39b77 + 40b78 + 40b79 + 41b80 + 41b81 + 42b82+

+42b83 + 43b84 + 43b85 + 242b14e2u4 + 264b15e2u4 + 281b16e2u4+

+303b17e2u4 + 320b18e2u4 + 342b19e2u4 + 359b20e2u4 + 381b21e2u4+

+398b22e2u4 + 420b23e2u4 + 437b24e2u4 + 459b25e2u4 + 476b26e2u4+

+498b27e2u4 + 515b28e2u4 + 537b29e2u4 + 554b30e2u4 + 576b31e2u4+

+593b32e2u4 + 615b33e2u4 + 632b34e2u4 + 654b35e2u4 + 671b36e2u4+

+693b37e2u4 + 710b38e2u4 + 732b39e2u4 + 749b40e2u4 + 771b41e2u4+

+788b42e2u4 + 810b43e2u4 + 827b44e2u4 + 849b45e2u4 + 866b46e2u4+
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+888b47e2u4 + 905b48e2u4 + 927b49e2u4 + 944b50e2u4 + 966b51e2u4+

+983b52e2u4 + 1005b53e2u4 + 1022b54e2u4 + 1044b55e2u4 + 1061b56e2u4+

+1083b57e2u4 + 1100b58e2u4 + 1122b59e2u4 + 1139b60e2u4 + 1161b61e2u4+

+1178b62e2u4 + 1200b63e2u4 + 1217b64e2u4 + 1239b65e2u4 + 1256b66e2u4+

+1278b67e2u4 + 1295b68e2u4 + 1317b69e2u4 + 1334b70e2u4 + 1356b71e2u4+

+1373b72e2u4 + 1395b73e2u4 + 1412b74e2u4 + 1434b75e2u4 + 1451b76e2u4+

+1473b77e2u4 + 1490b78e2u4 + 1512b79e2u4 + 1529b80e2u4 + 1551b81e2u4+

+1568b82e2u4 + 1590b83e2u4 + 1607b84e2u4 + 1629b85e2u4 + 9591b42e4u6+

+9845b43e4u6 + 10084b44e4u6 + 10338b45e4u6 + 10577b46e4u6+

+10831b47e4u6 + 11070b48e4u6 + 11324b49e4u6 + 11563b50e4u6+

+11817b51e4u6 + 12056b52e4u6 + 12310b53e4u6 + 12549b54e4u6+

+12803b55e4u6 + 13042b56e4u6 + 13296b57e4u6 + 13535b58e4u6+

+13789b59e4u6 + 14028b60e4u6 + 14282b61e4u6 + 14521b62e4u6+

+14775b63e4u6 + 15014b64e4u6 + 15268b65e4u6 + 15507b66e4u6+

+15761b67e4u6 + 16000b68e4u6 + 16254b69e4u6 + 16493b70e4u6+

+16747b71e4u6 + 16986b72e4u6 + 17240b73e4u6 + 17479b74e4u6+

+17733b75e4u6 + 17972b76e4u6 + 18226b77e4u6 + 18465b78e4u6+

+18719b79e4u6 + 18958b80e4u6 + 19212b81e4u6 + 19451b82e4u6+

+19705b83e4u6 + 19944b84e4u6 + 20198b85e4u6 + 7110b28e4u8+

+7393b29e4u8 + 7691b30e4u8 + 7974b31e4u8 + 8272b32e4u8+

+8555b33e4u8 + 8853b34e4u8 + 9136b35e4u8 + 9434b36e4u8+

+9717b37e4u8 + 10015b38e4u8 + 10298b39e4u8 + 10596b40e4u8+

+10879b41e4u8 + 11177b42e4u8 + 11460b43e4u8 + 11758b44e4u8+

+12041b45e4u8 + 12339b46e4u8 + 12622b47e4u8 + 12920b48e4u8+

+13203b49e4u8 + 13501b50e4u8 + 13784b51e4u8 + 14082b52e4u8+

+14365b53e4u8 + 14663b54e4u8 + 14946b55e4u8 + 15244b56e4u8+

+15527b57e4u8 + 15825b58e4u8 + 16108b59e4u8 + 16406b60e4u8+

+16689b61e4u8 + 16987b62e4u8 + 17270b63e4u8 + 17568b64e4u8+

+17851b65e4u8 + 18149b66e4u8 + 18432b67e4u8 + 18730b68e4u8+

+19013b69e4u8 + 19311b70e4u8 + 19594b71e4u8 + 19892b72e4u8+

+20175b73e4u8 + 20473b74e4u8 + 20756b75e4u8 + 21054b76e4u8+
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+21337b77e4u8 + 21635b78e4u8 + 21918b79e4u8 + 22216b80e4u8+

+22499b81e4u8 + 22797b82e4u8 + 23080b83e4u8 + 23378b84e4u8+

+23661b85e4u8 + 137561b85e6u8 + ... .

Îòñþäà îáû÷íûé ðÿä Ãèëüáåðòà HS′1,4
(t) àëãåáðû S′1,4 áóäåò èìåòü âèä

(ïåðâûå 100 ñëàãàåìûå):

HS′1,4
(t) = 1 + t+ 2t2 + 2t3 + 3t4 + 3t5 + 4t6 + 4t7 + 5t8 + 5t9 + 6t10+

+6t11 + 7t12 + 7t13 + 8t14 + 8t15 + 9t16 + 9t17 + 10t18 + 10t19 + 253t20+

+275t21 + 293t22 + 315t23 + 333t24 + 355t25 + 373t26 + 395t27 + 413t28+

+435t29 + 453t30 + 475t31 + 493t32 + 515t33 + 533t34 + 555t35 + 573t36+

+595t37 + 613t38 + 635t39 + 7763t40 + 8068t41 + 8384t42 + 8689t43+

+9005t44 + 9310t45 + 9626t46 + 9931t47 + 10247t48 + 10552t49+

+10868t50 + 11173t51 + 21080t52 + 21639t53 + 22194t54 + 22753t55+

+23308t56 + 23867t57 + 24422t58 + 24981t59 + 25536t60 + 26095t61+

+26650t62 + 27209t63 + 27764t64 + 28323t65 + 28878t66 + 29437t67+

+29992t68 + 30551t69 + 31106t70 + 31665t71 + 32220t72 + 32779t73+

+33334t74 + 33893t75 + 34448t76 + 35007t77 + 35562t78 + 36121t79+

+36676t80 + 37235t81 + 37790t82 + 38349t83 + 38904t84 + 39463t85+

+39974t86 + 40533t87 + 41087t88 + 41646t89 + 42200t90 + 42759t91+

+41667t92 + 42204t93 + 42741t94 + 43278t95 + 23378t96 + 23661t97+

+137561t99 + ... .
(35.32)

Ðàññìîòðèì ïåðâûå 100 ñëàãàåìûõ â ðàçëîæåíèè ðÿäà Ãèëüáåðòà
àëãåáðû SI1,4, êîòîðûé ñîãëàñíî [20] ïîëó÷àåòñÿ èç (23.3)�(23.4) ñëåäó-
þùèì îáðàçîì:

HSI1,4(t) = H(S1,4, 0, t, t) = 1 + t+ 2t2 + 5t3 + 14t4 + 26t5 + 57t6+

+119t7 + 248t8 + 461t9 + 864t10 + 1547t11 + 2737t12 + 4601t13+

+7662t14 + 12383t15 + 19768t16 + 30664t17 + 47066t18 + 70770t19+

+105300t20 + 153783t21 + 222506t22 + 317223t23 + 448337t24+

+625302t25 + 865296t26 + 1184226t27 + 1609007t28 + 2164498t29+

+2892657t30 + 3832653t31 + 5047384t32 + 6595561t33 + 8570829t34+

+11061230t35 + 14202137t36 + 18120878t37 + 23011677t38 + 29058179t39+
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+36532673t40 + 45692819t41 + 56917559t42 + 70566839t43+

+87158250t44 + 107183955t45 + 131345992t46 + 160313871t47+

+195025339t48 + 236375592t49 + 285608968t50 + 343916178t51+

+412927382t52 + 494204023t53 + 589868721t54 + 701958526t55+

+833207339t56 + 986241378t57 + 1164562071t58+

+1371538331t59 + 1611612886t60 + 1889064095t61+

+2209499727t62 + 2578327522t63 + 3002568564t64+

+3488999055t65 + 4046367551t66 + 4683127424t67+

+5410102263t68 + 6237758509t69 + 7179427892t70+

+8248015477t71 + 9459839180t72 + 10830705810t73+

+12380506870t74 + 14128528398t75 + 16098882290t76+

+18314961754t77 + 20805884383t78 + 23599922669t79+

+26732062272t80 + 30236294034t81 + 34154507484t82+

+38527430455t83 + 43404991223t84 + 48835760568t85+

+54879055119t86 + 61592616546t87 + 69046625211t88+

+77309433488t89 + 86463824763t90 + 96590473934t91+

+107786664234t92 + 120147246938t93 + 133786223574t94+

+148814805866t95 + 165366127962t96 + 183570124286t97+

+203581864473t98 + 225552766408t99 + ... .

(35.33)

Òàê êàê äëÿ ðÿäîâ (35.32) è (35.33) èìååò ìåñòî íåðàâåíñòâî

HS′1,4
(t) ≤ HSI1,4(t),

òî, â ïðåäïîëîæåíèè, ÷òî ýòî íåðàâåíñòâî èìååò ìåñòî è äëÿ îñòàëüíûõ
ñëàãàåìûõ ðàññìîòðåííûõ ðÿäîâ, ïîëó÷àåì íåðàâåíñòâî

%(S′1,4) ≤ %(SI1,4).

Îòìåòèì, ÷òî S′1,4 íå ÿâëÿåòñÿ ïîäàëãåáðîé â SI1,4. Òàê êàê èç òåîðåìû
23.3 èìååì %(SI1,4) = 11, òî ñîãëàñíî ïîñëåäíåìó íåðàâåíñòâó ïîëó÷à-
åì, ÷òî ìîæåò áûòü ñïðàâåäëèâà

Ãèïîòåçà 35.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ ïñåâäîâåëè÷èí (à òàêæå ôîêóñíûõ âåëè÷èí) äëÿ äèôôåðåí-

öèàëüíîé ñèñòåìû (35.1), êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè

ïðîáëåìû öåíòðà è ôîêóñà äëÿ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû,

ìîæåò íå ïðåâûøàòü 11.
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�36. Âåðõíÿÿ ãðàíèöà ÷èñëà àëãåáðàè÷åñêè-

íåçàâèñèìûõ ôîêóñíûõ ïñåâäîâåëè÷èí

äëÿ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 5)

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 5), êîòîðóþ çàïèøåì
â âèäå

ẋ = cx+ dy + gx5 + 5hx4y + 10kx3y2 + 10lx2y3 + 5mxy4 + ny5,

ẏ = ex+ fy + px5 + 5qx4y + 10rx3y2 + 10sx2y3 + 5uxy4 + vy5
(36.1)

ñ êîíå÷íî-îïðåäåëåííîé ãðàäóèðîâàííîé àëãåáðîé óíèìîäóëÿðíûõ êî-
ìèòàíòîâ S1,5 [15,20]. Äëÿ ýòîé ñèñòåìû çàïèøåì ôóíöèþ (29.2) â âèäå

U = k2 + a0x
3 + 3a1x

2y + 3a2xy
2 + a3y

3 + b0x
4 + 4b1x

3y + 6b2x
2y2+

+4b3xy
3 + b4y

4 + c0x
5 + 5c1x

4y + 10c2x
3y2 + 10c3x

2y3 + 5c4xy
4+

+c5y
5 + d0x

6 + 6d1x
5y + 15d2x

4y2 + 20d3x
3y3 + 15d4x

2y4 + 6d5xy
5+

+d6y
6 + e0x

7 + 7e1x
6y + 21e2x

5y2 + 35e3x
4y3 + 21e5x

2y5 + 7e6xy
6+

+e7y
7 + f0x

8 + 8f1x
7y + 28f2x

6y2 + 56f3x
5y3 + 70f4y

4+

+56f5x
3y5 + 28f6x

2y6 + 8f7xy
7 + f8y

8 + ...,
(36.2)

ãäå k2 6≡ 0 èç (28.6), à a0, a1, ..., f7, f8, ...�íåèçâåñòíûå êîýôôèöèåíòû.
Òîæäåñòâî (29.1) âäîëü òðàåêòîðèé äèôôåðåíöèàëüíîé ñèñòåìû

(36.1) ñ ôóíêöèåé (36.2) ðàçëàãàåòñÿ íà ñëåäóþùèå ñèñòåìû óðàâíå-
íèé (ðàâåíñòâî (29.4) îïóùåíî):

x3 : 3a0c+ 3a1e = 0,

x2y : 6a1c+ 3a0d+ 6a2e+ 3a1f = 0,

xy2 : 3a2c+ 6a1d+ 3a3e+ 6a2f = 0,

y3 : 3a2d+ 3a3f = 0;

(36.3)

x4 : 4b0c+ 4b1e− e2G1 = 0,

x3y : 12b1c+ 4b0d+ 12b2e+ 4b1f + 2ceG1 − 2efG1 = 0,

x2y2 : 12b2c+ 12b1d+ 12b3e+ 12b2f − c2G1 + 2deG1+

+ 2cfG1 − f2G1 = 0,

xy3 : 4b3c+ 12b2d+ 4b4e+ 12b3f − 2cdG1 + 2dfG1 = 0,

y4 : 4b3d+ 4b4f − d2G1 = 0;

(36.4)
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x5 : 5cc0 + 5c1e = 0,

x4y : 20cc1 + 5c0d+ 20c2e+ 5c1f = 0,

x3y2 : 30cc2 + 20c1d+ 30c3e+ 20c2f = 0,

x2y3 : 20cc3 + 30c2d+ 20c4e+ 30c3f = 0,

xy4 : 5cc4 + 20c3d+ 5c5e+ 20c4f = 0,

y5 : 5c4d+ 5c5f = 0;

(36.5)

x6 : 6cd0 + 6d1e− 2eg + e3G2 + cp− fp = 0,

x5y : 6dd0 + 30cd1 + 30d2e+ 6d1f + cg − fg − 3ce2G2+

+ 3e2fG2 − 10eh+ 2dp+ 5cq − 5fq = 0,

x4y2 : 330dd1 + 60cd2 + 60d3e+ 30d2f + 3c2eG2 − 3de2G2−
− 6cefG2 + 3ef2G2 + 5ch− 5fh− 20ek + 10dq + 10cr−
− 10fr = 0,

x3y3 : 60dd2 + 60cd3 + 60d4e+ 60d3f − c3G2 + 6cdeG2+

+ 3c2fG2 − 6defG2 − 3cf2G2 + f3G2 + 10ck − 10fk−
− 20el + 20dr + 10cs− 10fs = 0,

x2y4 : 660dd3 + 30cd4 + 30d5e+ 60d4f − 3c2dG2 + 3d2eG2+

+ 6cdfG2 − 3df2G2 + 10cl − 10fl − 10em+ 20ds+ 5cu−
− 5fu = 0,

xy5 : 30dd4 + 6cd5 + 6d6e+ 30d5f − 3cd2G2 + 3d2fG2 + 5cm−
− 5fm− 2en+ 10du+ cv − fv = 0,

y6 : 6dd5 + 6d6f − d3G2 + cn− fn+ 2dv = 0;

(36.6)

x7 : 7ce0 + 7ee1 + 3a0g + 3a1p = 0,

x6y : 7de0 + 42ce1 + 42ee2 + 7e1f + 6a1g + 15a0h+ 6a2p+

+ 15a1q = 0,

x5y2 : 42de1 + 105ce2 + 105ee3 + 42e2f + 3a2g + 30a1h+ 30a0k+

+ 3a3p+ 30a2q + 30a1r = 0,

x4y3 : 105de2 + 140ce3 + 140ee4 + 105e3f + 15a2h+ 60a1k + 30a0l+

+ 15a3q + 60a2r + 30a1s = 0,

x3y4 : 140de3 + 105ce4 + 105ee5 + 140e4f + 30a2k + 60a1l + 15a0m+
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+ 30a3r + 60a2s+ 15a1u = 0,

x2y5 : 105de4 + 42ce5 + 42ee6 + 105e5f + 30a2l + 30a1m+

+ 3a0n+ 30a3s+ 30a2u+ 3a1v = 0,

xy6 : 42de5 + 7ce6 + 7ee7 + 42e6f + 15a2m+ 6a1n+ 15a3u+

+ 6a2v = 0,

y7 : 7de6 + 7e7f + 3a2n+ 3a3v = 0;

(36.7)

x8 : 8cf0 + 8ef1 + 4b0g + 4b1p− e4G3 = 0,

x7y : 8df0 + 56cf1 + 8ff1 + 56ef2 + 12b1g + 20b0h+ 12b2p+

+ 20b1q + 4ce3G3 − 4e3fG3 = 0,

x6y2 : 56df1 + 168cf2 + 56ff2 + 168ef3 + 12b2g + 60b1h+ 40b0k+

+ 12b3p+ 60b2q + 40b1r − 6c2e2G3 + 4de3G3 + 12ce2fG3−
− 6e2f2G3 = 0,

x5y3 : 168df2 + 280cf3 + 168ff3 + 280ef4 + 4b3g + 60b2h+

+ 120b1k + 40b0l + 4b4p+ 60b3q + 120b2r + 40b1s+

+ 4c3eG3 − 12cde2G3 − 12c2efG3 + 12de2fG3+

+ 12cef2G3 − 4ef3G3 = 0,

x4y4 : 280df3 + 280cf4 + 280ff4 + 280ef5 + 20b3h+ 120b2k+

+ 120b1l + 20b0m+ 20b4q + 120b3r + 120b2s+ 20b1u−
− c4G3 + 12c2deG3 − 6d2e2G3 + 4c3fG3 − 24cdefG3−
− 6c2f2G3 + 12def2G3 + 4cf3G3 − f4G3 = 0,

x3y5 : 280df4 + 168cf5 + 280ff5 + 168ef6 + 40b3k + 120b2l+

+ 60b1m+ 4b0n+ 40b4r + 120b3s+ 60b2u+ 4b1v−
− 4c3dG3 + 12cd2eG3 + 12c2dfG3 − 12d2efG3−
− 12cdf2G3 + 4df3G3 = 0,

x2y6 : 168df5 + 56cf6 + 168ff6 + 56ef7 + 40b3l + 60b2m+

+ 12b1n+ 40b4s+ 60b3u+ 12b2v − 6c2d2G3 + 4d3eG3+

+ 12cd2fG3 − 6d2f2G3 = 0,

xy7 : 56df6 + 8cf7 + 56ff7 + 8ef8 + 20b3m+ 12b2n+ 20b4u+

+ 12b3v − 4cd3G3 + 4d3fG3 = 0,

y8 : 8df7 + 8ff8 + 4b3n+ 4b4v − d4G3 = 0.

(36.8)

Î÷åâèäíî, ÷òî ñèñòåìû ëèíåéíûõ óðàâíåíèé (36.3)�(36.8) îòíîñè-
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òåëüíî íåèçâåñòíûõ a0, a1, a2, a3, b0, b1,...,b4, c0, c1,...,c5, d0, d1,...,d6, e0,
e1,...,e7, f0, f1,...,f8,..., G1, G2, G3,... ìîæíî ðàññìàòðèâàòü êàê åäèíóþ
ñèñòåìó, êîòîðàÿ ìîæåò áûòü ïðîäîëæåíà, ïðèñîåäèíåíèåì ïîñëå ïî-
ñëåäíåãî óðàâíåíèÿ èç (36.8) áåñêîíå÷íîãî ÷èñëà óðàâíåíèé, êîòîðûå
ïîëó÷àþòñÿ âñëåäñòâèå ðàâåíñòâà êîýôôèöèåíòîâ ïðè ñòåïåíÿõ xαyβ

äëÿ α+ β > 8 â òîæäåñòâå (29.1).
Äëÿ ïîëó÷åíèÿ ïîñòîÿííîé G1 çàïèøåì ñèñòåìó (36.4) â ìàòðè÷íîé

ôîðìå
A1B1 = C1, (36.9)

ãäå

A1 =


4c 4e 0 0 0 −e2

4d 12c+ 4f 12e 0 0 2ce− 2ef
0 12d 12c+ 12f 12e 0 2de+ 2cf − c2 − f2

0 0 12d 4c+ 12f 4e −2cd+ 2df
0 0 0 4d 4f −d2

 ,

B1 =


b0
b1
b2
b3
b4
G1

 , C1 =


0
0
0
0
0

 . (36.10)

Òàê êàê ðàçìåðíîñòü ìàòðèöû A1 ðàâíà 5 × 6, òî î÷åâèäíî, ÷òî
èìååì îäíó ñâîáîäíóþ íåèçâåñòíóþ. Êàê ñëåñòâèå, ïðèíèìàÿ â êà÷å-
ñòâå ñâîáîäíîé íåèçâåñòíîé îäíó èç ïåðåìåííûõ bi (i ∈ {0, , 1, ..., 4}), ñ
ïîìîùüþ ïðàâèëà Êðàìåðà äëÿ ñèñòåìû (36.9) ïîëó÷àåì

G1 =
B1,ibi
σ1,i

, (36.11)

äëÿ ëþáîãî ôèêñèðîâàííîãî i, ðàâíîãî 0, 1, 2, 3, 4, ãäå B1,i, σ1,i ÿâëÿþòñÿ
ìíîãî÷ëåíàìè îò êîýôôèöèåíòîâ ñèñòåìû (36.1), à bi-íåîïðåäåëåííûå
êîýôôèöèåíòû ôóíêöèè U(x, y) èç (36.2). Ïîëó÷àåì, ÷òî êàê ÷àñòíîå
ðåøåíèå ñèñòåìû (36.4) ìîæíî âçÿòü b0 = b1 = b2 = b3 = b4 = 0. Ýòî
îçíà÷àåò, ÷òî G1 ìîæíî ñ÷èòàòü ðàâíûì íóëþ.

Ñèñòåìà (36.6) ñîñòîèò èç 7 óðàâíåíèé. Çàïèñûâàÿ äàííîå óðàâíå-
íèå â ìàòðè÷íîé ôîðìå A2B2 = C2 (ñì. ïðèëîæåíèå 8) è âûïîëíÿÿ
àíàëîãè÷íûå ðàññóæäåíèÿ êàê â âûøåóïîìÿíóòîì ñëó÷àå, ïîëó÷àåì

G2 =
G2,i +D2,idi

σ2,i
(36.12)
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äëÿ êàæäîãî i = 0, 6.
Íàñ èíòåðåñóåò ñòåïåíü ìíîãî÷ëåíîâ G2,i îòíîñèòåëüíî êîýôôèöè-

åíòîâ ñèñòåìû s(1, 5) èç (36.1). Î÷åâèäíî, ÷òî óêàçàííàÿ ñòåïåíü ñîâïà-
äàåò ñî ñòåïåíüþ ∆G2

. Òàêèì îáðàçîì, ñòåïåíü G2,i îòíîñèòåëüíî êîýô-
ôèöèåíòîâ ñèñòåìû s(1, 5) èç (36.1) áóäåò degG2,i = 8 äëÿ âñåõ i = 0, 6.
Ïðèíèìàÿ âî âíèìàíèå ñòåïåíü ñèñòåìû, ïîëó÷àåì, ÷òî G2,i èìååò òèï
(0, 7, 1), òî åñòü G2 ÿâëÿåòñÿ îäíîðîäíûì ìíîãî÷ëåíîì ñòåïåíè 7 îò-
íîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè è îäíîðîäíûì ñòåïåíè 1
îòíîñèòåëüíî êîýôôèöèåíòîâ íåîäíîðîäíîñòè ïÿòîãî ïîðÿäêà ñèñòåìû
s(1, 5) èç (36.1). Íîëü â (0, 7, 1) ïîêàçûâàåò ÷òî âûðàæåíèå G2,i íå ñî-
äåðæèò ôàçîâûõ ïåðåìåííûõ x, y.

Îòìåòèì, ÷òî ïîìèìî ýòèõ ðåçóëüòàòîâ, ïîëó÷åííûõ èç àíàëèçà
ñèñòåìû (36.6), áûëè ïðîâåäåíû êîìïüþòåðíûå ðàñ÷åòû è îïðåäåëåíû
ÿâíûå ôîðìû ìíîãî÷ëåíîâG2,i èç (36.12) äëÿ êàæäîãî ôèêñèðîâàííîãî
i = 0, 6 (ñì. ïðèëîæåíèå 9).

Áûëî îïðåäåëåíî, ÷òî G2,i (i = 0, 6) ÿâëÿþòñÿ îäíîðîäíûìè ìíî-
ãî÷ëåíàìè îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû s(1, 5) èç (36.1), è
îäíîâðåìåííî äëÿ i = 0, 1, 2, 3, 4, 5, 6 ñîîòâåòñòâåííî ÿâëÿþòñÿ ìíîãî-
÷ëåíàìè èçîáàðíîñòè âåñà

(5,−1), (4, 0), (3, 1), (2, 2), (1, 3), (0, 4), (−1, 5). (36.13)

Îòìåòèì òàêæå, ÷òî σ2,i ÿâëÿþòñÿ ìíîãî÷ëåíàìè òîëüêî îò êîýôôèöè-
åíòîâ ëèíåéíîé ÷àñòè c, d, e, f ñèñòåìû s(1, 5) èç (36.1).

Â äàëüíåéøåì áóäåò íóæåí ÿâíûé âèä îïåðàòîðîâ X1, ..., X4 àëãåá-
ðû Ëè L4 äëÿ ñèñòåìû (36.7), âûðàæåíèÿ äëÿ êîòîðûõ ïîëó÷àþòñÿ èç
�5:

X1 = x
∂

∂x
+D1, X2 = y

∂

∂x
+D2, X3 = x

∂

∂y
+D3, X4 = y

∂

∂y
+D4,

(36.14)
ãäå

D1 = d
∂

∂d
− e ∂

∂e
− 4g

∂

∂g
− 3h

∂

∂h
− 2k

∂

∂k
− l ∂

∂l
+ n

∂

∂n
− 5p

∂

∂p
−

−4q
∂

∂q
− 3r

∂

∂r
− 2s

∂

∂s
− u ∂

∂u
,

D2 = e
∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
+ p

∂

∂g
+ (q − g)

∂

∂h
+ (r − 2h)

∂

∂k
+

+(s− 3k)
∂

∂l
+ (u− 4l)

∂

∂m
+ (v − 5m)

∂

∂n
− p ∂

∂q
− 2q

∂

∂r
− 3r

∂

∂s
−

−4s
∂

∂u
− 5u

∂

∂v
,
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D3 = −d ∂
∂c

+ (c− f)
∂

∂e
+ d

∂

∂f
− 5h

∂

∂g
− 4k

∂

∂h
− 3l

∂

∂k
−

−2m
∂

∂l
− n ∂

∂m
+ (g − 5q)

∂

∂p
+ (h− 4r)

∂

∂q
+ (k − 3s)

∂

∂r
+

+(l − 2u)
∂

∂s
+ (m− v)

∂

∂u
+ n

∂

∂v
,

D4 = −d ∂
∂d

+ e
∂

∂e
− h ∂

∂h
− 2k

∂

∂k
− 3l

∂

∂l
− 4m

∂

∂m
−

−5n
∂

∂n
+ p

∂

∂p
− r ∂

∂r
− 2s

∂

∂s
− 3u

∂

∂u
− 4v

∂

∂v
.

(36.15)

Èñïîëüçóÿ ôîðìóëó âåñà êîìèòàíòà (14.3), äëÿ äèôôåðåíöèàëüíîé
ñèñòåìû (36.1), ïîëó÷àåì, ÷òî ÷èñëèòåëè äðîáåé (36.12) ìîãóò áûòü
êîýôôèöèåíòàìè â êîìèòàíòàõ âåñà −1 òèïà (6, 7, 1). Ñ ïîìîùüþ äèô-
ôåðåíöèàëüíîãî îïåðàòîðà Ëè D3 èç (36.15) äëÿ äèôôåðåíöèàëüíîé
ñèñòåìû (36.1) ïîëó÷àåì ñèñòåìó èç 6-òè ëèíåéíûõ íåîäíîðîäíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:

D3(G2,0 +D2,0f0) = G2,1 +D2,1d1,

D3(G2,1 +D2,1d1) = −G2,2 −D2,2d2,

−D3(G2,2 +D2,2d2) = G2,3 +D2,3d3,

D3(G2,3 +D2,3d3) = −G2,4 −D2,4d4,

−D3(G2,4 +D2,4d4) = G2,5 +D2,5d5,

D3(G2,5 +D2,5d5) = −G2,6 −D2,6d6

(36.16)

îòíîñèòåëüíî 7-ìè íåèçâåñòíûõ d0, d1, ..., d6. Ñîãëàñíî ëåììå 11.3 ñèñòå-
ìà (36.16) èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé. Îòìåòèì, ÷òî ÷àñò-
íûì ðåøåíèåì ýòîé ñèñòåìû ÿâëÿåòñÿ d0 = d1 = ... = d6 = 0, äëÿ
êîòîðîé ìíîãî÷ëåí

f ′6(x, y) = G2,0x
6 − 6G2,1x

5y − 3G2,2x
4y2 + 2G2,3x

3y3+

+3G2,4x
2y4 − 6G2,5xy

5 −G2,6y
6

(36.17)

ÿâëÿåòñÿ öåíòðîàôôèííûì êîìèòàíòîì äèôôåðåíöèàëüíîé ñèñòåìû
(36.1). Ýòî ïîäâåðæäàåòñÿ è òåîðåìîé 10.2 ñ îïåðàòîðàìè X1 − X4 èç
(36.14), (36.15) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (36.1), äëÿ êîòîðîé

X1(f ′6) = X4(f ′6) = f ′6, X2(f ′6) = X3(f ′6) = 0.

Î÷åâèäíî, ÷òî äèôôåðåíöèàëüíàÿ ñèñòåìà (36.16) èìååò áåñêîíå÷-
íîå ìíîæåñòâî ðåøåíèé d0, d1, ..., d6, êîòîðûå îïðåäåëÿþò öåíòðîàô-
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ôèííûå êîìèòàíòû òèïà (6, 7, 1), êîòîðûå çàïèñûâàþòñÿ â âèäå

f ′′6 (x, y) = (G2,0 +D2,0d0)x6 − 6(G2,1 +D2,1d1)x5y − 3(G2,2+

+D2,2d2)x4y2 + 2(G2,3 +D2,3d3)x3y3 + 3(G2,4 +D2,4d4)x2y4−
−6(G2,5 +D2,5d5)xy5 − (G2,6 +D2,6d6)y6.

(36.18)

Ñîãëàñíî ñêàçàííîìó âûøå êîìèòàíò (36.17) ïðèíàäëåæèò ëèíåéíîìó

ïðîñòðàíñòâó S
(6,7,1)
1,5 .

Îòìåòèì, ÷òî êîìèòàíò (36.17) íà ìíîãîîáðàçèè V èç (28.7) äëÿ
äèôôåðåíöèàëüíîé ñèñòåìû (36.1) èìååò âèä

f ′6(x, y)|V = L2(x2 + y2)3 (G2|V = L2), (36.19)

ãäå
L2 = 20(g + 2k +m+ q + 2s+ v),

ÿâëÿåòñÿ ïåðâîé íåíóëåâîé ïîñòîÿííîé Ëÿïóíîâà äèôôåðåíöèàëüíîé
ñèñòåìû (36.1) íà èíâàðèàíòíîì ìíîãîîáðàçèè V.

Ðàññìîòðèì ïðîäîëæåíèå ñèñòåìû (36.3)�(36.8), êîòîðàÿ ïîëó÷àåò-
ñÿ èç òîæäåñòâà (29.1) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (36.1) è ôóíê-
öèè (36.2), ñîäåðæàùåé ïîñòîÿííóþ G2k, êîòîðóþ çàïèøåì â ìàòðè÷-
íîé ôîðìå A2kB2k = C2k. Îáîçíà÷èì ÷åðåç mG2k

÷èñëî óðàâíåíèé ýòîé
ñèñòåìû, à ÷åðåç nG2k

�÷èñëî íåèçâåñòíûõ.
Îòìåòèì, ÷òî ýòî ÷èñëî çàïèñûâàåòñÿ â âèäå:

mG2k
= 2 · 2 + 3︸ ︷︷ ︸

G2

+2 · 4 + 3

︸ ︷︷ ︸
G4

+2 · 6 + 3

︸ ︷︷ ︸
G6
. . .

+...+ 2 · 2k + 3

︸ ︷︷ ︸
G2k

,

äëÿ k = 1, 2, 3, . . . . Îòñþäà ïîëó÷àåì

mG2k
= 2k2 + 5k. (36.20)

Èç ýòèõ ñèñòåì ïîëó÷àåòñÿ

G2k =
G2k,i1,i2,...,ik +B2k,i1,i2,...,ikbi1 + · · ·+ Z2k,i1,i2,...,ikzik

σ2k,i1,i2,...,ik

. (36.21)

Âàæíî îïðåäåëèòü ñòåïåíü ìíîãî÷ëåíîâG2k,i1,i2,...,ik+B2k,i1,i2,...,ikbi1+
· · · + Z2k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé
ñèñòåìû (36.1).
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Îòìåòèì, ÷òî ñòåïåíü íåíóëåâîãî êîýôôèöèåíòà ìíîãî÷ëåíà ïðè
G2i (i = 1, k) îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû (36.1) â îïðåäåëè-
òåëå Êðàìåðà ïîðÿäêà mG2k

, êîãäà êîýôôèöèåíòû ïðè G2k çàìåíÿþò-
ñÿ ñâîáîäíûìè ÷ëåíàìè óêàçàííîé ñèñòåìû è ñîñòàâëÿþò ñëåäóþùóþ
äèàãðàììó:

G2, G4, G6, ... , G2(k−1), G2k.

↓ ↓ ↓ ↓ ↓

7 18 33 k(2k + 1)− 3 1

Òîãäà ñòåïåíü ìíîãî÷ëåíîâ G2k,i1,i2,...,ik +B2k,i1,i2,...,ikbi1 + · · ·
+Z2k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñèñòåìû (36.1), îáîçíà-
÷åííàÿ ÷åðåç NG2k

, çàïèøåòñÿ â âèäå

NG2k
= mG2k

+ 2
k(k − 1)

2
+ 1,

îòêóäà ïîëó÷àåì
NG2k

= 3k2 + 4k + 1. (36.22)

Ýòî è åñòü ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíîâ G2k,i1,i2,...,ik+
+B2k,i1,i2,...,ikbi1 + · · ·+Z2k,i1,i2,...,ikzik îòíîñèòåëüíî êîýôôèöèåíòîâ ñè-
ñòåìû (36.1), êîòîðûå ÿâëÿþòñÿ ìíîãî÷ëåíàìè òèïà

(0, d1, d2), (36.23)

ãäå d1�ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëüíî êîýôôèöèåíòîâ
ëèíåéíîé ÷àñòè, à d2�ñòåïåíü îäíîðîäíîñòè ìíîãî÷ëåíà îòíîñèòåëü-
íî êîýôôèöèåíòîâ íåîäíîðîäíîñòè ïÿòîãî ïîðÿäêà ñèñòåìû s(1, 5) èç
(36.1).Òàê êàê δ = 2(2k + 1) è d2 = k, òî d1 = NGk − k.

Òàêèì îáðàçîì íàõîäèì, ÷òî êîìèòàíò âåñà −1 ñèñòåìû s(1, 5) èç
(36.1), êîòîðûé ñîäåðæèò â êà÷åñòâå ïîëóèíâàðèàíòà G2k,i1,i2,...,ik+
+B2k,i1,i2,...,ikbi1 +· · ·+Z2k,i1,i2,...,ikzik ñîîòâåòñòâóþùèé ïîñòîÿííîé G2k

äëÿ k = 1, 2, 3, ... (Gn = 0 åñëè n 6= 2k), èìååò òèï(
2(2k + 1), 3k2 + 3k + 1, k

)
, (36.24)

ãäå 2(2k + 1)�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíîñèòåëüíî ôàçîâûõ
ïåðåìåííûõ x, y, 3k2 + 3k+ 1�ñòåïåíü îäíîðîäíîñòè êîìèòàíòà îòíîñè-
òåëüíî êîýôôèöèåíòîâ ëèíåéíîé ÷àñòè, à k�ñòåïåíü îäíîðîäíîñòè êî-
ìèòàíòà îòíîñèòåëüíî êîýôôèöèåíòîâ íåîäíîðîäíîñòè ïÿòîãî ïîðÿäêà
ñèñòåìû s(1, 5) èç (36.1).

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 5) èç (36.1). Â ýòîì
ñëó÷àå ñîãëàñíî ðàáîòå [20] ñ ïîìîùüþ òåîðåìû 24.1 ñïðàâåäëèâà
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Òåîðåìà 36.1. Ðàçìåðíîñòü ëèíåéíîãî ïðîñòðàíñòâà öåíòðîàô-
ôèííûõ êîìèòàíòîâ òèïà (d) = (δ, d1, d2) äëÿ äèôôåðåíöèàëüíîé ñè-

ñòåìû s(1, 5) èç (36.1), îáîçíà÷åííàÿ ÷åðåç dimRV
(d)
1,5 , ðàâíà êîýôôèöè-

åíòó ïðè îäíî÷ëåíå uδbd1fd2 â ðàçëîæåíèè îáîáùåííîãî ðÿäà Ãèëüáåð-

òà èç (24.3)�(24.4) äëÿ àëãåáðû Ñèáèðñêîãî S1,5 êîìèòàíòîâ ðàññìîò-

ðåííîé ñèñòåìû.

Ðàññìîòðèì ïîäàëãåáðó S′1,5 ⊂ S1,5, êîòîðóþ çàïèøåì â âèäå

S′1,5 =
⊕
(d)

S
(d′)
1,5 , (36.25)

ãäå ÷åðåç S
(d′)
1,5 îáîçíà÷åíû ëèíåéíûå ïðîñòðàíñòâà

S
(0,0,0)
1,5 = R, S(0,1,0)

1,5 , ..., S
2(2k+1),3k2+3k+1,k
1,5 , k = 1, 2, ..., (36.26)

à òàêæå ïðîñòðàíñòâà èç S1,5, êîòîðûå ñîäåðæàò âñåâîçìîæíûå èõ ïðî-
èçâåäåíèÿ.

Òàê êàê àëãåáðà S′1,5 ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåáðîé â êîíå÷-
íî-îïðåäåëåííîé àëãåáðå S1,5, òî ñîãëàñíî ïðåäëîæåíèþ 19.1 ïîëó÷àåì
%(S′1,5) ≤ %(S1,5). Èç ýòîãî íåðàâåíñòâà è èç òîãî ÷òî %(S1,5) = 15 (ñì.
òåîðåìó 24.3), ñîãëàñíî ïðèìå÷àíèþ 11.2 î ïîëóèíâàðèàíòàõ è òîãî,
÷òî îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû ÿâëÿþòñÿ êîýôôèöèåíòà-
ìè íåêîòîðûõ êîìèòàíòîâ, ïîëó÷àåì

Òåîðåìà 36.2. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ

äèôôåðåíöèàëüíîé ñèñòåìû (36.1), íå ïðåâûøàåò 15.
Ñîãëàñíî ïðåäëîæåíèþ 19.2, çàìå÷àíèþ 28.1 è ðàâåíñòâó (29.3) ñëå-

äóåò, ÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ
âåëè÷èí Lk (k = 1,∞) íå ìîæåò ïðåâûøàòü ìàêñèìàëüíîå ÷èñëî àëãå-
áðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí
G2k,i1,i2,...,ik +B2k,i1,i2,...,ikbi1 + · · ·+ Z2k,i1,i2,...,ikzik .

Îòñþäà ñ ïîìîùüþ òåîðåìû 36.2 ïîëó÷àåì
Ñëåäñòâèå 36.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû

öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (36.1), íå ïðåâûøà-
åò 15.

Îáîáùåííàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ ïðîñòðàíñòâà (36.25) ìîæåò
áûòü çàïèñàíà â ñëåäóþùèì âèäå:

Φ(V1,5, u, b, f) = dimRS
(0,0,0)
1,5 + dimRS

(0,1,0)
1,5 b+

+

∞∑
k=1

dimRS
(2(2k+1),3k2+3k+1,k)
1,5 u2(2k+1)b3k

2+3k+1fk.
(36.27)
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Èçïîëüçóÿ êîìïüþòåð, ðàçëàãàåì ðÿä Ãèëüáåðòà H(S1,5, u, b, f) èç
(24.7)�(24.9) â ñòåïåííîé ðÿä. Òîãäà äëÿ (36.27) èìååì

Φ(V1,5, u, b, f) = 1 + b+ 33u6b7f + 585u10b19f2 + 5616u14b37f3 + ...

+C2(2k+1),3k2+3k+1,ku
2(2k+1)b(3k

2+3k+1)fk + ...,
(36.28)

ãäå C2(k+1), 12 (15k2+11k+2),2k�íåîïðåäåëåííûé êîýôôèöèåíò.
Ñ ïîìîùüþ ýòîé îáîáùåííîé ïðîèçâîäÿùåé ôóíêöèè è ðÿäà Ãèëü-

áåðòà H(S1,5, u, b, f) èç òåîðåìû 36.1 áûëè ïîëó÷åíû ïåðâûå ñëàãàåìûå
äî u22b91f5 (δ + d1 + d2 ≤ 118) â ðÿäå Ãèëüáåðòà H(S′1,5, u, b, f):

H(S′1,5, u, b, f) = 1 + b+ 2b2 + 2b3 + 3b4 + 3b5 + 4b6 + 4b7 + 5b8 + 5b9+

+6b10 + 6b11 + 7b12 + 7b13 + 8b14 + 8b15 + 9b16 + 9b17 + 10b18 + 10b19+

+11b20 + 11b21 + 12b22 + 12b23 + 13b24 + 13b25 + 14b26 + 14b27 + 15b28+

+15b29 + 16b30 + 16b31 + 17b32 + 17b33 + 18b34 + 18b35 + 19b36 + 19b37+

+20b38 + 20b39 + 21b40 + 21b41 + 22b42 + 22b43 + 23b44 + 23b45+

+24b46 + ...+ u22(46666b78f4 + 47358b79f4 + 48029b80f4 + 48721b81f4+

+49392b82f4 + 50084b83f4 + 50755b84f4 + 51447b85f4 + 52118b86f4+

+52810b87f4 + 53481b88f4 + 54173b89f4 + 54844b90f4 + 55536b91f4+

+176322b91f5) + ...

Îòñþäà îáû÷íûé ðÿä Ãèëüáåðòà HS′1,5
(t) àëãåáðû S′1,5 áóäåò èìåòü âèä

(ïåðâûå 119 ñëàãàåìûå):

HS′1,5
(t) = 1 + t+ 2t2 + 2t3 + 3t4 + 3t5 + 4t6 + 4t7 + 5t8 + 5t9 + 6t10+

+6t11 + 7t12 + 7t13 + 41t14 + 47t15 + 54t16 + 60t17 + 67t18 + 73t19+

+80t20 + 86t21 + 93t22 + 99t23 + 106t24 + 112t25 + 119t26 + 125t27+

+504t28 + 546t29 + 595t30 + 1222t31 + 1306t32 + 1389t33 + 1473t34+

+1556t35 + 1640t36 + 1723t37 + 1807t38 + 1890t39 + 1974t40 + 2057t41+

+4598t42 + 4863t43 + 5129t44 + 8915t45 + 9362t46 + 9808t47+

+10255t48 + 10701t49 + 11148t50 + 11594t51 + 12041t52+

+12487t53 + 18550t54 + 19175t55 + 19801t56 + 20426t57+

+21052t58 + 37686t59 + 38983t60 + 40300t61 + 61616t62 + 63602t63+

+65589t64 + 67575t65 + 69562t66 + 71548t67 + 73535t68 + 75521t69+

+77508t70 + 79494t71 + 81481t72 + 83467t73 + 85454t74 + 87440t75+

+89427t76 + 91413t77 + 93400t78 + 95386t79 + 97373t80 + 99359t81+
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+101346t82 + 139347t83 + 141998t84 + 144669t85 + 147320t86+

+149991t87 + 152642t88 + 155313t89 + 157964t90 + 160635t91+

+163286t92 + 165957t93 + 168608t94 + 171279t95 + 173930t96+

+176601t97 + 179252t98 + 181380t99 + 184025t100 + 186690t101+

+189335t102 + 192000t103 + 191289t104 + 193913t105 + 193109t106+

+195697t107 + 198265t108 + 185392t109 + 187781t110 + 174723t111+

+176931t112 + 163780t113 + 108892t114 + 110253t115+

+54903t116 + 55595t117 + 176382t118 + ...
(36.29)

Ðàññìîòðèì ïåðâûå 119 ñëàãàåìûõ â ðàçëîæåíèè ðÿäà Ãèëüáåðòà
àëãåáðû SI1,5 èç (24.3)�(24.4). Çàìåíÿÿ z = t, ïîëó÷àåì

HSI1,5(t) = H(S1,5, 0, t, t) = 1 + t+ 4t2 + 8t3 + 26t4 + 53t5 + 146t6+

+305t7 + 704t8 + 1417t9 + 2920t10 + 5533t11 + 10500t12 + 18825t13+

+33444t14 + 57120t15 + 96303t16 + 157599t17 + 254508t18 + 401472t19+

+625182t20 + 955251t21 + 1442076t22 + 2142840t23 + 3149178t24+

+4566267t25 + 6554694t26 + 9300484t27 + 13076140t28 + 18198949t29+

+25118690t30 + 34359893t31 + 46645739t32 + 62820314t33 + 84019460t34+

+111568250t35 + 147213784t36 + 192990661t37 + 251534302t38+

+325907859t39 + 420016674t40 + 538389135t41 + 686719824t42+

+871593216t43 + 1101188574t44 + 1384936842t45 + 1734423882t46+

+2162969685t47 + 2686776843t48 + 3324416523t49 + 4098277602t50+

+5033946165t51 + 6162015960t52 + 7517347113t53 + 9141313732t54+

+11080921339t55 + 13391579524t56 + 16136061599t57+

+19387898270t58 + 23230161917t59 + 27759598166t60+

+33085209860t61 + 39333260630t62 + 46645639450t63+

+55185881485t64 + 65137293814t65 + 76710167634t66+

+90139636710t67 + 105694278048t68 + 123673683567t69+

+144418662324t70 + 168308506209t71 + 195773044560t72+

+227289574704t73 + 263397050880t74 + 304692662715t75+

+351848461524t76 + 405607571979t77 + 466803608430t78+

+536356493511t79 + 615295057113t80 + 704752453114t81+

+805992362230t82 + 920404001941t83 + 1049532417158t84+
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+1195073066570t85 + 1358906736914t86 + 1543093711865t87+

+1749913882256t88 + 1981860511040t89 + 2241686191348t90+

+2532396208270t91 + 2857301061364t92 + 3220009454859t93+

+3624488148738t94 + 1981860511040t89 + 2241686191348t90+

+2532396208270t91 + 2857301061364t92 + 3220009454859t93+

+3624488148738t94 + 4075054619802t95 + 4576445103411t96+

+5133806955846t97 + 5752775830170t98 + 6439467809532t99+

+7200566719746t100 + 8043316119915t101 + 8975617875264t102+

+10006024079634t103 + 11143848111366t104 + 12399156613041t105+

+13782894327786t106 + 15306876284184t107 + 16983927856168t108+

+18827877291745t109 + 20853712561492t110 + 23077574432714t111+

+25516931762351t112 + 28190575349780t113 + 31118813506166t114+

+34323466911800t115 + 37828086439832t116 + 41657949323224t117+

+45840301322554t118 + ...
(36.30)

Òàê êàê äëÿ ðÿäîâ (36.29) è (36.30) èìååò ìåñòî íåðàâåíñòâî

HS′1,5
(t) ≤ HSI1,5(t),

òî, â ïðåäïîëîæåíèè, ÷òî ýòî íåðàâåíñòâî èìååò ìåñòî è äëÿ îñòàëüíûõ
ñëàãàåìûõ ðàññìîòðåííûõ ðÿäîâ, ïîëó÷àåì íåðàâåíñòâî

%(S′1,5) ≤ %(SI1,5).

Îòìåòèì, ÷òî S′1,5 íå ÿâëÿåòñÿ ïîäàëãåáðîé â SI1,5. Òàê êàê èç òåî-
ðåìû 24.3 èìååì %(SI1,5) = 13, òî ñîãëàñíî ïîñëåäíåìó íåðàâåíñòâó
ïîëó÷àåì, ÷òî ìîæåò áûòü ñïðàâåäëèâà

Ãèïîòåçà 36.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ ïñåâäîâåëè÷èí (à òàêæå ôîêóñíûõ âåëè÷èí) äëÿ äèôôåðåí-

öèàëüíîé ñèñòåìû (36.1), êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè

ïðîáëåìû öåíòðà è ôîêóñà äëÿ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû, íå

ïðåâûøàåò 13.
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�37. Êîìèòàíòû, êîòîðûå èìåþò â êà÷åñòâå

êîýôôèöèåíòîâ îáîáùåííûå ôîêóñíûå

ïñåâäîâåëè÷èíû ñèñòåìû s(1, 2, 3), è èõ

ãðàäóèðîâàííàÿ àëãåáðà Ñèáèðñêîãî

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1, 2, 3), êîòîðóþ çàïè-
øåì â âèäå

ẋ = cx+ dy + gx2 + 2hxy + kx2 + px3 + 3qx2y + 3rxy2 + sy3,

ẏ = ex+ fy + lx2 + 2mxy + ny2 + tx3 + 3ux2y + 3vxy2 + wy3
(37.1)

ñ êîíå÷íî-îïðåäåëåííîé ãðàäóèðîâàííîé àëãåáðîé óíèìîäóëÿðíûõ êî-
ìèòàíòîâ S1,2,3. Äëÿ ýòîé ñèñòåìû çàïèøåì ôóíöèþ (29.2) â âèäå

U = k2 + a0x
3 + 3a1x

2y + 3a2xy
2 + a3y

3 + b0x
4 + 4b1x

3y + 6b2x
2y2+

+4b3xy
3 + b4y

4 + c0x
5 + 5c1x

4y + 10c2x
3y2 + 10c3x

2y3 + 5c4xy
4+

+c5y
5 + d0x

6 + 6d1x
5y + 15d2x

4y2 + 20d3x
3y3 + 15d4x

2y4 + 6d5xy
5+

+d6y
6 + e0x

7 + 7e1x
6y + 21e2x

5y2 + 35e3x
4y3 + 21e5x

2y5 + 7e6xy
6+

+e7y
7 + f0x

8 + 8f1x
7y + 28f2x

6y2 + 56f3x
5y3 + 70f4y

4+

+56f5x
3y5 + 28f6x

2y6 + 8f7xy
7 + f8y

8 + ...,
(37.2)

ãäå k2 6≡ 0 èç (28.6), à a0, a1, ..., f7, f8, ...�íåèçâåñòíûå êîýôôèöèåíòû.

Òîæäåñòâî (29.1) âäîëü òðàåêòîðèé äèôôåðåíöèàëüíîé ñèñòåìû
(37.1) ñ ôóíêöèåé (37.2) ðàçëàãàåòñÿ â ñèñòåìû óðàâíåíèé îòíîñèòåëüíî
ïåðåìåííûõ a0, a1,..., f7, f8, G1, G2, G3, ... (ðàâåíñòâî (29.4) îïóùåíî).
Äëÿ ïîëó÷åíèÿ âåëè÷èíû G1 çàïèøåì óðàâíåíèÿ, â êîòîðûõ ðàçëà-
ãàåòñÿ òîæäåñòâî (29.1) â ñëó÷àå äèôôåðåíöèàëüíîé ñèñòåìû (37.1) â
ìàòðè÷íîé ôîðìå

Ã1B̃1 = C̃1, (37.3)
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ãäå

Ã1 =



3c 3e 0 0 0 0 0
3d 6c+3f 6e 0 0 0 0
0 6d 3c+6f 3e 0 0 0
0 0 3d 3f 0 0 0
3g 3l 0 0 4c 4e 0
6h 6g+6m 6l 0 4d 12c+4f 12e
3k 12h+3n 3g+12m 3l 0 12d 12c+12f
0 6k 6h+6n 6m 0 0 12d
0 0 3k 3n 0 0 0

0 0 0
0 0 0
0 0 0
0 0 0
0 0 −e2

0 0 2ce−2ef
12e 0 −c2+2de+2cf−f2

4c+12f 4e −2cd+2df
4d 4f −d2


,

B̃1 =



a0

a1

a2

a3

b0
b1
b2
b3
b4
G1


, C̃1 =



2eg − cl + fl
−cg + fg + 4eh− 2dl − 2cm+ 2fm
−2ch+ 2fh+ 2ek − 4dm− cn+ fn

−ck + fk − 2dn
2ep− ct+ ft

−cp+ fp+ 6eq − 2dt− 3cu+ 3fu
−3cq + 3fq + 6er − 6du− 3cv + 3fv
−3cr + 3fr + 2es− 6dv − cw + fw

−cs+ fs− 2dw


.

(37.4)

Äëÿ êàæäîãî ôèêñèðîâàííîãî i ∈ {0, 1, ..., 4} ñ ïîìîùüþ ïðàâèëà
Êðàìåðà èç ñèñòåìû (37.3) ïîëó÷àåì

G1 =
G̃1,i + B̃1,ibi

σ̃1,i
, (37.5)

ãäå G̃1,i, B̃1,i, σ̃1,i�ìíîãî÷ëåíû îò êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé
ñèñòåìû (37.1), à bi�íåîïðåäåëåííûå êîýôôèöèåíòû ôóíêöèè U(x, y)
èç (37.2).
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Èçó÷àÿ ìàòðè÷íîå óðàâíåíèå (37.3) äëÿ äèôôåðåíöèàëüíîé ñèñòå-

ìû (37.1), íàõîäèì, ÷òî ôîêóñíàÿ ïñåâäîâåëè÷èíà G̃1,i äëÿ ëþáîãî ôèê-
ñèðîâàííîãî i èç (37.5) ìîæåò áûòü çàïèñàíà â âèäå

G̃1,i = G̃′1,i + G̃′′1,i, (i = 0, 1, 2, 3, 4), (37.6)

ãäå G̃′1,i (ñîîòâåòñòâåííî G̃′′1,i) ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè
ñòåïåíè 8 (ñîîòâåòñòâåííî 9) îòíîñèòåëüíî êîýôôèöèåíòîâ ëèíåéíîé
÷àñòè è îäíîðîäíûìè ñòåïåíè 2 îòíîñèòåëüíî êîýôôèöèåíòîâ êâàäðà-
òè÷íîé ÷àñòè (ñîîòâåòñòâåííî ñòåïåíè 1 îòíîñèòåëüíî êîýôôèöèåíòîâ
êóáè÷åñêîé ÷àñòè) äèôôåðåíöèàëüíîé ñèñòåìû (37.1).

Èç (5.1)�(5.2), (5.5)�(5.6), (5.8)�(5.9), (5.11)�(5.12) îïåðàòîðû àëãåá-
ðû Ëè L4 äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1) ïîëó÷àþòñÿ

X1 = x
∂

∂x
+ d

∂

∂d
− e ∂

∂e
− g ∂

∂g
+ k

∂

∂k
− 2l

∂

∂l
−m ∂

∂m
− 2p

∂

∂p
− q ∂

∂q
+

+s
∂

∂s
− 3t

∂

∂t
− 2u

∂

∂u
− v ∂

∂v
,

X2 = y
∂

∂x
+ e

∂

∂c
+ (f − c) ∂

∂d
− e ∂

∂f
+ l

∂

∂g
+ (m− g)

∂

∂h
+ (n−

−2h)
∂

∂k
− l ∂

∂m
− 2m

∂

∂n
+ t

∂

∂p
+ (u− p) ∂

∂q
+ (v − 2q)

∂

∂r
+ (w−

−3r)
∂

∂s
− t ∂

∂u
− 2u

∂

∂v
− 3v

∂

∂w
,

X3 = x
∂

∂y
− d ∂

∂c
+ (c− f)

∂

∂e
+ d

∂

∂f
− 2h

∂

∂g
− k ∂

∂h
+ (g − 2m)

∂

∂l
+

+(h− n)
∂

∂m
+ k

∂

∂n
− 3q

∂

∂p
− 2r

∂

∂q
− s ∂

∂r
+ (p− 3u)

∂

∂t
+ (q−

−2v)
∂

∂u
+ (r − w)

∂

∂v
+ s

∂

∂w
,

X4 = y
∂

∂y
− d ∂

∂d
+ e

∂

∂e
− h ∂

∂h
− 2k

∂

∂k
+ l

∂

∂l
− n ∂

∂n
− q ∂

∂q
− 2r

∂

∂r
−

−3s
∂

∂s
+ t

∂

∂t
− v ∂

∂v
− 2w

∂

∂w
.

Ïðèìåíÿÿ ýòè îïåðàòîðû ê âûðàæåíèÿì èç (37.6), íàõîäèì ðàâåíñòâà

X1(f̃ ′4) = X4(f̃ ′4) = f̃ ′4, X2(f̃ ′4) = X3(f̃ ′4) = 0,

X1(f̃ ′′4 ) = X4(f̃ ′′4 ) = f̃ ′′4 , X2(f̃ ′′4 ) = X3(f̃ ′′4 ) = 0,
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ãäå

f̃ ′4(x, y) = G̃′1,0x
4 − 4G̃′1,1x

3y + 2G̃′1,2x
2y2 + 4G̃′1,3xy

3 − G̃′1,4y4,

f̃ ′′4 (x, y) = G̃′′1,0x
4 − 4G̃′′1,1x

3y + 2G̃′′1,2x
2y2 + 4G̃′′1,3xy

3 − G̃′′1,4y4
(37.7)

ÿâëÿþòñÿ êîìèòàíòàìè âåñà −1 äèôôåðåíöèàëüíîé ñèñòåìû (37.1), à

G̃′1,i, G̃
′′
1,i èç (37.6).

Ñîãëàñíî ñêàçàííîìó âûøå è (14.1) êîìèòàíòû (37.7) ïðèíàäëåæàò
ëèíåéíûì ïðîñòðàíñòâàì

S
(4,8,2,0)
1,2,3 , S

(4,9,0,1)
1,2,3 , (37.8)

êîòîðûå ÿâëÿþòñÿ êîìïîíåíòàìè ãðàäóèðîâàííîé àëãåáðû Ñèáèðñêîãî
êîìèòàíòîâ S1,2,3 äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1).

Ïðèíèìàÿ âî âíèìàíèå (37.5), íàïðèìåð äëÿ bi = 0 (i = 0, 4) íà
ìíîãîîáðàçèè V èç (28.9) äëÿ (37.6), (37.7), íàõîäèì, ÷òî ìåæäó ïåðâîé
ôîêóñíîé âåëè÷èíîé L1 äèôôåðåíöèàëüíîé ñèñòåìû (37.1) è êîìèòàí-
òàìè (37.7) èìååò ìåñòî ðàâåíñòâî[

f̃ ′4(x, y) + f̃ ′′4 (x, y)
]
|V = 8L1(x2 + y2)2 (G1|V = 8L1),

ãäå

L1 =
1

4
{2[g(l − h)− k(h+ n) +m(l + n)]− 3[p+ r + u+ w]} .

Åñëè èñêëþ÷èòü ÷èñëîâóþ ïîñòîÿííóþ è ïðèíÿòü âî âíèìàíèå îáî-
çíà÷åíèå êîýôôèöèåíòîâ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû, òî ïî-
ñëåäíåå âûðàæåíèå ñîâïàäåò ñ ôîêóñíîé âåëè÷èíîé ýòîé ñèñòåìû èç
[37, ñòð. 25].

Äëÿ ïîëó÷åíèÿ âåëè÷èíûG2 äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1)
èç òîæäåñòâà (29.1) àíàëîãè÷íî ïîëó÷àåì ñëåäóþùåå ìàòðè÷íîå óðàâ-
íåíèå (ñì. ïðèëîæåíèå 10):

Ã2B̃2 = C̃2. (37.9)

Äëÿ ëþáîãî ôèêñèðîâàííîãî i ∈ {0, 1, ..., 4}, j ∈ {0, 1, 2, ..., 6} íàõî-
äèì âûðàæåíèå

G2 =
G̃2,i,j + B̃2,i,jbi + D̃2,i,jdj

σ̃2,i,j
. (37.10)

Èçó÷àÿ ìàòðè÷íîå óðàâíåíèå (37.9), íàõîäèì, ÷òî ôîêóñíàÿ ïñåâäî-
âåëè÷èíà èç (37.10) ìîæåòü áûòü çàïèñàíà â âèäå îäíîðîäíîñòè ñòåïåíè
24 è ïðåäñòàâëåíà â âèäå

G̃2,i,j = G̃′2,i,j + G̃′′2,i,j + G̃′′′2,i,j , (37.11)
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ãäå G̃′2,i,j , G̃
′′
2,i,j è G̃′′′2,i,j ÿâëÿþòñÿ îäíîðîäíîñòÿìè àíàëîãè÷íîãî òè-

ïà èç (14.1), òî åñòü âèäà (0, d1, d2, d3). Îòñþäà ñîîòâåòñòâåííî èìååì
ôîðìóëû (0, 20, 4, 0), (0, 21, 2, 1) è (0, 22, 0, 2). Îòìåòèì, ÷òî íà ìíîãî-
îáðàçèè V èç (28.9) äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1) âåëè÷èíû

G̃2,2,j (j = 0, 6) èìåþò âèä

G̃2,2,j |V = 2304L2 (j = 0, 2, 4, 6), G̃2,2,j |V = 0, (j = 1, 3, 5).

Ñ äðóãîé ñòîðîíû, âòîðàÿ ôîêóñíàÿ âåëè÷èíà L2 äèôôåðåíöèàëü-
íîé ñèñòåìû (37.1) ìîæåò áûòü çàïèñàíà ñ ïîìîùüþ âûðàæåíèè èç
(37.11) ñëåäóþùèì îáðàçîì:

24L2 = G̃′2,2,j |V + G̃′′2,2,j |V + G̃′′′2,2,j |V (j = 0, 2, 4, 6),

ãäå

G̃′2,2,j |V = 4(62g3h− 2gh3 + 95g2hk − 2h3k + 38ghk2 + 5hk3 − 62g3l+

+27gh2l − 39g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2 − 5gl3 + 53g2hm+

+66ghkm+ 13hk2m− 127g2lm− 6h2lm− 68gklm− 15k2lm− 13hl2m−
−5l3m+ 6ghm2 + 6hkm2 − 63glm2 − 29klm2 + 2lm3 + 6g3n+ 61gh2n+

+72g2kn+ 63h2kn+ 33gk2n+ 5k3n− 10ghln+ 68hkln− 33gl2n+

+15kl2n− 72g2mn− 6h2mn+ 10gkmn+ 8k2mn− 66hlmn− 38l2mn−
−61gm2n− 27km2n+ 2m3n+ 72ghn2 + 127hkn2 − 72gln2 + 39kln2−

−53hmn2 − 95lmn2 − 6gn3 + 62kn3 − 62mn3),

G̃′′2,2,j |V = −2(186g2p+ 10h2p+ 117gkp+ 45k2p+ 59hlp+ 15l2p+

+159gmp+ 75kmp+ 18m2p+ 143hnp+ 89lnp+ 196n2p− 69ghq−
−57hkq + 69glq + 12klq + 9lmq + 60gnq + 3knq + 21mnq + 168g2r−
−6h2r + 69gkr + 15k2r + 87hlr + 45l2r + 123gmr + 39kmr + 18m2r+

+171hnr + 129lnr + 222n2r − 13ghs− 17hks− 15gls− 16hms− 15lms−
−16gns− 17kns− 19mns− 19ght− 15hkt− 17glt− 16hmt− 17lmt−
−16gnt− 15knt− 13mnt+ 222g2u+ 18h2u+ 129gku+ 45k2u+ 39hlu+

+15l2u+ 171gmu+ 87kmu− 6m2u+ 123hnu+ 69lnu+ 168n2u+ 21ghv+

+9hkv + 3glv + 12klv − 57lmv + 60gnv + 69knv − 69mnv + 196g2w+

+18h2w + 89gkw + 15k2w + 75hlw + 45l2w + 143gmw + 59kmw+

+10m2w + 159hnw + 117lnw + 186n2w),

G̃′′′2,2,j |V = −9(11pq + 15qr − 5ps− rs+ pt+ 5rt+ 3qu− 5su+ tu− 7pv−
−3rv − 15uv + 7qw − sw + 5tw − 11vw).
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Âûáèðàåì êîìèòàíò âåñà −1 äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2, 3)
èç (37.1), êîòîðûé ñîäåðæèò â êà÷åñòâå ïîëóèíâàðèàíòà âûðàæåíèå

G̃2,i,j + B̃2,i,jbi + D̃2,i,jdj . Ñîãëàñíî ðàçëîæåíèþ (37.11) è âûòåêàþùèõ
èç íåå òèïîâ, íàõîäèì, ÷òî ýòîò êîìèòàíò ÿâëÿåòñÿ ñóììîé êîìèòàíòîâ,
êîòîðûå ïðèíàäëåæàò ëèíåéíûì ïðîñòðàíñòâàì

S
(6,20,4,0)
1,2,3 , S

(6,21,2,1)
1,2,3 , S

(6,22,0,2)
1,2,3 . (37.12)

Èñïîëüçóÿ òîò æå ïðîöåññ è ìàòðè÷íîå óðàâíåíèå

Ã3B̃3 = C̃3

äëÿ ëþáîãî ôèêñèðîâàííîãî i ∈ {0, 1, ..., 4}, j ∈ {0, 1, ..., 6}, k ∈ {0, 1, ..., 8}
ïîëó÷àåì

G3 =
G̃3,i,j,k + B̃3,i,j,kbi + D̃3,i,j,kdj + F̃3,i,j,kfj

σ̃3,i,j,k
. (37.13)

Àíàëîãè÷íî ñ ïðåäûäóùèì ñëó÷àåì íàõîäèì, ÷òî ôîêóñíàÿ ïñåâäî-
âåëè÷èíà G̃3,i,j,k ðàçëàãàåòñÿ â ñóììó èõ ÷åòûðåõ ÷ëåíîâ îäíîé ñòåïå-
íè 43 îòíîñèòåëüíî êîýôôèöèåíòîâ äèôôåðåíöèàëüíîé ñèñòåìû (37.1),
êîòîðûå ñîãëàñíî (14.1) çàïèøóòñÿ (0, d1, d2, d3) è ïðèíàäëåæàò ê òèïàì
(0, 37, 6, 0), (0, 38, 4, 1), (0, 39, 2, 2) è (0, 40, 0, 3). Â ýòîì ñëó÷àå ñëåäóåò,
÷òî êîìèòàíò âåñà −1, êîòîðûé èìååò â êà÷åñòâå ïîëóèíâàðèàíòà îäèí
èç ÷èñëèòåëåé âûðàæåíèÿ (37.13), ñîñòîèò èç ñóììû êîìèòàíòîâ ñèñòå-
ìû (37.1), êîòîðûå ïðèíàäëåæàò ëèíåéíûì ïðîñòðàíñòâàì

S
(8,37,6,0)
1,2,3 , S

(8,38,4,1)
1,2,3 , S

(8,39,2,2)
1,2,3 , S

(8,40,0,3)
1,2,3 . (37.14)

Ñëåäóÿ ýòîìó ïðîöåñó, ïîëó÷àåì ðÿä ëèíåéíûõ ïðîñòðàíñòâ (37.8),
(37.12), (37.14) è.ò.ä. êîìèòàíòîâ äèôôåðåíöèàëüíîé ñèñòåìû (37.1).
Çàìåòèì, ÷òî ñîîòâåòñòâåííûå îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷èíû
Gk äàííîé ñèñòåìû ýòî ñóììà êîýôôèöèåíòîâ ýòèõ êîìèòàíòîâ.

Àíàëîãè÷íî íåòðóäíî âûâåñòè îáùóþ ôîðìóëó êîìèòàíòîâ, êîòî-
ðûå èìåþò â êà÷åñòâå êîýôôèöèåíòîâ îáîáùåííûå ôîêóñíûå ïñåâäîâå-
ëè÷èíû, ñîîòâåòñòâóþùèå Gk, êîòîðûå ðàçëàãàþòñÿ â ñóììó êîìèòàí-
òîâ äèôôåðåíöèàëüíîé ñèñòåìû (37.1) ñîîòâåòñòâóþùèõ òèïîâ(

2(k + 1),
1

2
(5k2 + 9k + 2) + i, 2(k − i), i

)
(i = 0, k).

Ðàññìîòðèì ïîäàëãåáðó S′1,2,3 ⊂ S1,2,3, êîòîðóþ çàïèøåì â âèäå

S′1,2,3 =
⊕
(d)

S
(d′)
1,2,3, (37.15)
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ãäå ÷åðåç S
(d′)
1,2,3 îáîçíà÷åíû ëèíåéíûå ïðîñòðàíñòâà

S
(0,0,0,0)
1,2,3 = R, S(0,1,0,0)

1,2,3 , ..., S
(2(k+1), 12 (5k2+9k+2)+i,2(k−i),i)
1,2,3

(i = 0, k, k = 1, 2, ...)
(37.16)

à òàêæå ïðîñòðàíñòâà èç S1,2,3, êîòîðûå ñîäåðæàò âñåâîçìîæíûå èõ
ïðîèçâåäåíèÿ.

Òàê êàê àëãåáðà S′1,2,3 ÿâëÿåòñÿ ãðàäóèðîâàííîé ïîäàëãåáðîé â êî-
íå÷íî-îïðåäåëåííîé àëãåáðå S1,2,3, òî ñîãëàñíî ïðåäëîæåíèþ 19.1 ïîëó-
÷àåì %(S′1,2,3) ≤ %(S1,2,3). Èç ýòîãî íåðàâåíñòâà è èç òîãî ÷òî ñ ïîìîùüþ
ôîðìóëû (11.5), â êîòîðîé äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1) èìå-
åì m0 = 1, m1 = 2, m3 = 3, ïîëó÷àåì %(S1,2,3) = 17. Òîãäà ñîãëàñíî
ïðèìå÷àíèþ 11.2 î ïîëóèíâàðèàíòàõ è òîãî ÷òî îáîáùåííûå ôîêóñ-
íûå ïñåâäîâåëè÷èíû ÿâëÿþòñÿ êîýôôèöèåíòàìè íåêîòîðûõ êîìèòàí-
òîâ äàííîé äèôôåðåíöèàëüíîé ñèñòåìû, ïîëó÷àåì ÷òî ñïðàâåäëèâà

Òåîðåìà 37.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ

äèôôåðåíöèàëüíîé ñèñòåìû (37.1), íå ïðåâûøàåò 17.
Ñîãëàñíî ïðåäëîæåíèþ 19.2, çàìå÷àíèþ 29.1 è ðàâåíñòâó (29.3)

ñëåäóåò, ÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñ-
íûõ âåëè÷èí Lk (k = 1,∞) íå ìîæåò ïðåâûñèòü ìàêñèìàëüíîå ÷èñ-
ëî àëãåáðàè÷åñêè-íåçàâèñèìûõ îáîáùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí.
Îòñþäà ñ ïîìîùüþ òåîðåìû 38.1 ïîëó÷àåì

Ñëåäñòâèå 37.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ âåëè÷èí, êîòîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû

öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû (37.1), íå ïðåâûøà-
åò 17.

�38. Î âåðõíåé ãðàíèöå ÷èñëà àëãåáðàè÷åñêè-

íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí â

ðåøåíèè ïðîáëåìû öåíòðà è ôîêó-

ñà äëÿ äèôôåðåíöèàëüíîé ñèñòåìû

s(1,m1, ...,m`)

Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó s(1,m1, ...,m`) :

dx

dt
=
∑̀
i=0

Pmi(x, y),
dy

dt
=
∑̀
i=0

Qmi(x, y), (38.1)
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ãäå Pmi è Qmi�îäíîðîäíûå ìíîãî÷ëåíû ñòåïåíè mi ≥ 1 îòíîñèòåëüíî x
è y, àm0 = 1. Ñîãëàñíî �27 çàäà÷à ñîñòîèò â îïðåäåëåíèè ìàæîðàíòíîé
îöåíêè ÷èñëà λ àëãåáðàè÷åñêè-íåçàâèñèìûõ ýëåìåíòîâ èç (27.1), (27.2),
òî åñòü äëÿ ëþáîãî íåòðèâèàëüíîãî ìíîãî÷ëåíà îòíîñèòåëüíî ïåðåìåí-
íûõ Li1 , Li2 ,..., Liλ èìååò ìåñòî íåðàâåíñòâî F (Li1 , Li2 , ..., Liλ) 6= 0,
(λ ≤ ω).

Ôîêóñíûå âåëè÷èíû äèôôåðåíöèàëüíîé ñèñòåìû (38.1) îáðàçóþò
áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ îò êîýôôèöèåíòîâ ýòîé
ñèñòåìû (27.1).

Èçâåñòíî èç ðàáîòû [20], ÷òî äèôôåðåíöèàëüíàÿ ñèñòåìà
s(1,m1, ...,m`) äîïóñêàåò ãðóïïó GL(2,R), êîòîðîé ñîîòâåòñòâóåò ðå-
äóêòèâíàÿ àëãåáðà Ëè L4, ñîñòîÿùàÿ èç îïåðàòîðîâ (5.1)�(5.2), (5.5)�
(5.6), (5.8)�(5.9), (5.11)�(5.12) ëèíåéíîãî ïðåäñòàâëåíèÿ äàííîé ãðóïïû
â ïðîñòðàíñòâå ôàçîâûõ ïåðåìåííûõ è êîýôôèöèåíòîâ ýòîé ñèñòåìû.
Ýòà àëãåáðà ãåíåðèðóåò ãðàäóèðîâàííóþ àëãåáðó Ñèáèðñêîãî èíâàðè-
àíòíûõ ìíîãî÷ëåíîâ îòíîñèòåëüíî óíèìîäóëÿðíîé ãðóïïû
SL(2,R) ⊂ GL(2,R), êîòîðóþ çàïèøåì â âèäå

S1,m1,...,m` =
∑
(d)

S
(d)
1,m1,...,m`

, (38.2)

ãäå (d) íàçûâàåòñÿ òèï ïðîñòðàíñòâà S
(d)
1,m1,...,m`

è èìååò âèä (14.1),
êîòîðûé ÿâëÿåòñÿ êîíå÷íîìåðíûì ëèíåéíûì ïðîñòðàíñòâîì èíâàðè-
àíòíûõ ìíîãî÷ëåíîâ (îäíîðîäíûå êîìèòàíòû, èíâàðèàíòû ñòåïåíè δ
îòíîñèòåëüíî ôàçîâûõ ïåðåìåííûõ x, y è ñòåïåíè di îòíîñèòåëüíî êî-
ýôôèöèåíòîâ ìíîãî÷ëåíîâ Pmi è Qmi ñèñòåìû (38.1)).

Àíàëîãè÷íî ðàññìàòðèâàåìûì ïðèìåðàì â ýòîé ãëàâå ìîæíî ïîêà-
çàòü, ÷òî êàæäîé ôîêóñíîé âåëè÷èíå Lk (k = 1,∞) ìîæíî ïîñòàâèòü
â ñîîòâåòñòâèå êîíå÷íîìåðíûå ëèíåéíûå ïðîñòðàíñòâà èíâàðèàíòíûõ
ìíîãî÷ëåíîâ (óíèìîäóëÿðíûå êîìèòàíòû [20])

S
(d(k))
1,m1,...,m`

(k = 1, 2, ...), (38.3)

ãäå

(d(k)) = (δ(k), d
(k)
0 , d

(k)
1 , ..., d

(k)
` ) (38.4)

ÿâëÿåòñÿ òèïîì ïðîñòðàíñòâà, êîòîðûé ñîäåðæèò êîìèòàíòû, ÷òî èìå-
þò â êà÷åñòâå êîýôôèöèåíòîâ ôîêóñíûå ïñåâäîâåëè÷èíû äèôôåðåí-
öèàëüíîé ñèñòåìû s(1,m1, ...,m`).

Ñóùåñòâîâàíèå ïðîñòðàíñòâ êîìèòàíòîâ (38.3) àðãóìåíòèðîâàíî ëåì-
ìîé 11.3. Äëÿ ýòèõ ïðîñòðàíñòâ õàðàêòåðíî, ÷òî îíè ñîäåðæàò õîòÿ-
áû îäèí îäíîðîíûé ìíîãî÷ëåí îòíîñèòåëüíî x, y, â êîòîðîì êîýôôè-
öèåíòû ÿâëÿþòñÿ îáîáùåííûìè ôîêóñíûìè ïñåâäîâåëè÷èíàìè, êîòî-
ðûå õàðàêòåðèçóåòñÿ òåì, ÷òî íà èíâàðèàíòíîì ìíîãîîáðàçèå V èç
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(28.9) èõ ïîëóèíâàðèàíòû, çà èñêëþ÷åíèåì ÷èñëîâîé êîíñòàíòû, ïå-
ðåõîäÿò ê ñîîòâåòñòâóþùåé ôîêóñíîé âåëè÷èíå Lk. Òàêèì îáðàçîì ïî-

ëó÷àåì ïîñëåäîâàòåëüíîñòü ïðîñòðàíñòâ R = S
(0,0,...,0)
1,m1,...,m`

, S
(0,1,...,0)
1,m1,...,m`

,...,

S
(δ(k),d

(k)
0 ,d

(k)
1 ,...,d

(k)
` )

1,m1,...,m`
,... èç S1,m1,...,m` . Ñ èõ ïîìîùüþ îáðàçóåì ãðàäóèðî-

âàííóþ ïîäàëãåáðó S′1,m1,...,m`
, êîòîðàÿ óäîâëåòâîðÿåò âêëþ÷åíèþ

S′1,m1,...,m`
⊂ S1,m1,...,m` ,

îòêóäà ñîãëàñíî ïðåäëîæåíèþ 19.1, ñëåäóåò ÷òî ìåæäó èõ ðàçìåðíî-
ñòÿìè Êðóëëÿ èìååò ìåñòî íåðàâåíñòâî

%(S′1,m1,...,m`
) ≤ %(S1,m1,...,m`). (38.5)

Èç ôîðìóëû (11.5) è ïðèìå÷àíèÿ 11.1 ïîëó÷àåì

%(S1,m1,...,m`) = 2

(∑̀
i=1

mi + `

)
+ 3. (38.6)

Àíàëîãè÷íî ïðèìåðàì, ðàññìîòðåííûìè â §§32 − 37 ñ ïîìîùüþ
(38.5) è (38.6) ìîæíî ïîêàçàòü, ÷òî ñïðàâåäëèâà

Ëåììà 38.1.Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ îáîá-

ùåííûõ ôîêóñíûõ ïñåâäîâåëè÷èí â ïðîáëåìå öåíòðà è ôîêóñà äëÿ äèô-

ôåðåíöèàëüíîé ñèñòåìû (38.1), íå ïðåâûøàåò ÷èñëî èç (38.6).
Ïðèíèìàÿ âî âíèìàíèå, ÷òî îáîáùåííûå ôîêóñíûå ïñåâäîâåëè÷è-

íû, áóäó÷è ïîëóèíâàðèàíòàìè â êîìèòàíòàõ, êîòîðûå ñîäåðæàòüñÿ âî
âñåõ îäíîðîäíûõ ïðîñòðàíñòâàõ àëãåáðû S′1,m1,...,m`

ñèñòåìû
s(1,m1, ...,m`) èç (1.1)�(1.2) íà ìíîãîîáðàçèè V èç (28.7), èëè ÷òî òîæå
ñàìîå èç (28.9), ïðåîáðàçîâûâàþòñÿ ñ òî÷íîñòüþ äî ÷èñëîâîãî ìíîæè-
òåëÿ â ôîêóñíûõ âåëè÷èíàõ L1, L2,..., Lk,... ýòîé ñèñòåìû, ñ ïîìîùüþ
ëåììû 38.1 ïîëó÷àåì, ÷òî èìååò ìåñòî

Òåîðåìà 38.1. Ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-íåçàâèñèìûõ

ôîêóñíûõ âåëè÷èí äèôôåðåíöèàëüíîé ñèñòåìû (38.1), êîòîðûå ïðèíè-
ìàþò ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è ôîêóñà, íå ïðåâûøàåò

÷èñëî èç (38.6).
Íàïîìèíàåì ÷òî äëÿ äèôôåðåíöèàëüíûõ ñèñòåì s(1, 2) è s(1, 3)

÷èñëî ñóùåñòâåííûõ óñëîâèé öåíòðà ω = 3 è ñîîòâåòñòâåííî 5, à äëÿ
äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2, 3) ñîãëàñíî îäíîé ãèïîòåçå ω ≤ 13.

Èç òåîðåìû 38.1 ïîëó÷àåì, ÷òî ìàêñèìàëüíîå ÷èñëî àëãåáðàè÷åñêè-
íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2) íå
ïðåâûøàåò 9, äëÿ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 3) íå ïðåâûøàåò 11,
à äëÿ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2, 3) íå ïðåâûøàåò 17.
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Ýòè àðãóìåíòû è ïðåäëîæåíèå 19.2 ñ ìíîãîîáðàçèåì V èç (28.7),
÷òî ýêâèâàëåíòíî (28.9), è ðàíåå îïðåäåëåííàÿ àëãåáðà S′1,m1,...,m`

, ïîç-
âîëÿþò íàì çàêëþ÷èòü, ÷òî ìîæåò áûòü ñïðàâåäëèâà

Ãèïîòåçà 38.1. ×èñëî ñóùåñòâåííûõ óñëîâèé öåíòðà ω (27.2),
÷òî ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ äèôôåðåíöèàëüíîé ñèñòå-

ìû (38.1), êîòîðîÿ èìååò â íà÷àëå êîîðäèíàò îñîáóþ òî÷êó âòîðîé

ãðóïïû, íå ïðåâûøàåò ÷èñëî èç (38.6).
Çàìå÷àíèå 38.1. Ðàâåíñòâî (38.6) ïîêàçûâàåò, ÷òî âåëè÷èíà %

ðàâíà ÷èñëó âñåõ êîýôôèöèåíòîâ íåëèíåéíîñòåé ïðàâîé ÷àñòè ñèñòå-

ìû (38.1) ïëþñ òðè. Óêàçàííûå ðåçóëüòàòû âïåðâûå áûëè ïðèâåäåíû
â ðàáîòå [25].

Îòìåòèì, ÷òî â �16 èç ìîíîãðàôèè Ñèáèðñêîãî [25] îïðåäåëåíà
îöåíêà íèæíåé ãðàíèöû ÷èñëà ñóùåñòâåííûõ óñëîâèé öåíòðà, êîãäà
äèôôåðåíöèàëüíàÿ ñèñòåìà (1.1) ñîäåðæèò âñå íåîäíîðîäíîñòè ñòåïå-
íè îò 1 äî q (q > 1). Äðóãèìè ñëîâàìè, äëÿ äèôôåðåíöèàëüíîé ñèñòåìû
s(Γ), ãäå Γ = {1, 2, ..., q}, èìååò ìåñòî

Òåîðåìà 2.16 [25]. ×èñëî ñóùåñòâåííûõ óñëîâèé öåíòðà íå ìåíåå
q2 − q äëÿ ÷åòíîãî q è q2 − q − 1 äëÿ íå÷åòíîãî q.

Àäàïòèðóÿ ðåçóëüòàò èç òåîðåìû 39.1 äëÿ äèôôåðåíöèàëüíîé ñè-
ñòåìû s(1, 2, ..., q), íàõîäèì

%(S1,2,...,q) = 2

(
q∑
i=2

i+ q − 1

)
+ 3 = q2 + 3q − 1.

Ïîëó÷àåì, ÷òî ìåæäó îöåíêàìè èç òåîðåìû 38.1 è òåîðåìû 2.16 [25]
ñóùåñòâóþò ñîîòíîøåíèÿ

%(S1,2,...,q) = q2 + 3q − 1 = [q2 − q] + 4q − 1︸ ︷︷ ︸
q=2k

èëè [q2 − q − 1] + 4q︸ ︷︷ ︸
q=2k+1

.

Òàê ïîëó÷àåì, ÷òî äëÿ äèôôåðåíöèàëüíîé ñèñòåìû s(1, 2, ..., q) îöåí-
êà èç òåîðåìû 38.1 áîëüøå ÷åì îöåíêà èç òåîðåìû 2.16 [25] íà 4q − 1,
êîãäà q ÷åòíîå è 4q, êîãäà q íå÷åòíîå.

�39. Êîììåíòàðèè ê øåñòîé ãëàâå

Ðåçóëüòàòû ýòîé ãëàâû ïîçâîëèëè ïîäîéòè ê ïîëó÷åíèþ îöåíêè
âåðõíåé ãðàíèöû ÷èñëà àëãåáðàè÷åñêè-íåçàâèñèìûõ ôîêóñíûõ âåëè-
÷èí, ïðèíèìàþùèõ ó÷àñòèå â ðåøåíèè ïðîáëåìû öåíòðà è ôîêóñà äëÿ
ëþáîé äèôôåðåíöèàëüíîé ñèñòåìû âèäà (1.1)�(1.2), ñôîðìóëèðîâàí-
íîé áîëåå 130 ëåò íàçàä âåëèêèì ôðàíöóçñêèì ìàòåìàòèêîì Ïóàíêàðå.
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Ýòè ðåçóëüòàòû ïîçâîëèëè âûäâèíóòü îáîñíîâàííóþ ãèïîòåçó î âåðõ-
íåé ãðàíèöå ÷èñëà ñóùåñòâåííûõ ôîêóñíûõ âåëè÷èí, ïðèíèìàþùèõ
ó÷àñòèå â ðåøåíèè óêàçàííîé ïðîáëåìû äëÿ ëþáîé äèôôåðåíöèàëü-
íîé ñèñòåìû âèäà (1.1)�(1.2).

Â ýòèõ èññëåäîâàíèÿõ ñóùåñòâåííóþ ðîëü ñûãðàëè ðÿäû Ãèëüáåðòà
äëÿ àëãåáð Ñèáèðñêîãî èíâàðèàíòîâ è êîìèòàíòîâ, à òàêæå àëãåáðà
Ëè ïðåäñòàâëåíèÿ öåíòðîàôôèííîé ãðóïïû â ïðîñòðàíñòâå ôàçîâûõ
ïåðåìåííûõ è êîýôôèöèåíòîâ ñèñòåì âèäà (1.1)�(1.2).

Îñíîâíîé ðåçóëüòàò ñîñòîèò â òîì, ÷òî ÷èñëî àëãåáðàè÷åñêè-íåçàâè-
ñèìûõ ôîêóñíûõ âåëè÷èí äëÿ äèôôåðåíöèàëüíîé ñèñòåìû
s(1,m1, ...,m`) âèäà (38.1), èìåþùåé â íà÷àëå êîîðäèíàò îñîáóþ òî÷-

êó âòîðîé ãðóïïû, íå ïðåâîñõîäèò ÷èñëî % = 2(
∑̀
i=1

mi + `) + 3, êîòîðîå

ÿâëÿåòñÿ ðàçìåðíîñòüþ Êðóëëÿ ãðàäóèðîâàííîé àëãåáðû Ñèáèðñêîãî
êîìèòàíòîâ S1,m1,...,m` ñèñòåìû (38.1).

Ýòî è åñòü ðåøåíèå îáîáùåííîé ïðîáëåìû öåíòðà è ôîêóñà äëÿ
ñèñòåìû s(1,m1, ...,m`) âèäà (38.1).
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Ãëàâà 7. Âåðõíÿÿ ãðàíèöà ÷èñëà ôóí-

êöèîíàëüíî-íåçàâèñèìûõ ôî-

êóñíûõ âåëè÷èí, ïðèíèìàþ-

ùèõ ó÷àñòèå â ðåøåíèå ïðî-

áëåìû öåíòðà è ôîêóñà äëÿ

ñèñòåìû Ëÿïóíîâà

�40. Îïåðàòîðû Ëè ïðåäñòàâëåíèÿ ãðóïïû

âðàùåíèé SO(2,R) â ïðîñòðàíñòâå êî-

ýôôèöèåíòîâ ñèñòåìû Ëÿïóíîâà (28.4)

Ðàññìîòðèì ïðîáëåìó öåíòðà è ôîêóñà äëÿ êëàññè÷åñêîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé (28.4), êîòîðàÿ èìååò îáùèé âèä

ẋ = y +
∑̀
i=1

Pmi(x, y), ẏ = −x+
∑̀
i=1

Qmi(x, y) (` <∞), (40.1)

ãäå

Pmi(x, y) =

mi∑
k=0

(
mi

k

)
i
a1
kx

mi−kyk,

Qmi(x, y) =

mi∑
k=0

(
mi

k

)
i
a2
kx

mi−kyk (mi ∈ Γ; i = 1, `).

(40.2)

Ìíîæåñòâî Γ = {mi}`i=1 ÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì ðàçëè÷íûõ
íàòóðàëüíûõ ÷èñåë. Íàïîìíèì, ÷òî ñèñòåìó (40.1) áóäåì íàçûâàòü ñè-
ñòåìîé Ëÿïóíîâà [3] è îáîçíà÷àòü ÷åðåç sL(1,m1, ...,m`).
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Èññëåäóåì äåéñòâèå ãðóïïû âðàùåíèé SO(2,R), çàäàííîå ôîðìó-
ëàìè

x = x cosϕ+ y sinϕ, y = −x sinϕ+ y cosϕ (0 ≤ ϕ < π) (40.3)

íà ñèñòåìó (40.1)�(40.2).
Âñëåäñòâèå ïðåîáðàçîâàíèÿ (40.3) â ñèñòåìå (40.1)�(40.2) ïîëó÷àåì

ẋ = y +
∑̀
i=1

Pmi(x, y), ẏ = −x+
∑̀
i=1

Qmi(x, y) (` <∞), (40.4)

ãäå x, y èìåþò âèä (40.3), à êîýôôèöèåíòû
i

bjk (i = 1, `; j = 1, 2;
k = 1,mi) â ïîëèíîìàõ

Pmi(x, y) =

mi∑
k=0

(
mi

k

)
i

b1kx
mi−kyk,

Qmi(x, y) =

mi∑
k=0

(
mi

k

)
i

b2kx
mi−kyk (mi ∈ Γ; i = 1, `)

(40.5)

çàïèøóòñÿ â ôîðìå

i

b1k =
i
a1
k cosmi+1 ϕ+ [(mi − k)

i
a1
k+1 − k

i
a1
k−1 +

i
a2
k] cosmi ϕ sinϕ+

+o(sinϕ),

i

b2k =
i
a2
k cosmi+1 ϕ+ [− ia1

k + (mi − k)
i
a2
k+1 − k

i
a2
k−1] cosmi ϕ sinϕ+

+o(sinϕ).

(40.6)

Çàìåòèì, ÷òî o(sinϕ) ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îò êîýôôèöèåíòîâ
ñèñòåìû (40.1)�(40.2) è ñîäåðæèò â êàæäîì ÷ëåíå sinϕ â ñòåïåíè íå
ìåíüøå äâóõ.

Èç (40.3) è (40.6) ñîãëàñíî �2 è �4 ñëåäóåò, ÷òî ëèíåéíîå ïðåäñòàâ-
ëåíèå ãðóïïû SO(2,R) ÿâëÿåòñÿ îäíîïàðàìåòðè÷åñêîé ãðóïïîé, çàâè-
ñÿùåé îò ïàðàìåòðà ϕ, çíà÷åíèå êîòîðîãî â ϕ = 0 îòâå÷àåò òîæäåñòâåí-
íîìó ïðåîáðàçîâàíèþ

x = x, y = y,
i

bjk =
i
ajk (i = 1, `; j = 1, 2; k = 1,mi).

Ñ ó÷åòîì ýòîãî ïî ôîðìóëàì (4.4) ïîëó÷àåì

ξ1(x, y) = y, ξ2 = −x,
i
η1
k = (mi − k)

i
a1
k+1 − k

i
a1
k−1 +

i
a2
k (i = 1, `; k = 0,mi),

i
η2
k = − ia1

k + (mi − k)
i
a2
k+1 − k

i
a2
k−1 (i = 1, `; k = 0,mi).
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Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â (4.7)�(4.8) íàõîäèì, ÷òî èìååò ìåñòî
Òåîðåìà 40.1. Îïåðàòîð Ëè ïðåäñòàâëåíèÿ ãðóïïû SO(2,R) â

ïðîñòðàíñòâå EN (x, y,A) ñèñòåìû (40.1)�(40.2) èìååò âèä

X = y
∂

∂x
− x ∂

∂y
+D, (40.7)

ãäå

D =
∑̀
i=1

mi∑
k=0

{
[(mi − k)

i
a1
k+1 − k

i
a1
k−1 +

i
a2
k]

∂

∂
i
a1
k

+

+[− ia1
k + (mi − k)

i
a2
k+1 − k

i
a2
k−1]

∂

∂
i
a2
k

}
.

(40.8)

×åðåç A îáîçíà÷åíà ñîâîêóïíîñòü êîýôôèöèåíòîâ íåëèíåéíîñòåé ïðà-
âûõ ÷àñòåé ñèñòåìû (40.1)�(40.2).

Ñëåäñòâèå 40.1. Îïåðàòîð Ëè ïðåäñòàâëåíèÿ ãðóïïû SO(2,R)
â ïðîñòðàíñòâå êîýôôèöèåíòîâ EN (A) ñèñòåìû (40.1)�(40.2) èìååò
âèä (40.8).

Ïðèìå÷àíèå 40.1. Òåîðåìà 40.1 è ñëåäñòâèå 40.1 èçâåñòíû èç

ðàáîò [15, 20] äëÿ ñèñòåìû s(1,m1, ...,m`) îáùåãî âèäà.
Ïðèìå÷àíèå 40.2. Ñ ïîìîùüþ îïðåäåëÿþùèõ óðàâíåíèé (7.1)

ìîæíî ïðîâåðèòü, ÷òî îïåðàòîðû (40.7)�(40.8) äîïóñêàþòñÿ ñèñòå-

ìîé Ëÿïóíîâà sL(1,m1, ...,m`) èç (40.1)�(40.2).

�41. Êîìèòàíòû ñèñòåìû (40.1)− (40.2) äëÿ
ãðóïïû âðàùåíèé è ïîíÿòèå ôóíêöèî-

íàëüíîãî áàçèñà

Îïðåäåëåíèå 41.1. Ïîëèíîì F (x, y,A) îò êîýôôèöèåíòîâ ñè-

ñòåìû (40.1)�(40.2) è ôàçîâûõ ïåðåìåííûõ x, y íàçûâàåòñÿ àëãåáðàè-
÷åñêèì êîìèòàíòîì ýòîé ñèñòåìû ïðè ãðóïïå âðàùåíèé SO(2,R) èç
(40.3), åñëè äëÿ âñåõ äîïóñòèìûõ A, x, y è ϕ èìååò ìåñòî òîæäåñòâî

F (x, y,B) = F (x, y,A), (41.1)

ãäå A (B)�ñîâîêóïíîñòü êîýôôèöèåíòîâ ñèñòåìû (40.1)�(40.2) ((40.4)�
(40.5)), à (x, y), (x, y)�ôàçîâûå ïåðåìåííûå òåõ æå ñèñòåì.

Åñëè êîìèòàíò F ñèñòåìû (40.1)�(40.2) íå çàâèñèò îò ôàçîâûõ ïå-
ðåìåííûõ x, y, òî, ñëåäóÿ [25], åãî ïðèíÿòî íàçûâàòü èíâàðèàíòîì óêà-
çàííîé ñèñòåìû ïðè ãðóïïå âðàùåíèé.

183



Îïðåäåëåíèå 41.2. Ñîâîêóïíîñòü àëãåáðàè÷åñêèõ êîìèòàíòîâ

ñèñòåìû (40.1)�(40.2) îòíîñèòåëüíî ãðóïïû âðàùåíèé

{Fα(x, y,A), α ∈ N+} (41.2)

íàçûâàåòñÿ ôóíêöèîíàëüíûì áàçèñîì êîìèòàíòîâ óêàçàííîé ñèñòå-

ìû ïðè ãðóïïå SO(2,R) åñëè ëþáîé êîìèòàíò F (x, y,A) ðàññìàòðè-
âàåìîé ñèñòåìû ïðè ãðóïïå âðàùåíèé ìîæíî ïðåäñòàâèòü â âèäå îä-

íîçíà÷íîé ôóíêöèè îò êîìèòàíòîâ (41.2).
Èç ðàáîò [15,20] ñëåäóåò, ÷òî èìååò ìåñòî
Òåîðåìà 41.1. Äëÿ òîãî ÷òîáû ïîëèíîì F (x, y,A) áûë êîìè-

òàíòîì ñèñòåìû (40.1)�(40.2) ïðè ãðóïïå âðàùåíèé (40.3), òî åñòü
óäîâëåòâîðÿë ðàâåíñòâó (41.1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îí

óäîâëåòâîðÿë óðàâíåíèþ

X(F ) = 0, (41.3)

ãäå X ÿâëÿåòñÿ îïåðàòîðì Ëè èç (40.7)�(40.8).
Ñ ïîìîùüþ òåîðåìû 41.1 íåòðóäíî ïðîâåðèòü, ÷òî èìååò ìåñòî
Ñëåäñòâèå 41.1. Äëÿ òîãî ÷òîáû ïîëèíîì I(A) áûë èíâàðèàí-

òîì ñèñòåìû (40.1)�(40.2) ïðè ãðóïïå âðàùåíèé (40.3), íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû îí óäîâëåòâîðÿë ðàâåíñòâó

D(I) = 0, (41.4)

ãäå D ÿâëÿåòñÿ îïåðàòîðì Ëè èç (40.8).
Ïðèìå÷àíèå 41.1. Èç (41.3) è (41.4) ñëåäóåò, ÷òî êîìèòàíòû

è èíâàðèàíòû ñèñòåìû Ëÿïóíîâà sL(1,m1, ...,m`) (40.1)�(40.2) ÿâëÿ-
þòñÿ ðåøåíèÿìè îäíîðîäíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåð-

âîãî ïîðÿäêà ñ îïåðàòîðàìè Ëè (40.7) è (40.8). Çàìåòèì, ÷òî ÷èñëî
ïåðåìåííûõ, ó÷àñòâóþùèõ â îïåðàòîðàõ (40.7) è (40.8), ðàâíî ñîîò-
âåòñòâåííî

N = 2

(∑̀
i=1

mi + `+ 1

)
(41.5)

è

N1 = 2

(∑̀
i=1

mi + `

)
. (41.6)

Èç îáùåé òåîðèè óðàâíåíèé òèïà (41.3) è (41.4) (ñì., íàïðèìåð,
[42]) èçâåñòíî, ÷òî ìàêñèìàëüíîå ÷èñëî ôóíêöèîíàëüíî-íåçàâèñèìûõ
ðåøåíèé ðàâíî ñîîòâåñòâåííî N − 1 è N1 − 1.

Ïðèìåð 41.1. Ðàññìîòðèì äèôôåðåíöèàëüíóþ ñèñòåìó (30.1) ñ
êâàäðàòè÷íûìè íåëèíåéíîñòÿìè, çàïèñàííóþ â òåíçîðíîé çàïèñè.

184



Èçâåñòíî èç ðàáîòû [16], ÷òî îáðàçóþùèå àëãåáðû Ñèáèðñêîãî äëÿ
ñèñòåìû (30.1) ÿâëÿþòñÿ ñëåäóþùèìè èíâàðèàíòàìè è êîìèòàíòàìè:

I1 = aαα, I2 = aαβa
β
α, I3 = aαpa

β
αqa

γ
βγε

pq, I4 = aαpa
β
βqa

γ
αγε

pq,

I5 = aαpa
β
γqa

γ
αβε

pq, I6 = aαpa
β
γa

γ
αqa

δ
βδε

pq,

I7 = aαpra
β
αqa

γ
βsa

δ
γδε

pqεrs, I8 = aαpra
β
αqa

γ
δsa

δ
βγε

pqεrs,

I9 = aαpra
β
βqa

γ
γsa

δ
αδε

pqεrs, I10 = aαpa
β
δ a

γ
νa
δ
αqa

ν
βγε

pq,

I11 = aαpa
β
qra

γ
βsa

δ
αγa

µ
δµε

pqεrs, I12 = aαpa
β
qra

γ
βsa

δ
αδa

µ
γµε

pqεrs,

I13 = aαpa
β
qra

γ
γsa

δ
αβa

µ
δµε

pqεrs, I14 = aαpa
β
r a

γ
αqa

δ
βsa

µ
γδa

ν
µνε

pqεrs,

I15 = aαpra
β
qka

γ
αsa

δ
δla

µ
βγa

ν
µνε

pqεrsεkl,

I16 = aαpa
β
r a

γ
δa
δ
αqa

µ
βsa

ν
γτa

τ
µνε

pqεrs.

(41.7)

K1 = aααβx
β , K2 = apαx

αxqεpq, K3 = aαβa
β
αγx

γ , K4 = aαγa
β
αβx

γ ,

K5 = apαβx
αxβxqεpq, K6 = aααβa

β
γδx

γxδ, K7 = aαβγa
β
αδx

γxδ,

K8 = aαγa
β
δ a

γ
αβx

δ, K9 = aααpa
β
γqa

γ
βδx

δεpq, K10 = aααpa
β
δqa

γ
βγx

δεpq,

K11 = apαa
α
βγx

βxγxqεpq, K12 = aαβa
β
αγa

γ
δµx

δxµ,

K13 = aαγa
β
αβa

γ
δµx

δxµ, K14 = aαpa
β
αqa

γ
βδa

δ
γµx

µεpq,

K15 = aαpa
β
αqa

γ
βµa

δ
γδx

µεpq, K16 = aαpa
β
βqa

γ
αµa

δ
γδx

µεpq,

K17 = aαβνa
β
αγa

γ
δµx

δxµxν , K18 = aαµpa
β
αqa

γ
βνa

δ
γδx

µxνεpq,

K19 = aαpa
β
νa

γ
αqa

δ
βµa

µ
γδx

νεpq, K20 = aαpra
β
νqa

γ
αsa

δ
βγa

µ
δµx

νεpqεrs.

(41.8)

Çàïèøåì ñèñòåìó (30.1) â âèäå (40.1)�(40.2). Ñ ó÷åòîì îáîçíà÷åíèé
(30.3) îíà ïðèìåò âèä

ẋ = y + gx2 + 2hxy + ky2,

ẏ = −x+ `x2 + 2mxy + ny2,
(41.9)

äëÿ êîòîðîé îïåðàòîðû Ëè (40.7)�(40.8) áóäóò èìåòü âèä

X = y
∂

∂x
− x ∂

∂y
+D, (41.10)

ãäå

D = (2h+ `)
∂

∂g
+ (−g + k +m)

∂

∂h
+ (2h+ n)

∂

∂k
+

+(−g + 2m)
∂

∂`
+ (−h− `+ n)

∂

∂m
− (k + 2m)

∂

∂n
.

(41.11)
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Òîãäà ñ ó÷åòîì îáîçíà÷åíèé (30.3) äëÿ èíâàðèàíòîâ è êîìèòàíòîâ (41.7)�
(41.8), ïîëó÷åííûõ äëÿ ñèñòåìû (41.9) èìååì

D(Ij) = 0 (j = 1, 16), X(Ki) = 0 (i = 1, 20). (41.12)

Ñ ïîìîùüþ ðàâåíñòâ (41.12) è òåîðåìû 41.1 äîêàçàíà
Ëåììà 41.1. Öåíòðîàôôèííûå èíâàðèàíòû è êîìèòàíòû (41.7)�

(41.8) ñèñòåìû (30.1) ÿâëÿþòñÿ äëÿ ñèñòåìû (41.9) èíâàðèàíòàìè è

êîìèòàíòàìè ãðóïïû âðàùåíèé SO(2,R).
Î÷åâèäíî, ÷òî îáðàòíîå óòâåðæäåíèå ëåììû 41.1 íå âñåãäà âåðíî.

�42. Îáùèå ôîðìóëû, ñâÿçûâàþùèå ìåæäó

ñîáîé êîýôôèöèåíòû êîìèòàíòà ñèñòå-

ìû Ëÿïóíîâà sL(1,m1, ...,m`) îòíîñè-

òåëüíî ãðóïïû âðàùåíèé

Çàïèøåì êîìèòàíòK ñèñòåìû Ëÿïóíîâà (40.1)�(40.2) îòíîñèòåëüíî
ãðóïïû âðàùåíèé â âèäå

K = A0x
m +A1x

m−1y +A2x
m−2y2 +A3x

m−3y3 +A4x
m−4y4+

+A5x
m−5y5 +A6x

m−6y6 + ...+Am−7x
7ym−7 +Am−6x

6ym−6+

+Am−5x
5ym−5 +Am−4x

4ym−4 +Am−3x
3ym−3 +Am−2x

2ym−2+

+Am−1x
1ym−1 +Amy

m,

(42.1)

ãäå Ai (i = 1,m) ÿâëÿþòñÿ ïîëèíîìàìè îò êîýôôèöèåíòîâ ñèñòåìû
(40.1)�(40.2).

Ðàññìîòðèì ðàâåíñòâî (41.3) ñ ó÷åòîì ôîðìû îïåðàòîðà Ëè (40.7).
Èñïîëüçóÿ (42.1) è îïåðàòîð Ëè (40.7), ïîëó÷àåì

X(K) = y
∂K

∂x
− x∂K

∂y
+D(K). (42.2)

Òîãäà ÷ëåíû èç ïðàâîé ÷àñòè (42.2) ñ ó÷åòîì (42.1) çàïèøóòñÿ â âèäå

y
∂K

∂x
= mA0x

m−1 + (m− 1)A1x
m−2y + (m− 2)A2x

m−3y2+

+(m− 3)A3x
m−4y3 + (m− 4)A4x

m−5y4 + (m− 5)A5x
m−6y5+

+(m− 6)A6x
m−7y6 + ...+ 7Am−7x

6ym−6 + 6Am−6x
5ym−5+

+5Am−5x
4ym−4 + 4Am−4x

3ym−3 + 3Am−3x
2ym−2+

+2Am−2xy
m−1 +Am−1y

m,

186



−x∂K
∂y

= −A1x
m − 2A2x

m−1y − 3A3x
m−2y2 − 4A4x

m−3y3−

−5A5x
m−4y4 − 6A6x

m−5y5 − ...− (m− 7)Am−7x
8ym−8−

−(m− 6)Am−6x
7ym−7 − (m− 5)Am−5x

6ym−6−
−(m− 4)Am−4x

5ym−5 − (m− 3)Am−3x
4ym−4−

−(m− 2)Am−2x
3ym−3 − (m− 1)Am−1x

2ym−2 −mAmxym−1,

D(K) = D(A0)xm +D(A1)xm−1y +D(A2)xm−2y2+

+D(A3)xm−3y3 +D(A4)xm−4y4 +D(A5)xm−5y5+

+D(A6)xm−6y6 + ...+D(Am−7)x7ym−7 +D(Am−6)x6ym−6+

+D(Am−5)x5ym−5 +D(Am−4)x4ym−4 +D(Am−3)x3ym−3+

+D(Am−2)x2ym−2 +D(Am−1)x1ym−1 +D(Am)ym.

(42.3)

Ñ ó÷åòîì ñîîòíîøåíèÿ (41.3) è ïîñëåäíèõ âûðàæåíèé èç X(K) = 0
èìååì ñëåäóþùèå ðàâåíñòâà:

xm : D(A0)−A1 = 0,

xm−1y : mA0 + 2A2 +D(A1) = 0,

xm−2y2 : (m− 1)A1 − 3A3 +D(A2) = 0,

xm−3y3 : (m− 2)A2 − 4A4 +D(A3) = 0,

xm−4y4 : (m− 3)A3 − 5A5 +D(A4) = 0,

xm−5y5 : (m− 4)A4 − 6A6 +D(A5) = 0,

xm−6y6 : (m− 5)A5 − 7A7 +D(A6) = 0,

xm−7y7 : (m− 6)A6 − 8A8 +D(A7) = 0,

..............................................................

x6ym−6 : 7Am−7 − (m− 5)Am−5 +D(Am−6) = 0,

x5ym−5 : 6Am−6 − (m− 4)Am−4 +D(Am−5) = 0,

x4ym−4 : 5Am−5 − (m− 3)Am−3 +D(Am−4) = 0,

x3ym−3 : 4Am−4 − (m− 2)Am−2 +D(Am−3) = 0,

x2ym−2 : 3Am−3 − (m− 1)Am−1 +D(Am−2) = 0,

xym−1 : 2Am−2 − (m)Am +D(Am−1) = 0,

ym : Am−1 +D(Am) = 0.

Îòñþäà è òåîðåìû 41.1 ïîëó÷àåì, ÷òî èìååò ìåñòî
Òåîðåìà 42.1. Ïîëèíîì (42.1) ÿâëÿåòñÿ êîìèòàíòîì ñèñòåìû

Ëÿïóíîâà sL(1,m1, ...,m`) èç (40.1) îòíîñèòåëüíî ãðóïïû âðàùåíèé
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SO(2,R) òîãäà è òîëüêî òîãäà, êîãäà åãî êîýôôèöèåíòû óäîâëåòâî-

ðÿþò ðàâåíñòâàì

A1 = D(A0), D(Am) = −Am−1,

Ak =
1

k
[D(Ak−1) + (m− k + 2)Ak−2] (k = 2,m),

(42.4)

ãäå Ai (i = 0,m) âçÿòî èç (42.1), à D�èç (40.8).

Â êà÷åñòâå ïðèìåðà ìîæíî ïðîâåðèòü ñïðàâåäëèâîñòü òåîðåìû 42.1
íà êîìèòàíòàõ (41.8) ñ îáîçíà÷åíèÿìè (30.3) äëÿ ñèñòåìû (41.9) ñ îïå-
ðàòîðîì (41.11).

Ñëåäñòâèå 42.1. Åñëè èçâåñòíû êîýôôèöèåíò A0 ïðè íàèâûñøåé

ñòåïåíè x êîìèòàíòà K èç (42.1) ñèñòåìû Ëÿïóíîâà (40.1)�(40.2)
îòíîñèòåëüíî ãðóïïû âðàùåíèé SO(2,R) è åãî ñòåïåíü îòíîñèòåëüíî
x è y, òî îñòàëüíûå êîýôôèöèåíòû ìîæíî ïîñòðîèòü ïî ôîðìóëàì

(42.4).

Ïî àíàëîãèè ñ êîìèòàíòàìè ãðóïïû öåíòðîàôôèííûõ ïðåîáðàçî-
âàíèé äëÿ ñèñòåìû (1.1)�(1.2) áóäåì íàçûâàòü ïîëóèíâàðèàíòîì êî-
ýôôèöèåíò A0 êîìèòàíòà K èç (42.1) ñèñòåìû Ëÿïóíîâà (40.1)�(40.2)
îòíîñèòåëüíî ãðóïïû SO(2,R).

Ëåãêî ìîæíî óáåäèòñÿ, ÷òî èìååò ìåñòî

Çàìå÷àíèå 42.1. Åñëè êîìèòàíòû K1,K2, ...,Kr ñèñòåìû Ëÿ-

ïóíîâà (40.1)�(40.2) îòíîñèòåëüíî ãðóïïû SO(2,R) ôóíêöèîíàëüíî-

íåçàâèñèìû, òî èõ ïîëóèíâàðèàíòû ìîãóò áûòü òàêæå ôóíêöèîíàëü-

íî-íåçàâèñèìû.

Îòñþäà âûòåêàåò

Ïðèìå÷àíèå 42.1. ×èñëî ôóíêöèîíàëüíî-íåçàâèñèìûõ ïîëóèí-

âàðèàíòîâ äëÿ ôóíêöèîíàëüíî-íåçàâèñèìûõ êîìèòàíòîâ K1,K2, ...,Kr

ñèñòåìû Ëÿïóíîâà (40.1)�(40.2) îòíîñèòåëüíî ãðóïïû SO(2,R) íå ïðå-
âûøàåò r.

�43. Îá èíâàðèàíòíîñòè ôîêóñíûõ âåëè÷èí â

ïðîáëåìå öåíòðà è ôîêóñà îòíîñèòåëüíî

ãðóïïû âðàùåíèé

Â ðàáîòå [25, ñòð. 84] ïîêàçàíî, ÷òî èìååò ìåñòî

Ïðèìå÷àíèå 43.1. Óñëîâèÿ íàëè÷èÿ öåíòðà äëÿ ñèñòåìû Ëÿïó-

íîâà sL(1,m1, ...,m`) èç (40.1)�(40.2) ÿâëÿþòñÿ èíâàðèàíòàìè ýòîé

ñèñòåìû îòíîñèòåëüíî ãðóïïû âðàùåíèé SO(2,R).
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Èçâåñòíî, ÷òî ôîêóñíûå âåëè÷èíû äëÿ ñèñòåìû Ëÿïóíîâà
sL(1,m1, ...,m`) èç (28.4) ñòðîÿòñÿ íåîäíîçíà÷íî, òàê êàê óðàâíåíèÿ
(28.3) ñ ôóíêöèåé Ëÿïóíîâà (28.2) ñîäåðæàò ïðîèçâîëüíûå ïîñòîÿí-
íûå, êîòîðûå ìîãóò ïðèíèìàòü ðàçëè÷íûå çíà÷åíèÿ.

Ïîêàæåì íà íåêîòîðûõ ïðèìåðàõ, ÷òî ôîêóñíûå âåëè÷èíû â ïðî-
áëåìå öåíòðà è ôîêóñà äëÿ ñèñòåìû Ëÿïóíîâà sL(1,m1, ...,m`) èç (40.1)�
(40.2) ìîãóò áûòü èíâàðèàíòàìè è ïîëóèíâàðèàíòàìè ýòîé ñèñòåìû
îòíîñèòåëüíî ãðóïïû âðàùåíèé SO(2,R). Äëÿ ýòîãî èñïîëüçóåì ðåçóëü-
òàòû, ïîëó÷åííûå â �42.

Ðàññìîòðèì ñèñòåìó Ëÿïóíîâà sL(1, 2) èç (41.9) è îïåðàòîð Ëè
(41.10)�(41.11), äîïóñêàåìûé ýòîé ñèñòåìîé.

Â ðàáîòå À.Ï. Ñàäîâñêîãî [41, ñòð. 110] ïðèâåäåíû 3 ôîêóñíûå
âåëè÷èíû, êîòîðûå ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ ñèñòåìû
sL(1, 2) èç (41.9), èìåþùèå ôîðìó

L1S =
1

2
(−gh− hk + gl + lm− kn+mn),

L2S =
1

24
(62g3h− 2gh3 + 119g2hk − 2h3k + 62ghk2 + 5hk3−

−62g3l + 27gh2l − 63g2kl + 29h2kl − 15gk2l − 8ghl2 + 15hkl2−
−5gl3 + 101g2hm+ 138ghkm+ 37hk2m− 175g2lm− 6h2lm−
−116gklm− 15k2lm− 13hl2m− 5l3m+ 54ghm2 + 54hkm2−

−159glm2 − 53klm2 − 46lm3 + 6g3n+ 37gh2n+ 72g2kn+ 39h2kn+

+57gk2n+ 5k3n+ 14ghln+ 68hkln− 33gl2n+ 15kl2n− 72g2mn−
−6h2mn+ 34gkmn+ 32k2mn− 42hlmn− 38l2mn− 109gm2n−
−3km2n− 46m3n+ 48ghn2 + 79hkn2 − 48gln2 + 39kln2−

−29hmn2 − 71lmn2 − 6gn3 + 38kn3 − 38mn3),

L3S =
1

2304
(−44725g5h+ 11142g3h3 − 88gh5 − 124537g4hk+

+30842g2h3k − 88h5k − 121728g3hk2 + 27186gh3k2 − 45492g2hk3+

+7486h3k3 − 2651ghk4 + 925hk5 + 44725g5l − 51066g3h2l−
−1216gh4l + 84372g4kl − 95044g2h2kl − 1704h4kl + 53320g3k2l−
−44602gh2k2l + 10096g2k3l − 2880h2k3l − 465gk4l + 28368g3hl2−
−3362gh3l2 + 7708g2hkl2 − 5802h3kl2 − 13582ghk2l2 − 3650hk3l2+

+2436g3l3 + 1858gh2l3 + 9332g2kl3 − 1700h2kl3 + 3650gk2l3−
−875ghl4 + 465hkl4 − 925gl5 − 157320g4hm+ 7528g2h3m−
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−356424g3hkm+ 19904gh3km− 264096g2hk2m+ 12376h3k2m−
−67288ghk3m− 2296hk4m+ 211165g4lm− 72038g2h2lm+

+888h4lm+ 310816g3klm− 109100gh2klm+ 144112g2k2lm−
−26630h2k2lm+ 17812gk3lm− 465k4lm+ 67344g2hl2m+

+2776h3l2m+ 12024ghkl2m− 7552hk2l2m+ 14808g2l3m+

+978h2l3m+ 17844gkl3m+ 3650k2l3m− 1800hl4m− 925l5m−
−214106g3hm2 − 4560gh3m2 − 214106g2hkm2 − 4560h3km2−
−29106ghk2m2 − 29106hk3m2 + 389610g3lm2 − 16864gh2lm2+

+249820g2klm2 − 32896h2klm2 + 131634gk2lm2 + 7716k3lm2+

+60798ghl2m2 + 9126hkl2m2 + 15478gl3m2 + 8512kl3m2−
−131528g2hm3 − 188448ghkm3 − 56920hk2m3 + 350410g2lm3+

+7632h2lm3 + 83832gklm3 + 40842k2lm3 + 15912hl2m3+

+3106l3m3 − 29432ghm4 − 29432hkm4 + 152800glm4+

+60456klm4 + 25560lm5 − 4560g5n− 49528g3h2n−
−2168gh4n− 56129g4kn− 71382g2h2kn− 2656h4kn−
−86332g3k2n− 8356gh2k2n− 42376g2k3n+ 11242h2k3n−
−3576gk4n+ 925k5n− 8288g3hln− 21396gh3ln−

−107608g2hkln− 28148h3kln− 78028ghk2ln− 6580hk3ln+

+41832g3l2n− 3496gh2l2n+ 29628g2kl2n− 28690h2kl2n−
−7552gk2l2n− 3650k3l2n+ 7132ghl3n− 5780hkl3n−
−520gl4n+ 465kl4n+ 44753g4mn− 87182g2h2mn+

+888h4mn− 78864g3kmn− 108972gh2kmn− 155168g2k2mn−
−11358h2k2mn− 60956gk3mn− 3221k4mn+ 51096g2hlmn+

+9632h3lmn− 124544ghklmn− 50104hk2lmn+ 144264g2l2mn+

+16334h2l2mn+ 63884gkl2mn− 1522k2l2mn+ 5272hl3mn−
−1445l4mn+ 173116g3m2n− 43264gh2m2n+ 17830g2km2n−
−59296h2km2n+ 82532gk2m2n− 25890k3m2n+ 121900ghlm2n−
−26836hklm2n+ 146916gl2m2n+ 39066kl2m2n+ 222962g2m3n+

+7632h2m3n− 103272gkm3n− 18814k2m3n+ 53184hlm3n+

+38574l2m3n+ 125304gm4n+ 32960km4n+ 25560m5n−
−56942g3hn2 − 23378gh3n2 − 141270g2hkn2 − 27690h3kn2−
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−60328ghk2n2 + 6856hk3n2 + 48734g3ln2 − 38598gh2ln2−
−11808g2kln2 − 81368h2kln2 − 38236gk2ln2 − 3700k3ln2+

+22272ghl2n2 − 43344hkl2n2 + 12584gl3n2 − 4080kl3n2−
−57664g2hmn2 + 6856h3mn2 − 184664ghkmn2−
−49232hk2mn2 + 202966g2lmn2 + 36790h2lmn2+

+13848gklmn2 − 28284k2lmn2 + 43488hl2mn2+

+11604l3mn2 + 28654ghm2n2 − 68410hkm2n2+

+243030glm2n2 + 34596klm2n2 + 37272hm3n2 + 75942lm3n2−
−288g3n3 − 43772gh2n3 − 48542g2kn3 − 64906h2kn3−
−30696gk2n3 + 3100k3n3 + 4176ghln3 − 85408hkln3+

+31676gl2n3 − 20456kl2n3 + 55598g2mn3 + 21434h2mn3−
−58400gkmn3 − 31408k2mn3 + 69384hlmn3 + 39200l2mn3+

+100760gm2n3 − 6790km2n3 + 40474m3n3 − 18481ghn4−
−56701hkn4 + 25249gln4 − 30484kln4 + 32968hmn4+

+43993lmn4 + 3408gn5 − 16917kn5 + 16917mn5).

(43.1)

Â LiS áóêâà S ïîä÷åðêèâàåò, ÷òî LiS ÿâëÿþòñÿ ôîêóñíûìè âåëè-
÷èíàìè À.Ï. Ñàäîâñêîãî.

Ïðèìå÷àíèå 43.2. Îòìåòèì, ÷òî äëÿ ôîêóñíûõ âåëè÷èí (43.1)
ñ ïîìîùüþ îïåðàòîðà Ëè (41.11) íàõîäèì

D(L1S) = 0, D(L2S) 6= 0, D(L3S) 6= 0,

îòêóäà ñëåäóåò, ÷òî L1S ÿâëÿåòñÿ èíâàðèàíòîì ñèñòåìû sL(1, 2)
ïðè ãðóïïå âðàùåíèé SO(2,R), à L2S è L3S òàêîâûìè íå ÿâëÿþòñÿ.

Ñ ó÷åòîì òåîðåì 41.1 è 42.1 è îïåðàòîðîâ (41.10)�(41.11) íàõîäèì,
÷òî ôîêóñíûì âåëè÷èíàì L2S è L3S èç (43.1) ñîîòâåòñòâóþò ñëåäóþ-
ùèå êîìèòàíòû ãðóïïû âðàùåíèé:

K(L2S) = L2Sx
4 +A1x

3y +A2x
2y2 +A3xy

3 +A4y
4, (43.2)

ãäå

A1 = D(L2S), A2 =
1

2
[D(A1) + 4L2S],

A3 =
1

3
[D(A3) + 2A2], A4 =

1

4
[D(A3) + 2A2],

(43.3)

à

K(L3S) = L3Sx
12 +A1x

11y +A2x
10y2 +A3x

9y3 +A4x
8y4+

+A5x
7y5 +A6x

6y6 +A7x
5y7 +A8x

4y8 +A9x
3y9 +A10x

2y10+
(43.4)
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+A11xy
11 +A12y

12, (43.5)

ïðè

A1 = D(L3S), A2 =
1

2
[D(A1) + 12L3S], A3 =

1

3
[D(A2) + 11A1],

A4 =
1

4
[D(A3) + 10A2], A5 =

1

5
[D(A4) + 9A3],

A6 =
1

6
[D(A5) + 8A4], A7 =

1

7
[D(A6) + 7A5],

A8 =
1

8
[D(A7) + 6A6], A9 =

1

9
[D(A8) + 5A7],

A10 =
1

10
[D(A9) + 4A8], A11 =

1

11
[D(A10) + 3A9],

A12 =
1

12
[D(A11) + 2A10].

(43.6)

Ñ ïîìîùüþ îïåðàòîðà Ëè (41.10)�(41.11) èç (43.2)�(43.3) è (43.5)�
(43.6) íàõîäèì

X[K(L2S)] = X[K(L3S)] = 0. (43.7)

Ñëåäîâàòåëüíî, èç ïðèìå÷àíèÿ 43.2 è ðàâåíñòâ (43.7) ïîëó÷àåì, ÷òî
ñïðàâåäëèâà

Ëåììà 43.1. Ôîêóñíûå âåëè÷èíû L1S ÿâëÿåòñÿ èíâàðèàíòîì,

à L2S è L3S�ïîëóèíâàðèàíòàìè ñèñòåìû sL(1, 2) èç (41.9) îòíîñè-
òåëüíî ãðóïïû âðàùåíèé SO(2,R).

Ïðèìå÷àíèå 43.3. Äðóãèå òðè ôîêóñíûå âåëè÷èíû, êîòîðûå ðå-

øàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ ñèñòåìû sL(1, 2) èç (41.9), áûëè
íàì ïðåäñòàâëåíû ïðîôåññîðîì Þ.Ô. Êàëèíûì, ïîñòðîåííûå äðóãèì

ìåòîäîì. Îíè èìåþò âèä

L1S = L2C =
1

2
(−gh− hk + gl + lm− kn+mn),

L2C =
1

24
(53g3h+ 16gh3 + 95g2hk + 16h3k + 47ghk2 + 5hk3−

−53g3l + 18gh2l − 48g2kl + 38h2kl − 15gk2l − 17ghl2 + 15hkl2−
−5gl3 + 62g2hm+ 84ghkm+ 22hk2m− 127g2lm− 24h2lm− 86gklm−
−15k2lm− 22hl2m− 5l3m+ 24ghm2 + 24hkm2 − 90glm2 − 38klm2−
−16lm3 + 6g3n+ 70gh2n+ 63g2kn+ 90h2kn+ 42gk2n+ 5k3n−

−10ghln+ 86hkln− 42gl2n+ 15kl2n− 63g2mn− 24h2mn+ 10gkmn+

+17k2mn− 84hlmn− 47l2mn− 70gm2n− 18km2n− 16m3n+ 63ghn2+

+127hkn2 − 63gln2 + 48kln2 − 62hmn2 − 95lmn2 − 6gn3+

+53kn3 − 53mn3),
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L3C =
1

2304
(−31393g5h− 17022g3h3 − 1144gh5 − 77985g4hk−

−27330g2h3k − 1144h5k − 67264g3hk2 − 8666gh3k2 − 21292g2hk3+

+1642h3k3 + 305ghk4 + 925hk5 + 31393g5l − 27138g3h2l − 10960gh4l+

+50720g4kl − 70216g2h2kl − 13080h4kl + 30636g3k2l − 41898gh2k2l+

+5940g2k3l − 5844h2k3l − 465gk4l + 35076g3hl2 − 1706gh3l2+

+16672g2hkl2 − 14946h3kl2 − 6030ghk2l2 − 3650hk3l2 + 828g3l3+

+7270gh2l3 + 6664g2kl3 − 3560h2kl3 + 3650gk2l3 + 265ghl4 + 465hkl4−
−925gl5 − 79756g4hm− 30792g2h3m− 164120g3hkm− 37792gh3km−
−106536g2hk2m− 7000h3k2m− 21512ghk3m+ 660hk4m+ 119405g4lm+

+4582g2h2lm+ 3096h4lm+ 157960g3klm− 48148gh2klm+

+72848g2k2lm− 19738h2k2lm+ 9500gk3lm− 465k4lm+ 74424g2hl2m+

+12424h3l2m+ 31600ghkl2m+ 6844g2l3m+ 7530h2l3m+ 12508gkl3m+

+3650k2l3m− 660hl4m− 925l5m− 74114g3hm2 − 15376gh3m2−
−127550g2hkm2 − 15376h3km2 − 60966ghk2m2 − 7530hk3m2+

+168022g3lm2 + 41568gh2lm2 + 177140g2klm2 + 57158gk2lm2+

+3560k3lm2 + 52258ghl2m2 + 19738hkl2m2 + 4374gl3m2 + 5844kl3m2−
= 29432g2hm3 − 41856ghkm3 − 12424hk2m3 + 104770g2lm3+

+15376h2lm3 + 82980gklm3 + 14946k2lm3 + 7000hl2m3 − 1642l3m3−
−3096ghm4 − 3096hkm4 + 25904glm4 + 13080klm4 + 1144lm5−

−4128g5n− 89564g3h2n− 23784gh4n− 41357g4kn− 183390g2h2kn−
−25904h4kn− 51912g3k2n− 91176gh2k2n− 21132g2k3n− 4374h2k3n−
−620gk4n+ 925k5n+ 30248g3hln− 43620gh3ln− 64504g2hkln−

−82980h3kln− 67900ghk2ln− 12508hk3ln+ 43332g3l2n+ 17324gh2l2n+

+30812g2kl2n− 57158h2kl2n− 3650k3l2n+ 21092ghl3n− 9500hkl3n+

+620gl4n+ 465kl4n+ 32573g4mn− 89970g2h2mn+ 3096h4mn−
= 32600g3kmn− 175220gh2kmn− 61672g2k2mn− 52258h2k2mn−
−21092gk3mn− 265k4mn+ 162352g2hlmn+ 41856h3lmn−

−31600hk2lmn+ 119932g2l2mn+ 60966h2l2mn+ 67900gkl2mn+

+6030k2l2mn+ 21512hl3mn− 305l4mn+ 93296g3m2n+ 38762g2km2n−
−41568h2km2n− 17324gk2m2n− 7270k3m2n+ 175220ghlm2n+

+48148hklm2n+ 91176gl2m2n+ 41898kl2m2n+ 78650g2m3n+
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+15376h2m3n+ 43620gkm3n+ 1706k2m3n+ 37792hlm3n+

+8666l2m3n+ 23784gm4n+ 10960km4n+ 1144m5n−
−68550g3hn2 − 78650gh3n2 − 204974g2hkn2 − 104770h3kn2−
−119932ghk2n2 − 6844hk3n2 + 59766g3ln2 − 38762gh2ln2−
−177140h2kln2 − 30812gk2ln2 − 6664k3ln2 + 61672ghl2n2−
−72848hkl2n2 + 21132gl3n2 − 5940kl3n2 + 29432h3mn2−
−162352ghkmn2 − 74424hk2mn2 + 204974g2lmn2+

+127550h2lmn2 + 64504gklmn2 − 16672k2lmn2+

+106536hl2mn2 + 21292l3mn2 + 89970ghm2n2−
−4582hkm2n2 + 183390glm2n2 + 70216klm2n2+

+30792hm3n2 + 27330lm3n2 − 93296gh2n3−
+59766g2kn3 − 168022h2kn3 − 43332gk2n3 − 828k3n3+

+32600ghln3 − 157960hkln3 + 51912gl2n3 − 30636kl2n3+

+68550g2mn3 + 74114h2mn3 − 30248gkmn3 − 35076k2mn3+

+164120hlmn3 + 67264l2mn3 + 89564gm2n3 + 27138km2n3+

+17022m3n3 − 32573ghn4 − 119405hkn4 + 41357gln4−
−50720kln4 + 79756hmn4 + 77985lmn4 + 4128gn5−

−31393kn5 + 31393mn5).

(43.8)

Â LiC áóêâà C ïîä÷åðêèâàåò, ÷òî LiC ÿâëÿþòñÿ ôîêóñíûìè âåëè-
÷èíàìè Þ.Ô. Êàëèíà.

Ñ ïîìîùüþ îïåðàòîðà D èç (41.11) è (43.8) íàõîäèì

D(L1C) = D(L2C) = D(L3C) = 0.

Îòñþäà ñ ó÷åòîì ñëåäñòâèÿ 41.1 èìååì ÷òî ôîêóñíûå âåëè÷èíû
(43.8) ÿâëÿþòñÿ èíâàðèàíòàìè ñèñòåìû sL(1, 2) èç (41.9) îòíîñèòåëüíî
ãðóïïû âðàùåíèé SO(2,R).

Àíàëîãè÷íûì ñïîñîáîì, êîòîðûé áûë èñïîëüçîâàí äëÿ ôîêóñíûõ
âåëè÷èí ñèñòåìû sL(1, 2) ìîæíî íàéòè ïîñëåäîâàòåëüíîñòè ôîêóñíûõ
âåëè÷èí äëÿ ñèñòåì sL(1, 3), sL(1, 4), sL(1, 2, 3) è äð., êîòîðûå ÿâëÿþò-
ñÿ èíâàðèàíòàìè è ïîëóèíâàðèàíòàìè óêàçàííûõ ñèñòåì îòíîñèòåëüíî
ãðóïïû âðàùåíèé SO(2,R).
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�44. Î âåðõíåé ãðàíèöå ÷èñëà ôóíêöèîíàëü-

íî-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí, êî-

òîðûå ïðèíèìàþò ó÷àñòèå â ðåøåíèå

ïðîáëåìû öåíòðà è ôîêóñà äëÿ ñèñòåì

Ëÿïóíîâà sL(1,m1, ...,m`)

Ðàññìîòðèì ìíîæåñòâî êîìèòàíòîâ {F (x, y,A)} ñèñòåìû Ëÿïóíî-
âà sL(1,m1, ...,m`) òèïà (41.1)�(41.2) îòíîñèòåëüíî ãðóïïû âðàùåíèé
SO(2,R). Èç òåîðåìû 41.1 ñëåäóåò, ÷òî äëÿ íèõ ñïðàâåäëèâî ðàâåíñòâî
(41.3), ãäåX ÿâëÿåòñÿ îïåðàòîðîì Ëè ëèíåéíîãî ïðåäñòàâëåíèÿ ãðóïïû
âðàùåíèé SO(2,R) â ïðîñòðàíñòâå EN (x, y,A) ñèñòåìû sL(1,m1, ...,m`).
Òîãäà ñîãëàñíî ïðèìå÷àíèþ 41.1 èìååì, ÷òî ìàêñèìàëüíîå ÷èñëî ôóí-
êöèîíàëüíî-íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (41.3) ðàâíî

µ = 2

(∑̀
i=1

mi + `

)
+ 1, (44.1)

÷òî ñîîòâåòñòâóåò ÷èñëó êîýôôèöèåíòîâ ñèñòåìû â íåëèíåéíîé ÷àñòè
sL(1,m1, ...,m`) ïëþñ îäèí. Òàê êàê ôîêóñíûå âåëè÷èíû â ïðîáëåìå
öåíòðà è ôîêóñà äëÿ ñèñòåì Ëÿïóíîâà sL(1,m1, ...,m`) èç (41.1)�(41.2),
âîîáùå ãîâîðÿ, ÿâëÿþòñÿ ïîëóèíâàðèàíòàìè ýòîé ñèñòåìû îòíîñèòåëü-
íî ãðóïïû âðàùåíèé SO(2,R), òî ñîãëàñíî ïðèìå÷àíèþ 42.1 ÷èñëî ôóí-
êöèîíàëüíî-íåçàâèñèìûõ ôîêóñíûõ âåëè÷èí θ äëÿ ýòîé ñèñòåìû íå
ïðåâîñõîäèò ÷èñëî (44.1).

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî èìååò ìåñòî
Òåîðåìà 44.1. ×èñëî ôóíêöèîíàëüíî-íåçàâèñèìûõ ôîêóñíûõ âå-

ëè÷èí θ â ïðîáëåìå öåíòðà è ôîêóñà äëÿ ñèñòåìû Ëÿïóíîâà

sL(1,m1, ...,m`) íå ïðåâîñõîäèò ÷èñëî (44.1), òî åñòü èìååò ìåñòî

íåðàâåíñòâî

θ ≤ µ = 2

(∑̀
i=1

mi + `

)
+ 1. (44.2)

Îòñþäà èìååì
Ïðèìå÷àíèå 44.1. ×èñëî ôóíêöèîíàëüíî-íåçàâèñèìûõ ôîêóñ-

íûõ âåëè÷èí θ â ïðîáëåìå öåíòðà è ôîêóñà äëÿ ñèñòåìû Ëÿïóíîâà

sL(1,m1, ...,m`) èç (41.1)�(41.2) íå ïðåâîñõîäèò ÷èñëî êîýôôèöèåíòîâ

â íåëèíåéíîé ÷àñòè ýòîé ñèñòåìû ïëþñ îäèí.

Òàê êàê ÷èñëî ôîêóñíûõ âåëè÷èí, êîòîðûå ìîãóò ðåøàòü ïðîáëåìó
öåíòðà è ôîêóñà äëÿ ñèñòåìû sL(1,m1, ...,m`), ìîæíî ñ÷èòàòü ôóíêöè-

195



îíàëüíî-íåçàâèñèìûìè, òî òîãäà èìååò ñìûñë ïðåäïîëàãàòü, ÷òî ñïðà-
âåäëèâà

Ãèïîòåçà 44.1. ×èñëî ñóùåñòâåííûõ ôîêóñíûõ âåëè÷èí, êîòîðûå
ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ ñèñòåìû Ëÿïóíîâà

sL(1,m1, ...,m`) èç (41.1)�(41.2) íå ïðåâîñõîäèò ÷èñëî êîýôôèöèåíòîâ

íåëèíåéíîé ÷àñòè ýòîé ñèñòåìû ïëþñ îäèí.

�45. Êîììåíòàðèè ê ñåäüìîé ãëàâå

Êàê áûëî îòìå÷åíî ðàíüøå â �28, ñèñòåìà s(1,m1, ...,m`) çàïèñàíà
â ôîðìå

ẋ = cx+ dy +
∑̀
i=1

Pmi(x, y), ẏ = ex+ fy +
∑̀
i=1

Qmi(x, y), (45.1)

à ñèñòåìà Ëÿïóíîâà sL(1,m1, ...,m`) èìååò âèä

ẋ = y +
∑̀
i=1

Pmi(x, y), ẏ = −x+
∑̀
i=1

Qmi(x, y), (45.2)

ãäå Pmi è Qmi�îäíîðîäíûå ïîëèíîìû ñòåïåíè mi îòíîñèòåëüíî ôàçî-
âûõ ïåðåìåííûõ x è y. Ìíîæåñòâî {1,m1, ...,m`} ñîñòîèò èç êîíå÷íîãî
÷èñëà ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë.

Â ãèïîòåçå 38.1 îòìå÷åíî, ÷òî ÷èñëî ñóùåñòâåííûõ óñëîâèé öåí-
òðà, êîòîðûå ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ ñèñòåìû (45.1) ñ
îñîáîé òî÷êîé âòîðîé ãðóïïû â íà÷àëå êîîðäèíàò (öåíòð èëè ôîêóñ)
íå ïðåâîñõîäèò ÷èñëî

% = 2

(∑̀
i=1

mi + `

)
+ 3, (45.3)

à ãèïîòåçà 44.1 óòâåðæäàåò, ÷òî òî æå ÷èñëî äëÿ ñèñòåìû (45.2) íå
áîëüøå ÷èñëà

µ = 2

(∑̀
i=1

mi + `

)
+ 1. (45.4)

Òàê êàê ñèñòåìó s(1,m1, ...,m`) èç (45.1) â ñëó÷àå îñîáîé òî÷êè âòî-
ðîé ãðóïïû â íà÷àëå êîîðäèíàò (öåíòð èëè ôîêóñ) ìîæíî ïðèâåñòè ê
ôîðìå Ëÿïóíîâà sL(1,m1, ...,m`) èç (45.2) öåíòðîàôôèííûì ïðåîáðà-
çîâàíèåì è èçìåíåíèåì ïåðåìåííîé t, òî èç (45.4) ñëåäóåò, ÷òî ÷èñëî
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ñóùåñòâåííûõ óñëîâèé öåíòðà äëÿ ñèñòåìû s(1,m1, ...,m`) è ñèñòåìû
sL(1,m1, ...,m`) íå ìîæåò ïðåâîñõîäèòü µ. Ñëåäîâàòåëüíî, ìîæíî ïðåä-
ïîëîæèòü, ÷òî èìååò ìåñòî

Îáùàÿ ãèïîòåçà 45.1. Ñóùåñòâåííîå ÷èñëî ôîêóñíûõ âåëè÷èí

ω, êîòîðûå ðåøàþò ïðîáëåìó öåíòðà è ôîêóñà äëÿ ñèñòåìû (45.1)
ñ îñîáîé òî÷êîé âòîðîé ãðóïïû â íà÷àëå êîîðäèíàò íå ïðåâîñõîäèò

÷èñëî (45.4).
Ýòî îçíà÷àåò óëó÷øåíèå íà äâå åäèíèöû âåðõíåé ãðàíèöû ÷èñëà ω

ñóùåñòâåííûõ ôîêóñíûõ âåëè÷èí, êîòîðûå ó÷àñòâóþò â ðåøåíèè ïðî-
áëåìû öåíòðà è ôîêóñà äëÿ ñèñòåìû (45.1).
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A.S SELECTED COMMENTS IN ENGLISH

A.I INTRODUCTION

One of the old problem of the qualitative theory of di�erential equations
is the center-focus problem. It appears, for example, when a system of
di�erential equations

dx

dt
= X(x, y),

dy

dt
= Y (x, y) (1)

has a singular point with purely imaginary eigenvalues (λ1,2 = ±i).
This problem was formulated by French scientist H. Poincar�e (1854�

1912) more than 130 years ago. It was shown that if a di�erential system
can not be solved explicitly, then it is possible to study the behavior of
its solutions (integral curves) without knowledge of these solutions. So
there was initiated the qualitative theory of di�erential equations. One
of the most important problems of this theory is the study of behavior
of integral curves (trajectories) arround singular points, i.e. such points
for which X(x, y) = Y (x, y) = 0. In this connection, Poincar�e proposed
the following classi�cation of non-degenerate singular points: saddle, node,
center and focus.

a) saddle b) node

Fig. 1. Singular points of the �rst type

a) center b) focus

Fig. 2. Singular points of the second type

As it was noted above, the presence of a center or a focus at a singular
point of di�erential system (1) is ensured by purely imaginary eigenvalues
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of the characteristic equation. Under this condition, in the case of a center
the singular point is surrounded by closed trajectories and in the case of
a focus is surrounded by spirals. The center-focus problem is to determine
the condition under which a singular point is a center. In general case the
center problem is algebraically unsolvable [1, 2]. It should be noted that a
lot of scienti�c papers are dedicated to the center-focus problem published
in many countries France, Russia, Belarus, China, Great Britain, Spain,
Poland, Slovenia, Canada, USA and other.

In the Republic of Moldova �rst began to deal with the center-focus
problem for di�erential systems with polynomial nonlinearities the academi-
cian C. S. Sibirsky (1928�1990). His �rst work ½On conditions for the presen-
ce of a center and a focus� (Kisinev Gos. Univ. Uch. Zap. 11, (1954), p.
115�117) caused interest to this problem and in our country.

His PhD thesis was focused on some aspects of the center-focus problem
and was defensed in 1955 at the Kazan University (Russia). At di�erent
stages the disciples of the academician C. S. Sibirsky (N. I. Vulpe, A. S.
�Sub�a, Iu. F. Calin, V.A. Baltag, D.V. Cozma and other) examined various
issues of this problem and obtained important results.

Later on we will consider the case when the functions X(x, y) and
Y (x, y) of the di�erential system (1) are polynomials. The center-focus
problem is algebraically solvable, if the right-hand sides of this system are
nonzero. We write the considered system in the form

dx

dt
=
∑̀
i=0

Pmi(x, y),
dy

dt
=
∑̀
i=0

Qmi(x, y) (` <∞), (2)

where Pmi and Qmi are homogeneous polynomials of degree mi ≥ 1 in x,
y, and m0 = 1. The set {1,mi}`i=1 consists of a �nite number (` < ∞) of
distinct natural numbers. The coe�cients and variables in polynomials of
the system (2) takes values from the �elds of real numbers R. Hereafter we
denote the system (2) by s(m0,m1, ...,m`).

The fundamental results on the center-focus problem were obtained by
A.M. Lyapunov (1857�1918) [3]. Henri Poincar�e and Aleksandr Lyapunov
laid the foundations of the qualitative theory of di�erential systems.

Using the methods proposed in [3, 4], the presence of a center at a
singular point of a center or a focus type O(0, 0) can be established by
solving an in�nite system of polynomial equations

L1, L2, ..., Lk, ..., (3)

whose variables are parameters of the di�erential system (2), called focus
quantities, Lyapunov's constants or Poincar�e-Lyapunov's constants.
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If at least one of the quantities (3) is not zero, then a singular point
O(0, 0) is a focus for system (2). These conditions are necessary and su�cient.

From Hilbert's Theorem on the �niteness of basis of polynomial ideals
it follows that the essential center conditions, which imply the vanishing
of an in�nite sequence of polynomials (3), consist of a �nite number of
polynomials, the rest once are consequences of them.

Taking into account this result, then the center-focus problem can be
formulated in the following way: how many polynomials ω (essential center
conditions)

Ln1 , Ln2 , ..., Lnω (ni ∈ {1, 2, ..., k, ...}; i = 1, ω, ω <∞) (4)

from (3) must be equal to zero in order that all other polynomials (3) would
vanish?

Hence the center-focus problem consists of two parts. The �rst part

relates to �nding the number ω that determine the upper bound of the
number of focus quantities, which constitute the essential center conditions.
The second part consists in �nding the set Ω = {n1, n2, ..., nω} of indices
ni (i = 1, ω), corresponding to the focus quantities, which constitute the
essential center conditions.

The generalized center-focus problem is to determine the upper bound
of the number λ of algebraically independent focus quantities from Π =
{Li : i ∈ Ω}.

There is an opinion that if the center-focus problem will be solved
negatively for system s(1,m1, ...,m`), having at the origin a singular point
of a center or a focus type, then the solution of the generalized center-focus
problem can be considered as the �nal solution of this problem.

The problem of determining the number ω of the essential center condi-
tions (4) is a rather complicated problem and it is completely solved only
for systems s(1, 2) and s(1, 3), for which we have ω = 3, 5, respectively (see,
for example, [5]� [7]).

Until now it is not known the number ω for a system s(1, 2, 3), which
seems to be not a complicated system.

There exists a hypothesis formulated by Professor H. 
Zo l�adek, mostly
based on intuition, that for system s(1, 2, 3) the number ω is ≤ 13. Till
now this hypothesis has not been disproved. But in [8] it was proved that
the vanishing of 12 focus quantities for system s(1, 2, 3) is not enough for
solving the center-focus problem in the complex plane.

We note that initially some methods to solve the center-focus problem
were proposed by Poincar�e and Lyapunov, which allowed to obtain solutions
for systems s(1, 2) and s(1, 3) and other special cases. However, the speci�ed
way in solving of the center-focus problem for system s(1, 2, 3) is connected
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with cumbersome computations with application of supercomputers. These
di�culties are also insurmountable for other more complicated systems
s(1,m1, ...,m`).

Therefore, as a basis, it was taken the generalized center-focus problem,
which was formulated above for any systems of the form s(1,m1, ...,m`).
This allowed to avoid the calculation of the focus quantities (4) for given
systems, and replace this process by investigating some Lie algebras of
operators and Sibirsky graded algebras of comitants for considered systems.
To estimate the maximal number of algebraically independent focus quanti-
ties for system s(1,m1, ...,m`) these algebras we used. As a result, it was
obtained a �nite upper bound for the number of algebraically independent
focus quantities, which are involved in solving of the center-focus problem
for any system s(1,m1, ...,m`) from (1.1)�(1.2), this was �rst announced at
an international conference [43]. Results on the solution of the generalized
center-focus problem were also presented at the international conferences
on di�erential equations and algebra [44,45].

In addition, for Lyapunov system sL(1,m1,m2, ...,m`) from (41.1)�
(41.2) it was found the upper bound of the number of functionally indepen-
dent focus quantities, which are involved in solving of the center-focus
problem for these systems.

Chapter 1 (��1�7) is devoted to the construction of the Lie algebra
of the operators of representation of a center-a�ne group in the space of
coe�cients and variables of di�erential systems with polynomial nonlinear-
ities of the form (2).

Chapter 2 (��8�13) is dedicated to the investigation of di�erential
equations for center-a�ne invariants and comitants of system (2) and to
the study of their algebraic bases.

Chapter 3 (��14�18) is devoted to the study of generating functions
and Hilbert series for Sibirsky algebras of comitants and invariants of
polynomial di�erential systems of the form (2).

Chapter 4 (��19�26) is dedicated to the construction of Hilbert series
for Sibirsky algebras of di�erent di�erential systems of the form (2) and to
the computations for these algebras of the Krull dimension.

Chapter 5 (��27�31) contains a brief summary of the concepts related
to the new formulation of the center-focus problem for systems of the form
(2).

Chapter 6 (��32�39) describes examples of di�erential systems for which
the upper bound of the number of algebraically independent focus quantities,
which are involved in solving of the center-focus problem, is determined.
These results are generalized for any system s(1,m1, ...,m`).

Chapter 7 (��40�45) is devoted to obtaining the upper bound of the
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number of functionally independent focus quantities, which are involved in
solving of the center-focus problem for Lyapunov system sL(1,m1, m2, ...,m`).
This estimation is compared with the results established in Chapter 6. The
results of the seventh Chapter were obtained in 2017 and are published for
the �rst time in this monograph. It is important to note that the reader's
�rst acquaintance with the results of the seventh Chapter will help him to
come closer and closer to understanding the results of the �rst six Chapters.

The authors are extremely grateful to Professor N. I. Vulpe for useful
discussions on the published article [10], the main results of which are
included in this monograph, and for advertising of the obtained results in
many scienti�c centers of other countries.

The authors are deeply grateful to the participants of the seminar
of the Institute of Mathematics and Computer Science of ASM and the
Tiraspol State University (Chisinau) ½Di�erential Equations and Algebras�
for extremely useful and fruitful discussions of the results included in this
monograph, and also to L.T. Bendas for editing the manuscript.

The authors are sincerely grateful to the reviewers Professors A. S. �Sub�a
and D.V. Cozma for their critical comments and valuable advices in the
elaboration of the present work. Obviously, all disadvantages are on the
authors conscience.

Special thanks to Academician M.M. Ciobanu and journalist T. Rotaru
for a popular presentation, for a wide range of readers, of initial results of
this book published in the article [9].

A.1 COMMENTS TO CHAPTER ONE

In this Chapter the continuous groups of linear transformations for
two-dimensional polynomial di�erential systems (1.1)�(1.2) are considered.
It is shown that these transformations preserve the form of the systems.
This leads us to the group theory and Lie algebras, without which it is
impossible today to imagine modern mathematics and even physics.

Therefore, the preservation of form of the di�erential system (1.1)�
(1.2) under the above-mentioned groups of linear transformations, means
the admission of these groups and of the corresponding Lie algebras of
operators to the considered systems.

As shown in [15, 20] this fact is veri�ed on the coordinates of the
obtained operators X1, X2, X3, X4 from (5.1)�(5.2), (5.5)�(5.6), (5.8)�
(5.9), (5.11)�(5.12), respectively, taking into account that (4.7)�(4.8) satisfy
the de�ning equations

ξ1
xP + ξ1

yQ = ξ1Px + ξ2Py +D(P ),

ξ2
xP + ξ2

yQ = ξ1Qx + ξ2Qy +D(Q),
(7.1)
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of the corresponding system (1.1)�(1.2), where P and Q are from considered
system.

A.2 COMMENTS TO CHAPTER TWO

Center-a�ne comitants and invariants of di�erential systems of the
form (1.1)�(1.2) have found wide applications in qualitative study of such
systems (see, for example, [15]� [17]). However, the existing methods of
their construction [16, 17] do not allow us to know a priori the number of
invariants and comitants in of an algebraic basis and other bases [16, 17],
this number di�ers from system to system.

In this Chapter general formulas for the number of invariants and
comitants included in an algebraic basis of any system of the form (1.1)�
(1.2) is given.

A.3 COMMENTS TO CHAPTER THREE

Note that the method of generating functions is quite old and has
hundreds of years. It was used in the papers of I. Newton (1642�1727),
D.Bernoulli (1700�1782), L. Euler (1707�1783), K.Gauss (1777�1855), R.
Riemann (1826�1866), A.Cayley (1821�1895), D. Silvester (1814�1897), D.
Hilbert (1862�1943) and others scientist to prove unexpected results.

Probably the �rst manifestation of this method is the Newton binomial
formula, which says that the number(

n

k

)
=

n!

k!(n− k)!

is the coe�cient of tk in the polynomial (1 + t)n, i.e.

(1 + t)n =

n∑
k=0

(
n

k

)
tk.

In modern language we can say that the function (1+t)n is a generating
function for numbers (

n

0

)
,

(
n

1

)
, ...,

(
n

n

)
.

From these considerations such numbers are also called binomial coe�cients.
The method of generating functions is based on a very simple idea. A

sequence of real numbers a0, a1, a2, ... is associated with an expression of
the form

a(t) = a0 + a1t+ a2t
2 + ...,

which we will be called a series, or a generating function of this sequence.
This function can be represented as a polynomial of in�nite degree. Such
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an expression is called a formal power series, since we are not interested in
its convergence.

Often these series have simple forms that allow us to draw certain
conclusions about the sequence {an}n≥0, which in another way are very
di�cult to obtain.

Let V be a vector space represented as a direct sum of �nite-dimensional
subspaces

V =

∞⊕
n=0

Vn, Vn
⋂

(n 6=m)

Vm = {0}.

Such expansion will be called a graduation. A generating function for V , or
for sequence dimRVn (n = 0, 1, 2, 3, ...), we will be called the formal series

ΦV (t) =

∞∑
n=0

(dimRVn)tn. (18.1)

A remarkable e�ect for generating functions is that the corresponding
formal series can converge in some neighborhood of zero to a concrete
function. Thus, by studying its properties (for example, poles, zeros), we can
obtain additional information on the structure of the space V , in particular,
on the asymptotic behavior of the sequence {dimRVn}∞n=0.

If V = A is a graded algebra, then (18.1) is called the Hilbert series for
this algebra and is denoted by HA(t), which carries profound information
on the nature of asymptotic behavior of the algebra A.

By studying the space V or the algebra A the generating functions or
the Hilbert series which depend on several variables, can be introduced in
some cases. This fact re�ects a more detailed graduation of these objects.
As a result, these functions are called the generalized generating functions
and the Hilbert series, respectively, and those having the form (18.1), are
called ordinary.

The application of generating functions and Hilbert series in the theory
of two-dimensional autonomous �rst-order polynomial di�erential systems
has its beginning in the papers [15,20].

We note that (see [23]) the term Hilbert series araise from the classical
Hilbert results relating to the commutative case. Sometimes it is also called
the Poincar�e series, but today this term should be considered to be settled,
linking the name of Poincar�e only to the homologous series. In spite of the
fact that the algebras SΓ and SIΓ for system of the form (1.1)�(1.2) have
their origin and are thoroughly studied in the papers [15, 20], the name of
the "Sibirsky algebra" they received only in the article [10]. This was due
to the fact that thanks to these algebras, it could be answered to one of the
most important problem in the qualitative theory of di�erential systems,
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the problem of the number of algebraically independent focus quantities,
which are involved in solving of the center-focus problem for any di�erential
system of the form (1.1)�(1.2) with polynomial nonlinearities.

A.4 COMMENTS TO CHAPTER FOUR

As it follows from the papers [15,20], the generalized and the ordinary
Hilbert series for Sibirsky algebras of di�erential systems of the form (1.1)�
(1.2) play an important role in studying the structures of these algebras.
With the help of these series one can form an idea on the upper bound of
degrees of generators of these algebras. It is known [32] that if the ordinary

Hilbert series for commutative algebras has the form H(t) = N(t)
D(t) , where

D(t) and N(t) are polynomials in t, then degD(t) > degN(t). In our case
for Sibirsky algebras this inequality also holds. If this algebras are written in

the form (19.1) and their ordinary Hilbert series in the form HA(t) = NA(t)
DA(t) ,

then from all examples concerning the construction of the generators of
algebras A at the Chisinau school of di�erential equations, it was found
that deg ai

1≤i≤m
≤ degDA(t), where deg ai denotes the degree of generators

of these algebras with respect to the coe�cients and phase variables of
corresponding di�erential systems. In addition, the ordinary Hilbert series
for Sibirsky algebra makes it possible to calculate the Krull dimension of
given algebra and at the same time to estimate the upper bound of these
dimensions for their subalgebras for which these series are unknown.

A.5 COMMENTS TO CHAPTER FIVE

In this Chapter we formulate the generalized center-focus problem and
the arguments that prompted the authors to such formulation. We consider
the invariant Sibirsky variety of center and focus, which is closely related
to center-a�ne classi�cation of the quadratic form (comitant) k2 (see [16],
p. 31) of system s(1,m1, ...,m`).

The concepts of isobarity and semi-invariants, which play an important
role in construction of center-a�ne comitants and invariants, are explained.

A.6 COMMENTS TO CHAPTER SIX

The results of this Chapter allowed us to approach an estimation for the
upper bound of the number of algebraically independent focus quantities,
which are involved in solving of the center-focus problem for any di�erential
system of the form (1.1)�(1.2), the problem formulated more than 130 years
ago by the French mathematician Poincar�e. These results made it possible
to propose a valid hypothesis on the upper bound of the number of essential
focus quantities, which are involved in solving of the considered problem
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for any di�erential system of the form (1.1)�(1.2).
In these studies, an important role was played by Hilbert series for

Sibirsky algebras of invariants and comitants, and also by the Lie algebra of
the representation of the center-a�ne group in the space of phase variables
and the coe�cients of systems of the form (1.1)�(1.2).

The main result is that the number of algebraically independent focus
quantities for the di�erential system s(1,m1, ...,m`) of the form (38.1),
which has at the origin a singular point of a center or a focus type does not

exceed the number % = 2(
∑̀
i=1

mi + `) + 3, which is the Krull dimension of

the Sibirsky graded algebra of comitants S1,m1,...,m` of the system (38.1).
This is the solution of the generalized center-focus problem for the

system s(1,m1, ...,m`) of the form (38.1).

A.7 COMMENTS TO CHAPTER SEVEN

As it was mentioned earlier in Section 28, the system s(1,m1, ...,m`)
is written in the form

ẋ = cx+ dy +
∑̀
i=1

Pmi(x, y), ẏ = ex+ fy +
∑̀
i=1

Qmi(x, y) (45.1)

and the Lyapunov system sL(1,m1, ...,m`) has the form

ẋ = y +
∑̀
i=1

Pmi(x, y), ẏ = −x+
∑̀
i=1

Qmi(x, y), (45.2)

where Pmi andQmi are homogeneous polynomials of degreemi with respect
to phase variables x and y. The set {1,m1, ...,m`} consists of a �nite number
of distinct positive integers.

In the Hypothesis 38.1 was noted that the number of the essential center
conditions that solve the center-focus problem for the system (45.1) with a
singular point of a center or a focus type at the origin does not exceed the
number

% = 2

(∑̀
i=1

mi + `

)
+ 3, (45.3)

but the Hypothesis 44.1 claims that the same number of the essential center
conditions for the system (45.2) is not greater than the number

µ = 2

(∑̀
i=1

mi + `

)
+ 1. (45.4)
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Since the system s(1,m1, ...,m`) from (45.1), in the case of a singular
point of a center or a focus type at the origin, can be reduced to the
Lyapunov form sL(1,m1, ...,m`) from (45.2) by a center-a�ne transforma-
tion and time rescaling, then (45.4) implies that the number of the essential
center conditions for system s(1,m1, ...,m`) and for system sL(1,m1, ...,m`)
can not exceed µ.

Hence, we can claim the following
Main Hypothesis 45.1. The essential number of the focus quantities

ω that solve the center-focus problem for the system(45.1) with a singular

point of a center or a focus type at the origin does not exceeds the number

(45.4).
This means an improvement by two units of the upper bound of the

number of essential focus quantities ω, which are involved in solving of the
center-focus problem for the system (45.1).
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Ïðèëîæåíèå 1

Ìíîãî÷ëåíû Rk(b, e), êîòîðûå îïðåäåëÿþò N1,4(u, b, e)

R0(b, e) = 1− e2 + 4e4 + e6 + 18e8 + 11e10 + 35e12 + 13e14 + 35e16+
+11e18 + 18e20 + e22 + 4e24 − e26 + e28 + b(e2 + 5e4 + 13e6 + 26e8+
+29e10 + 40e12 + 19e14 + 36e16 − 5e18 + 6e20 − 15e22 + e24 − 5e26+
+2e28 − 2e30) + b2(e2 + 8e4 + 16e6 + 26e8 + 27e10 + 20e12 + 12e14−
−11e16 − 29e18 − 31e20 − 22e22 − 11e24 − 4e26 − 2e28 − e30 + e32)+
+b3(e2 + 10e4 + 10e6 + 24e8 − 5e10 + 7e12 − 64e14 − 49e16 − 107e18−
−55e20 − 58e22 − 10e24 − 10e26 + 3e28 + e30) + b4(e2 + 6e4 + 9e6+
+10e8 − 7e10 − 29e12 − 87e14 − 75e16 − 117e18 − 29e20 − 30e22+
+26e24 + 2e26 + 17e28 − 3e30 + 4e32) + b5(5e4 + 3e6 + 10e8 − 21e10−
−38e12 − 82e14 − 76e16 − 72e18 + e20 + 20e22 + 44e24 + 32e26 + 17e28+
+6e30 + 2e32 − 2e34) + b6(2e4 + 3e6 − 2e8 − 29e10 − 36e12 − 84e14−
−41e16 − 48e18 + 48e20 + 41e22 + 84e24 + 36e26 + 29e28 + 2e30 − 3e32−
−2e34) + b7(2e4 − 2e6 − 6e8 − 17e10 − 32e12 − 44e14 − 20e16 − e18+
+72e20 + 76e22 + 82e24 + 38e26 + 21e28 − 10e30 − 3e32 − 5e34)+
+b8(−4e6 + 3e8 − 17e10 − 2e12 − 26e14 + 30e16 + 29e18 + 117e20 + 75e22+
+87e24 + 29e26 + 7e28 − 10e30 − 9e32 − 6e34 − e36) + b9(−e8 − 3e10+
+10e12 + 10e14 + 58e16 + 55e18 + 107e20 + 49e22 + 64e24 − 7e26+
+5e28 − 24e30 − 10e32 − 10e34 − e36) + b10(−e6 + e8 + 2e10 + 4e12+
+11e14 + 22e16 + 31e18 + 29e20 + 11e22 − 12e24 − 20e26 − 27e28 − 26e30−
−16e32 − 8e34 − e36) + b11(2e8 − 2e10 + 5e12 − e14 + 15e16 − 6e18 + 5e20−
−36e22 − 19e24 − 40e26 − 29e28 − 26e30 − 13e32 − 5e34 − e36) + b12(−e10+
+e12 − 4e14 − e16 − 18e18 − 11e20 − 35e22 − 13e24 − 35e26 − 11e28−
−18e30 − e32 − 4e34 + e36 − e38),
R1(b, e) = −2e+ 4e3 + e5 + 15e7 − 8e9 + 21e11 − 18e13 + 26e15 − 27e17+
+6e19 − 19e21 + 7e23 − 6e25 + 2e27 − 2e29 + b(e+ 5e3 + 8e5 + 5e7 + e9+
+15e11 − 8e13 + 16e15 − 47e17 + 11e19 − 19e21 + 18e23 − 13e25 + 7e27−
−4e29 + 4e31) + b2(2e+ 6e3 + 2e5 + 6e7 + 9e9 + 7e11 − 7e13 − 34e15−
−24e17 + 2e19 + 11e21 + 6e23 + 5e25 + 5e27 + 4e29 + 2e31 − 2e33) + b3(e+
+4e3 + 16e7 − 11e9 + 14e11 − 77e13 − e15 − 63e17 + 59e19 − 6e21+
+52e23 − 3e25 + 19e27 − 3e29 − e31) + b4(4e3 + 5e5 + 3e7 − 9e9−
−26e11 − 60e13 + 4e15 − 35e17 + 88e19 − 11e21 + 51e23 − 24e25+
+30e27 − 20e29 + 8e31 − 8e33) + b5(4e3 + 7e7 − 23e9 − 19e11 − 49e13+
+e15 + e17 + 73e19 + 12e21 + 30e23 − e25 − 9e27 − 16e29 − 10e31−
−5e33 + 4e35) + b6(e3 + e5 − 3e7 − 16e9 − 10e11 − 51e13 + 26e15−
−11e17 + 96e19 − 3e21 + 60e23 − 45e25 − 4e27 − 38e29 − 7e31 + e33+
+3e35) + b7(−3e5 + 2e7 − 6e9 − 21e11 − 23e13 + 18e15 + 26e17 + 73e19+
+7e21 + 11e23 − 39e25 − 15e27 − 39e29 + 7e31 − 4e33 + 6e35)+
+b8(6e7 − 20e9 − 24e13 + 61e15 + 9e17 + 88e19 − 49e21 + 20e23−
−56e25 − 18e27 − 25e29 − e31 + e33 + 6e35 + 2e37) + b9(−e7 − e9+
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+7e11 + 3e13 + 44e15 + 45e19 − 53e21 + 31e23 − 65e25 + 10e27 − 47e29+
+12e31 + 14e35 + e37) + b10(2e7 − 2e9 − e11 + 9e13 + 16e15 + 7e17−
−6e19 − 12e21 − 12e23 − 9e25 − 21e27 − 7e29 + 14e31 + 14e33 + 8e35)+
+b11(−4e9 + 7e11 + e13 + 14e15 − 23e17 + 11e19 − 35e21 + 18e23−
−34e25 + 7e27 + 5e29 + 21e31 + 8e33 + 3e35 + e37) + b12(2e11 − 4e13−
−e15 − 15e17 + 8e19 − 21e21 + 18e23 − 26e25 + 27e27 − 6e29 + 19e31−
−7e33 + 6e35 − 2e37 + 2e39),
R2(b, e) = 4e2 − 2e4 + 7e6 − 5e8 + 27e10 − 13e12 + 20e14 − 29e16+
+14e18 − 17e20 + 5e22 − 14e24 + 3e26 − e28 + e30 + b(2e2 − 3e4 + 7e6+
+e8 + 11e10 − 53e12 − 14e14 − 73e16 + 9e18 − 45e20 + 8e22 − 17e24+
+21e26 − 5e28 + 2e30 − 2e32) + b2(7e6 − 12e8 − 39e10 − 64e12 − 39e14−
−37e16 + 2e18 − 16e20 + 16e22 + 17e24 + 16e26 − 3e28 + e30 − e32 + e34)+
+b3(2e2 − e4 + e6 − 42e8 − 30e10 − 85e12 + 8e14 − 44e16 + 67e18 + e20+
+81e22 + 16e24 + 32e26 − 6e28 + e30 − e32) + b4(2e2 − 5e4 − 6e6 − 30e8−
−18e10 − 53e12 + 65e14 − 3e16 + 159e18 + 44e20 + 143e22 + 9e24 + 40e26−
−47e28 + 5e30 − 7e32 + 4e34) + b5(e2 − 5e4 − 28e8 − 11e10 − 14e12+
+84e14 + 57e16 + 172e18 + 51e20 + 89e22 − 23e24 − 25e26 − 43e28 + e30−
−4e32 + 2e34 − 2e36) + b6(−e4 − e6 − 26e8 + e10 − 12e12 + 103e14 + 67e16+
+162e18 + 6e20 + 51e22 − 98e24 − 37e26 − 59e28 − 4e30 − 4e32 + 3e34)+
+b7(−e6 − 13e8 + 7e10 + 22e12 + 103e14 + 51e16 + 104e18 − 20e20 − 9e22−
−119e24 − 60e26 − 79e28 + 8e30 − 5e32 + 10e34 + e36) + b8(−2e4+
+2e6 − 11e8 + 26e10 + 23e12 + 87e14 + 79e18 − 92e20 − 24e22−
−141e24 − 68e26 − 61e28 + 12e30 + 3e32 + 14e34 + 3e36 − e38)+
+b9(3e6 − 4e8 + 22e10 + 5e12 + 55e14 − 30e16 + 30e18 − 137e20−
−41e22 − 183e24 − 39e26 − 53e28 + 43e30 + 10e32 + 18e34 − 2e36+
+e38) + b10(−e8 + 7e10 − 2e12 − 4e14 − 53e16 − 42e18 − 104e20−
−79e22 − 99e24 − 10e26 + 11e28 + 45e30 + 12e32 + 10e34 + 4e36+
+3e38) + b11(e6 − e8 + 5e10 − 9e12 − 6e14 − 36e16 − 10e18 − 67e20−
−7e22 − 19e24 + 46e26 + 31e28 + 35e30 + 13e32 + 17e34 + 7e36)+
+b12(−2e8 + 2e10 − 9e12 + 3e14 − 22e16 + 11e18 − 32e20 + 49e22−
−e24 + 69e26 + 15e28 + 43e30 + 8e32 + 19e34 − 2e36 + e38 − e40)+
+b13(e10 − e12 + e14 + e16 + 18e18 + 11e20 + 35e22 + 13e24 + 35e26+
+11e28 + 18e30 + e32 + 4e34 − e36 + e38),
R3(b, e) = −e+ e3 + e5 − 3e7 − 16e9 − 38e11 − 45e13 − 46e15 − 56e17−
−50e19 − 32e21 − 14e23 − e27 − 2e29 + b(2e− e3 − e5 − 30e7 − 35e9−
−87e11 − 44e13 − 95e15 − 44e17 − 33e19 + 27e21 + 15e23 + 22e25 − 5e27+
+3e29 + 4e31) + b2(e− 2e3 − 14e5 − 32e7 − 48e9 − 64e11 − 46e13−
−73e15 + 41e17 + 49e19 + 101e21 + 45e23 + 36e25 − e27 + 12e29 − 3e31−
−2e33) + b3(−3e3 − 13e5 − 31e7 − 43e9 − 45e11 − 10e13 + 77e15 + 156e17+
+197e19 + 174e21 + 105e23 + 42e25 + 7e27 − 5e29 − 5e31 + e33) + b4(−2e3−
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−6e5 − 31e7 − 23e9 − 46e11 + 110e13 + 113e15 + 271e17 + 189e19 + 148e21−
−16e23 − 19e25 − 61e27 − 10e29 − 6e31 − 7e33) + b5(−e3 − 5e5 − 20e7−
−23e9 + 20e11 + 115e13 + 132e15 + 252e17 + 92e19 + 61e21 − 97e23 − 75e25−
−110e27 − 17e29 − 33e31 + 5e33 + 6e35) + b6(−4e5 − 23e7 + 14e9 + 33e11+
+122e13 + 144e15 + 165e17 + 40e19 − 26e21 − 159e23 − 158e25 − 114e27−
−48e29 − 5e31 + 17e33 + 3e35 − e37) + b7(−4e5 + e7 + 14e9 + 19e11+
+109e13 + 69e15 + 126e17 − 49e19 − 116e21 − 252e23 − 138e25 − 122e27+
+4e29 + 13e31 + 16e33 + 8e35) + b8(4e5 − e7 + e9 + 31e11 + 52e13 + 31e15+
+17e17 − 147e19 − 199e21 − 230e23 − 154e25 − 84e27 + 24e29 + 6e31+
+33e33 + 11e35 + e37) + b9(−6e7 + 21e9 + 4e11 + 28e13 − 63e15 − 61e17−
−224e19 − 145e21 − 207e23 − 58e25 − 18e27 + 35e29 + 35e31 + 38e33+
+16e35 + 2e37 − e39) + b10(2e7 − 8e11 + e13 − 51e15 − 36e17 − 122e19−
−33e21 − 59e23 + 84e25 + 23e27 + 97e29 + 44e31 + 48e33 + 11e35 + e37−
−2e39) + b11(−2e7 + 3e11 − 8e13 − 24e15 − 26e17 − 21e19 + 20e21+
+58e23 + 56e25 + 84e27 + 82e29 + 50e31 + 28e33 + 2e35 − e37 + e39)+
+b12(4e9 − 6e11 − 2e13 − 15e15 + 26e17 + 5e19 + 73e21 + 27e23 + 80e25+
+49e27 + 45e29 + 11e31 + 6e33 − 3e35 + 2e39) + b13(−2e11 + 4e13 + e15+
+15e17 − 8e19 + 21e21 − 18e23 + 26e25 − 27e27 + 6e29 − 19e31 + 7e33−
−6e35 + 2e37 − 2e39),
R4(b, e) = 3e2 − 2e4 − 2e6 − 9e8 + 8e10 − 17e12 + 11e14 − 43e16+
+26e18 − e20 + 25e22 − 6e24 + 6e26 − 3e28 + 4e30 + b(−2e2 − e4−
−12e6 + 7e8 − 32e10 − 6e12 − 36e14 + 3e16 + 54e18 + 14e20 + 12e22−
−7e24 + 10e26 − 2e28 + 6e30 − 8e32) + b2(−2e2 − 4e4 − 3e6 − 22e8−
−39e10 − 13e12 − 11e14 + 89e16 + 26e18 + 25e20 − 20e22 + 9e24−
−22e26 − 14e30 − 3e32 + 4e34) + b3(−4e4 − 16e6 − 30e8 − 10e10−
−12e12 + 92e14 + 27e16 + 98e18 − 37e20 + 10e22 − 75e24 − 12e26−
−33e28 + 2e32) + b4(e2 − 8e4 − 22e6 − 2e8 − 20e10 + 92e12 + 44e14+
+88e16 + 32e18 − 72e20 − 49e22 − 54e24 − 19e26 − 32e28 + 17e30−
−12e32 + 16e34) + b5(−5e4 − 10e6 − 16e8 + 27e10 + 61e12 + 59e14+
+96e16 − 31e18 − 71e20 − 89e22 − 54e24 − 54e26 + 46e28 + 7e30 + 32e32+
+10e34 − 8e36) + b6(−2e4 − 13e6 + 14e8 + 10e10 + 49e12 + 73e14 + 35e16−
−14e18 − 113e20 − 84e22 − 105e24 + 48e26 + 22e28 + 62e30 + 23e32 − e34−
−4e36) + b7(−2e4 + 2e6 − e8 + 8e10 + 81e12 + 25e14 + 32e16 − 99e18−
−108e20 − 101e22 + 18e24 + 17e26 + 67e28 + 58e30 + 4e32 + 11e34−
−10e36 − 2e38) + b8(−5e6 + 39e10 + 28e12 + 20e14 − 39e16 − 77e18−
−133e20 + 10e22 − 29e24 + 68e26 + 77e28 + 33e30 + 30e32 − 2e34 − 15e36−
−5e38) + b9(17e8 − 8e10 + 13e12 − 34e14 − 13e16 − 90e18 − 33e20 − 22e22+
+2e24 + 88e26 + 38e28 + 78e30 + 4e32 − 10e34 − 28e36 − 2e38) + b10(e6−
−2e8 + 6e12 − 39e14 − 20e16 − 69e18 + 22e20 − 23e22 + 88e24 + 7e26+
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+92e28 − 2e30 − 10e32 − 34e34 − 14e36 − 3e38) + b11(2e8 + 2e10 − 14e12−
−13e14 − 14e16 + 5e18 − 14e20 + 55e22 − e24 + 73e26 − 20e30 − 29e32−
−17e34 − 10e36 − 4e38 − e40) + b12(−7e10 + 2e12 − 3e14 + 16e16 − 12e18+
+30e20 + 13e22 + 20e24 + 17e26 − 30e28 − 8e30 − 22e32 − 3e34 − 12e36+
+3e38 − 4e40) + b13(4e12 − 2e14 + 7e16 − 5e18 + 27e20 − 13e22 + 20e24−
−29e26 + 14e28 − 17e30 + 5e32 − 14e34 + 3e36 − e38 + e40),
R5(b, e) = −3e3 − 2e5 − 13e9 − 38e11 − 30e13 − 40e15 − 3e17 − 26e19−
−5e21 − 6e23 + 16e25 − e27 + 2e29 − 2e31 + b(e− 3e3 − 8e7 − 35e9−
−20e11 + 8e13 + 26e15 + 64e17 + 26e19 + 53e21 + 36e23 + 19e25 − 18e27+
+2e29 − 4e31 + 4e33) + b2(−4e5 − 22e7 − 8e9 + 37e11 + 60e13 + 81e15+
+78e17 + 56e19 + 57e21 + 15e23 − 29e25 − 13e27 − 5e29 − e31 + 2e33−
−2e35) + b3(−3e3 − 8e5 − 3e7 + 19e9 + 49e11 + 103e13 + 101e15 + 118e17+
+36e19 + 31e21 − 60e23 − 29e25 − 47e27 − 5e29 − 3e31 + 3e33) + b4(−5e3+
+4e5 + 4e7 + 8e9 + 63e11 + 76e13 + 54e15 + 29e17 − 109e19 − 120e21−
−169e23 − 115e25 − 64e27 + 35e29 + 13e33 − 6e35) + b5(−e3 + e5 − 6e7+
+26e9 + 59e11 + 38e13 + 3e15 − 82e17 − 204e19 − 143e21 − 159e23−
−68e25 + 28e27 + 28e29 + 16e31 + 11e33 − 3e35 + 3e37) + b6(−3e5 + 2e7+
+26e9 + 42e11 + 42e13 − 33e15 − 130e17 − 192e19 − 134e21 − 117e23+
+42e25 + 40e27 + 75e29 + 32e31 + 12e33 − 6e35) + b7(17e9 + 30e11−
−16e13 − 90e15 − 123e17 − 165e19 − 110e21 − 20e23 + 70e25 + 120e27+
+119e29 + 22e31 + 11e33 − 13e35 − 3e37) + b8(2e5 + 15e9 + 2e11 − 49e13−
−78e15 − 109e17 − 145e19 + 3e21 − 4e23 + 131e25 + 143e27 + 92e29+
+23e31 + e33 − 23e35 − 5e37 + e39) + b9(−2e7 + 5e9 − 7e11 − 33e13−
−67e15 − 94e17 − 43e19 + 62e21 + 92e23 + 222e25 + 140e27 + 88e29 − 14e31−
−22e33 − 25e35 + 4e37 − 4e39) + b10(2e9 − 6e11 − 17e13 − 7e15 + 32e17+
+77e19 + 139e21 + 187e23 + 172e25 + 104e27 + 9e29 − 34e31 − 25e33−
−14e35 − 10e37 − 5e39) + b11(−e7 + e9 − 5e11 − 6e13 + 12e15 + 25e17+
+52e19 + 110e21 + 61e23 + 55e25 − 13e27 − 30e29 − 37e31 − 28e33 − 34e35−
−11e37) + b12(2e9 − 2e11 + 2e13 + 10e15 + 19e17 + 40e19 + 30e21 − 16e23−
−7e25 − 60e27 − 49e29 − 59e31 − 36e33 − 26e35 + 2e37 − 3e39 + 2e41)+
+b13(−e11 + e13 + e15 − 3e17 − 16e19 − 38e21 − 45e23 − 46e25 − 56e27−
−50e29 − 32e31 − 14e33 − e37 − 2e39),
R6(b, e) = 2e2 − 2e4 + e6 − 16e8 + 6e10 + 5e12 + 26e14 + 3e16+
+40e18 + 30e20 + 38e22 + 13e24 + 2e28 + 3e30 + b(−3e2 − 7e6 + 12e10+
+36e12 + 9e14 + 63e16 + 48e18 + 34e20 − e22 − 19e24 − 17e26 + 8e28−
−6e30 − 6e32) + b2(−2e2 − 3e4 − e6 + 6e8 + 19e10 + 19e12 + 35e14+
+94e16 − 10e18 + 3e20 − 72e22 − 38e24 − 33e26 − 6e28 − 20e30 + 6e32+
+3e34) + b3(−3e4 − 4e8 + 29e10 + 31e12 + 82e14 − 15e16 − 22e18 − 120e20−
−114e22 − 110e24 − 50e26 − 19e28 + 7e30 + 8e32 − 2e34) + b4(−e4 − 11e6+
+4e8 + 39e10 + 70e12 − 13e14 − 12e16 − 152e18 − 154e20 − 122e22 − 36e24+
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+10e26 + 50e28 + 5e30 + 9e32 + 12e34) + b5(−3e4 − 7e6 + 12e8 + 50e10−
−5e14 − 48e16 − 179e18 − 67e20 − 114e22 + 17e24 + 46e26 + 91e28 + 20e30+
+52e32 − 8e34 − 8e36) + b6(−3e4 + 22e8 + 8e10 + 7e12 − 19e14 − 93e16−
−93e18 − 96e20 − 65e22 + 58e24 + 120e26 + 98e28 + 69e30 + 8e32 − 20e34−
−e36) + b7(2e6 − e8 + 14e10 + 14e12 − 48e14 − 36e16 − 144e18 − 47e20+
+29e22 + 161e24 + 112e26 + 120e28 − 3e32 − 10e34 − 11e36 − e38)+
+b8(−6e6 + 7e8 + 24e10 − 32e12 − 2e14 − 73e16 − 65e18 + 33e20 + 85e22+
+136e24 + 159e26 + 78e28 − 3e30 + 13e32 − 40e34 − 11e36 − e38) + b9(e6+
+11e8 − 16e10 − 14e12 − 26e14 − 10e16 + 9e18 + 98e20 + 61e22 + 170e24+
+78e26 + 23e28 + 4e30 − 32e32 − 36e34 − 16e36 − 5e38 + 2e40) + b10(−2e8+
+e10 − e12 − 13e14 + 17e16 − e18 + 90e20 + 35e22 + 86e24 − 51e26 + 14e28−
−82e30 − 33e32 − 50e34 − 12e36 − e38 + 3e40) + b11(3e8 − e10 − 13e12+
+10e14 + e16 + 29e18 + 20e20 + 10e22 − 16e24 + 11e26 − 66e28 − 68e30−
−49e32 − 29e34 + 6e36 + 3e38 − 2e40) + b12(−6e10 + 4e12 + 9e14 + 8e16−
−2e18 + 5e20 − 30e22 + 10e24 − 59e26 − 56e28 − 31e30 − 11e32 + 4e34+
+7e36 − e38 − 2e40) + b13(3e12 − 2e14 − 2e16 − 9e18 + 8e20 − 17e22+
+11e24 − 43e26 + 26e28 − e30 + 25e32 − 6e34 + 6e36 − 3e38 + 4e40),
R13−k(b, e) = −b13e45Rk(b−1, e−1), (k = 0, 6).
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Ìíîãî÷ëåíû R2k(b, f), êîòîðûå îïðåäåëÿþò N1,5(u, b, f)

R0(b, f) = 1 + f − f3 + f4 + 4f5 + 11f6 + 16f7 + 17f8 + 13f9+
+13f10 + 13f11 + 17f12 + 16f13 + 11f14 + 4f15 + f16 − f17 + f19+
+f20 + b(−2f − f2 + 5f3 + 12f4 + 15f5 + 15f6 + 11f7 + 10f8+
+17f9 + 27f10 + 25f11 + 16f12 − f13 − 9f14 − 5f15 + 2f16 + 3f17+
+3f18 − 2f20 − 2f21) + b2(−f + 3f2 + 6f3 + 5f4 − 3f6 − 10f7−
−13f8 − 15f9 − 18f10 − 32f11 − 41f12 − 51f13 − 43f14 − 29f15−
−18f16 − 11f17 − 3f18 − 2f19 − 2f20 − f21 + f22) + b3(3f2 + f3−
−5f4 − 11f5 − 11f6 − 15f7 − 20f8 − 35f9 − 58f10 − 85f11 − 81f12−
−61f13 − 21f14 − f15 − 7f17 − 7f18 − 8f19 − 2f20 + 3f21 + 4f22)+
+b4(2f2 − f3 − 4f4 − 6f5 − 9f6 − 18f7 − 21f8 − 21f9 − 23f10−
−22f11 − 6f12 + 6f13 + 22f14 + 23f15 + 21f16 + 21f17 + 18f18+
+9f19 + 6f20 + 4f21 + f22 − 2f23) + b5(−4f3 − 3f4 + 2f5 + 8f6+
+7f7 + 7f8 + f10 + 21f11 + 61f12 + 81f13 + 85f14 + 58f15 + 35f16+
+20f17 + 15f18 + 11f19 + 11f20 + 5f21 − f22 − 3f23) + b6(−f3 + f4+
+2f5 + 2f6 + 3f7 + 11f8 + 18f9 + 29f10 + 43f11 + 51f12 + 41f13+
+32f14 + 18f15 + 15f16 + 13f17 + 10f18 + 3f19 − 5f21 − 6f22 − 3f23+
+f24) + b7(2f4 + 2f5 − 3f7 − 3f8 − 2f9 + 5f10 + 9f11 + f12 − 16f13−
−25f14 − 27f15 − 17f16 − 10f17 − 11f18 − 15f19 − 15f20 − 12f21−
−5f22 + f23 + 2f24) + b8(−f5 − f6 + f8 − f9 − 4f10 − 11f11 − 16f12−
−17f13 − 13f14 − 13f15 − 13f16 − 17f17 − 16f18 − 11f19 − 4f20−
−f21 + f22 − f24 − f25),
R2(b, f) = −2f − f2 + 5f3 + 12f4 + 15f5 + 15f6 + 11f7 + 10f8+
+17f9 + 27f10 + 25f11 + 16f12 − f13 − 9f14 − 5f15 + 2f16 + 3f17+
+3f18 − 2f20 − 2f21 + b(f + 9f2 + 12f3 + 3f4 − 4f5 − 3f6 + 11f7+
+28f8 + 34f9 + 10f10 − 22f11 − 36f12 − 29f13 − 3f14 + 12f15 − f16−
−12f17 − 11f18 − 7f19 + 4f21 + 4f22) + b2(2f + 6f2 − 4f3 − 15f4−
−13f5 − 7f6 − 6f7 − 20f8 − 53f9 − 92f10 − 107f11 − 84f12 − 44f13+
+f14 + 9f15 − 3f16 + f17 + 4f18 + f19 + 3f20 + 4f21 + 2f22 − 2f23)+
+b3(f − f2 − 11f3 − 10f4 + f5 − 3f6 − 26f7 − 64f8 − 89f9 − 85f10−
−35f11 + 31f12 + 59f13 + 46f14 − 3f15 − 18f16 + 9f17 + 25f18+
+24f19 + 19f20 + 5f21 − 6f22 − 8f23) + b4(−3f2 − 9f3 + 9f5+
+f6 − 8f7 − 13f8 − 4f9 + 15f10 + 65f11 + 99f12 + 99f13 + 75f14+
+42f15 + 35f16 + 34f17 + 6f18 − 6f19 − 6f20 − 8f21 − 8f22−
−2f23 + 4f24) + b5(−2f2 + 12f4 + 11f5 − 3f6 − 6f7 + 9f8 + 45f9+
+97f10 + 139f11 + 118f12 + 52f13 − f14 − 20f15 + 7f16 + 16f17−
−11f19 − 19f20 − 23f21 − 12f22 + 2f23 + 6f24) + b6(4f3 + 7f4 − f5−
−7f6 + 4f7 + 19f8 + 37f9 + 45f10 + 31f11 − 20f12 − 51f13 − 49f14−
−27f15 − 9f16 − 20f17 − 40f18 − 39f19 − 29f20 − 14f21 + 4f22+
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+12f23 + 6f24 − 2f25) + b7(f3 − f4 − 7f5 − 6f6 + 2f7 + 4f8 − 2f9−
−23f10 − 59f11 − 88f12 − 74f13 − 45f14 − 25f15 − 28f16 − 46f17−
−47f18 − 19f19 + 6f20 + 21f21 + 21f22 + 8f23 − 5f24 − 5f25)+
+b8(−2f4 − 2f5 + 2f6 + 4f7 − 2f8 − 10f9 − 20f10 − 24f11 − 12f12+
+6f13 + 8f14 − 8f16 − 6f17 + 12f18 + 24f19 + 20f20 + 10f21 + 2f22−
−4f23 − 2f24 + 2f25 + 2f26) + b9(f5 + f6 − f8 + f9 + 4f10 + 11f11+
+16f12 + 17f13 + 13f14 + 13f15 + 13f16 + 17f17 + 16f18 + 11f19+
+4f20 + f21 − f22 + f24 + f25),
R4(b, f) = −f + 3f2 + 6f3 + 5f4 − 3f6 − 10f7 − 13f8 − 15f9 − 18f10−
−32f11 − 41f12 − 51f13 − 43f14 − 29f15 − 18f16 − 11f17 − 3f18−
−2f19 − 2f20 − f21 + f22 + b(2f + 6f2 − 4f3 − 15f4 − 13f5 − 7f6−
−6f7 − 20f8 − 53f9 − 92f10 − 107f11 − 84f12 − 44f13 + f14 + 9f15−
−3f16 + f17 + 4f18 + f19 + 3f20 + 4f21 + 2f22 − 2f23) + b2(f − 3f2−
−17f3 − 11f4 − 2f5 − 13f6 − 44f7 − 69f8 − 72f9 − 37f10 + 18f11+
+81f12 + 114f13 + 126f14 + 96f15 + 85f16 + 83f17 + 50f18 + 19f19+
+9f20 + 5f21 − 3f23 + f24) + b3(−5f2 − 8f3 + 7f4 + 5f5 − 19f6−
−41f7 − 28f8 + 24f9 + 104f10 + 190f11 + 251f12 + 233f13 + 175f14+
+95f15 + 74f16 + 52f17 + 13f18 + f19 + 4f20 − 4f21 − 10f22 − 5f23+
+4f24) + b4(−2f2 + 2f3 + 13f4 − 4f5 − 18f6 + 9f7 + 72f8 + 131f9+
+165f10 + 175f11 + 133f12 + 64f13 + 14f14 − 17f15 − 23f16 − 65f17−
−98f18 − 67f19 − 37f20 − 23f21 − 12f22 + 2f23 + 5f24 − 2f25)+
+b5(8f3 + 11f4 − 8f5 − 6f6 + 23f7 + 62f8 + 84f9 + 94f10+
+52f11 − 48f12 − 152f13 − 196f14 − 197f15 − 161f16 − 154f17−
−115f18 − 66f19 − 45f20 − 29f21 − 4f22 + 11f23 + 5f24 − 3f25)+
+b6(f3 − 7f4 − 11f5 + 15f6 + 41f7 + 33f8 − 13f9 − 74f10 − 140f11−
−176f12 − 151f13 − 114f14 − 107f15 − 121f16 − 130f17 − 82f18−
−21f19 + 13f20 + 30f21 + 32f22 + 17f23 − 3f24 − 6f25 + f26)+
+b7(−4f4 − 3f5 + 5f6 − 2f7 − 23f8 − 46f9 − 64f10 − 80f11 − 66f12−
−30f13 − 10f14 + 10f16 + 30f17 + 66f18 + 80f19 + 64f20 + 46f21+
+23f22 + 2f23 − 5f24 + 3f25 + 4f26) + b8(5f5 + 5f6 − 8f7 − 21f8−
−21f9 − 6f10 + 19f11 + 47f12 + 46f13 + 28f14 + 25f15 + 45f16+
+74f17 + 88f18 + 59f19 + 23f20 + 2f21 − 4f22 − 2f23 + 6f24 + 7f25+
+f26 − f27) + b9(−2f6 − f7 + 5f8 + 12f9 + 15f10 + 15f11 + 11f12+
+10f13 + 17f14 + 27f15 + 25f16 + 16f17 − f18 − 9f19 − 5f20 + 2f21+
+3f22 + 3f23 − 2f25 − 2f26),
R6(b, f) = 3f2 + f3 − 5f4 − 11f5 − 11f6 − 15f7 − 20f8 − 35f9−
−58f10 − 85f11 − 81f12 − 61f13 − 21f14 − f15 − 7f17 − 7f18 − 8f19−
−2f20 + 3f21 + 4f22 + b(f − f2 − 11f3 − 10f4 + f5 − 3f6 − 26f7−
−64f8 − 89f9 − 85f10 − 35f11 + 31f12 + 59f13 + 46f14 − 3f15−
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−18f16 + 9f17 + 25f18 + 24f19 + 19f20 + 5f21 − 6f22 − 8f23)+
+b2(−5f2 − 8f3 + 7f4 + 5f5 − 19f6 − 41f7 − 28f8 + 24f9+
+104f10 + 190f11 + 251f12 + 233f13 + 175f14 + 95f15 + 74f16+
+52f17 + 13f18 + f19 + 4f20 − 4f21 − 10f22 − 5f23 + 4f24)+
+b3(−3f2 + 3f3 + 8f4 − 15f5 − 33f6 − 6f7 + 73f8 + 167f9 + 226f10+
+235f11 + 162f12 + 29f13 − 36f14 − 27f15 + 45f16 + 29f17 − 20f18−
−43f19 − 51f20 − 51f21 − 22f22 + 9f23 + 16f24) + b4(7f3 + 4f4−
−16f5 − 3f6 + 45f7 + 86f8 + 92f9 + 67f10 + 26f11 − 82f12 − 174f13−
−199f14 − 183f15 − 160f16 − 172f17 − 128f18 − 50f19 − 22f20 − 7f21+
+14f22 + 23f23 + 6f24 − 8f25) + b5(3f3 − 8f4 − 12f5 + 23f6 + 56f7+
+53f8 − 80f10 − 194f11 − 290f12 − 276f13 − 176f14 − 110f15 − 100f16−
−137f17 − 91f18 − 41f19 + 2f20 + 46f21 + 65f22 + 35f23 − 6f24−
−13f25) + b6(−6f4 + 7f5 + 25f6 + 9f7 − 37f8 − 79f9 − 104f10−
−112f11 − 86f12 − 13f13 + 16f14 − 16f16 + 13f17 + 86f18+
+112f19 + 104f20 + 79f21 + 37f22 − 9f23 − 25f24 − 7f25 + 6f26)+
+b7(−f4 + 6f5 + 3f6 − 17f7 − 32f8 − 30f9 − 13f10 + 21f11+
+82f12 + 130f13 + 121f14 + 107f15 + 114f16 + 151f17 + 176f18+
+140f19 + 74f20 + 13f21 − 33f22 − 41f23 − 15f24 + 11f25 + 7f26−
−f27) + b8(2f5 − 6f6 − 12f7 − 4f8 + 14f9 + 29f10 + 39f11 + 40f12+
+20f13 + 9f14 + 27f15 + 49f16 + 51f17 + 20f18 − 31f19 − 45f20−
−37f21 − 19f22 − 4f23 + 7f24 + f25 − 7f26 − 4f27) + b9(−f6+
+3f7 + 6f8 + 5f9 −−3f11 − 10f12 − 13f13 − 15f14 − 18f15−
−32f16 − 41f17 − 51f18 − 43f19 − 29f20 − 18f21 − 11f22 − 3f23−
−2f24 − 2f25 − f26 + f27),
R8(b, f) = 2f2 − f3 − 4f4 − 6f5 − 9f6 − 18f7 − 21f8 − 21f9 − 23f10−
−22f11 − 6f12 + 6f13 + 22f14 + 23f15 + 21f16 + 21f17 + 18f18+
+9f19 + 6f20 + 4f21 + f22 − 2f23 + b(−3f2 − 9f3 + 9f5 + f6 − 8f7−
−13f8 − 4f9 + 15f10 + 65f11 + 99f12 + 99f13 + 75f14 + 42f15 + 35f16+
+34f17 + 6f18 − 6f19 − 6f20 − 8f21 − 8f22 − 2f23 + 4f24) + b2(−2f2+
+2f3 + 13f4 − 4f5 − 18f6 + 9f7 + 72f8 + 131f9 + 165f10 + 175f11+
+133f12 + 64f13 + 14f14 − 17f15 − 23f16 − 65f17 − 98f18 − 67f19−
−37f20 − 23f21 − 12f22 + 2f23 + 5f24 − 2f25) + b3(7f3 + 4f4 − 16f5−
−3f6 + 45f7 + 86f8 + 92f9 + 67f10 + 26f11 − 82f12 − 174f13 − 199f14−
−183f15 − 160f16 − 172f17 − 128f18 − 50f19 − 22f20 − 7f21 + 14f22+
+23f23 + 6f24 − 8f25) + b4(f3 − 8f4 − 9f5 + 33f6 + 61f7 + 20f8−
−67f9 − 145f10 − 201f11 − 272f12 − 243f13 − 200f14 − 178f15−
−181f16 − 141f17 − 16f18 + 81f19 + 77f20 + 72f21 + 55f22 + 25f23−
−10f24 − 9f25 + 4f26) + b5(−8f4 + +f5 + 24f6 + 7f7 − 42f8 − 89f9−
−123f10 − 182f11 − 209f12 − 130f13 − 55f14 + 55f16 + 130f17+
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+209f18 + 182f19 + 123f20 + 89f21 + 42f22 − 7f23 − 24f24 − f25+
+8f26) + b6(13f5 + 6f6 − 35f7 − 65f8 − 46f9 − 2f10 + 41f11+
+91f12 + 137f13 + 100f14 + 110f15 + 176f16 + 276f17 + 290f18+
+194f19 + 80f20 − 53f22 − 56f23 − 23f24 + 12f25 + 8f26 − 3f27)+
+b7(3f5 − 5f6 − 11f7 + 4f8 + 29f9 + 45f10 + 66f11 + 115f12+
+154f13 + 161f14 + 197f15 + 196f16 + 152f17 + 48f18 − 52f19−
−94f20 − 84f21 − 62f22 − 23f23 + 6f24 + 8f25 − 11f26 − 8f27)+
+b8(−6f6 − 2f7 + 12f8 + 23f9 + 19f10 + 11f11 − 16f13 − 7f14+
+20f15 + f16 − 52f17 − 118f18 − 139f19 − 97f20 − 45f21 − 9f22+
+6f23 + 3f24 − 11f25 − 12f26 + 2f28) + b9(3f7 + f8 − 5f9 − 11f10−
−11f11 − 15f12 − 20f13 − 35f14 − 58f15 − 85f16 − 81f17 − 61f18−
−21f19 − f20 − 7f22 − 7f23 − 8f24 − 2f25 + 3f26 + 4f27),
R16−2k(b, f) = −b9f30R2k(b−1, f−1), (k = 0, 3).
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Ìíîãî÷ëåíû êîòîðûå îïðåäåëÿþò âåëè÷èíó G1

äëÿ ñèñòåìû s(1, 2).
Âûðàæåíèÿ ôîêóñíûõ ïñåâäîâåëè÷èí G1,i,

à òàêæå σ1,i è B1,i (i = 0, 1, 2, 3, 4)

G1,0 = −17c3d2e3g2 + 11cd3e4g2 + 34c4de2fg2 − 118c2d2e3fg2+
+15d3e4fg2 − 17c5ef2g2 + 215c3de2f2g2 − 200cd2e3f2g2−
−108c4ef3g2 + 403c2de2f3g2 − 91d2e3f3g2 − 224c3ef4g2+
+247cde2f4g2 − 174c2ef5g2 + 29de2f5g2 − 47cef6g2 − 6ef7g2+
+34c2d2e4gh− 4d3e5gh− 92c3de3fgh+ 152cd2e4fgh+ 58c4e2f2gh−
−400c2de3f2gh+ 118d2e4f2gh+ 276c3e2f3gh− 400cde3f3gh+
+354c2e2f4gh− 80de3f4gh+ 152ce2f5gh+ 24e2f6gh− 24cd2e5h2+
+72c2de4fh2 − 32d2e5fh2 − 72c3e3f2h2 + 132cde4f2h2−
−172c2e3f3h2 + 44de4f3h2 − 116ce3f4h2 − 24e3f5h2 + 12c3de4gk−
−12cd2e5gk − 12c4e3fgk + 72c2de4fgk − 16d2e5fgk − 72c3e3f2gk+
+102cde4f2gk − 122c2e3f3gk + 34de4f3gk − 70ce3f4gk − 12e3f5gk−
−12c2de5hk + 4d2e6hk + 36c3e4fhk − 52cde5fhk + 120c2e4f2hk−
−32de5f2hk + 104ce4f3hk + 24e4f4hk − 6c3e5k2 + 5cde6k2−
−23c2e5fk2 + 5de6fk2 − 23ce5f2k2 − 6e5f3k2 + 9c4d2e2gl−
−13c2d3e3gl − 4d4e4gl − 18c5defgl + 65c3d2e2fgl − 16cd3e3fgl+
+9c6f2gl − 103c4def2gl + 90c2d2e2f2gl − 11d3e3f2gl + 51c5f3gl−
−140c3def3gl + 7cd2e2f3gl + 76c4f4gl + 26c2def4gl − 31d2e2f4gl−
−10c3f5gl + 110cdef5gl − 79c2f6gl + 29def6gl − 41cf7gl − 6f8gl−
−12c3d2e3hl + 26cd3e4hl + 48c4de2fhl − 122c2d2e3fhl + 22d3e4fhl−
−36c5ef2hl + 250c3de2f2hl − 104cd2e3f2hl − 166c4ef3hl+
+248c2de2f3hl − 2d2e3f3hl − 190c3ef4hl + 40cde2f4hl − 38c2ef5hl−
−10de2f5hl + 34cef6hl + 12ef7hl − 12c4de3kl + 11c2d2e4kl+
+12c5e2fkl − 70c3de3fkl + 16cd2e4fkl + 65c4e2f2kl − 109c2de3f2kl+
+5d2e4f2kl + 105c3e2f3kl − 58cde3f3kl + 53c2e2f4kl − 7de3f4kl−
−5ce2f5kl − 6e2f6kl + 3c3d3e2l2 − 5cd4e3l2 − 6c4d2efl2 + 20c2d3e2fl2−
−5d4e3fl2 + 3c5df2l2 − 37c3d2ef2l2 + 26cd3e2f2l2 + 22c4df3l2−
−73c2d2ef3l2 + 9d3e2f3l2 + 58c3df4l2 − 59cd2ef4l2 + 68c2df5l2−
−17d2ef5l2 + 35cdf6l2 + 6df7l2 − 12c3d2e3gm+ 2cd3e4gm+
+24c4de2fgm− 90c2d2e3fgm− 2d3e4fgm− 12c5ef2gm+
+138c3de2f2gm− 152cd2e3f2gm− 62c4ef3gm+ 200c2de2f3gm−
−82d2e3f3gm− 70c3ef4gm+ 32cde2f4gm+ 50c2ef5gm−
−58de2f5gm+ 82cef6gm+ 12ef7gm+ 20c2d2e4hm− 40c3de3fhm+
+96cd2e4fhm+ 44c4e2f2hm− 212c2de3f2hm+ 76d2e4f2hm+
+164c3e2f3hm− 152cde3f3hm+ 76c2e2f4hm+ 20de3f4hm−
−68ce2f5hm− 24e2f6hm+ 12c3de4km− 6cd2e5km− 24c4e3fkm+
+70c2de4fkm− 10d2e5fkm− 88c3e3f2km+ 80cde4f2km−
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−70c2e3f3km+ 14de4f3km+ 10ce3f4km+ 12e3f5km+ 6c4d2e2lm−
−4c2d3e3lm− 4d4e4lm− 12c5deflm+ 64c3d2e2flm− 28cd3e3flm+
+6c6f2lm− 92c4def2lm+ 180c2d2e2f2lm− 32d3e3f2lm+ 32c5f3lm−
−212c3def3lm+ 148cd2e2f3lm+ 40c4f4lm− 168c2def4lm+ 22d2e2f4lm−
−20c3f5lm− 48cdef5lm− 46c2f6lm− 12def6lm− 12cf7lm− 4c3d2e3m2+
+8c4de2fm2 − 20c2d2e3fm2 − 8d3e4fm2 − 4c5ef2m2 + 64c3de2f2m2−
−48cd2e3f2m2 − 20c4ef3m2 + 148c2de2f3m2 − 48d2e3f3m2 − 20c3ef4m2+
+100cde2f4m2 + 20c2ef5m2 + 24cef6m2 + 31c2d2e4gn− 38c3de3fgn+
+96cd2e4fgn+ 13c4e2f2gn− 125c2de3f2gn+ 65d2e4f2gn+ 41c3e2f3gn−
−58cde3f3gn− 7c2e2f4gn+ 29de3f4gn− 41ce2f5gn− 6e2f6gn−
−12c3de4hn− 46cd2e5hn+ 78c2de4fhn− 50d2e5fhn− 56c3e3f2hn+
+88cde4f2hn− 38c2e3f3hn− 10de4f3hn+ 34ce3f4hn+ 12e3f5hn+
+6c4e4kn− 17c2de5kn+ 4d2e6kn+ 29c3e4fkn− 32cde5fkn+ 28c2e4f2kn−
−7de5f2kn− 5ce4f3kn− 6e4f4kn− 22c3d2e3ln+ 32cd3e4ln+ 32c4de2fln−
−134c2d2e3fln+ 28d3e4fln− 10c5ef2ln+ 148c3de2f2ln− 116cd2e3f2ln−
−34c4ef3ln+ 126c2de2f3ln− 12d2e3f3ln− 2c3ef4ln+ 14cde2f4ln+
+34c2ef5ln+ 12cef6ln+ 14c2d2e4mn+ 4d3e5mn− 52c3de3fmn+
+88cd2e4fmn+ 14c4e2f2mn− 204c2de3f2mn+ 74d2e4f2mn+ 40c3e2f3mn−
−128cde3f3mn− 18c2e2f4mn+ 12de3f4mn− 36ce2f5mn+ 6c3de4n2−
−31cd2e5n2 + 63c2de4fn2 − 27d2e5fn2 − 14c3e3f2n2 + 43cde4f2n2+
+2c2e3f3n2 − 6de4f3n2 + 12ce3f4n2;
G1,1 = 2c4d2e2g2 + 9c2d3e3g2 − 4c5defg2 − 14c3d2e2fg2 + 41cd3e3fg2+
+2c6f2g2 − 5c4def2g2 − 102c2d2e2f2g2 + 36d3e3f2g2 + 10c5f3g2+
+57c3def3g2 − 129cd2e2f3g2 + 10c4f4g2 + 121c2def4g2 − 35d2e2f4g2−
−10c3f5g2 + 65cdef5g2 − 12c2f6g2 + 6def6g2 − 22c3d2e3gh− 12cd3e4gh+
+56c4de2fgh− 52c2d2e3fgh− 16d3e4fgh− 34c5ef2gh+ 200c3de2f2gh−
−2cd2e3f2gh− 160c4ef3gh+ 144c2de2f3gh+ 28d2e3f3gh− 198c3ef4gh−
−24cde2f4gh− 76c2ef5gh− 12de2f5gh− 12cef6gh+ 24c2d2e4h2−
−72c3de3fh2 + 32cd2e4fh2 + 72c4e2f2h2 − 132c2de3f2h2 + 172c3e2f3h2−
−44cde3f3h2 + 116c2e2f4h2 + 24ce2f5h2 − 6c4de3gk + 4c2d2e4gk+
+6c5e2fgk − 32c3de3fgk + 40c4e2f2gk − 34c2de3f2gk − 8d2e4f2gk+
+70c3e2f3gk + 6cde3f3gk + 38c2e2f4gk + 6de3f4gk + 6ce2f5gk+
+12c3de4hk − 4cd2e5hk − 36c4e3fhk + 52c2de4fhk − 120c3e3f2hk+
+32cde4f2hk − 104c2e3f3hk − 24ce3f4hk + 6c4e4k2 − 5c2de5k2+
+23c3e4fk2 − 5cde5fk2 + 23c2e4f2k2 + 6ce4f3k2 + c3d3e2gl + 4cd4e3gl+
+4c4d2efgl − 4c2d3e2fgl − 5c5df2gl + 8c3d2ef2gl + 23cd3e2f2gl−
−14c4df3gl − 53c2d2ef3gl + 20d3e2f3gl + 18c3df4gl − 76cd2ef4gl+
+56c2df5gl − 23d2ef5gl + 35cdf6gl + 6df7gl − 10c2d3e3hl − 12c5defhl+
+22c3d2e2fhl − 6cd3e3fhl + 12c6f2hl − 50c4def2hl − 12c2d2e2f2hl+
+50c5f3hl + 8c3def3hl − 26cd2e2f3hl + 34c4f4hl + 64c2def4hl − 38c3f5hl+
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+22cdef5hl − 46c2f6hl − 12cf7hl + 6c5de2kl − 3c3d2e3kl − 6c6efkl+
+30c4de2fkl − 33c5ef2kl + 41c3de2f2kl + 3cd2e3f2kl − 53c4ef3kl+
+18c2de2f3kl − 21c3ef4kl + cde2f4kl + 11c2ef5kl + 6cef6kl + c2d4e2l2+
+4c3d3efl2 − 3cd4e2fl2 − 5c4d2f2l2 + 24c2d3ef2l2 − 4d4e2f2l2 − 27c3d2f3l2+
+31cd3ef3l2 − 45c2d2f4l2 + 11d3ef4l2 − 29cd2f5l2 − 6d2f6l2 + 6c4d2e2gm+
+6c2d3e3gm− 12c5defgm+ 30c3d2e2fgm+ 34cd3e3fgm+ 6c6f2gm−
−54c4def2gm+ 24d3e3f2gm+ 30c5f3gm− 40c3def3gm− 18cd2e2f3gm+
+30c4f4gm+ 24c2def4gm− 2d2e2f4gm− 30c3f5gm+ 14cdef5gm−
−36c2f6gm− 12def6gm− 20c3d2e3hm+ 40c4de2fhm− 96c2d2e3fhm−
−44c5ef2hm+ 212c3de2f2hm− 76cd2e3f2hm− 164c4ef3hm+
+152c2de2f3hm− 76c3ef4hm− 20cde2f4hm+ 68c2ef5hm+ 24cef6hm−
−12c4de3km+ 6c2d2e4km+ 24c5e2fkm− 70c3de3fkm+ 10cd2e4fkm+
+88c4e2f2km− 80c2de3f2km+ 70c3e2f3km− 14cde3f3km− 10c2e2f4km−
−12ce2f5km− 4c3d3e2lm+ 4cd4e3lm− 4c4d2eflm− 4c2d3e2flm+
+8c5df2lm− 28c3d2ef2lm+ 8cd3e2f2lm+ 52c4df3lm− 48c2d2ef3lm+
+112c3df4lm− 20cd2ef4lm+ 92c2df5lm+ 24cdf6lm+ 4c4d2e2m2−
−8c5defm2 + 20c3d2e2fm2 + 8cd3e3fm2 + 4c6f2m2 − 64c4def2m2+
+48c2d2e2f2m2 + 20c5f3m2 − 148c3def3m2 + 48cd2e2f3m2 + 20c4f4m2−
−100c2def4m2 − 20c3f5m2 − 24c2f6m2 − 19c3d2e3gn− 16cd3e4gn+
+20c4de2fgn− 20c2d2e3fgn− 16d3e4fgn− 7c5ef2gn+ 45c3de2f2gn+
+3cd2e3f2gn− 21c4ef3gn+ 6c2de2f3gn+ 4d2e3f3gn+ 7c3ef4gn−
−13cde2f4gn+ 21c2ef5gn+ 6de2f5gn+ 12c4de3hn+ 46c2d2e4hn−
−78c3de3fhn+ 50cd2e4fhn+ 56c4e2f2hn− 88c2de3f2hn+ 38c3e2f3hn+
+10cde3f3hn− 34c2e2f4hn− 12ce2f5hn− 6c5e3kn+ 17c3de4kn−
−4cd2e5kn− 29c4e3fkn+ 32c2de4fkn− 28c3e3f2kn+ 7cde4f2kn+
+5c2e3f3kn+ 6ce3f4kn+ 10c4d2e2ln− 16c2d3e3ln− 14c5defln+
+58c3d2e2fln− 12cd3e3fln+ 4c6f2ln− 68c4def2ln+ 48c2d2e2f2ln+
+14c5f3ln− 74c3def3ln+ 8cd2e2f3ln+ 2c4f4ln− 30c2def4ln− 14c3f5ln−
−6cdef5ln− 6c2f6ln− 14c3d2e3mn− 4cd3e4mn+ 52c4de2fmn−
−88c2d2e3fmn− 14c5ef2mn+ 204c3de2f2mn− 74cd2e3f2mn−
−40c4ef3mn+ 128c2de2f3mn+ 18c3ef4mn− 12cde2f4mn+ 36c2ef5mn−
−6c4de3n2 + 31c2d2e4n2 − 63c3de3fn2 + 27cd2e4fn2 + 14c4e2f2n2−
−43c2de3f2n2 − 2c3e2f3n2 + 6cde3f3n2 − 12c2e2f4n2;
G1,2 = −6c3d3e2g2 − 27cd4e3g2 + 18c4d2efg2 + 70c2d3e2fg2 − 31d4e3fg2−
−12c5df2g2 − 23c3d2ef2g2 + 175cd3e2f2g2 − 38c4df3g2 − 206c2d2ef3g2+
+99d3e2f3g2 + 8c3df4g2 − 195cd2ef4g2 + 42c2df5g2 − 18d2ef5g2+
+12c4d2e2gh+ 74c2d3e3gh+ 4d4e4gh− 36c5defgh− 194c3d2e2fgh+
+52cd3e3fgh+ 24c6f2gh+ 106c4def2gh− 378c2d2e2f2gh− 30d3e3f2gh+
+86c5f3gh+ 524c3def3gh− 178cd2e2f3gh+ 14c4f4gh+ 518c2def4gh−
−18d2e2f4gh− 94c3f5gh+ 120cdef5gh− 30c2f6gh− 48c3d2e3h2 − 8cd3e4h2+
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+144c4de2fh2 + 8c2d2e3fh2 − 168c5ef2h2 + 140c3de2f2h2 + 68cd2e3f2h2−
−356c4ef3h2 − 76c2de2f3h2 + 12d2e3f3h2 − 208c3ef4h2 − 48cde2f4h2−
−36c2ef5h2 + 6c5de2gk − 8c3d2e3gk + 12cd3e4gk − 6c6efgk + 34c4de2fgk−
−44c2d2e3fgk + 16d3e4fgk − 62c5ef2gk + 70c3de2f2gk − 62cd2e3f2gk−
−146c4ef3gk + 58c2de2f3gk − 26d2e3f3gk − 120c3ef4gk + 34cde2f4gk−
−44c2ef5gk + 6de2f5gk − 6cef6gk − 24c4de3hk + 8c2d2e4hk − 4d3e5hk+
+96c5e2fhk − 124c3de3fhk + 24cd2e4fhk + 332c4e2f2hk − 132c2de3f2hk+
+16d2e4f2hk + 328c3e2f3hk − 56cde3f3hk + 112c2e2f4hk − 12de3f4hk+
+12ce2f5hk − 18c5e3k2 + 21c3de4k2 − 5cd2e5k2 − 75c4e3fk2 + 43c2de4fk2−
−5d2e5fk2 − 92c3e3f2k2 + 28cde4f2k2 − 41c2e3f3k2 + 6de4f3k2 − 6ce3f4k2−
−6c4d3egl − 7c2d4e2gl + 4d5e3gl + 6c5d2fgl + 2c3d3efgl − 36cd4e2fgl+
+23c4d2f2gl + 81c2d3ef2gl − 29d4e2f2gl − 13c3d2f3gl + 142cd3ef3gl−
−113c2d2f4gl + 57d3ef4gl − 93cd2f5gl − 18d2f6gl + 12c5d2ehl + 14c3d3e2hl−
−10cd4e3hl − 12c6dfhl + 8c4d2efhl + 74c2d3e2fhl − 6d4e3fhl − 58c5df2hl−
−112c3d2ef2hl + 74cd3e2f2hl − 24c4df3hl − 262c2d2ef3hl + 14d3e2f3hl+
+194c3df4hl − 166cd2ef4hl + 224c2df5hl − 24d2ef5hl + 60cdf6hl − 6c6dekl−
−c4d2e2kl − 3c2d3e3kl + 6c7fkl − 16c5defkl − 7c3d2e2fkl + 35c6f2kl−
−10c4def2kl + 3d3e3f2kl + 56c5f3kl + 7cd2e2f3kl + 10c2def4kl + d2e2f4kl−
−56c3f5kl + 16cdef5kl − 35c2f6kl + 6def6kl − 6cf7kl − 6c3d4el2 + 5cd5e2l2+
+6c4d3fl2 − 28c2d4efl2 + 5d5e2fl2 + 41c3d3f2l2 − 43cd4ef2l2 + 92c2d3f3l2−
−21d4ef3l2 + 75cd3f4l2 + 18d3f5l2 − 18c3d3e2gm− 18cd4e3gm+
+12c4d2efgm+ 2c2d3e2fgm− 14d4e3fgm− 30c5df2gm+ 8c3d2ef2gm+
+122cd3e2f2gm− 64c4df3gm− 238c2d2ef3gm+ 102d3e2f3gm+
+130c3df4gm− 186cd2ef4gm+ 156c2df5gm+ 36d2ef5gm+ 24c4d2e2hm+
+28c2d3e3hm− 24c5defhm+ 28c3d2e2fhm+ 72c6f2hm− 152c4def2hm−
−28d3e3f2hm+ 240c5f3hm− 28cd2e2f3hm+ 152c2def4hm− 24d2e2f4hm−
−240c3f5hm+ 24cdef5hm− 72c2f6hm+ 24c5de2km− 14c3d2e3km+
+6cd3e4km− 60c6efkm+ 166c4de2fkm− 74c2d2e3fkm+ 10d3e4fkm−
−224c5ef2km+ 262c3de2f2km− 74cd2e3f2km− 194c4ef3km+
+112c2de2f3km− 14d2e3f3km+ 24c3ef4km− 8cde2f4km+ 58c2ef5km−
−12de2f5km+ 12cef6km+ 12c4d3elm− 16c2d4e2lm+ 4d5e3lm−
−12c5d2flm+ 56c3d3eflm− 24cd4e2flm− 112c4d2f2lm+ 132c2d3ef2lm−
−8d4e2f2lm− 328c3d2f3lm+ 124cd3ef3lm− 332c2d2f4lm+ 24d3ef4lm−
−96cd2f5lm− 12c3d3e2m2 + 48c4d2efm2 − 68c2d3e2fm2 + 8d4e3fm2+
+36c5df2m2 + 76c3d2ef2m2 − 8cd3e2f2m2 + 208c4df3m2 − 140c2d2ef3m2+
+48d3e2f3m2 + 356c3df4m2 − 144cd2ef4m2 + 168c2df5m2 + 33c4d2e2gn+
+49c2d3e3gn− 24c5defgn− 35c3d2e2fgn+ 9c6f2gn− 8c4def2gn−
−49d3e3f2gn+ 30c5f3gn+ 35cd2e2f3gn+ 8c2def4gn− 33d2e2f4gn−
−30c3f5gn+ 24cdef5gn− 9c2f6gn− 36c5de2hn− 102c3d2e3hn+
+14cd3e4hn+ 186c4de2fhn− 122c2d2e3fhn+ 18d3e4fhn− 156c5ef2hn+
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+238c3de2f2hn− 2cd2e3f2hn− 130c4ef3hn− 8c2de2f3hn+ 18d2e3f3hn+
+64c3ef4hn− 12cde2f4hn+ 30c2ef5hn+ 18c6e2kn− 57c4de3kn+
+29c2d2e4kn− 4d3e5kn+ 93c5e2fkn− 142c3de3fkn+ 36cd2e4fkn+
+113c4e2f2kn− 81c2de3f2kn+ 7d2e4f2kn+ 13c3e2f3kn− 2cde3f3kn−
−23c2e2f4kn+ 6de3f4kn− 6ce2f5kn− 6c5d2eln+ 26c3d3e2ln− 16cd4e3ln+
+6c6dfln− 34c4d2efln+ 62c2d3e2fln− 12d4e3fln+ 44c5df2ln−
−58c3d2ef2ln+ 44cd3e2f2ln+ 120c4df3ln− 70c2d2ef3ln+ 8d3e2f3ln+
+146c3df4ln− 34cd2ef4ln+ 62c2df5ln− 6d2ef5ln+ 6cdf6ln+ 18c4d2e2mn+
+30c2d3e3mn− 4d4e4mn− 120c5defmn+ 178c3d2e2fmn− 52cd3e3fmn+
+30c6f2mn− 518c4def2mn+ 378c2d2e2f2mn− 74d3e3f2mn+ 94c5f3mn−
−524c3def3mn+ 194cd2e2f3mn− 14c4f4mn− 106c2def4mn−
−12d2e2f4mn− 86c3f5mn+ 36cdef5mn− 24c2f6mn+ 18c5de2n2−
−99c3d2e3n2 + 31cd3e4n2 + 195c4de2fn2 − 175c2d2e3fn2 + 27d3e4fn2−
−42c5ef2n2 + 206c3de2f2n2 − 70cd2e3f2n2 − 8c4ef3n2 + 23c2de2f3n2+
+6d2e3f3n2 + 38c3ef4n2 − 18cde2f4n2 + 12c2ef5n2;
G1,3 = −6c3d3efg2 − 27cd4e2fg2 + 12c4d2f2g2 + 43c2d3ef2g2−
−31d4e2f2g2 + 2c3d2f3g2 + 63cd3ef3g2 − 14c2d2f4g2 + 6d3ef4g2+
+12c4d2efgh+ 74c2d3e2fgh+ 4d4e3fgh− 36c5df2gh− 128c3d2ef2gh+
+88cd3e2f2gh− 18c4df3gh− 204c2d2ef3gh+ 14d3e2f3gh+ 40c3df4gh−
−52cd2ef4gh+ 14c2df5gh− 48c3d2e2fh2 − 8cd3e3fh2 + 24c6f2h2+
+100c4def2h2 − 48c2d2e2f2h2 + 20c5f3h2 + 148c3def3h2 − 20cd2e2f3h2−
−20c4f4h2 + 64c2def4h2 − 4d2e2f4h2 − 20c3f5h2 + 8cdef5h2 − 4c2f6h2+
+6c5defgk − 8c3d2e2fgk + 12cd3e3fgk + 6c6f2gk + 30c4def2gk−
−48c2d2e2f2gk + 16d3e3f2gk + 14c5f3gk + 74c3def3gk − 58cd2e2f3gk−
−2c4f4gk + 68c2def4gk − 10d2e2f4gk − 14c3f5gk + 14cdef5gk−
−4c2f6gk − 24c6efhk + 20c4de2fhk − 8c2d2e3fhk − 4d3e4fhk−
−92c5ef2hk + 48c3de2f2hk + 4cd2e3f2hk − 112c4ef3hk + 28c2de2f3hk+
+4d2e3f3hk − 52c3ef4hk + 4cde2f4hk − 8c2ef5hk + 6c6e2k2−
−11c4de3k2 + 4c2d2e4k2 + 29c5e2fk2 − 31c3de3fk2 + 3cd2e4fk2+
+45c4e2f2k2 − 24c2de3f2k2 − d2e4f2k2 + 27c3e2f3k2 − 4cde3f3k2+
+5c2e2f4k2 − 6c4d3fgl − 7c2d4efgl + 4d5e2fgl − 5c3d3f2gl−
−32cd4ef2gl + 28c2d3f3gl − 17d4ef3gl + 29cd3f4gl + 6d3f5gl+
+12c5d2fhl + 14c3d3efhl − 10cd4e2fhl + 10c4d2f2hl + 80c2d3ef2hl−
−6d4e2f2hl − 70c3d2f3hl + 70cd3ef3hl − 88c2d2f4hl + 12d3ef4hl−
−24cd2f5hl − 6c6dfkl − c4d2efkl − 3c2d3e2fkl − 11c5df2kl−
−18c3d2ef2kl + 21c4df3kl − 41c2d2ef3kl + 3d3e2f3kl + 53c3df4kl−
−30cd2ef4kl + 33c2df5kl − 6d2ef5kl + 6cdf6kl − 6c3d4fl2 + 5cd5efl2−
−23c2d4f2l2 + 5d5ef2l2 − 23cd4f3l2 − 6d4f4l2 + 12c5d2fgm−
−10c3d3efgm− 50cd4e2fgm+ 34c4d2f2gm+ 88c2d3ef2gm−
−46d4e2f2gm− 38c3d2f3gm+ 78cd3ef3gm− 56c2d2f4gm− 12d3ef4gm−
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−24c6dfhm+ 20c4d2efhm+ 76c2d3e2fhm− 68c5df2hm− 152c3d2ef2hm+
+96cd3e2f2hm+ 76c4df3hm− 212c2d2ef3hm+ 20d3e2f3hm+
+164c3df4hm− 40cd2ef4hm+ 44c2df5hm+ 12c7fkm− 22c5defkm+
+26c3d2e2fkm+ 6cd3e3fkm+ 46c6f2km− 64c4def2km+ 12c2d2e2f2km+
+10d3e3f2km+ 38c5f3km− 8c3def3km− 22cd2e2f3km− 34c4f4km+
+50c2def4km− 50c3f5km+ 12cdef5km− 12c2f6km+ 24c4d3flm−
−32c2d4eflm+ 4d5e2flm+ 104c3d3f2lm− 52cd4ef2lm+ 120c2d3f3lm−
−12d4ef3lm+ 36cd3f4lm− 24c5d2fm2 + 44c3d3efm2 − 32cd4e2fm2−
−116c4d2f2m2 + 132c2d3ef2m2 − 24d4e2f2m2 − 172c3d2f3m2+
+72cd3ef3m2 − 72c2d2f4m2 − 6c5d2egn− 4c3d3e2gn+ 16cd4e3gn+
+13c4d2efgn− 3c2d3e2fgn+ 16d4e3fgn− 21c5df2gn− 6c3d2ef2gn+
+20cd3e2f2gn− 7c4df3gn− 45c2d2ef3gn+ 19d3e2f3gn+ 21c3df4gn−
−20cd2ef4gn+ 7c2df5gn+ 12c6dehn+ 2c4d2e2hn− 24c2d3e3hn−
−14c5defhn+ 18c3d2e2fhn− 34cd3e3fhn+ 36c6f2hn− 24c4def2hn−
−6d3e3f2hn+ 30c5f3hn+ 40c3def3hn− 30cd2e2f3hn− 30c4f4hn+
+54c2def4hn− 6d2e2f4hn− 30c3f5hn+ 12cdef5hn− 6c2f6hn− 6c7ekn+
+23c5de2kn− 20c3d2e3kn− 35c6efkn+ 76c4de2fkn− 23c2d2e3fkn−
−4d3e4fkn− 56c5ef2kn+ 53c3de2f2kn+ 4cd2e3f2kn− 18c4ef3kn−
−8c2de2f3kn− d2e3f3kn+ 14c3ef4kn− 4cde2f4kn+ 5c2ef5kn−
−6c4d3eln+ 8c2d4e2ln− 6c5d2fln− 6c3d3efln− 38c4d2f2ln+
+34c2d3ef2ln− 4d4e2f2ln− 70c3d2f3ln+ 32cd3ef3ln− 40c2d2f4ln+
+6d3ef4ln− 6cd2f5ln+ 12c5d2emn− 28c3d3e2mn+ 16cd4e3mn+
+12c6dfmn+ 24c4d2efmn+ 2c2d3e2fmn+ 12d4e3fmn+ 76c5df2mn−
−144c3d2ef2mn+ 52cd3e2f2mn+ 198c4df3mn− 200c2d2ef3mn+
+22d3e2f3mn+ 160c3df4mn− 56cd2ef4mn+ 34c2df5mn− 6c6den2+
+35c4d2e2n2 − 36c2d3e3n2 − 65c5defn2 + 129c3d2e2fn2 − 41cd3e3fn2+
+12c6f2n2 − 121c4def2n2 + 102c2d2e2f2n2 − 9d3e3f2n2 + 10c5f3n2−
−57c3def3n2 + 14cd2e2f3n2 − 10c4f4n2 + 5c2def4n2 − 2d2e2f4n2−
−10c3f5n2 + 4cdef5n2 − 2c2f6n2;
G1,4 = 6c3d4eg2 + 27cd5e2g2 − 12c4d3fg2 − 43c2d4efg2 + 31d5e2fg2−
−2c3d3f2g2 − 63cd4ef2g2 + 14c2d3f3g2 − 6d4ef3g2 − 12c4d3egh−
−74c2d4e2gh− 4d5e3gh+ 36c5d2fgh+ 128c3d3efgh− 88cd4e2fgh+
+18c4d2f2gh+ 204c2d3ef2gh− 14d4e2f2gh− 40c3d2f3gh+ 52cd3ef3gh−
−14c2d2f4gh+ 48c3d3e2h2 + 8cd4e3h2 − 24c6dfh2 − 100c4d2efh2+
+48c2d3e2fh2 − 20c5df2h2 − 148c3d2ef2h2 + 20cd3e2f2h2 + 20c4df3h2−
−64c2d2ef3h2 + 4d3e2f3h2 + 20c3df4h2 − 8cd2ef4h2 + 4c2df5h2+
+12c3d3e2gk − 28cd4e3gk − 12c6dfgk − 14c4d2efgk + 116c2d3e2fgk−
−32d4e3fgk − 34c5df2gk − 126c3d2ef2gk + 134cd3e2f2gk + 2c4df3gk−
−148c2d2ef3gk + 22d3e2f3gk + 34c3df4gk − 32cd2ef4gk + 10c2df5gk+
+12c6dehk − 22c4d2e2hk + 32c2d3e3hk + 4d4e4hk + 12c7fhk+
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+48c5defhk − 148c3d2e2fhk + 28cd3e3fhk + 46c6f2hk + 168c4def2hk−
−180c2d2e2f2hk + 4d3e3f2hk + 20c5f3hk + 212c3def3hk − 64cd2e2f3hk−
−40c4f4hk + 92c2def4hk − 6d2e2f4hk − 32c3f5hk + 12cdef5hk−
−6c2f6hk − 6c7ek2 + 17c5de2k2 − 9c3d2e3k2 + 5cd3e4k2 − 35c6efk2+
+59c4de2fk2 − 26c2d2e3fk2 + 5d3e4fk2 − 68c5ef2k2 + 73c3de2f2k2−
−20cd2e3f2k2 − 58c4ef3k2 + 37c2de2f3k2 − 3d2e3f3k2 − 22c3ef4k2+
+6cde2f4k2 − 3c2ef5k2 + 6c4d4gl + 7c2d5egl − 4d6e2gl + 5c3d4fgl+
+32cd5efgl − 28c2d4f2gl + 17d5ef2gl − 29cd4f3gl − 6d4f4gl − 12c5d3hl−
−14c3d4ehl + 10cd5e2hl − 10c4d3fhl − 80c2d4efhl + 6d5e2fhl+
+70c3d3f2hl − 70cd4ef2hl + 88c2d3f3hl − 12d4ef3hl + 24cd3f4hl+
+6c6d2kl + 7c4d3ekl − 5c2d4e2kl + 5c5d2fkl + 58c3d3efkl − 16cd4e2fkl−
−53c4d2f2kl + 109c2d3ef2kl − 11d4e2f2kl − 105c3d2f3kl + 70cd3ef3kl−
−65c2d2f4kl + 12d3ef4kl − 12cd2f5kl + 6c3d5l2 − 5cd6el2 + 23c2d5fl2−
−5d6efl2 + 23cd5f2l2 + 6d5f3l2 − 12c5d3gm+ 10c3d4egm+ 50cd5e2gm−
−34c4d3fgm− 88c2d4efgm+ 46d5e2fgm+ 38c3d3f2gm− 78cd4ef2gm+
+56c2d3f3gm+ 12d4ef3gm+ 24c6d2hm− 20c4d3ehm− 76c2d4e2hm+
+68c5d2fhm+ 152c3d3efhm− 96cd4e2fhm− 76c4d2f2hm+
+212c2d3ef2hm− 20d4e2f2hm− 164c3d2f3hm+ 40cd3ef3hm−
−44c2d2f4hm− 12c7dkm+ 10c5d2ekm+ 2c3d3e2km− 22cd4e3km−
−34c6dfkm− 40c4d2efkm+ 104c2d3e2fkm− 26d4e3fkm+ 38c5df2km−
−248c3d2ef2km+ 122cd3e2f2km+ 190c4df3km− 250c2d2ef3km+
+12d3e2f3km+ 166c3df4km− 48cd2ef4km+ 36c2df5km− 24c4d4lm+
+32c2d5elm− 4d6e2lm− 104c3d4flm+ 52cd5eflm− 120c2d4f2lm+
+12d5ef2lm− 36cd4f3lm+ 24c5d3m2 − 44c3d4em2 + 32cd5e2m2+
+116c4d3fm2 − 132c2d4efm2 + 24d5e2fm2 + 172c3d3f2m2−
−72cd4ef2m2 + 72c2d3f3m2 + 6c6d2gn− 29c4d3egn− 65c2d4e2gn+
+41c5d2fgn+ 58c3d3efgn− 96cd4e2fgn+ 7c4d2f2gn+ 125c2d3ef2gn−
−31d4e2f2gn− 41c3d2f3gn+ 38cd3ef3gn− 13c2d2f4gn− 12c7dhn+
+58c5d2ehn+ 82c3d3e2hn+ 2cd4e3hn− 82c6dfhn− 32c4d2efhn+
+152c2d3e2fhn− 2d4e3fhn− 50c5df2hn− 200c3d2ef2hn+
+90cd3e2f2hn+ 70c4df3hn− 138c2d2ef3hn+ 12d3e2f3hn+ 62c3df4hn−
−24cd2ef4hn+ 12c2df5hn+ 6c8kn− 29c6dekn+ 31c4d2e2kn+
+11c2d3e3kn+ 4d4e4kn+ 41c7fkn− 110c5defkn− 7c3d2e2fkn+
+16cd3e3fkn+ 79c6f2kn− 26c4def2kn− 90c2d2e2f2kn+ 13d3e3f2kn+
+10c5f3kn+ 140c3def3kn− 65cd2e2f3kn− 76c4f4kn+ 103c2def4kn−
−9d2e2f4kn− 51c3f5kn+ 18cdef5kn− 9c2f6kn+ 12c5d3ln−
−34c3d4eln+ 16cd5e2ln+ 70c4d3fln− 102c2d4efln+ 12d5e2fln+
+122c3d3f2ln− 72cd4ef2ln+ 72c2d3f3ln− 12d4ef3ln+ 12cd3f4ln−
−24c6d2mn+ 80c4d3emn− 118c2d4e2mn+ 4d5e3mn− 152c5d2fmn+
+400c3d3efmn− 152cd4e2fmn− 354c4d2f2mn+ 400c2d3ef2mn−
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−34d4e2f2mn− 276c3d2f3mn+ 92cd3ef3mn− 58c2d2f4mn+ 6c7dn2−
−29c5d2en2 + 91c3d3e2n2 − 15cd4e3n2 + 47c6dfn2 − 247c4d2efn2+
+200c2d3e2fn2 − 11d4e3fn2 + 174c5df2n2 − 403c3d2ef2n2+
+118cd3e2f2n2 + 224c4df3n2 − 215c2d2ef3n2 + 17d3e2f3n2+
+108c3df4n2 − 34cd2ef4n2 + 17c2df5n2;
σ1,0 = 12c4d2e4 − 22c2d3e5 + 8d4e6 − 24c5de3f + 114c3d2e4f − 76cd3e5f+
+12c6e2f2 − 162c4de3f2 + 252c2d2e4f2 − 22d3e5f2 + 70c5e2f3−
−308c3de3f3 + 114cd2e4f3 + 124c4e2f4 − 162c2de3f4 + 12d2e4f4+
+70c3e2f5 − 24cde3f5 + 12c2e2f6;
σ1,1 = 6c5d2e3 + 11c3d3e4 − 4cd4e5 + 12c6de2f − 51c4d2e3f + 27c2d3e4f+
+4d4e5f − 6c7ef2 + 69c5de2f2 − 69c3d2e3f2 − 27cd3e4f2 − 29c6ef3+
+73c4de2f3 + 69c2d2e3f3 − 11d3e4f3 − 27c5ef4 − 73c3de2f4+
+51cd2e3f4 + 27c4ef5 − 69c2de2f5 + 6d2e3f5 + 29c3ef6−
−12cde2f6 + 6c2ef7;
σ1,2 = 6c6d2e2 − 23c4d3e3 + 26c2d4e4 − 8d5e5 − 12c7def + 69c5d2e2f−
−130c3d3e3f + 68cd4e4f + 6c8f2 − 69c6def2 + 180c4d2e2f2−
−198c2d3e3f2 + 26d4e4f2 + 23c7f3 − 74c5def3 + 170c3d2e2f3−
−130cd3e3f3 − 2c6f4 + 22c4def4 + 180c2d2e2f4 − 23d3e3f4 − 54c5f5−
−74c3def5 + 69cd2e2f5 − 2c4f6 − 69c2def6 + 6d2e2f6 + 23c3f7−
−12cdef7 + 6c2f8;
σ1,3 = 6c5d3e2 − 11c3d4e3 + 4cd5e4 − 12c6d2ef + 51c4d3e2f − 27c2d4e3f−
−4d5e4f + 6c7df2 − 69c5d2ef2 + 69c3d3e2f2 + 27cd4e3f2 + 29c6df3−
−73c4d2ef3 − 69c2d3e2f3 + 11d4e3f3 + 27c5df4 + 73c3d2ef4−
−51cd3e2f4 − 27c4df5 + 69c2d2ef5 − 6d3e2f5 − 29c3df6 + 12cd2ef6−
−6c2df7;
σ1,4 = 12c4d4e2 − 22c2d5e3 + 8d6e4 − 24c5d3ef + 114c3d4e2f−
−76cd5e3f + 12c6d2f2 − 162c4d3ef2 + 252c2d4e2f2 − 22d5e3f2+
+70c5d2f3 − 308c3d3ef3 + 114cd4e2f3 + 124c4d2f4 − 162c2d3ef4+
+12d4e2f4 + 70c3d2f5 − 24cd3ef5 + 12c2d2f6;

B1,i = 4ki(c+ f)(cf − de)2(2c2 − de+ 5cf + 2f2)(3c2 − 4de+ 10cf + 3f2),

(k0 = k1 = k3 = k4 = 1, k2 = 3).
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Ìàòðèöû, êîòîðûå îïðåäåëÿþò ëèíåéíóþ ñèñòåìó óðàâíåíèé
A2B2 = C2 äëÿ âåëè÷èíû G2 â ñëó÷àå äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 2)
A2 = [A′2|A′′2 |A′′′2 |A′′′′2 ],

A′2 =



3c 3e 0 0 0 0 0
3d 3(2c+ f) 6e 0 0 0 0
0 6d 3(2c+ f) 3e 0 0 0
0 0 3d 3f 0 0 0
3g 3l 0 0 4c 4e 0
6h 6(g +m) 6l 0 4d 4(f + 3c) 12e
3k 3(4h+ n) 3(g + 4m) 3l 0 12d 12(c+ f)
0 6k 6(h+ n) 6m 0 0 12d
0 0 3k 3n 0 0 0
0 0 0 0 4g 4l 0
0 0 0 0 8h 4(3g + 2m) 12l
0 0 0 0 4k 4(6h+ n) 12(g + 2m)
0 0 0 0 0 12k 12(2h+ n)
0 0 0 0 0 0 12k
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0



,
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A′′2 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 −e2 0 0 0
0 0 2e(c− f) 0 0 0

12e 0 2de− (c− f)2 0 0 0
4(3f + c) 4l 2d(f − c) 0 0 0

4d 4f −d2 0 0 0
0 0 0 5c 5e 0
0 0 0 5d 5(4c+ f) 20e

12l 0 0 0 20d 10(3c+ 2f)
4(g + 6m) 4l 0 0 0 30d
4(2h+ 3n) 8m 0 0 0 0

4k 4n 0 0 0 0
0 0 0 5g 5l 0
0 0 0 10h 10(2g +m) 20l
0 0 0 5k 5(8h+ n) 10(3g + 4m)
0 0 0 0 20k 20(3h+ n)
0 0 0 0 0 30k
0 0 0 0 0 0
0 0 0 0 0 0



,
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A′′′2 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

30e 0 0 0 0 0
10(2c+ 3f) 20e 0 0 0 0

20d 5(c+ 4f) 5e 0 0 0
0 5d 5f 0 0 0
0 0 0 6c 6e 0
0 0 0 6d 6(5c+ f) 30e

30l 0 0 0 30d 30(2c+ f)
20(g + 3m) 20l 0 0 0 60d
10(4h+ 3n) 5(g + 8m) 5l 0 0 0

20k 10(h+ 2n) 10m 0 0 0
0 5k 5n 0 0 0



,
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A′′′′2 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 e3

0 0 0 0 3e2(f − c)
60e 0 0 0 3e[(c− f)2 − de]

60(c+ f) 60e 0 0 (f − c)[(c− f)2 − 6de]
60d 30(c+ 2f) 30e 0 3d[de− (c− f)2]
0 30d 6(c+ 5f) 6e 3d2(f − c)
0 0 6d 6f −d3



,
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B2 =



a0

a1

a2

a3

b0
b1
b2
b3
b4
G1

c0
c1
c2
c3
c4
c5
d0

d1

d2

d3

d4

d5

d6

G2



, C2 =



2eg + (f − c)l
(f − c)(g + 2m)− 2dl + 4eh
(f − c)(2h+ n) + 2ek − 4dm

(f − c)k − 2dn
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0



.
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Ìíîãî÷ëåíû, êîòîðûå îïðåäåëÿþò âåëè÷èíó G1

äëÿ ñèñòåìû s(1, 3)
Âûðàæåíèÿ ôîêóñíûõ ïñåâäîâåëè÷èí G1,i, à òàêæå

âûðàæåíèÿ σ1,i è B1,i (i = 0, 1, 2, 3, 4)

G1,0 = 7c2de2p− 6d2e3p− 7c3efp+ 35cde2fp− 29c2ef2p+ 22de2f2p−
−25cef3p− 3ef4p− 9cde3q + 9c2e2fq − 21de3fq + 30ce2f2q + 9e2f3q+
+6de4r − 15ce3fr − 9e3f2r + 3ce4s+ 3e4fs− 3c3det+ 5cd2e2t+ 3c4ft−
−15c2deft+ 5d2e2ft+ 10c3f2t− 5cdef2t+ 7def3t− 10cf4t− 3f5t+
+3c2de2u− 6d2e3u− 3c3efu+ 15cde2fu− 9c2ef2u+ 6de2f2u+ 3cef3u+
+9ef4u− 3cde3v + 3c2e2fv − 15de3fv + 6ce2f2v − 9e2f3v + 6de4w−
−3ce3fw + 3e3f2w;
G1,1 = −c3dep− 2cd2e2p+ c4fp− c2defp− 8d2e2fp+ 3c3f2p+
+12cdef2p− c2f3p+ 6def3p− 3cf4p+ 9c2de2q − 9c3efq + 21cde2fq−
−30c2ef2q − 9cef3q − 6cde3r + 15c2e2fr + 9ce2f2r − 3c2e3s− 3ce3fs−
−c2d2et+ c3dft− 5cd2eft+ 5c2df2t− 4d2ef2t+ 7cdf3t+ 3df4t−
−3c3deu+ 6cd2e2u+ 3c4fu− 15c2defu+ 9c3f2u− 6cdef2u− 3c2f3u−
−9cf4u+ 3c2de2v − 3c3efv + 15cde2fv − 6c2ef2v + 9cef3v − 6cde3w+
+3c2e2fw − 3ce2f2w;
G1,2 = 3(c2d2ep+ 2d3e2p− c3dfp− 3cd2efp− 2c2df2p− 6d2ef2p+
+3cdf3p− 3c3deq − 5cd2e2q + 3c4fq + 7c2defq − d2e2fq + 7c3f2q+
+17cdef2q − 7c2f3q + 3def3q − 3cf4q + 6c2de2r − 2d2e3r − 15c3efr+
+7cde2fr − 14c2ef2r + 3de2f2r − 3cef3r + 3c3e2s− cde3s+ 4c2e2fs−
−de3fs+ ce2f2s+ cd3et− c2d2ft+ d3eft− 4cd2f2t− 3d2f3t−
−3c2d2eu+ 2d3e2u+ 3c3dfu− 7cd2efu+ 14c2df2u− 6d2ef2u+
+15cdf3u− 3c3dev + cd2e2v + 3c4fv − 17c2defv + 5d2e2fv + 7c3f2v−
−7cdef2v − 7c2f3v + 3def3v − 3cf4v + 6c2de2w − 2d2e3w − 3c3efw+
+3cde2fw + 2c2ef2w − de2f2w + cef3w);
G1,3 = 3c2d2fp+ 6d3efp− 3cd2f2p− 9c3dfq − 15cd2efq + 6c2df2q−
−3d2ef2q + 3cdf3q + 9c4fr + 6c2defr − 6d2e2fr + 3c3f2r + 15cdef2r−
−9c2f3r + 3def3r − 3cf4r − 3c4es+ 4c2de2s− 7c3efs+ 5cde2fs−
−5c2ef2s+ de2f2s− cef3s+ 3cd3ft+ 3d3f2t− 9c2d2fu+ 6d3efu−
−15cd2f2u+ 9c3dfv − 21cd2efv + 30c2df2v − 9d2ef2v + 9cdf3v−
−6c3dew + 8cd2e2w + 3c4fw − 12c2defw + 2d2e2fw + c3f2w+
+cdef2w − 3c2f3w + def3w − cf4w;
G1,4 = −(3c2d3p+ 6d4ep− 3cd3fp− 9c3d2q − 15cd3eq + 6c2d2fq−
−3d3efq + 3cd2f2q + 9c4dr + 6c2d2er − 6d3e2r + 3c3dfr + 15cd2efr−
−9c2df2r + 3d2ef2r − 3cdf3r − 3c5s+ 7c3des+ 5cd2e2s− 10c4fs−
−5c2defs+ 5d2e2fs− 15cdef2s+ 10c2f3s− 3def3s+ 3cf4s+ 3cd4t+
+3d4ft− 9c2d3u+ 6d4eu− 15cd3fu+ 9c3d2v − 21cd3ev + 30c2d2fv−
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−9d3efv + 9cd2f2v − 3c4dw + 22c2d2ew − 6d3e2w − 25c3dfw + 35cd2efw−
−29c2df2w + 7d2ef2w − 7cdf3w);
σ1,0 = −6c2de3 + 8d2e4 + 6c3e2f − 28cde3f + 20c2e2f2 − 6de3f2 + 6ce2f3;
σ1,1 = 3c3de2 − 4cd2e3 − 3c4ef + 11c2de2f + 4d2e3f − 7c3ef2 − 11cde2f2+
+7c2ef3 − 3de2f3 + 3cef4;
σ1,2 = −3c4de+ 10c2d2e2 − 8d3e3 + 3c5f − 14c3def + 20cd2e2f + 4c4f2+
+2c2def2 + 10d2e2f2 − 14c3f3 − 14cdef3 + 4c2f4 − 3def4 + 3cf5;
σ1,3 = −3c3d2e+ 4cd3e2 + 3c4df − 11c2d2ef − 4d3e2f + 7c3df2 + 11cd2ef2−
−7c2df3 + 3d2ef3 − 3cdf4;
σ1,4 = −6c2d3e+ 8d4e2 + 6c3d2f − 28cd3ef + 20c2d2f2 − 6d3ef2 + 6cd2f3;
B1,i = 4ki(c+ f)(−de+ cf)(3c2 − 4de+ 10cf + 3f2),
(k0 = k1 = k3 = k4 = 1, k2 = 3).
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Ìàòðèöû, êîòîðûå îïðåäåëÿþò ëèíåéíóþ ñèñòåìó óðàâíåíèé
A2B2 = C2 äëÿ âåëè÷èíû G2 â ñëó÷àå äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 3)
A2 = [A′2|A′′2 |A′′′2 ],

A′2 =



4c 4e 0 0 0
4d 12c+ 4f 12e 0 0
0 12d 12c+ 12f 12e 0
0 0 12d 4c+ 12f 4e
0 0 0 4d 4f
4p 4t 0 0 0
12q 12p+ 12u 12t 0 0
12r 36q + 12v 12p+ 36u 12t 0
4s 36r + 4w 36q + 36v 4p+ 36u 4t
0 12s 36r + 12w 12q + 36v 12u
0 0 12s 12r + 12w 12v
0 0 0 4s 4w



,

A′′2 =



−e2 0 0 0 0
2ce− 2ef 0 0 0 0

−c2 + 2de+ 2cf − f2 0 0 0 0
−2cd+ 2df 0 0 0 0
−d2 0 0 0 0

0 6c 6e 0 0
0 6d 30c+ 6f 30e 0
0 0 30d 60c+ 30f 60e
0 0 0 60d
0 0 0 0 60d
0 0 0 0 0
0 0 0 0 0



,
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A′′′2 =



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 e3

0 0 0 −3e2(c− f)
0 0 0 3e[(c− f)2 − de]

60e 0 −(c− f)[(c− f)2 − 6de]
30c+ 60f 30e −3d[(c− f)2 − de]

30d 6c+ 30f 6e −3d2(c− f)
0 6d 6f −d3



,

B2 =



b0
b1
b2
b3
b4
G1

d0

d1

d2

d3

d4

d5

d6

G2



, C2 =



2ep− ct+ ft
−cp+ fp+ 6eq − 2dt− 3cu+ 3fu
−3cq + 3fq + 6er − 6du− 3cv + 3fv
−3cr + 3fr + 2es− 6dv − cw + fw

−cs+ fs− 2dw
0
0
0
0
0
0
0



.
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Ìàòðèöû, êîòîðûå îïðåäåëÿþò ñèñòåìó ëèíåéíûõ óðàâíåíèé
A3B3 = C3 äëÿ âåëè÷èíû G3 â ñëó÷àå äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 4)
A3 = [A′3|A′′3 |A′′′3 |A′′′′3 ],

A′3 =



5c 5e 0 0 0 0
5d 20c+ 5f 20e 0 0 0
0 20d 30c+ 20f 30e 0 0
0 0 30d 20c+ 30f 20e 0
0 0 0 20d 5c+ 20f 5e
0 0 0 0 5d 5f
5g 5l 0 0 0 0

20h 20g + 20m 20l 0 0 0
30i 80h+ 30n 30g + 80m 30l 0 0
20j 120i+ 20o 120h+ 120n 20g + 120m 20l 0
5k 80j + 5p 180i+ 80o 80h+ 180n 5g + 80m 5l
0 20k 120j + 20p 120i+ 120o 20h+ 120n 20m
0 0 30k 80j + 30p 30i+ 80o 30n
0 0 0 20k 20j + 20p 20o
0 0 0 0 5k 5p



,

A′′3 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
8c 8e 0 0 0
8d 56c+ 8f 56e 0 0
0 56d 168c+ 56f 168e 0
0 0 168d 280c+ 168f 280e
0 0 0 280d 280c+ 280f
0 0 0 0 280d
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



,
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A′′′3 =



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

280e 0 0 0
168c+ 280f 168e 0 0

168d 56c+ 168f 56e 0
0 56d 8c+ 56f 8e
0 0 8d 8f



,

A′′′′3 =



0
0
0
0
0
0

−e4

4ce3 − 4e3f
−6c2e2 + 4de3 + 12ce2f − 6e2f2

4c3e− 12cde2 − 12c2ef + 12de2f + 12cef2 − 4ef3

−c4 + 12c2de− 6d2e2 + 4c3f − 24cdef − 6c2f2 + 12def2 + 4cf3 − f4

−4c3d+ 12cd2e+ 12c2df − 12d2ef − 12cdf2 + 4df3

−6c2d2 + 4d3e+ 12cd2f − 6d2f2

−4cd3 + 4d3f
−d4



,
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B3 =



c0
c1
c2
c3
c4
c5
f0

f1

f2

f3

f4

f5

f6

f7

f8

G3



, C3 =



2eg − cl + fl
−cg + fg + 8eh− 2dl − 4cm+ 4fm
−4ch+ 4fh+ 12ei− 8dm− 6cn+ 6fn
−6ci+ 6fi+ 8ej − 12dn− 4co+ 4fo
−4cj + 4fj + 2ek − 8do− cp+ fp

−ck + fk − 2dp
0
0
0
0
0
0
0
0



.
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Ìàòðèöû, êîòîðûå îïðåäåëÿþò ëèíåéíóþ ñèñòåìó
A2B2 = C2 äëÿ âåëè÷èíû G2 â ñëó÷àå äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 5)

A2 = [A′2|A′′2 ],

A′2 =



6c 6e 0 0 0 0
6d 30c+ 6f 30e 0 0 0
0 30d 60c+ 30f 60e 0 0
0 0 60d 60c+ 60f 60e 0
0 0 0 60d 30c+ 60f 30e
0 0 0 0 30d 6c+ 30f
0 0 0 0 0 6d


,

A′′2 =



0 e3

0 −3ce2 + 3e2f
0 3c2e− 3de2 − 6cef + 3ef2

0 −c3 + 6cde+ 3c2f − 6def − 3cf2 + f3

0 −3c2d+ 3d2e+ 6cdf − 3df2

6e −3cd2 + 3d2f
6f −d3


,

B2 =



d0

d1

d2

d3

d4

d5

d6

G2


, C2 =



2eg − cp+ fp
−cg + fg + 10eh− 2dp− 5cq + 5fq

−5ch+ 5fh+ 20ek − 10dq − 10cr + 10fr
−10ck + 10fk + 20el − 20dr − 10cs+ 10fs
−10cl + 10fl + 10em− 20ds− 5cu+ 5fu
−5cm+ 5fm+ 2en− 10du− cv + fv

−cn+ fn− 2dv


.
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Ìíîãî÷ëåíû, êîòîðûå îïðåäåëÿþò âåëè÷èíó G2 äëÿ
äèôôåðåíöèàëüíîé ñèñòåìû s(1, 5)

Âûðàæåíèÿ ôîêóñíûõ ïñåâäîâåëè÷èí G2,i è σ2,i,
D2,i (i = 0, 1, 2, 3, 4, 5, 6).

G20 = 22c4de2g − 76c2d2e3g + 20d3e4g − 22c5efg + 265c3de2fg−
−282cd2e3fg − 189c4ef2g + 741c2de2f2g − 186d2e3f2g − 479c3ef3g+
+635cde2f3g − 449c2ef4g + 137de2f4g − 147cef5g − 10ef6g − 25c3de3h+
+70cd2e4h+ 25c4e2fh− 275c2de3fh+ 150d2e4fh+ 205c3e2f2h−
−615cde3f2h+ 465c2e2f3h− 285de3f3h+ 335ce2f4h+ 50e2f5h+
+30c2de4k − 40d2e5k − 30c3e3fk + 260cde4fk − 220c2e3f2k+
+270de4f2k − 370ce3f3k − 100e3f4k − 40cde5l + 40c2e4fl − 120de5fl+
+220ce4f2l + 100e4f3l + 20de6m− 70ce5fm− 50e5f2m+ 10ce6n+
+10e6fn− 10c5dep+ 39c3d2e2p− 22cd3e3p+ 10c6fp− 116c4defp+
+147c2d2e2fp− 22d3e3fp+ 77c5f2p− 265c3def2p+ 81cd2e2f2p+
+140c4f3p− 59c2def3p− 27d2e2f3p+ 167cdef4p− 140c2f5p+ 67def5p−
−77cf6p− 10f7p+ 10c4de2q − 40c2d2e3q + 20d3e4q − 10c5efq+
+115c3de2fq − 150cd2e3fq − 75c4ef2q + 255c2de2f2q − 90d2e3f2q−
−125c3ef3q + 65cde2f3q + 25c2ef4q − 85de2f4q + 135cef5q + 50ef6q−
−10c3de3r + 40cd2e4r + 10c4e2fr − 110c2de3fr + 120d2e4fr+
+70c3e2f2r − 210cde3f2r + 90c2e2f3r − 30de3f3r − 70ce2f4r−
−100e2f5r + 10c2de4s− 40d2e5s− 10c3e3fs+ 100cde4fs− 60c2e3f2s+
+130de4f2s− 30ce3f3s+ 100e3f4s− 10cde5u+ 10c2e4fu− 90de5fu+
+40ce4f2u− 50e4f3u+ 20de6v − 10ce5fv + 10e5f2v;
G21 = 2c5deg − 2c3d2e2g − 12cd3e3g − 2c6fg + 17c4defg + 36c2d2e2fg−
−32d3e3fg − 15c5f2g + c3def2g + 132cd2e2f2g − 25c4f3g−
−105c2def3g + 74d2e2f3g + 5c3f4g − 111cdef4g + 27c2f5g − 20def5g+
+10cf6g − 25c4de2h+ 70c2d2e3h+ 25c5efh− 275c3de2fh+
+150cd2e3fh+ 205c4ef2h− 615c2de2f2h+ 465c3ef3h− 285cde2f3h+
+335c2ef4h+ 50cef5h+ 30c3de3k − 40cd2e4k − 30c4e2fk+
+260c2de3fk − 220c3e2f2k + 270cde3f2k − 370c2e2f3k − 100ce2f4k−
−40c2de4l + 40c3e3fl − 120cde4fl + 220c2e3f2l + 100ce3f3l+
+20cde5m− 70c2e4fm− 50ce4f2m+ 10c2e5n+ 10ce5fn+ 2c4d2ep−
−6c2d3e2p− 2c5dfp+ 25c3d2efp− 22cd3e2fp− 19c4df2p+
+81c2d2ef2p− 16d3e2f2p− 59c3df3p+ 95cd2ef3p− 79c2df4p+
+37d2ef4p− 47cdf5p− 10df6p+ 10c5deq − 40c3d2e2q + 20cd3e3q−
−10c6fq + 115c4defq − 150c2d2e2fq − 75c5f2q + 255c3def2q−
−90cd2e2f2q − 125c4f3q + 65c2def3q + 25c3f4q − 85cdef4q+
+135c2f5q + 50cf6q − 10c4de2r + 40c2d2e3r + 10c5efr − 110c3de2fr+
+120cd2e3fr + 70c4ef2r − 210c2de2f2r + 90c3ef3r − 30cde2f3r−
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−70c2ef4r − 100cef5r + 10c3de3s− 40cd2e4s− 10c4e2fs+
+100c2de3fs− 60c3e2f2s+ 130cde3f2s− 30c2e2f3s+ 100ce2f4s−
−10c2de4u+ 10c3e3fu− 90cde4fu+ 40c2e3f2u− 50ce3f3u+ 20cde5v−
−10c2e4fv + 10ce4f2v;
G22 = 5(−c4d2eg + 4d4e3g + c5dfg − 7c3d2efg − 22cd3e2fg + 7c4df2g+
+9c2d2ef2g − 34d3e2f2g + 9c3df3g + 51cd2ef3g − 7c2df4g + 20d2ef4g−
−10cdf5g + 5c5deh− c3d2e2h− 18cd3e3h− 5c6fh+ 37c4defh+
+99c2d2e2fh− 2d3e3fh− 36c5f2h− 29c3def2h+ 165cd2e2f2h−
−52c4f3h− 239c2def3h+ 17d2e2f3h+ 26c3f4h− 124cdef4h+
+57c2f5h− 10def5h+ 10cf6h− 30c4de2k + 46c2d2e3k − 8d3e4k+
+30c5efk − 272c3de2fk + 60cd2e3fk + 226c4ef2k − 366c2de2f2k+
+54d2e3f2k + 414c3ef3k − 128cde2f3k + 174c2ef4k − 20de2f4k+
+20cef5k + 40c3de3l − 8cd2e4l − 40c4e2fl + 136c2de3fl − 24d2e4fl−
−228c3e2f2l + 68cde3f2l − 144c2e2f3l + 20de3f3l − 20ce2f4l−
−20c2de4m+ 4d2e5m+ 70c3e3fm− 18cde4fm+ 64c2e3f2m−
−10de4f2m+ 10ce3f3m− 10c3e4n+ 2cde5n− 12c2e4fn+ 2de5fn−
−2ce4f2n− c3d3ep+ 2cd4e2p+ c4d2fp− 11c2d3efp+ 2d4e2fp+
+9c3d2f2p− 27cd3ef2p+ 25c2d2f3p− 17d3ef3p+ 27cd2f4p+
+10d2f5p+ 5c4d2eq − 12c2d3e2q + 4d4e3q − 5c5dfq + 59c3d2efq−
−34cd3e2fq − 47c4df2q + 171c2d2ef2q − 34d3e2f2q − 141c3df3q+
+153cd2ef3q − 169c2df4q + 20d2ef4q − 70cdf5q + 10c5der−
−42c3d2e2r + 8cd3e3r − 10c6fr + 114c4defr − 150c2d2e2fr+
+24d3e3fr − 72c5f2r + 246c3def2r − 66cd2e2f2r − 104c4f3r+
+90c2def3r − 6d2e2f3r + 52c3f4r − 8cdef4r + 114c2f5r − 20def5r+
+20cf6r − 10c4de2s+ 42c2d2e3s− 8d3e4s+ 10c5efs− 104c3de2fs+
+28cd2e3fs+ 62c4ef2s− 162c2de2f2s+ 26d2e3f2s+ 42c3ef3s−
−32cde2f3s− 94c2ef4s+ 20de2f4s− 20cef5s+ 10c3de3u− 2cd2e4u−
−10c4e2fu+ 94c2de3fu− 18d2e4fu− 42c3e2f2u+ 26cde3f2u+
+42c2e2f3u− 10de3f3u+ 10ce2f4u− 20c2de4v + 4d2e5v+
+10c3e3fv − 6cde4fv − 8c2e3f2v + 2de4f2v − 2ce3f3v);
G23 = 10(−c3d3eg − 2cd4e2g + c4d2fg − 4c2d3efg − 14d4e2fg+
+6c3d2f2g + 21cd3ef2g + 3c2d2f3g + 20d3ef3g − 10cd2f4g + 5c4d2eh+
+9c2d3e2h− 5c5dfh+ 22c3d2efh+ 64cd3e2fh− 31c4df2h−
−93c2d2ef2h+ 7d3e2f2h− 21c3df3h− 104cd2ef3h+ 47c2df4h−
−10d2ef4h+ 10cdf5h− 10c5dek − 13c3d2e2k + 4cd3e3k + 10c6fk−
−54c4defk − 105c2d2e2fk + 28d3e3fk + 67c5f2k + 128c3def2k−
−99cd2e2f2k + 73c4f3k + 244c2def3k − 47d2e2f3k − 73c3f4k+
+114cdef4k − 67c2f5k + 10def5k − 10cf6k + 40c4de2l − 28c2d2e3l−
−40c5efl + 176c3de2fl − 88cd2e3fl − 248c4ef2l + 246c2de2f2l−
−12d2e3f2l − 258c3ef3l + 104cde2f3l − 92c2ef4l + 10de2f4l−
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−10cef5l − 20c3de3m+ 14cd2e4m+ 70c4e2fm− 63c2de3fm+
+2d2e4fm+ 99c3e2f2m− 44cde3f2m+ 42c2e2f3m− 5de3f3m+
+5ce2f4m− 10c4e3n+ 7c2de4n− 17c3e3fn+ 8cde4fn− 8c2e3f2n+
+de4f2n− ce3f3n− c2d4ep+ c3d3fp− 8cd4efp+ 8c2d3f2p− 7d4ef2p+
+17cd3f3p+ 10d3f4p+ 5c3d3eq − 2cd4e2q − 5c4d2fq + 44c2d3efq−
−14d4e2fq − 42c3d2f2q + 63cd3ef2q − 99c2d2f3q + 20d3ef3q−
−70cd2f4q − 10c4d2er + 12c2d3e2r + 10c5dfr − 104c3d2efr+
+88cd3e2fr + 92c4df2r − 246c2d2ef2r + 28d3e2f2r + 258c3df3r−
−176cd2ef3r + 248c2df4r − 40d2ef4r + 40cdf5r − 10c5des+ 47c3d2e2s−
−28cd3e3s+ 10c6fs− 114c4defs+ 99c2d2e2fs− 4d3e3fs+ 67c5f2s−
−244c3def2s+ 105cd2e2f2s+ 73c4f3s− 128c2def3s+ 13d2e2f3s−
−73c3f4s+ 54cdef4s− 67c2f5s+ 10def5s− 10cf6s+ 10c4de2u−
−7c2d2e3u− 10c5efu+ 104c3de2fu− 64cd2e3fu− 47c4ef2u+
+93c2de2f2u− 9d2e3f2u+ 21c3ef3u− 22cde2f3u+ 31c2ef4u−
−5de2f4u+ 5cef5u− 20c3de3v + 14cd2e4v + 10c4e2fv − 21c2de3fv+
+2d2e4fv − 3c3e2f2v + 4cde3f2v − 6c2e2f3v + de3f3v − ce2f4v);
G24 = 5(2c2d4eg + 4d5e2g − 2c3d3fg − 6cd4efg − 8c2d3f2g−
−20d4ef2g + 10cd3f3g − 10c3d3eh− 18cd4e2h+ 10c4d2fh+
+26c2d3efh− 2d4e2fh+ 42c3d2f2h+ 94cd3ef2h− 42c2d2f3h+
+10d3ef3h− 10cd2f4h+ 20c4d2ek + 26c2d3e2k − 8d4e3k − 20c5dfk−
= 32c3d2efk + 28cd3e2fk − 94c4df2k − 162c2d2ef2k + 42d3e2f2k+
+42c3df3k − 104cd2ef3k + 62c2df4k − 10d2ef4k + 10cdf5k − 20c5del−
−6c3d2e2l + 24cd3e3l + 20c6fl − 8c4defl − 66c2d2e2fl + 8d3e3fl+
+114c5f2l + 90c3def2l − 150cd2e2f2l + 52c4f3l + 246c2def3l−
−42d2e2f3l − 104c3f4l + 114cdef4l − 72c2f5l + 10def5l − 10cf6l+
+20c4de2m− 34c2d2e3m+ 4d3e4m− 70c5efm+ 153c3de2fm−
−34cd2e3fm− 169c4ef2m+ 171c2de2f2m− 12d2e3f2m− 141c3ef3m+
+59cde2f3m− 47c2ef4m+ 5de2f4m− 5cef5m+ 10c5e2n− 17c3de3n+
+2cd2e4n+ 27c4e2fn− 27c2de3fn+ 2d2e4fn+ 25c3e2f2n−
−11cde3f2n+ 9c2e2f3n− de3f3n+ ce2f4n+ 2cd5ep− 2c2d4fp+
+2d5efp− 12cd4f2p− 10d4f3p− 10c2d4eq + 4d5e2q + 10c3d3fq−
−18cd4efq + 64c2d3f2q − 20d4ef2q + 70cd3f3q + 20c3d3er−
−24cd4e2r − 20c4d2fr + 68c2d3efr − 8d4e2fr − 144c3d2f2r+
+136cd3ef2r − 228c2d2f3r + 40d3ef3r − 40cd2f4r − 20c4d2es+
+54c2d3e2s− 8d4e3s+ 20c5dfs− 128c3d2efs+ 60cd3e2fs+
+174c4df2s− 366c2d2ef2s+ 46d3e2f2s+ 414c3df3s− 272cd2ef3s+
+226c2df4s− 30d2ef4s+ 30cdf5s− 10c5deu+ 17c3d2e2u− 2cd3e3u+
+10c6fu− 124c4defu+ 165c2d2e2fu− 18d3e3fu+ 57c5f2u−
−239c3def2u+ 99cd2e2f2u+ 26c4f3u− 29c2def3u− d2e2f3u−
−52c3f4u+ 37cdef4u− 36c2f5u+ 5def5u− 5cf6u+ 20c4de2v−
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−34c2d2e3v + 4d3e4v − 10c5efv + 51c3de2fv − 22cd2e3fv − 7c4ef2v+
+9c2de2f2v + 9c3ef3v − 7cde2f3v + 7c2ef4v − de2f4v + cef5v);
G25 = −10c2d4fg − 20d5efg + 10cd4f2g + 50c3d3fh+ 90cd4efh−
−40c2d3f2h+ 10d4ef2h− 10cd3f3h− 100c4d2fk − 130c2d3efk+
+40d4e2fk + 30c3d2f2k − 100cd3ef2k + 60c2d2f3k − 10d3ef3k+
+10cd2f4k + 100c5dfl + 30c3d2efl − 120cd3e2fl + 70c4df2l+
+210c2d2ef2l − 40d3e2f2l − 90c3df3l + 110cd2ef3l − 70c2df4l+
+10d2ef4l − 10cdf5l − 50c6fm+ 85c4defm+ 90c2d2e2fm− 20d3e3fm−
−135c5f2m− 65c3def2m+ 150cd2e2f2m− 25c4f3m− 255c2def3m+
+40d2e2f3m+ 125c3f4m− 115cdef4m+ 75c2f5m− 10def5m+
+10cf6m+ 10c6en− 37c4de2n+ 16c2d2e3n+ 47c5efn− 95c3de2fn+
+22cd2e3fn+ 79c4ef2n− 81c2de2f2n+ 6d2e3f2n+ 59c3ef3n−
−25cde2f3n+ 19c2ef4n− 2de2f4n+ 2cef5n− 10cd5fp− 10d5f2p+
+50c2d4fq − 20d5efq + 70cd4f2q − 100c3d3fr + 120cd4efr−
−220c2d3f2r + 40d4ef2r − 40cd3f3r + 100c4d2fs− 270c2d3efs+
+40d4e2fs+ 370c3d2f2s− 260cd3ef2s+ 220c2d2f3s− 30d3ef3s+
+30cd2f4s− 50c5dfu+ 285c3d2efu− 150cd3e2fu− 335c4df2u+
+615c2d2ef2u− 70d3e2f2u− 465c3df3u+ 275cd2ef3u− 205c2df4u+
+25d2ef4u− 25cdf5u+ 20c5dev − 74c3d2e2v + 32cd3e3v − 10c6fv+
+111c4defv − 132c2d2e2fv + 12d3e3fv − 27c5f2v + 105c3def2v−
−36cd2e2f2v − 5c4f3v − c2def3v + 2d2e2f3v + 25c3f4v − 17cdef4v+
+15c2f5v − 2def5v + 2cf6v;
G26 = 10c2d5g + 20d6eg − 10cd5fg − 50c3d4h− 90cd5eh+ 40c2d4fh−
−10d5efh+ 10cd4f2h+ 100c4d3k + 130c2d4ek − 40d5e2k − 30c3d3fk+
+100cd4efk − 60c2d3f2k + 10d4ef2k − 10cd3f3k − 100c5d2l−
−30c3d3el + 120cd4e2l − 70c4d2fl − 210c2d3efl + 40d4e2fl+
+90c3d2f2l − 110cd3ef2l + 70c2d2f3l − 10d3ef3l + 10cd2f4l+
+50c6dm− 85c4d2em− 90c2d3e2m+ 20d4e3m+ 135c5dfm+
+65c3d2efm− 150cd3e2fm+ 25c4df2m+ 255c2d2ef2m− 40d3e2f2m−
−125c3df3m+ 115cd2ef3m− 75c2df4m+ 10d2ef4m− 10cdf5m−
−10c7n+ 67c5den− 27c3d2e2n− 22cd3e3n− 77c6fn+ 167c4defn+
+81c2d2e2fn− 22d3e3fn− 140c5f2n− 59c3def2n+ 147cd2e2f2n−
−265c2def3n+ 39d2e2f3n+ 140c3f4n− 116cdef4n+ 77c2f5n−
−10def5n+ 10cf6n+ 10cd6p+ 10d6fp− 50c2d5q + 20d6eq−
−70cd5fq + 100c3d4r − 120cd5er + 220c2d4fr − 40d5efr + 40cd4f2r−
−100c4d3s+ 270c2d4es− 40d5e2s− 370c3d3fs+ 260cd4efs−
−220c2d3f2s+ 30d4ef2s− 30cd3f3s+ 50c5d2u− 285c3d3eu+
+150cd4e2u+ 335c4d2fu− 615c2d3efu+ 70d4e2fu+ 465c3d2f2u−
−275cd3ef2u+ 205c2d2f3u− 25d3ef3u+ 25cd2f4u− 10c6dv+
+137c4d2ev − 186c2d3e2v + 20d4e3v − 147c5dfv + 635c3d2efv−
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−282cd3e2fv − 449c4df2v + 741c2d2ef2v − 76d3e2f2v − 479c3df3v+
265cd2ef3v − 189c2df4v + 22d2ef4v − 22cdf5v;
σ20 = 2e3(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf − 2f2);
σ21 = e2(c− f)(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf−
−2f2);
σ22 = 2e(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf − 2f2)·
·(−c2 + de+ 2cf − f2);
σ23 = (c− f)(−de+ cf)(c2 − 6de− 2cf + f2)(2c2 − de+ 5cf + 2f2)·
·(5c2 − 16de+ 26cf + 5f2);
σ24 = 2d(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf − 2f2)·
·(−c2 + de+ 2cf − f2);
σ25 = d2(c− f)(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf−
−2f2);
σ26 = 2d3(de− cf)(−5c2 + 16de− 26cf − 5f2)(−2c2 + de− 5cf − 2f2);
D20 = −60c5de+ 222c3d2e2 − 96cd3e3 + 60c6f − 744c4def+
+954c2d2e2f − 96d3e3f + 522c5f2 − 2220c3def2 + 954cd2e2f2+
+1362c4f3 − 2220c2def3 + 222d2e2f3 + 1362c3f4 − 744cdef4+
+522c2f5 − 60def5 + 60cf6;
D21 = 60c5de− 222c3d2e2 + 96cd3e3 − 60c6f + 744c4def − 954c2d2e2f+
+96d3e3f − 522c5f2 + 2220c3def2 − 954cd2e2f2 − 1362c4f3+
+2220c2def3 − 222d2e2f3 − 1362c3f4 + 744cdef4 − 522c2f5+
+60def5 − 60cf6;
D22 = 5(60c5de− 222c3d2e2 + 96cd3e3 − 60c6f + 744c4def−
−954c2d2e2f + 96d3e3f − 522c5f2 + 2220c3def2 − 954cd2e2f2−
−1362c4f3 + 2220c2def3 − 222d2e2f3 − 1362c3f4 + 744cdef4−
−522c2f5 + 60def5 − 60cf6);
D23 = 10(−60c5de+ 222c3d2e2 − 96cd3e3 + 60c6f − 744c4def+
+954c2d2e2f − 96d3e3f + 522c5f2 − 2220c3def2 + 954cd2e2f2+
+1362c4f3 − 2220c2def3 + 222d2e2f3 + 1362c3f4 − 744cdef4+
+522c2f5 − 60def5 + 60cf6);
D24 = 5(−60c5de+ 222c3d2e2 − 96cd3e3 + 60c6f − 744c4def+
+954c2d2e2f − 96d3e3f + 522c5f2 − 2220c3def2 + 954cd2e2f2+
+1362c4f3 − 2220c2def3 + 222d2e2f3 + 1362c3f4 − 744cdef4+
+522c2f5 − 60def5 + 60cf6);
D25 = 60c5de− 222c3d2e2 + 96cd3e3 − 60c6f + 744c4def − 954c2d2e2f+
+96d3e3f − 522c5f2 + 2220c3def2 − 954cd2e2f2 − 1362c4f3+
+2220c2def3 − 222d2e2f3 − 1362c3f4 + 744cdef4 − 522c2f5+
+60def5 − 60cf6;
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D26 = 60c5de− 222c3d2e2 + 96cd3e3 − 60c6f + 744c4def − 954c2d2e2f+
+96d3e3f − 522c5f2 + 2220c3def2 − 954cd2e2f2 − 1362c4f3+
+2220c2def3 − 222d2e2f3 − 1362c3f4 + 744cdef4 − 522c2f5+
+60def5 − 60cf6.
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Ìàòðèöû, êîòîðûå îïðåäåëÿþò ñèñòåìó ëèíåéíûõ óðàâíåíèé
Ã2B̃2 = C̃2 äëÿ âåëè÷èíû G2 â ñëó÷àå äèôôåðåíöèàëüíîé

ñèñòåìû s(1, 2, 3)

Ã2 = [Ã′2|Ã′′2 |Ã′′′2 |Ã′′′′2 |Ã′′′′′2 ],

Ã′2 =



3c 3e 0 0 0 0 0
3d 6c+ 3f 6e 0 0 0 0
0 6d 3c+ 6f 3e 0 0 0
0 0 3d 3f 0 0 0
3g 3l 0 0 4c 4e 0
6h 6g + 6m 6l 0 4d 12c+ 4f 12e
3k 12h+ 3n 3g + 12m 3l 0 12d 12c+ 12f
0 6k 6h+ 6n 6m 0 0 12d
0 0 3k 3n 0 0 0
3p 3t 0 0 4g 4l 0
9q 6p+ 9u 6t 0 8h 12g + 8m 12l
9r 18q + 9v 3p+ 18u 3t 4k 24h+ 4n 12g + 24m
3s 18r + 3w 9q + 18v 9u 0 12k 24h+ 12n
0 6s 9r + 6w 9v 0 0 12k
0 0 3s 3w 0 0 0
0 0 0 0 4p 4t 0
0 0 0 0 12q 12p+ 12u 12t
0 0 0 0 12r 36q + 12v 12p+ 36u
0 0 0 0 4s 36r + 4w 36q + 36v
0 0 0 0 0 12s 36r + 12w
0 0 0 0 0 0 12s
0 0 0 0 0 0 0



,
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Ïðèëîæåíèå 10

Ã′′2 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 −e2 0 0
0 0 2ce− 2ef 0 0

12e 0 −c2 + 2de+ 2cf − f2 0 0
4c+ 12f 4e −2cd+ 2df 0 0

4d 4f −d2 0 0
0 0 0 5c 5e
0 0 0 5d 20c+ 5f

12l 0 0 0 20d
4g + 24m 4l 0 0 0
8h+ 12n 8m 0 0 0

4k 4n 0 0 0
0 0 0 5g 5l
0 0 0 10h 20g + 10m

12t 0 0 5k 40h+ 5n
4p+ 36u 4t 0 0 20k
12q + 36v 12u 0 0 0
12r + 12w 12v 0 0 0

4s 4w 0 0 0



,
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Ïðèëîæåíèå 10

Ã′′′2 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

20e 0 0 0 0
30c+ 20f 30e 0 0 0

30d 20c+ 30f 20e 0 0
0 20d 5c+ 20f 5e 0
0 0 5d 5f 0
0 0 0 0 6c

20l 0 0 0 6d
30g + 40m 30l 0 0 0
60h+ 20n 20g + 60m 20l 0 0

30k 40h+ 30n 5g + 40m 5l 0
0 20k 10h+ 20n 10m 0
0 0 5k 5n 0



,
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Ïðèëîæåíèå 10

Ã′′′′2 =



0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
6e 0 0 0 0

30c+ 6f 30e 0 0 0
30d 60c+ 30f 60e 0 0
0 60d 60c+ 60f 60e 0
0 0 60d 30c+ 60f 30e
0 0 0 30d 6c+ 30f
0 0 0 0 6d


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Ïðèëîæåíèå 10

Ã′′′′′2 =



0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 e3

0 3e2(f − c)
0 3e[(c+ f)2 − de]
0 −(c− f)[(c− f)2 − 6de]
0 3d[−(c− f)2 + de]
6e 3d2(f − c)
6f −d3



,
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Ïðèëîæåíèå 10

B̃2 =



a0

a1

a2

a3

b0
b1
b2
b3
b4
G1

c0
c1
c2
c3
c4
c5
d0

d1

d2

d3

d4

d5

d6

G2



, C̃2 =



2eg − cl + fl
−cg + fg + 4eh− 2dl − 2cm+ 2fm
−2ch+ 2fh+ 2ek − 4dm− cn+ fn

−ck + fk − 2dn
2ep− ct+ ft

−cp+ fp+ 6eq − 2dt− 3cu+ 3fu
−3cq + 3fq + 6er − 6du− 3cv + 3fv
−3cr + 3fr + 2es− 6dv − cw + fw

−cs+ fs− 2dw
0
0
0
0
0
0
0
0
0
0
0
0
0



.

255


