
Definitions
Results

References

On orthogonality of alinear quasigroups

Victor A. Shcherbacov

Institute of Mathematics and Computer Science
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Introduction
Definitions

Definition

Two Latin squares defined on the set {x1, x2, . . . , xm} are called
orthogonal if when one is superimposed upon the other every
ordered pair of symbols x1, x2, . . . , xm occurs once in the resulting
square [2].

Definition

Binary groupoids (Q,A) and (Q,B) are called orthogonal if the
system of equations {

A(x , y) = a
B(x , y) = b

has an unique solution (x0, y0) for any fixed pair of elements
a, b ∈ Q [4].
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Definition

Let (Q,+) be a quasigroup. A permutation ϕ of the set Q is
called an anti-automorphism of quasigroup (Q,+), if the equality
ϕ(x + y) = ϕy + ϕx is true for all x , y ∈ Q.

Denote by the letter I the following anti-automorphism of a group
(Q,+): I (x) = −x for any x ∈ Q. It is well known that I 2 = ε.
Any anti-automorphism ψ of the group (Q,+) can be represented
in the form ψ = Iψ, where ψ ∈ Aut(Q,+).

Definition

Quasigroup (Q, ·) of the form x · y = ϕx +ψy + a, where (Q,+) is
a group, a is a fixed element of the set Q, and ϕ,ψ ∈ Aaut(Q,+),
is called alinear quasigroup (over the group (Q,+)).
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Definition

A binary groupoid (G , ◦) is isotopic image of a binary groupoid
(G , ·), if there exist permutations α, β, γ of the set G such that
x ◦ y = γ−1(αx · βy). The ordered triple of permutations (α, β, γ)
of the set G is called an isotopy [1].

Lemma

Suppose that finite left (right) linear (alinear) quasigroup (Q, ·)
and finite left (right) linear (alinear) quasigroup (Q, ◦) have the
forms x · y = αx + βy + c and x ◦ y = γx + δy + d over a group
(Q,+). Then without loss of generality for the study of
orthogonality of these quasigroups we can take c = d = 0 [3].
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Results
Orthogonality of alinear quasigroups

Theorem

An alinear quasigroup (Q, ·) of the form x · y = Iαx + Iβy + c and
an alinear quasigroup (Q, ◦) of the form x ◦ y = Iγx + I δy + d,
both defined over a group (Q,+), where α, β, γ, δ ∈ Aut(Q,+),
are orthogonal if and only if the mapping (I δ−1γ + β−1α) is a
permutation of the set Q.
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Orthogonality of alinear quasigroups

Theorem

An alinear quasigroup (Q, ·) of the form x · y = Iαx + Iβy + c and
an alinear quasigroup (Q, ◦) of the form x ◦ y = Iγy + I δx + d,
both defined over a group (Q,+), where α, β, γ, δ ∈ Aut(Q,+),
are orthogonal if and only if the mapping (β−1α− Jtγ

−1δ) is a
permutation of the set Q for any element t ∈ Q, where
Jtx = t + x − t for all x ∈ Q.

Victor A. Shcherbacov On orthogonality of alinear quasigroups



Definitions
Results

References

Results
Parastroph orthogonality of alinear quasigroups

Theorem

For an alinear quasigroup (Q,A) of the form
A(x , y) = Iϕx + Iψy + c over a group (Q,+) the following
equivalences are true:

1 A⊥A12 ⇐⇒ the mapping (ψ−1ϕ− Jtϕ
−1ψ) is a permutation

of the set Q for any t ∈ Q;

2 A⊥A13 ⇐⇒ the mapping (ϕ− JψtJc) is a permutation of the
set Q for any t ∈ Q;

3 A⊥A23 ⇐⇒ the mapping (ε+ IψJt) is a permutation of the
set Q for any t ∈ Q;
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Parastroph orthogonality of alinear quasigroups

Theorem

1 A⊥A123 ⇐⇒ the mapping (ψ2 − ϕJψ−1c) is a permutation of
the set Q;

2 A⊥A132 ⇐⇒ the mapping (ψ − ϕ2) is a permutation of the
set Q.

Corollary

Any alinear quasigroup over the group Sn (n 6= 2; 6) is not
orthogonal to its
(i) (12)-parastrophe;
(ii) (13)-parastrophe;
(iii) (23)-parastrophe.
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J. Dénes and A. D. Keedwell.
Latin Squares and their Applications.
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