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ADNOTARE

la teza de doctor habilitat ” Sisteme topologico-algebrice si aplicatiile lor”,
prezentata de catre Liubomir Chiriac pentru obtinerea titlului de doctor habilitat
in gtiinte fizico-matematice la specialitatea 01.01.04 - geometrie si topologie.

Teza a fost perfectata la Chisinau, Universitatea de Stat Tiraspol, in anul
2011, este scrisa in limba engleza si consta din introducere, 6 capitole, concluzii,
210 titluri bibliografice, 200 paginini de text de baza. Rezultatele obtinute sunt
publicate in 45 lucrari stiintifice.
Cuvinte cheie: algebra topologica universala, varietate, quasigrup topologic,
unitati multiple, izotopi omogeni, spatiu rezolubil, grupoid medial si paramedial,
algebre fuzzy.
Teza este dedicata cercetarii urmatoarei directii: Influenta structur}'lor al-

gebrice asupra proprietatilor topologice ale algebrelor topologice universale. In par-
ticular, teza este consacrata studierii sistemelor topologico-algebrice si aplicatiile
lor in diverse domenii.

Scopul si obiectivele lucrarii rezida in: desavarsirea metodelor de studiere
a topologiilor pe algebre libere generate de spatii pseudocompacte si numarabil
compacte; descrierea submultimilor compacte ale algebrelor topologice libere si
ale k-algebrelor; elaborarea metodelor de cercetare a quasigrupurilor topologice cu
unitati multiple; construirea teoriei generale a descompunerilor grupoizilor topo-
logici cu proprietati de invertibilitate; solutionarea problemei omomorfismelor
pentru algebre fuzzy.

Metodologia cercetarilor stiintifice: constructiile si metodele de demostratie
se bazeaza pe aplicarea notiunilor de algebra topologica, algebra libera, varietate,
quasigrup cu unitati multiple, spatiu rezolubil, algebra fuzzy.

Noutatea si originalitatea: Rezultatele principale sunt noi. Evidentiem urma-
toarele: au fost elaborate metode de studiere a topologiilor pe algebre libere
generate de spatii pseudocompacte gi numarabil compacte; au fost determinate
conditiile pentru ca omomorfismele continue a grupoizilor topologici cu diviziune
continua sa fie deschise; au fost descrise submultimile compacte ale k-algebrelor
libere; au fost stabilite unele proprietati topologice care se pastreaza la relatia de
M-echivalenta; au fost introduse si cercetate quasigrupurilor cu unitati multiple;
a fost elaborata metoda de constructie a masurii Haar pe quasigrupuri mediale;
a fost elaborata metoda de descompunere a grupoizilor topologici cu proprietati
de invertibilitate; a fost construita o acoperire universala pe E-algebre topologice
cu signatura continua; a fost data solutia generala a problemei omomorfismelor
pentru algebre fuzzy.

Semnificatia teoretica: Au fost dezvoltate teorii generale, elaborate conceptii,
metode gi constructii noi care au contribuit la realizarea obiectivelor propuse.
Valoarea aplicativa a lucrarii: Metodologia aplicata, conceptiile si metodele
elaborate in lucrare au permis solutionarea unor probleme concrete ori unele
aspecte ale lor formulate de A.I. Maltev, L.S. Pontrjagin, M.M.Cioban. Aparatul
matematic aplicat a condus la rezolvarea unor probleme din diverse domenii ale
matematicii moderne care au conexiune cu algebra topologica.
Implementarea: Rezultatele lucrarii pot fi implementate in teoria algebrelor
topologice, teoria quasigrupurilor topologice, teoria automatelor, teoria algebrelor
fuzzy, la elaborarea cursurilor speciale pentru masteranzi si doctoranzi.



AHHOTALIUA
auccepTanuy | T OMOJTOrHYecKHX aJredpanvyecKkux CHCTeM H HMX NpUHIOXKeHHe"
npenacrasieHo Jlrobomupom Kupuskom Ha cOMCKaHME CTENEHU JOKTOpa XaOuiauTaT
¢u3nko-mMaTeMaTuyeckux Hayk, cneruanbHocTh 01.01.04 - T'eomeTpusi ¥ TOMOJIOTHS.
Huccepranus O6bi1a paspadorano B Kummnese, B TupacnonbckoM ['ocyaapcTBeHHOM
VYuusepcutere, B 2011 romy. [uccepranuss HamwicaHa Ha aHTJIMHCKOM S3BIKE,
COJICPKUT BBeJeHUE, 6 raB, 3aximtoueHue, 210 ynomunanuit, 200 cTpaHuil OCHOBHOTO
Tekcrta. [lonmydyeHHble pe3yabTaThl ONyOIMKOBaHbI B 45 HAyYHBIX padoT.
KaroueBble cJioBa: TOMOJOrMYECKHE YyHHBEpcallbHas anrebpa, MHorooOpasue,
TONOJIOTUYECKUE KBAa3UTPYIIbl, MHOTOKPAaTHBIE €IUHUIIbI, OJHOPOAHBIA H3O0TOII,
pa3ioKeHue MPOCTPAHCTBA, MEAMANBHBIN U MapaMequalIbHbIA TPYIION, HedYeTKas
anreopa.
Juccepranusi NocBsillleHA McCIe0BaHMIO. BiusHus anreOpanyeckux CTPYKTyp Ha
TONOJIOTUYECKUX CBOMCTBAX TOIMOJIOTMYECKUX YHUBEPCAIbHBIX airedp M MpUMEHEHue
TONOJIOTUYECKUX  alreOpamdyeckux  CTPYKTYp B HCCIEIOBaHUE  CBOICTB
TONOJIOTUYECKUX TPOCTPAHCTB. B uacTHOCTH, HCCIENOBAHO TOIMOJOTMYECKUE U
anredpandeckue CUCTEMBI U UX MPUMEHEHUE B Pa3IMYHbIX 00JaCTsIX.
Leab paGoTbl: COBEpLUICHCTBOBAHNWE METOJAMU WM3YUYEHHs TOIMOJOTMH Ha CBOOOJHbBIE
anreOpbl, MOPOKICHHBIE MCEBJIOKOMIAKTHBIX M CUETHO-KOMIIAKTHBIX MPOCTPAHCTB;
ONMMCAHUE KOMITAKTHBIX TOJMHOKECTB CBOOOJHBIX TOIMOJOTUYECKUX anredp U K-
anreOp; pa3pabOoTka METOJOB HCCIEIOBAHUS  TOIMOJOTUYECKHE KBA3UTPYMII C
MHOT'OKPAaTHBIMH €AMHUIIAMH;  CO3JaHHE  OOled  Teopuu  pa3ioKEHUHU
TONOJIOTUYECKUX TPYMNIOUJIOB CO CBOHCTBOM OOpPaTHUMOCTH; pELICHHUH MPOOJIeMbl
roMomMop¢ur3mMa HeUeTKUX anreop.
Metogosiorusi Mccie0BaHMA. KOHCTPYKLIUUA U METOAbl J0Ka3aTelIbCTBA OCHOBAHBI
Ha TIOHATHUSAX TOIOJOTHYECKONH aireOpsl, CBOOOMHON anreOpbl, MHOTOOOpasue,
KBa3UTPyNIbl C MHOTOKPAaTHBIMU €AMHUIIAMH, Pa3JI0kKEHHE MPOCTPAHCTB, HEUETKON
anreOpsl.
Hayunble WHHOBAUMii omnpenesilOTCS MO PpelIeHHI0 CJAeIyHIUX npodJeM:
pa3paboTaHbl METOJIbl U3YUYEHHsI TOMOJIOTMU Ha CBOOOJHBIX alredp, MOPOKIAECHHBIMU
TICEBJIOKOMITAKTHBIX M CYETHO-KOMIAKTHBIX IPOCTPAHCTB; OMNpPEIEICHbl YCIOBHS
OTKPBITOCTU ISl HEMPEPHIBHOTO TOMOMOp(dH3MaxX TOIMOJIOIMUECKUX TPYIIIOUIOB C
HEMPEpPhIBHBIM JICJICHUEM; ONUCaHbl KOMIIAKTHBIE MOJMHOKECTBA CBOOOJHBIX K-
anreop; ObUIM HaWJEHBI HEKOTOpbIE TOIOJOIMYECKUE CBOMCTBA, KOTOpHIE
COXpaHsSIOTCS Tpu  M-5KBUBaJE€HTHOCTH; BBEACHBI M HW3Y4YEHBl KBA3UTPYII C
MHOTOKpPaTHbIMU  €IMHULAMH; pa3paboTaH METOJ MOCTpoeHUs Mmepy Xaapa Ha
MEIUAlIbHBIX ~ KBa3Wrpylmax; pa3paboTaH METOJ pPa3loXKEeHUs CHEIUATbHBIX
TONOJIOTUYECKUX  TPYNIOUJOB;, TOCTPOEHO  yHHMBEPCAJIbHbIE  IOKpPHITUS  Ha
Tonojiornyeckux E-anreOp ¢ HenmpephlBHBIMH CHTHATypOil; TpHUBEACHBI OOIIMe
penieHust mpodaemMbl roMoMopdu3Ma A1l HEeUETKOM anreOphl.
Teopernueckasi IEHHOCTh PadOTHI. Pa3BUTHI HOBBIE 00IME TEOpHUH, pa3pabOTaHbI
HOBBIE KOHIIETIINI, U METO/Abl KOTOpPbIE CIIOCOOCTBYIOT JOCTHKEHUIO IIeJIel U 3a/iay
uccienoBanusi. OCHOBHBIE PE3YJIbTATHI Pa0OTHI SIBISIOTCS HOBBIMH.
IIpakTHyeckoe 3HaYeHHe. MPUMEHIEMOM METOJIOJIOTMH, KOHLEMUUNA U METOJOB,
pa3paboTaHHBIX B paboTe MO3BOJWIM HAWTH pElIeHWE KOHKPETHBIX MpoOJieM WU
HEKOTOpbIe acleKThl mpobiieM, copmynupoBanHbix A. WM. Mansnessiv, JI. C.
[TouTpsruaeivy, M.M UYobGanom. MaremaTudeckue CcpeacTBa, pa3paOOoTaHHBIE U
MpUMEHsIEMble TPUBENIM K PEIICHUIO MPOOJIEM U3 Pa3IMYHBIX 00JIACTAX COBPEMEHHOM
MaTeMaTHKH, CBSI3aHHBIX C TOTIOJOTUYECKOU anreOpoil.
IIpumeneHue: pe3ynbTaThl 3TOW pabOTHI MOTYT OBITH HCHOJB30BaHbI B TEOPHUHU
TOINOJIOTUYECKUX YHHUBEPCAJIbHBIX aire0p, TOIMOJOIMUECKUX KBA3UTPYII, TEOpUHU
aBTOMATOB, TEOPUU HEUETKOM anreOpsl, U B pa3paboTKe (aKyJIbTaTUBHBIX KYpCOB.



SUMMARY
of the thesis ”Topological algebraic systems and its applications” presented
by Liubomir Chiriac for the competition of Ph. Habilitat Doctor degree in Physical
and Mathematical Sciences, speciality 01.01.04 - geometry and topology. The thesis
was elabored in Chiginau, Tiraspol State University, in 2011. The thesis is written in
English, contains introduction, 6 chapters, conclusions, 210 references, 200 pages of the
basic text. The main results of the thesis are published in 45 scientific works.
Keywords: topological universal algebra, variety, topological quasigroup, multiple
identities, omogen isotope, resoluble space, medial and paramedial grupoid, fuzzy al-
gebra.
The thesis is dedicated to the study: The influence of the algebraic structures
on the topological properties of the topological universal algebras. In particular, the
topological algebraic systems and its applications in diverse fields is investigated.
The purpose of the work resides in: mastering the studying methods of the topolo-
gies on free algebras generated by pseudocompact and countable compact spaces; de-
scribing the compact subsets of the free topological algebras and that of k-algebras;
elaborating research methods regarding the topological quasigroups with multiple iden-
tities; establishing a general theory on the decomposition of the topological groupoids
with invertibility properties; solving the homomorphism problem for fuzzy algebras.
Methodology of the research: the constructions and the methods of proofs are based
on the notions of topological algebra, free algebra, variety, quasigroup with multiple
identities, solvable space, fuzzy algebra.
The scientific innovation is determined by the solving of the following problems:
there have been elaborated studying methods of topologies on free algebras gener-
ated by pseudocompact and countable compact spaces; there have been determined
the conditions for the continuous homomorphisms of the topological groupoids with
continuous division to be open; there have been described the compact subsets of the
free k-algebras; there have been established some topological properties, which are pre-
served under the Mg-equivalence relation; there have been introduced and analyzed
the quasigroups with multiple identities; there has been elaborated a method of con-
struction of the Haar measure on medial quasigroups; there has been elaborated a
method of decomposition of special topological groupoids; there has been constructed
a universal covering on topological F-algebras with continuous signature; are given a
general solution of the homomorphism problem for fuzzy algebras.
The theoretical value of the work: there have been development of the general
theories, elaborated the new concepts, methods and constructions which contributed to
achieving goals and objectives of the research. The basic results of the work are new.
The practical value: the methodology applied, the concepts and methods developed
in work allowed to find the solution of concrete problems or some aspects of the prob-
lems formulated by A.I Mal’cev, L.S. Pontrjagin, M.M Choban. Mathematical tools
developed and applied led to solving problems in various areas of modern mathematics.
Implementation: The results from this work can be used in the theory of topological
universal algebras, of topological quasigroups, of automata, of fuzzy algebras, and in
elaborating optional courses.



INTRODUCTION

The actuality of the investigated topic and its degree of research

Topological algebraic systems, as a branch of topological algebra, represent
an important field of research in modern mathematics. The methods elaborated
within this subject are successfully implemented not only in theoretical mathe-
matics but also in applied mathematics. Topological algebra, being at the border
of abstract algebra and general topology, started to gain more attention in the
second half if the 19"* century, in the works of celebrated mathematicians such
as H. Poincare, S. Lie, F. Klein, E. Cartan, D. Hilbert, G. Boole, A. Whitehead,
etc.

The notion of universal algebra was first introduced, in 1898, in Alfred White-
head’s book ” A Treatise on Universal Algebra”. According to Whitehead, in order
to obtain the notion of universal algebra it is necessary to introduce the notion
of operation. Thus, the application f : A" — A is called an n-ary algebraic
operation on A, for n > 0. In this way, Whitehead defines the universal algebra
as a system (A, S), where A is a non-empty set and S is a family of operations.
In 1935, Garret Birkhoff formulates in his famous work "On the structure of
abstract algebras” [25], the basic concepts of the universal algebra: variety, iden-
tity, cartesian product, congruence, free object, etc. From 1935 till 1950, most
of the scientific research in the field of universal algebras was influenced by the
ideas exposed G. Birkhoff. Therefore, those investigations focus on the methods
of constructions of free algebras, the examination of the congruences and lattice
subalgebras, the studying of homomorphisms between universal algebras., etc. In
1950, at the International Mathematical Congress at Cambridge, A. Tarski an-
nounces in his communication the beginning of a new period in the development
of universal algebras. In that context, we mention that the results obtained by
A. Tarski, C.C. Chang, A.I. Mal’cev, L. Henkin, B. Jonsson, R.C. Lyndon, A.
Robinson, K. Godel, etc. have contributed to the establishment of the contempo-
rary theory of universal algebras, with applications in topology, logistics, model
theory, etc.

The introduction of the modern notions of topological group, in the works of
L.E.I. Brauer, published within 1909-1910 and O. Schreier published in 1926 and
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also the notion of free topological group during 1944-1945 by A. A. Marcov [155]
have enormously stimulated the edification of the topological group theory.

The spectacular development of the topological group theory, especially thanks
to the works by A. Weil, C. Chevalley, L.S. Pontrjagin, A.A. Markov, A.D.
Alexandrov, J.von Neumann, van Kampess, M.I. Graev, T. Nacayama, Sh. Kaku-
tani, etc. positively influenced the directions of research in universal algebras and
laid the foundation of universal topological algebras. It is important to mention
that, in the 19" century, the topological group theory has basically started to
develop simultaneously with the abstract infinite group theory.

During the 1950’s, A.I. Mal’cev formulated the central problems concerning
the theory of universal topological algebras, therefore directing the efforts of
many mathematicians to the development of the respective theory. Some of A.I.
Mal’cev’s problems had been solved by S. Swierczkowski.

In the relatively recent works of the famous mathematicians P. Smith, L.
Zippin, K. Iwasawa, V. M. Glushkov, V. P. Platonov, A. Arhangelskii, M. Cioban,
W.W. Comfort, V. Arnautov, S. Glavatsky, A. Mikhalev, K.H. Hofmann, D.
Remus, M. Ursul, V. Protasov a series of cardinal problems, which influenced the
evolution of the topological algebra theory, have been solved.

The purpose of the work resides in research of topological algebraic
systems and its applications. In particular:

1. Studying the free topological algebras.

2. Elaborating the relevant studying methods of the topologies on free algebras
generated by pseudocompact and countable, compact spaces.

3. Describing the compact subsets of the free topological algebras and that of
k-algebras.

4. Elaborating research methods regarding the topological universal algebras with
invariant measures. In particular, studying the concept of multiple identities.

5. Elaborating research methods regarding the topological quasigroups with mul-
tiple identities.

6. Studying the uniform structure on the topological spaces in the light of free
objects.

7. Studying of the equivalences in the class of topological spaces generated by

varieties of universal topological algebras.

11



8. Establishing a general theory on the decomposition of the topological groupoids
with invertibility properties.
9. Studying the fuzzy structure on universal algebras. In particular, solving the

homomorphism problem for fuzzy algebras.

Methodology of the research. Topologization of abstract algebras and
sets theory are key components of research methods. The constructions and
the methods of proofs are based on the notions of topological algebra, variety,

quasigroup with multiple identities, solvable space, fuzzy algebra.

The scientific innovation of the work. The main problem solved in ac-
cordance with the objectives of the thesis, consist to determine the influence of
the algebraic structures on the topological properties of the universal topological
algebras and application of topological algebraic structures in the study of the
properties of topological spaces. The scientific innovation is determined by the
solving of the following particular problems:

- there have been elaborated studying methods of topologies on free algebras gen-
erated by pseudocompact and countable, compact spaces.

- there have been determined the conditions for the continuous homomorphisms
of the topological groupoids with continuous division to be open.

- there have been described the compact subsets of the free k-algebras.

- there have been established some topological properties, which are preserved un-
der the My -equivalence relation.

- there have been introduced and analyzed the quasigroups with multiple identities.
- there has been elaborated a method of construction of the Haar measure on me-
dial quasigroups.

- there has been elaborated a method of decomposition of topological groupoids with
wnvertibility properties.

- there has been constructed a universal covering on topological E-algebras with
continuous signature.

- there have been studied the paramedial topological groupoids and established the
correlation between paramediality and associativity.

- there has been given a general solution of the homomorphism problem for fuzzy
algebras.

- there has been studied the category of the fuzzy groupoids with division.
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The theoretical and practical value of the work. The development of
the general theory of topological universal algebras prove that the free topological
algebras represent an efficient instrument of topological algebras. In this context,
there has been developed a theory that describes the compact subsets of the free
topological algebras and of the k-algebras. There have been elaborated efficient
methods, which allow the studying of topologies on free algebras generated by
pseudocompact and countable, compact spaces. There has been elaborated a new
concept that allows the studying of the topological quasigroups with multiple
identities. There has been constructed a general theory of the decomposition of
the topological groupoids with invertibility properties. There has been solved the
homomorphism problem for fuzzy algebras. There has been studied the category
of the fuzzy groupoids with division.

The results from this work can be used in the theory of topological univer-
sal algebras, of topological quasigroups, of automata, of fuzzy algebras, and in
elaborating optional courses.

The approvement of the work. The results of the work were exposed at:
- Simpozionul al VI-lea Tiraspolean de Topologie Generala si Aplicatiile ei,
Chisinau, 1991;

- International Conference on Group Theory, Timisoara, 17-20 September, 1992;
- Conferinta pregatitoare pentru Congresul Matematicienilor Romani de Pretutin-
deni, Bucuresti, 1993;

- Congresul XVIII al Academiei Romano-Americane de Stiinte si Arte, Chiginau,
1993;

- The 4-th Conference on Applied and Industrial Mathematics, Oradea- CAIM,
1995;

- The 7-th Conference on Applied and Industrial Mathematics, Pitesti, October,
1993;

- The 8-th Conference on Applied and Industrial Mathematics, Oradea and
Chisinau, October, 1994;

- IT International Conferences of the Balcanic Union For Fuzzy Systems and Ar-
tificial Intelegence. Trabzon, Turkey, 1996;

- International Conference on Mathematics and Informatics (State University of
Moldova). 19-21 September 1996;
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- Invatamantul universitar din Moldova la 70 ani. Conferinta stiintifico-metodica,
Chisinau, 9-10 octombrie 2000;

- First Conference of the Mathematical Society of the Republic of Moldova,
Chisinau, August 16-18, 2001;

- International Seminar on Discrete Geometry dedicated to the 75-th birthday of
Professor A. M. Zamorzaev, Chiginau, August 28-29, 2002;

- International Conferences on Radicals (ICOR-2003), dedicated to the memory
of Prof. V. Adrunakievich, August 11-16, 2003, Chiginau, Moldova

- Second Conference of the Mathematical Society of the Republic of Moldova,
Chisinau, August 17-19, 2004;

- The 13-th Conference on Applied and Industrial Mathematics, Pitesti, October
14-16, 2005;

- Materialele seminarului Stiintifico-metodic ”Profesorul Petre Osmatescu-807,
19 noiembrie 2005, Chiginau;

- The 5-th Edition of the anual Symposion ”Mathematical Applied in Biology
and Biophysics”, lasi, June 16-17, 2006;

- The XIV-th Conference on Applied and Industrial Mathematics, Satelite Con-
ference of ICM 2006, Chiginau, August 17-19, 2006;

- 6th Congress of Romaninan Mathematicians, June 28 - July 4, 2007, Bucharest,
Romania;

- Algebraic Systems and their Applications in Differential Equations and other
domains of mathematics, Chiginau, August 21-23, 2007;

- Mathematics and Informatics. MITRE 1-4 October, State University of Moldova,
2008;

- The 16th Conference on Applied and Industrial Mathematics. CAIM 2008
Oradea, October 9-11, 2008;

- Conferinta gtiintifica republicana ”Matematica-probleme actuale cu aplicatii”,
8 aprilie, 2009, ASEM, Chisinau;

-The 17th Conference on Applied and Industrial Mathematics. CAIM 2009 Con-
stanza, September 17-29, 2009;

-Conference. Mathematics and Information Technologies. MITRE-2009, October
8-9, Mathematical Society of Moldova, State University of Moldova, 2009.

-Scientific Conference dedicated to the 80th anniversary of the foundation of the
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Tiraspol State University. Actual Problems of Mathematics and Informatics.
September 24-25, 2010;
-The 18th Conference on Applied and Industrial Mathematics. CAIM 2010 Iasi,
October 14-18, 2010.

Publications. The main results of the thesis are published in 45 scientific
works.

The content and the structure of the thesis. The work consists of six
chapters (divided in paragraphs) and the bibliography. The theorems, proposi-
tions, lemmas, corollaries, remarks are numbered by three numbers, the first one

indicating the number of the chapter.

Chapter 1 contains some basic topological constructions and a brief sum-
mary of the concepts related to the theory of topological universal algebras.

In the Chapter 2 we study topologies on free algebras of pseudocompact
and countably compact spaces. In the presentation an important role is played
by uniform structures. In this way, expanding on the ideas of A. Arhangelskii,
E. Nummela, V. Pestov, T.H.Fay, B.V. Smith-Thomas and A. Tkacenko, which
were successfully used in the research of free topological groups, made it pos-
sible to elaborate and implement new methods of studying topologies on free
topological algebras with continuous signature generated by pseudocompact and
countable compact spaces. An analog of the Nummela-Pestov theorem [126, 176]
for varieties of uniform algebras is proved.

Chapter 3, Sections 3.1 - 3.11, describe the topological quasigroups with
(n, m)-identities, which are obtained by using isotopies of topological groups.
Such quasigroups are called (n, m)-homogeneous quasigroups. We extend some
affirmations of the theory of topological groups on the class of topological (n,m)-
homogeneous quasigroups. It also examines the relationship between parame-
diality and associativity. The concept of multiple identities and homogeneous
isotopies facilitates the study of topological groupoids with (n,m)-identities and
homogeneous quasigroups, (see[68, 69, 70, 71, 79]).

In Chapter 3, Sections 3.12 - 3.15, we show that every topological n-
groupoid A can be embedding into a topological n-groupoid with division B. We

give the conditions when continuous homomorphisms of topological groupoids
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with continuous homomorphisms of topological groupoids with a continuous di-
vision are open. We study one special class of topological groupoids with division,
namely the class of medial topological quasigroups.

In Chapter 3, Sections 3.16 - 3.18, we study universal covering algebras.
L.S.Pontrjagin [178] showed that a linearly connected space, which covers topo-
logical group, has itself a structure of topological group. We obtain the analogical
result for the universal algebras with continuous signature. This result, for the
case of discrete signature, was also obtained by A.I. Mal’cev [154]. Result from
this Chapter is stronger then Mal’cev’s Theorem. In particular, the result holds
for the topological R-modules, where R is a topological ring.

In Chapter 4 we investigate universal algebras with topologies. On algebras
we consider topologies relatively to which operations are continuous on compact
subsets. These algebras are called k-algebras. The implementation of the methods
of free algebras and k-algebras contributed to the identification of some significant
properties regarding the relation of Mg-equivalence. Some properties of compact
subsets of free k-algebras and some facts about Mg-equivalence of spaces are
established. For instance, we obtained that the homological groups obey a relation
of Mg-equivalence. Some similar results for varieties of topological groups and
compact spaces were proved by L. S. Pontrjagin and B. A. Pasynkov.

In Chapter 5 we study the resolvability of some special algebras with
topologies. A space X is called resolvable if in X there exist two disjoint dense
subsets. Improving and developing the ideas of V.I. Malykhin, W.W. Comfort, S.
Van Mill, [.V.Protasov and M.M. Choban which successfully was used in research
the problem of resolvability of totally bounded topological groups, in this work
we elaborate a general theory of decomposition of topological groupoids with
invertibility properties.

The developed theory is based on the following concepts: I, Py-n-groupoid, \-
k-p-bounded topology, k-¢-total bounded topology, bounded topology of Choban.

The problem of the homomorphism for fuzzy algebras was formulated
and solved for some homomorphisms of the fuzzy groupoids, groups and rings.

We introduced the concepts of fuzzy universal algebras and fuzzy homomor-
phism for these algebras. The problem of homomorphism for fuzzy algebras was
formulated and solved by S. Nanda, A. Rozenfeld, A.Wang-Jin Liu for some ho-
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momorphisms of the fuzzy groupoids, groups and rings.

In this context, Chapter 6 gives a general solution of the homomorphism
problem for fuzzy universal algebras and conditions for which there exists a ho-
mogeneous basis for the category of fuzzy groupoids with division. The results
from this work are stronger than the results obtained by the authors mentioned
above. In particular, we prove that for an arbitrary L-fuzzy finitely generated
L-fuzzy module, L-fuzzy quasigroup, L-fuzzy group, there exists a homogeneous
basis.

I would like to express my sincere thanks to Academician M. Choban for

his constant interest in this work.
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1. BASIC CONSTRUCTIONS AND ANALYSIS OF
THE CURRENT SITUATION IN TOPOLOGICAL
ALGEBRA

Chapter 1 contains:
— some basic topological and algebraic constructions;
— brief summary of the concepts related to the theory of topological universal

algebras;

— an analysis of scientific materials that relate to the topic of thesis.

1.1 Basic Topological Constructions
We accept the usual basic constructions and concept of a topological space as

given in the definition below.

1.1.1 Topological Spaces. Basis for a Topology

Definition 1.1.1. Let X be a non-empty set and let 7 be a collection of
subsets of X. Then the pair (X, T) is called a topological space and T is called
its topology if the following conditions are satisfied:

(T1). ber, X er.
(T2). If U,V €1, then UNV € 7.

(T3). If U, € T for each o € A, then |J U, € 7.

acA

Often the topological space (X, 7) is briefly denoted by X if no confusion
could arise. Here, an element x € X is called a point from X. Sets belonging to
T are said to be open, whereas their complements in X are said to be closed.

A set which is open and closed at the same time is said to be open-and-
closed.

The intersection of all closed sets containing given A C X is called the closure
of A and is denoted by [A]x or [A].

The neighborhood of a point is an open set containing this point.

A point z € X is said to be isolated in (X, 7) if the set {x} is a neighborhood

of x.
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A point z is called a cluster point of a set A C X if any neighborhood of x
contains points of A different from .

If X is any set, the collection of all subsets of X is a topology on X;it is called
the discrete topology. The collection consisting of X and () is also topology on
X; we shall call it the indiscrete topology, or the trivial topology.

Given a collection of open sets B in (X, 7). If every open set can be represented
as a union of some elements of B, then B is called a basis of the topology (X, 7).

A collection of neighborhoods B(z) of a point x € X is said to be a basis of
the topology (X, 7) in z, if for any neighborhood V' of point = there is U € B(x)
such that x € V . C U. B(z) is said to be a neighborhood basis in x.

Consider a non-empty set X and for every z € X a collection B(x) of subsets

of X. Suppose that the following statements are true:

(B1). For every x we have B(z) # ) and = € U for any U € B(z).
(B2). If x € U € B(y), then there is V € B(z) such that V C U.

(B3). If Uy, Uy € B(x), then there is U € B(x) such that U C U; N Us.

Then the family U{B(x) : € X} constitutes a basis for a certain topology 7
on X.

If B is the collection of all open intervals in the real line,
(a,b) ={z:a <z < b},

the topology generated by B is called the standard topology on the real line.

The minimal cardinality of the bases of a given topological space X is said to
be its weight and is denoted by w(X). The minimal cardinality of neighborhood
bases in z € X is called the character of X in zand and is denoted by x(X), z.
X (X) denotes the lowest upper bound of the characters of X in its points and is
called the character of the space X.

A set A C X is called dense in the space X if [A] = X. The minimal
cardinality of dense sets in X is called the density of X and is denoted by d(X).

w(X), x(X), d(X) are cardinal invariants of the space X.

X is called first countable if x(X) < X;, and second countable if w(X) <

Ny, where Ny denotes the first infinite cardinal.
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1.1.2 Continuous Mappings. Homeomorphisms

Recall that a mapping f : X — Y of a topological space X in a topological
space Y is called continuous if for every open set U C Y the inverse image
f7YU) is open in X. Under these assumptions the following statements are

equivalent:
(C1). f is continuous.
(C2). For every closed set B of Y, the set f~!(B) is closed in X.

(C3). There exist neighborhood systems {B(z) : x € X} and {D(y) :y € Y)} in
Y such that for every V € D(y), where y = f(x), there is U € B(x) for
which f(u) C V.

(C4). For every subset A C X we have f(A) C f(A).

Theorem 1.1.2. (Rules for constructing continuous mappings). Let X, Y,
and Z be topological spaces:

(R1). (Constant mapping). If f: X — Y mappings all of X into the single yo of
Y, then f 1s continuous.

(R2). (Inclusion). If A is a subspace of X, the inclusion mapping f : A — X is
continuous.

(R3). (Composites). If f : X — Y and g : Y — Z are continuous, then the
mapping go f : X — Z is continuous.

(R4). (Restricting the domain). If f : X — Y s continuous, and if A is a
subspace of X, then the restricted mapping f | A:— Y is continuous.

(R5). (Restricting or expanding the range). Let f : X — Y be continuous. If
Z is a subspace of Y containing the image set f(X), then the mapping
g : X — Z obtained by restricting the range of f is continuous. If Z s a
space having Y as a subspace, then the mapping h : X — Z obtained by
expanding the range of f is continuous.

A continuous surjective mapping f : X — Y is called open (closed) if for
any open (closed) A C X the image f(A) is open (closed) in Y.

Let X and Y be topological spaces; let f : X — Y be a bijection. If both
the function f and the inverse function f~! : Y — X are continuous, then f is a

called a homeomorphism.
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So another way to define a homeomorphism is to say that it is an open bi-
jection mapping f : X — Y. In this case the topological spaces X,Y are called
homeomorphic spaces.

If the restriction f : X — f(X) is a homeomorphism, then f: X — Y is said
to be a topological embedding of X into Y.

Given a topological space X and a subspace ¥ C X. A continuous map
f: X — Y is called a retraction if f(y) = y for every y € Y. Y is called
retract of X. Every open-and-closed subspace Y C X is a retract of X.

1.1.3 The Quotient Topology

Let X, Y be topological spaces and let f : X — Y be a continuous surjective
mapping. Then f is called a quotient mapping if every set U C Y is open in
Y, if and only if f~(U) is open in X.

An equivalent condition is to require that a subset B of Y be closed in Y if
and only if f~1(B) is closed in X. Equivalence of the two conditions follows from
equation

fY =B)=X - f(B).

Every open (closed) mapping is a quotient mapping. Every quotient bijection
is a homeomorphism. There are quotient mappings that are neither open nor
closed.

Let X be a topological space and E an equivalence relation on X. Then
FE provides a quotient mapping as follows. Let X/E denote the quotient set
(i.e. the set of all equivalence classes) and let ¢ : X — X/E be the natural
surjection. Consider on X/F the maximal topology with respect to which ¢ is
continuous. Thus, X/E becomes a topological space called the quotient space,
and ¢ becomes a quotient map. Each quotient mapping can be obtained by a

similar procedure, with a suitable equivalence relation.

Theorem 1.1.3.Let p: X — Y be a quotient mapping. Let Z be a space and
let g: X — Z be a mapping that is constant on each set p~1(y), fory € Y. Then
g induces a mapping f Y — Z such that f op = g. The induced mapping f is
continuous if and only if g is continuous; f s a quotient mapping if and only if

g 1S a quotient mapping.
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1.1.4 The Separation Axioms

A topological space X is said to be a Ty-space if for each distinct =,y € X,
there exists an open subset U such that |U N{z,y}| = 1.

A topological space X is said to be a Tj-space if for each distinct z,y € X
there exist two open subsets U, Uy, * € U, y € U, such that « € Uy, y € U,. In
a T'-space every single point set is closed.

A topological space X is called a Ty-space (or a Hausdorff space) if each
distinct x,y € X have disjoint neighborhoods in X.

A Ti-space X is called a T3-space (or a regular space) if for any point = € X
and any closed subset F' C X such that © &€ F there exist two open subsets U
and V containing x and F, respectively, such that U NV = 0.

A Ti-space is called a Tj 1-space (or a Tychonoff space) if for any point z € X
and any neighborhood U of z there exists a continuous function f : X — [0, 1]
such that f(x) =0 and f(y) =1 for any y € U.

A Ti-space X is called a Ty-space (or a normal space) if for every disjoint
closed sets A, B C X there are disjoint open sets U D A, V D B.

A topological space X is called a Ts-space if each of its subspaces is normal.

A topological space is said to be a Tz-space if it is normal and for each disjoint
closed subsets F' and @, there exists a continuous function f : X — [0,1] such
that ' = f~1(0), ® = f~1(1).

It is known the validity of the following implications:

T6:T5:T4:>T3%:TS:TQ:TliTO.

Nevertheless, the inverse implications are not true.

Let us consider any topological space as being a T'_{-space.
1.1.5 The Subspaces, Sum and Product Topology

Let X be a topological space and Y be a non-empty subset of X. Then Y
inherits the topological structure of X in the following way:U is regarded as
open in Y iff U =Y (U’ for a set U’ open in X.

Thus, Y becomes itself a topological space - a subspace of X. The property of

being a T;-space is hereditary for —1 < ¢ < 3.5. This means that every subspace
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of a Tj-space is a T;-space itself.

Let {X, : a € A} be a collection of pairwise disjoint topological spaces. Let
us define a topological structure on X = (J ., X4 as follows: U C X is regarded
as open in X if U N X, is open in X, for any a € A.

The topological space X obtained in this way is denoted by @®,c4X, and
is called the topological sum of the spaces {X, : o € A}. Every X, is an
open-and-closed set in ®oeaXa.

A topological property < is said to be additive if X = @ X, has & as soon as
X, has & for any a € A. The property of being a T;-space is additive for ¢ < 6.
A map f: ®peaXy — Y is continuous iff f | X, is continuous for any « € A.

Let {X, : @ € A} be a collection of topological spaces. Consider on the
Cartesian product Il,c4 X, a topology generated by the base consisting of sets
[MoeaU,, where U, is open in X, for every a € A and U, = X, for all a from a
finite number of them.

Thus, II,c4X, becomes a topological space which is called a topological
Cartesian product of the spaces {X, : a € A}. The topology on Il,c4X, is
called the Tychonoff topology. If X, = X for every a € A, then one gets a
degree of X which is denoted by X™, where m is the cardinality of A. I™ is
called a Tychonoff cube, where I = [0; 1].

We mention that, if | A |= m, then we consider that X™ = X4, The property
of being a T;-space is multiplicative for —1 <17 < 3%. If TI,c 4 X, is a non-empty

T;-space, then every X, is a Tj-space for ¢ < 6.
1.1.6 Nets

Recall that a relation < on a set A is called a partial ordered if the following

conditions hold:
(PO1). a <X a for all a.
(PO2). If « < B and § < «, then a = g.
(PO3). a <X and 8 <, then o < 7.

Now we make the following definition:
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A directed set A is a set with a partial order < such that for each pair «, 8
of elements of A, there exist an element v of A having the property that o <
and 3 <.

Let A be a directed set, X be a Hausdorff topological space, S be a mapping
of A into X. A mapping S is called a net in the space X.

Let S = {z, : a € A}, where x, = S(«). The point x € X is a cluster point
of a net S if for any neighborhood U of x and any o € A there is o/ > « such
that . € U. Moreover, x is a limit of S if for every neighborhood U of z there
is such ay € A that x, € U as soon as a > ag. One also says that the net S
converges to r and writes x = lim,es S. Let z € X, L C X, x € [L] iff there
is a net consisting of points of M, which converges to x. Each net has at least
one limit. One may add the following item to the conditions of continuity listed
above:

If x = limyea o, then f(z) = limyea f(x,) for every net {z, : a € A}.

Sequences are nets directed by the set of naturals V.

1.1.7 Connectedness

A topological space X is connected if, given two open sets U and V with
X=UuV,UNV =0,either X =Uor X =1V.

Proposition 1.1.4. The following are equivalent:

(Col). X is connected.

(Co2). The only subsets of X that are both open and closed are the empty set and
X itself.

(Co3). Every continuous mapping f : X — {0,1} is constant.

A subset A of a topological space X is a connected subspace if A is a
connected space in the subspace topology. The closed interval [a, b] is conected,

for all real numbers a and b satisfying a < b

Intermediate Value Theorem.If f : [a,b] — R is continuous and if ¢ €
[f(a), f(b)], then there is a v € X such that f(r) = c.

Proposition 1.1.5.Let X be a connected space, and f : X — Y a continuous
mapping.
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(P1). f(X) is a connected subspace.

(P2). If Y = R, then f satisfies the Intermediate Value Theorem.

A space X is totally disconnected if it has no connected subset with more
than one point.

A concept closely to that of connectedness is path-connectedness. Let ag and
a1 be elements of a topological space X. A path in X from ag to a; is defined
to be a continuous mapping f : [0,1] — X such that f(0) = ap and f(1) = a;.
A topological space X is said to be path-connected if and only, given any two
points ag and a; of X, there exists a path in X from ag to ay.

Every path-connected topological space is connected. There is a connected
space that is not path-connected.

A space X is locally path-connected if every point has a local basis con-
sisting of path-connected sets. A locally path-connected space is connected if and
only if it is path-connected.

A connected component in point x of topological space X is called the
union of all connected subsets of X that contain z.

The components of X can also be described as follows:

Proposition 1.1.6. The components of X are connected disjoint subspace of X
whose union s X, such that each non-empty connected subspace of X interesects

only one of them.

In topology, two continuous functions from one topological space to another
are called homotopic if one can be ”continuously deformed” into the other, such
a deformation being called a homotopy between the two functions.

Formally, homotopy between two continuous mappings f and g from a topo-
logical space X to a topological space Y is defined to be a continuous mapping
H: X x[0,1] = Y from the product of the space X with the unit interval [0, 1]
to Y such that, for all points z € X, H(z,0) = f(x) and H(z,1) = g(x).

If the mappings f and ¢ are homotopic then we denote this fact by writing

~ ¢g. The mapping H with the properties stated above is referred to as a
homotopy between f and g.
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A space X is simply connected if and only if it is path-connected, and
whenever p: [0,1] — X and ¢ : [0,1] — X are two path with the same start and
endpoint (p(0) = ¢(1) and p(1) = ¢(1), then p and ¢ are homotopic relative 0, 1.

An equivalent formulation is this: A space X is simply connected if it is
path-connected and every continuous mapping F : S — X is homotopic to a
constant mapping.

A space X is locally simply connected if every point z € X has a locally
basis of neighborhoods U that is simply connected.

1.1.8 Universal covering space

Let X be a topological space. A covering space of X is a space C' together
with a continuous surjective mapping p : C' — X such that for every x € X,
there exists an open neighborhood U > x, such that p~'(U) is a disjoint union of
open sets in C' each of which is mapped homeomorphically onto U by p.

The mapping p is called the covering mapping. The space X is often called
the base space of the covering and the space C'is called the total space of the
covering. For any point z € X the inverse image p~!(z) € C is necessarily a
discrete space called the fiber over x.

The special open neighborhoods U > x given in the definition are called
evenly-covered neighborhoods. The evenly-covered neighborhoods form an
open-cover of the space X. The homeomorphic copies in C' of an evenly-covered
neighborhood U are called the sheets over U.

A connected covering space is a universal cover if it is simply connected.
The names universal cover comes from the following important property: if the
mapping ¢ : D — X is a universal cover of the space X and the mapping
p: C — X is any cover of the space X where the covering space C' is connected,
then there exists a covering mapping f : D — C such that po f = ¢. This can
be phrased as:

The universal cover of the space X covers all connected covers of the
space X.

The mapping f is unique in the following sense: if we fix a point z in the

space X and a point d in the space D with ¢(d) = x and a point ¢ in the space

C' with p(c) = z, then there exists a unique covering mapping f : D — C such
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that po f = g and f(d) = c.
If the space X has a universal cover then that universal cover is essentially
unique: if the mappings ¢; : D1 — X and g3 : Dy — X are two universal covers of

the space X then there exists a homeomorphism f : Dy — Dy such that gaof = ¢

1.1.9 Compactness

A collection © of subsets of a space X is said to cover X, or to be a covering
of X, if the union of the elements of © is egual to X. It is called an open covering
of X if its elements are open subsets of X.

A Hausdorff topological space X is compact if every open covering of X
contains a finite subcovering.

Every closed subspace of a compact space is also compact. If F'is a compact
subspace of X, then I is closed in X.

If f: X — Y is a continuous surjection and X is compact, then Y is compact
too.

Let f: X — Y be a bijective continous mapping. If X is compact and Y is
Hausdorff, then f is a homeomorphsim.

Every continuous function f : X — R of a compact space X is bounded.

The space X is compact iff each net in X has a cluster point. If X is a dense
proper subset of a compact Y, then Y is called a compactification of X. If
Y — X equals a single point, then Y is called the one-point compactification
of X.

The collection of all compactifications of a given Tychonoff space is non-empty
and has a maximal element 3X, called the Stone-Cech compactification.

A Hausdorff space X is locally compact if each point € X has a neighbor-
hood U such that [U] is a compact subspace of X. Each locally compact space is
Tychonoft.

Let Y be a compact Hausdorff space and X be a proper subspace of Y whose
closure equals to Y. A space X has a one-point compactification Y if and only if
X is a locally compact Hausdorff space that is not itself compact.

Let X be locally compact Hausdorff; let A be a space of X. If A is closed in
X or open in X, then A is locally compact.

Local compactness is additive and is preserved by open continuous mappings.
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A space X is homeomorphic to an open subspace of a compact Hausdorff
space if and only if X is locally compact Hausdorff.

A space is sequentially compact if every sequence has a convergent sub-
sequence. A space is countably compact if every countable open cover has a
finite subcover. A space is pseudocompact if every real-valued function on the
space is bounded. A space is o-compact if it is the union of countably many
compact subsets. A space is metrizable if it is homeomorphic to a metric space.
Metrizable spaces are always Hausdorff and paracompact (and hence normal and
Tychonov), and first-countable. A space X is a Baire space if the intersection of

countably many dense open sets is dense.

1.1.10 Paracompact space

A refinement of a cover of a space X is a new cover of the same space such
that every set in the new cover is a subset of some set in the old cover. In symbols,
the cover V.= {Vj : § € B} is a refinement of the cover U = {U, : a € A} if and
only if, for any V3 € V, there exists some U, € U such that Vj3 is contained in
Uy

An open cover of a space X is locally finite if every point of the space has a
neighborhood which intersects only finitely many sets in the cover. In symbols,
U = {U, : a € A} is locally finite if and only if, for any = € X, there exists some
neighborhood V' (x) of x such that the set {a € A: U, NV (z) # @} is finite.

Note the similarity between the definitions of compact and paracompact: for
paracompact, we replace "subcover” by ”open refinement” and " finite” by "locally
finite”. Both of these changes are significant: if we take the above definition of
paracompact and change ”open refinement” back to ”subcover”, or "locally finite”
back to "finite”, we end up with the compact spaces in both cases.

In this sense, a space is paracompact if every open cover has an open locally
finite refinement. A hereditarily paracompact space is a space such that every
subspace of it is paracompact. This is equivalent to requiring that every open

subspace be paracompact.
Comparison with compactness

Paracompactness is similar to compactness in the following respects:
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(S1). Every closed subset of a paracompact space is paracompact.

(S2). Every paracompact Hausdorff space is normal.

It 1s different in these respects:

(D1). A paracompact subset of a Hausdorff space need not be closed. In fact, for

metric spaces, all subsets are paracompact.

(D2). A product of paracompact spaces need not be paracompact. The square of

the real line R in the lower limit topology is a classical example for this.

A cover of a space X is pointwise finite if every point of the space belongs
to only finitely many sets in the cover. In symbols, U is pointwise finite if and
only if, for any x € X, the set {a € A: x € U,} is finite.

A topological space is metacompact if every open cover has an open point-

wise finite refinement. Every paracompact space is metacompact.
Product related properties

Although a product of paracompact spaces need not be paracompact, the fol-

lowing are true:
(R1). The product of a paracompact space and a compact space is paracompact.
(R2). The product of a metacompact space and a compact space is metacompact.

Both these results can be proved by the tube lemma which is used in the proof

that a product of finitely many compact spaces is compact.
Properties and examples

(Prl). Every compact space is paracompact.
(Pr2). (Theorem of A. H. Stone). Every metric space is paracompact.

(Pr3). (Smirnov metrization theorem). A topological space is metrizable if and

only if it is paracompact, Hausdorff, and locally metrizable.

(Pr4). Every regular Lindelof space is paracompact. In particular, every locally

compact Hausdorff second-countable space is paracompact.
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(Pr5). The Sorgenfrey line is paracompact, even though it is neither compact,

locally compact, second countable, nor metrizable.
(Pr6). (Theorem of Jean Dieudonne’). Paracompact Hausdorff spaces are normal.

(Pr7). If every open subset of a space is paracompact, then it is hereditarily para-

compact.

(Pr8). A regular space is paracompact if every open cover admits a locally finite

refinement.

1.1.11 k_-spaces

A Ts-space X is called a k-space if the subset F' C X is closed in X iff FN®
is compact for each compact & C X.

A mapping f of a k-space X to a topological space Y is continuous iff for
every compact ® C C' the restriction f | ® is continuous.

The property of being k-space is additive and is preserved by quotient maps
onto Hausdorff spaces.

The sequence {®,, : n € N} of the compact subspaces of a space X is called

a k. -sequence if:
1. X =J{®,:ne N} and &, C &, for every n € N.
2. A subset F' C X is closed in X iff F N ®,, is compact in X, for any n € N.

A T,-space with a k,-sequence is called a k,-space.

Several properties of k. -spaces are of special interest to us. The reader can

find their proofs in [5].

Proposition 1.1.7. Fvery k,-space is a normal Lindelof space.
Proposition 1.1.8. Fvery k,-space is a normal k-space.

Proposition 1.1.9. The product of a finite number of k,,-spaces is a k,,-space.
Proposition 1.1.10. Every locally compact Lindelof space is a k,-space.

Proposition 1.1.11. k,-property is invariant under quotient maps.
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The property of X of being a space of point-countable type can be generalized
to that of being a g-space.

A topological space X is said to be a g-space if every point x € X has a
surrounding countably compact set of countable character.

Other properties of topological spaces can be find in N. Bourbaki [29], R.
Engelking [89], J. Kelley [129], K. Kuratowski [146, 147], J. Munkres [166], L.
Calmutchi [34], D. Ipate [120].

1.2 Basic Algebraical Constructions
Abstract algebra, sometimes also called modern algebra, in which algebraic
structures such as groups, rings and fields are axiomatically defined and investi-

gated. Let us review some basic constructions and terminology from algebra.

1.2.1 Groups

A group is a set, G, together with an operation (-) that combines any two
elements a and b to form another element denoted a-b. The symbol (-) is a general
placeholder for a concretely given operation, such as the addition above. To
qualify as a group, the set and operation, (G, -), must satisfy four requirements

known as the group axioms:
(A1). Closure. For all a,b in G, the result of the operation a * b is also in G.
(A2). Associativity. For all a,b and ¢ € G, the equation (ab)c = a(bc) holds.

(A3). Identity element. There exists an element e € GG, such that for all ele-

ments a € GG, the equation ea = ae = a holds.

(A4). Inverse element. For each a € G, there exists an element b € G such that

ab = ba = e, where e is the identity element.

Suppose G and G’ are groups, written multiplicatively. A homomorphism
f: G — G is a mapping such that f(z-y) = f(z)-f(y) for all z,y € G; it

automatically satisfies the equations f(e) = ¢ and f(z™') = f(z)~', where e and
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e are the identities of G and G’, respectively, and the exponent —1 denotes the
inverse. The kernel of f is the set f(e')~'; it is a subgroup of G. The image
of f, similarly, is a subgroup of G'. The monomorphism if it is injective (or
equivalently, if the kernel of f consists of e alone). It is called an epimorphism
if it is surjective; and it is called an isomorphism if is bijective.

Suppose G is a group and H is a subgroup of GG. Let xH denote the set of
all products zh, for h € H; it is called a left coset of H in (G. The collection of
all such cosets forms a partition of G. Similarly, the collection of all right cosets
Hx of H in G forms a partition of G. We call H a normal subgroup of G if
x-h-x~! € H for each x € G and each h € H. In this case, we have xH = Hz for
each z, so that our two partitions of G are the some. We denote this partition
by G/H; if one defines

(zH)-(yH) = (z-y)H,

one obtain a well-defined operation on GG/H that makes it a group. This group is
called the quotient of G by H. The mapping f : G — G/H carrying x to xH is
an epimorphism with kernel H. Conversely, if f : G — G’ is an epimorphism, then
its kernel N is a normal subgroup of G, and induces an isomorphism G /N — G’
that carries N to f(z) for each z € G.

1.2.2 Rings

A ring is a set R equipped with two binary operations + : R X R — R and
- R x R — R (where x denotes the Cartesian product), called addition and
multiplication. To qualify as a ring, the set and two operations, (R,+,-), must

satisty the following requirements known as the ring axioms.

A. (R,+,") is required to be an Abelian group under addition:

(Al). Closure under addition. For all a,b in R, the result of the operation

a+bis also in R.

(A2). Associativity of addition. For all a, b and cin R, the equation (a+b)+c =
a+ (b + ¢) holds.

(A3). Existence of additive identity. There exists an element 0 € R, such
that for all elements a € R, the equation 0 +a = a + 0 = a holds.
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(A4). Existence of additive inverse. For each a € R, there exists an element

be Rsuchthata+b=b+a=0

(A5). Commutativity of addition.For all a,b € R, the equation a +b =0+ a
holds.

B. (R,+,") is required to be a monoid under multiplication:

(M1). Closure under multiplication. For all a,b € R, the result of the opera-

tion a - b is also in R.

(M2). Associativity of multiplication. For all a,b, and ¢ in R, the equation
(a-b)-c=a-(b-c) holds.

(M3). Existence of multiplicative identity. There exists an element 1 € R,

such that for all elements a € R, the equation 1-a =a -1 = a holds.

C. The distributive laws:
(D1). For all a,b and c in R, the equation a- (b+c¢) = (a-b) + (a-c) holds.
(D2). For all a,b and ¢ in R, the equation (a+0b)-c= (a-c)+ (b-c) holds.

Rings that satisfy the ring axioms as given above but do not contain a mul-
tiplicative identity are called pseudo-rings. Rings which do have multiplicative
identities (and also satisfy the above axioms) are sometimes referred to unitary
rings, or simply rings with unity or rings with identity. The term ring
(jocular; ring without the multiplicative identity) is also used for such rings.

A homomorphism of rings is a function f : Ry — Ry between two rings
Ry and R, preserving the ring operations, in the sense that for all a,b € R; the

following identities are required to hold:
(H1). fla+0b) = f(a)+ f(b);
(H2). f(a-b) = f(a)- f(b);

(H3). f(1g,) = 1g,.
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As in any category a map f possessing an inverse g : Ry — R, i.e. a mapping
in the opposite direction such that the two compositions f o g and g o f equal
the identity mapping of Ry and R;, respectively, is called an isomorphism.
Equivalently, f is bijective.

Informally, a subring is a ring, (S, +, ), contained in a bigger one, (R, +, ).
More formally, let (R, +,-) be a ring. A subset S of R is said to be a subring of
R if:

(Sul). For every a,b€ S,a+bisin S.

(Su2). For every a,b € S, a-bisin S.

(Su3). For every a € S, —a (the additive inverse of a € R) is in S.
(Su4). The multiplicative identity of R isin S, i.e 1 is in S.

If S is a subring of R, then S is a ring in its own right with + and - restricted to
the cartesian product S x S. Suppose f : Ry — R», is a ring morphism. Then
the image, f(R;) is a subring of Rj.

The purpose of an ideal in a ring is to somehow allow one to define the quotient
ring of a ring. An ideal in a ring can therefore be thought of as a generalization
of a normal subgroup in a group. More formally, let (R, +,-) be a ring. A subset
I of R is said to be a right ideal in R if:

(RI1). (I,4+) is a subgroup of the underlying additive group in (R, +,-) (i.e (I,+)
is a subgroup of (R, +)).

(RI2). Forevery x € [ and r € R, x -7 is in [.

A left ideal is similarly defined with the second condition being replaced.

More specifically, a subset I of R is a left ideal in R if:

(LI1). (I,4+) is a subgroup of the underlying additive group in (R, +,-) (i.e (I,+)
is a subgroup of (R, +)).

(L12). For every x €  and r € R, r - x is in [.
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Notes

(N1).

If £isin R, then k- R is a right ideal in R, and R - k is a left ideal in R.
These ideals (for any k € R) are called the principal right and left ideals
generated by k.

. If every ideal in a ring (R, +,-) is a principal ideal in (R, +,"), (R, +,") is

said to be a principal ideal ring.

. An ideal in a ring, (R, +, -), is said to be a two-sided ideal if it is both a left

ideal and right ideal in (R,+,-). It is preferred to call a two-sided ideal,

simply an ideal.

. If I = 0 (where 0 is the additive identity of the ring (R, +,-)), then [ is

an ideal known as the trivial ideal. Similarly, R is also an ideal in (R, +, )

called the unit ideal.

Examples

(E1).

(E2).

(E3).

(E4).

Any additive subgroup of the integers is an ideal in the integers with its

natural ring structure.

There are no non-trivial ideals in R (the ring of all real numbers) (i.e., the
only ideals in R are 0 and R itself). More generally, a field cannot contain

any non-trivial ideals.
From the previous example, every field must be a principal ideal ring.

A subset, I, of a commutative ring (R, +, -) is a left ideal if and only if it is a
right ideal. So for simplicity’s sake, we refer to any ideal in a commutative

ring as just an ideal.

Quotient ring

The quotient ring of a ring, is a generalization of the notion of a quotient

group of a group. More formally, given a ring (R, +, ) and an two-sided ideal [
of (R, +, "), the quotient ring (or factor ring) R/I is the set of cosets of I (with

respect to the underlying additive group of (R, +,-); i.e cosets with respect to
(R,+)) together with the operations:
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(a+1)+(b+1)=(a+b)+Tand (a+1)(b+1)=(a-b)+1,
for every a,b € R.

Direct product of rings
Let R and S be rings. Then the product R x S can be equipped with the

following natural ring structure:
(P1). (r1,s1) + (r2,s2) = (r1 +r2,s1 + s2)
(P2). (rl,s1)-(r2,s2) = (rl-r2,sl-s2),

for every 1,72 € R and s1,s2 € S.

The ring R x S with the above operations of addition and operation (derived
from R and S) is called the direct product of R with S.

A ring R is called Boolean ring if every ring element a is an idempotent,
i.e. a-a = a. For example, the (unique) ring with two elements has this prop-
erty. There is a one-to-one correspondence between Boolean algebras and Boolean
rings, by expressing set difference and set intersection in terms of addition and
multiplication and vice versa. Any Boolean ring is commutative and of charac-
teristic two, i.e. a +a =0 for all a € R.

Let (X, 7) is a topological space and (X,+,-) be a ring. Then (X,7,+,")
is said to be a topological ring, if its ring structure and topological structure
are both compatible (i.e work together) over each other. That is, the addition
mapping + : X X X — X and the multiplication mapping - : X x X — X
have to be both continuous as maps between topological spaces where X x X
inherits the product topology. So clearly, any topological ring is a topological
group (under addition).

Examples

(E1). The set of all real numbers, R, with its natural ring structure and the

standard topology forms a topological ring.

(E2). The direct product of two topological rings is also a topological ring.
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1.2.3 Topological Groups

A topological group is a group G together with a topology on G such that
the group’s binary operation and the group’s inverse mapping are continuous.

Formally, in this sense, a topological group G is a topological space and group
such that the group operations G x G — G : (z,y) — zy and G — G : x> !
are continuous mapping.

Here, G x G is viewed as a topological space by using the product topology.

Suppose G and G are topological groups, written multiplicatively. A homo-
morphism f : G — G is just continuous group homomorphism f. An iso-
morphism of topological groups is a group isomorphism which is also a home-
omorphism of the underlying topological spaces. This is stronger than simply
requiring a continuous group isomorphism-the inverse must also be continuous.
There are examples of topological group which are isomorphic as ordinary groups
but not as topological groups. Indeed, any indiscrete topological group is also
a topological group when considered with the discrete topology. The underlying
groups are the same, but as topological groups there is not an isomorphism.

Every subgroup of a topological group is itself a topological group when
given the subspace topology. If H is a subgroup of G the set of left or right
cosets G/ H is a topological space when given the quotient topology (the finest
topology on G/H which makes the natural projection p : G — G/H continous).
One can show that the quotient mapping p : G — G/H is always open.

If H is a normal subgroup of G, then the factor-group, G/H becomes a topo-
logical group when given the quotient topology. However, if H is not closed in
the topology of G, then G/H will not be Tj even if G is.

A topological group is said to be connected, totally disconnected, com-
pact, locally compact, etc., if the corresponding property holds for its un-
derlying topological space. The connected component of the identity G° is the
largest connected closed subgroup of G. The quotient group G/G° is totally dis-
connected. A locally compact totally-disconnected group has an open compact
subgroup. If G is a compact totally-disconnected group, then every neighborhood
of the identity contains an open normal subgroup of G.

Every topological group is a uniform space in a natural way. Specifically, a
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left uniform group structure on a topological group G is defined by the collection
of sets
LU)={(z,y) €eGxG: a7y e U},

where U runs over a system of neighborhoods of the identity in G; a right structure
is defined by symmetry. The topology arising from the uniform structure is the
same as the original topology on the group. The existence of a uniform structure
on a topological group allows one to introduce and apply the notions of uniform
continuity, Cauchy sequences, completeness, and completion. A locally compact

topological group is complete in its uniform structure.

1.2.4 The Fundamental Groups

Now we define a certain operation on path-homotopy classes as follows:

Definition. If f is a path in X from xq to x1, and if g is a path in X from
to xo, we define the product f+g of f and g to be the path given by the equations:
h(s) = f(2s) for s € [0,27'] and h(s) = g(2s — 1) for s € 271, 1].

The function h is well-defined and continuous. We think of h as the path
whose first half is the path f and whose second half is the path g.

The product operation on path induces a well-defined operation on path-

homotopy classes, defined by the equation

Lf]*[g] = [f * g].

The operation (*) on path-homotopy classes turns out to satisfy properties
that look very math like axioms for a group. They are called the groupoid
properties of (x). One difference from the properties of a group is that [f] * [¢]
is not defined for every pair of classes, but only for those pairs [f],[g] for which
f(1) = ¢(0).

Theorem. The operation (x) has the following properties:

1. (Associativity). If [f] % ([g] % [h]) is defined, so is ([f] * [g]) * [h], and they

are equal.

2. (Right and left identities). Given x € X, let e, denote the constant path
e. I — X carrying all of I to the point x. If f is a path in X from zq to
1, then [f] * [6&01] = [f] and [exo] * [f] = [f]
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3. (Inverse). Given the path f in X from xq to x1, let f be the path defined
by f = f(1 —s). It is called the reverse of f. Then

1% [F] = lea] and [f] % [f] = leay]-

Definition. Let X be a space; let x¢ be a point of X. A path in x begins and
ends in at xo is called a loop based‘in xo. The set of path homotopy classes of
loops based at xy with the operation (x) is called the fundamental group of X
relative to the base point xy. It is denoted by w1 (X, zo) or simply (X, x).

It follows from Theorem that the operation (%), when restricted to this set,
satisfies the axioms for a group. Given two loops f and g based at x(, the product
f * g is always defined and is a loop based in xy. Associativity, the existence of
an identity element e,,, and the existence of an inverse f for f are immediate.

Sometimes this group is called the first homotopy group of X, which term
implies that there is a second homotopy group. Indeed, there are groups 7, (X, xq)
for alln € Z,.

A path-connected topological space X is simply-connected if and only if
m1 (X, x) is trivial for all z € X.

Let S! be an unit circle in R%. In this case 7 (S, b) = Z for any b € S*. So
the fundamental group of the circle is isomorphic to (Z, 4), the additive group of
integers. This fact can be used to give proofs of the Brouwer fixed point Theorem
and the Borsuk-Ulam Theorem in dimension 2.

Since the fundamental group is a homotopy invariant, the theory of the wind-

ing number for the complex plane minus one point is the same for the circle.

1.2.5 Universal Algebras

The discrete sum F = ®{F, : n € N = 0,1,...} of the pairwise disjoint
topological spaces {F, : v € N} is called the continuous signature. If £ is a
discrete space then the signature F is said to be discrete.

Definition 1.2.1. An E-algebra or an universal algebra of the signature E is
a family {G,eng :m € N} for which:

1. G is a nonempty set.

2. eng : Ep X G" — G is a mapping for everyn € N.
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The set G is called the support of the F-algebra and the mappings e, are
called an algebraical structure on G.

The signature F is the set of symbols of operations.

Definition 1.2.2. An E-algebra G together with a given topology on it is called
a topological E-algebra if all the mappings e, : B, x G™ — G are continuous.

Consider an E-algebra A and {e,4 : F,, x A® — A :n € N} is the algebraical
structure on A. If B is a nonempty subset of A and e, 4(F, x B") C B for every
n € N, then B is called a subalgebra of A and {e,p = e,a | B, X A" :n € N} is
the algebraical structure on B.

Example 1.2.3. Consider a nonempty set A. We fix a sequence {a, € A:n €
N}. We construct the mapping epa : E,x A™ — A such that e, 4 (E,x A™) C {a,}.
Let N'={n € N : E, # 0}. Then e a(E, x A") = {a,} for every n € N’ and
ena(Ep x A™) =0 for everyn € N'. Let B C A. Then B is subalgebra of A iff
B #0 and{a,:ne N'} C B.

Definition 1.2.4. A mapping f : A — B of an E-algebra A into an E-algebra
B is said to be a homomorphism if

fleoa({a} x A%)) = eop({a} x B?)

for any a € Ey and
flena(w, 1, ... x,)) = enp(w, f(21), ..., f(Th))

foranyn >0, we€ E, and z4,...,x, € A.

If f is one-to-one and f are homomorphism, then f is called an isomorphism.

In this case f~! is an isomorphism, too.

A mapping f : A — B of a topological F-algebra A into a topological F-

algebra B is said to be a continuous homomorphism if:
1. f is a homomorphism:;

2. f is a continuous mapping of a topological space A into topological space
B.

If the mapping f is an isomorphism and a homeomorphism then f is said to

be a topological isomorphism.
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Consider a nonempty family {A, : @ € L} of E-algebras. Let A = II{A4, :
a € L} and A" =1I{A? : a € L}. We consider the mappings e, 4 : £, x A" — A
with ega({w} x A%) = (ega, {wa}) X A% : v € L) for all w € Ey and e,a(w, z) =
(ena, (W, xq) : v € A) foreveryn >0, w € E, and x = {z, € AL :a € L} € A™.
The set A with the mappings e, 4 is called a Cartesian product of the algebras
Ag,. The natural projections II, : A — A, are homomorphisms. If L = (), then
| II{A,:a€ L} |=1.

The Tychonoff product of topological E-algebras is a topological E-algebra.
Any topological space is said to be a T_;-space.

If -1 <i<j<3.5, then every Tj-space is also a T; space.

If a topological F-algebra G is a Tj-space, then G is called a T; — E-algebra,
for i € {—1,0, 1,2,3,3%}.

Definition 1.2.5. A class K of E-algebras is said to be a wvariety if the
following conditions are fulfield:

1. K 1s closed with respect to Cartesian products.

2. K 1is closed with respect to subalgebras.
3. K 1s closed with respect to homomorphic images.
However, if the last condition is not satisfied then K is said to be a quasiva-

riety.

Definition 1.2.6. A class K of topological E-algebras which are also T;-spaces
is called a complete T;-variety if the following conditions are fulfilled:

(M1). K is closed with respect to Tychonoff products.
(M2). K is closed with respect to subalgebras.

(M3). If (G,7) € K and (G,7") is a topological E-algebra and also a T;-space,
then (G,7') € K.

(M4). If (G,7) € K and (G',7') is a topological E-algebra, T;-space and there
exists a continuous homomorphism f: G ™% G, then (G',7) e K.

A class K of topological E-algebras is called:

e T;-quasivariety if conditions M1, M2 hold;
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e T;-variety if conditions M1, M2, M4 hold;

e complete Tj-quasivariety if conditions M1 - M3 hold;

Fix a continuous signature E. Let G be an F-algebra, L C E, and H C G.
We set:

do(L, H) = H;

di(L,H) = HU (U{eac((LNE,) x H") :n € N});
doi1(L, H) = di (L, dy(L, H));

d(L,H) = U{d,(L,H) :n € N}.

If H+#(and L = FE, then d(E, H) is an E-subalgebra of G generated by H.
If d(E, H) = G, then the set H algebraically generates the F-algebra G.

Definition 1.2.7. We fix a T;-quasivariety K of topological E-algebras and a
nonempty space X. A couple (F(X,K),ix) is called a topological free algebra of
a space X in the class K if the following conditions hold:

(T1). F(X,K) € K.
(T2). ix : X — F(X,K) is a continuous mapping;
(T3). The setix(X) algebraically generates F(X, K).

(T4). For each continuous mapping f : X — G € K there exists a continuous
homomorphism f : F(X, K) — G such that f(z) = flix(2)) for every
x € X. The homomorphism f is called the homomorphism generated by f.

Definition 1.2.8. We fix a T;-quasivariety K of topological E-algebras and a
nonempty space X. A couple (F*(X, K), ax) is called an algebraically free algebra
of a space X in the class K if the following conditions hold:

(A1). Fo(X,K) € K.
(A2). ax : X — F*(X, K) is a mapping;
(A3). The set ax(X) algebraically generates F*(X, K).

(A4). For each mapping [ : X — G € K there exists a homomorphism f ;
FYX,K) — G such that f(x) = f(ax(x)) for every x € X.
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Theorem 1.2.9. (see [56, 57, 103].) Let K be a T;-quasivariety of topological
E-algebras. Then for every nonempty space X there exist:
— a unique algebraically free E-algebra (F*(X, K),ax);
— a unique topologically free E-algebra (F(X, K),ix);
— a unique continuous homomorphism kx : F* (X, K) — F(X,K) with ix =

kX cax.

We fix B = @®{F,:ne N={0,1,2,...}}. If w € Ey and G is an E-algebra,
then epg({w} x G°) = 1,. If n € N and w € E,, then w : G — G, where
w(ry, ..., Tn) = eng(w, 1, ..., T,) is an operation of type n on G.

The set of terms T'(E) is the smallest class of the operations on the F-algebras
such that:

1. ECT(FE) and eg € T(E), where eg(x) = x for every z € G.

2. If n>0,e€ E, and uy, ..., u, € T(E), then e(uy,...,u,) € T(E). The

type of e(uq, ..., u,) is equal to the sum of types of terms w1, ..., u,.

Let 1 <m < n, N, ={1,2,...,m} and h : N, onte N,, be a mapping. The
operation w : G™ — G of type n and h generate the operation ¥ : G™ — @,
where W(x1,...,2m) = W(Tha), - - -, Thw)), and ¥ is called an h-permutation of
the operation w. The set of the polynomials P(F) or of the derived operations is

the smallest class of operations on F-algebras such that:
1. T(E) C P(E).
2. If f € P(FE) and g is an h-permutation of f, then g € P(F).

If G is a topological E-algebra and w is a polynomial of type n, then the
mapping w : G" — (G is continuous.

Denote by P,(FE) the polynomials of the type n, where n € N. If w; and wy
are polynomials of types n and m, then the form
w1 (1, ..o, Tn) = wa(Y1, .- -, Ym) is called an identity on the class of E-algebras.

Let us consider the identity wy(x1,...,2,) = wo(Y1, .-, Ym)-

If y; & {x1,...,x,}, then y; is called a free variable of the identity w; = ws.
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If1<i<nand

P(T1y e T, Ty Tty ooy ) = P(T1y ooy Ty 1, Yy i1y -+ 5 )

for every z, y, 1, ..., xi_1, Tiv1, --., Tn € G, then x; is a free variable of the
algebra G.

Example 1.2.10. Let By = {1}, By ={"'}, By ={-} and E = EyUFE, U E;.
The operation 1 : G° — G fizes the unit 1¢ in G. The operation ~' : G — G

determines the inverse element x~ 1.

The operation - : G*> — G determines the
product x -y of x,y € G. The operation (xy) - (2t) is a polynomial of type 4. The

operation (zy) - (zt) - (yt) is a polynomial of type 6. An E-algebra G with the

identities:

a. lg-x=z-1lg=2,v- 2 ' =271 2 =1¢ is called a I1P-loop.

b. (w-y)-t=x-(y-t),lgx=a-lg=x, -2 =zt 2=1¢ is called a
group.

c. (wy)t=x-(y-t),xy=y-x,lgrv=x-lg=w, v =x12=1¢g

is called an Abelian group.

Example 1.2.11. Let Ey = {0,1}, E; = {—}, By = {+,-} and E = Ey U
E1UFE,. The E is a signature of rings with unat.

Example 1.2.12. Let By = {A,B,C} and E = E,. An E-algebra G with
the identities A(x, B(x,y)) = A(C(y,z),z) = B(z, A(z,y)) = C(A(y,x),z) =
C(z, B(y,x)) = B(C(x,y),x) =y is called a quasigroup.

In [91] T.H. Fay, E.T. Ordman, B.V.S. Thomas formulated the following prob-
lem: is the free topological group over a locally compact space necessarily a k-
space? The authors established that the free topological group over the space
of rationales () is not a k-space and made a general assumption that the free
topological group cannot be a k-space once the space of generators is not locally
compact. In [84] S. Dumitrascu shows that for metrizable spaces the assump-
tion is true. In [130] we give the necessary and sufficient conditions for a free
topological algebra with Mal’cev conditions to be a k-space.

In [132] we explore the problem on the quasicomponents of the topological
algebra in a given variety of topological algebras. In the case of the variety of
topological groups or of topological Abelian groups the problem of the quasicom-
ponents was studied by M.I. Craev [103] and V.V. Tkaciuk [200]. We mention
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that the structure of the components of topological groups and semigroups was
studied in [206, 209] by M.I. Ursul and A.S. Iunusov.

Other properties of algebraical structures can be find in A. Arhangel’ski, M.
Tkacenko [13], N. Bourbaki [30], M. Choban [48], G. Gratzer [106, 107], G.
Grothendieck [108], M. Hall [111], B.A. Hausmann, O. Ore [112], T. Husain
[116], M. Kargapalov, Yu. Merzleakov [127], A. G. Kurosh [148, 149], R. Miron,
I. Pop [168], H. Neumann [172], L. Skorneakov [187], J.D.H. Smith [188, 189], M.
Stefanescu [195].

1.3 On methods of constructing some free universal
algebras and solving of equations over them

In this section we examine the solvability of equations over universal and free
universal algebras. We also present methods of constructing some free objects.
The construction of a free object in the class V(pFE) and the results from sec-
tion 1.3.5 were also obtained by M.M. Choban using other techniques [54]. The
main result establishes that each of the equations ax = b and ya = b over a free
primitive gruppoid has no more than two solutions. Here, we use the terminology
from [16, 17, 20, 42]. The results of this section were published in [133].

1.3.1 General definitions

Fix a signature £ = &{E, : n = {0,1,2,...}}. We refer to a set A with a
sequence of mappings {e,4 : F, X A® — A:n € N} as to a universal F-algebra

(or simply - an FE-algebra). If w € E, and 1 < i < n, then the expression

w(ay,...,a;_1,T,ai41,...,a,) = a; is called an equation in the class of all E-
algebras. Here w(ay,...,a,) = epa(w,aq,...,a,). Now we consider a system of
equations

o =A{wa(ar, ..., 0,-1,Ta@igt1,---,0n,) = a;, @ € L}, ()

where {w, o€ L} CU{E, :n=1,2,...}.
We say that the equations:

Wal a1y vy Qi 1, Ty Qi i1y - - -5 Ay, ) = Qi (1.1)
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u)ﬁ(bl,...,bi/@_l,l’/@,biﬁ+1,...,bn6) :big (12)

are identical if w, = wg, no = ng, 1o = i, and a; = b; for any i < n,.
The equations (1.1) and (1.2) are therefore different if at least one of the

following conditions is true:
1. wo # wg;
2. Wy =wg, g #ig;
3. Wo =wg, 1o, =i and a; # b; for some ¢ < n,.

The equations (1.1)and (1.2) are contradictory if:

1. wq = wg;
2. ia = iﬁ;
3. a;, 7& bia

4. a; = b; for some 1 < n, and i = 1.

For commutative n—ary operations appear other type of contradictory equations.
We assume that the system of equations (¢) does not contain contradictory equa-
tions.

We denote by V(E) the class of all F-algebras and by V(E, ¢) the class of all
FE-algebras in which equations () can be solved.

Let V(E,uy) be the class of all algebras in which the equations from ()
have exactly one solution. Let pFE, = E, U L,, where L, = {a € L : n, = n},
and o = E'U L. Additionally, we define for each « € L an n,-ary operation
a: A" — A for which

Wa 1y ooy iy 1, 0T, ey Xy e oy Ty )y T ids + v s Ty ) = Ty

We say that the operation « as the i,-inverse operation for w,. Denote by z} a

sequence {xg,...,x,}, where n > k.
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All E-algebras from V(E, @) turn into @ E-algebras. Let V(¢F) be the class

of all pF-algebras for which the following equalities are true:

La(ah),zl )=z, a € L}.

{wa(xzf‘_ y Lgo 41

The classes V(¢pFE) and V(E, @) are the same as E-algebras. Let

V(pE,u) ={A € (V(pE)NV(E, up))}.

Let us refer to algebras from V(pE,u) as to Q — @F-algebras. The classes
V(E,up) and V(pFE,u) are the same as E-algebras. Notice that it is not difficult
to prove that the classes V(pF,u) and V (¢pFE) are varieties of pFE-algebras. The
homomorphisms in these classes are called the p-homomorphisms. The class

V(F) is a variety of F-algebras.
1.3.2 Free E-algebras in the class V(F)

Let E be a signature and X be a non-empty set. Let I'g(X,E) = X & Ej.
Words from I'y(X, E') are words of rank zero. Denote the rank r(x) = 0 for all
x € I'y(X, E). Consider the set I',(X, F) of all words with the rank not greater
than k. Let us define:

Te1 (X, F) ={w(xy, ... xn) we B, :n>=21:ke{r(x),...,r(x,)}}U
UTW(X, E).

Then the words from I'y 1 (X, E)\I'x(X, E) have the rank k+1. In this way, by in-
duction the words of rank k are defined. The symbol of the word of the rank k are
the form w(uq, ..., u,), wheren > 1, w € E, and (k—1) = sup{r(u1),...,r(un)}.
We say that the operation w € E and the words uq, us, . .., u, generated the word
wug, ..., Uy).

Each word consists from letters. If x € I'y(X, F), then the word x consists
from letter z. If n > 1, w € E,, and zy,...,z, € ['o(X, E), then the word
w(wy,...,T,) consists from letters xy,...,x, in this exact order. A letter can
be repeated but we will formally say that letters with different indexes in the
sequence are distinct. If uq, ..., u, are words of the ranks not greater than m — 1,
then w(uy,...,u,) consists from all letters from the words uy, us, ..., u,. In this

word the letters from wu; are taken first, then the letters from us and so on. The
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length of the word [(u) is the total number of the letters in it. We mention,
that the identical letters from the different words or by the distinct position are
considered distinct.

Each word has subwords and each subword is of a concrete rank. Words of
rank 0 have no proper subwords. Subwords of rank 0 are letters following a
definite order. Subwords of the word u = w(uy, ..., u,) are the words uy, ..., u,
in this exact order. They define the word u. Subwords of the rank & of the word
u are all subwords of the rank k£ in words uq, ..., u,. The order of these subwords
is defined as follows:in the first we take the subwords of the rank k£ of the word
u7 in the order from wuq, then the subwords of the rank k of the word us and so
on. The identical words with different numbers in the sequence are considered
different.

It can be easily shown that the set I'(X, F) = U{T',(X,E) : n=0,1,...} is
the free E-algebra over the set X in the class V(E). The following conditions are

true:

1. The set X generated algebraically the algebra I'( X, E);
2. For each algebra A € V(FE) and a mapping f : X — A there exists a

homomorphism f : ['(X, E) — A such that f | X = f.

1.3.3 Free pFE-algebras in the class V(¢pF)
Let E be the fixed signature and

o =Awala1, ..., 0, 1,0, iy11y- -, 0n,) = a;, € L}

be a fixed family of equation. Let us also fix a nonempty set X. Using letters
from Ey & X and the operations pF as in section 1.3.2. we construct the words
F(X,@FE). For these words their rank, length, and subwords are well defined.
The word of the form

wa(ula SR 7uia71704(u17 .. '7una)7uia+17 s 7una)7

where uq, ..., u,, are words, is called a ¢-marked word or, simply, a marked.

Denote by S the set of all marked words of any rank. If a word is not marked,
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then any of its subword is not marked too. We define:

Fo(X,pE) = X @ Ey;

Fi(X,oF) ={w(x1,...,zn), (1, .., Tp) : T1, ..., Tp € Fo(X, pF),
we€E,a€ L,,n>1}UF(X,oE);

(X, 0E) = ({w(z1,. .. zn), a(z1, ... 20) 21, .., 3, € Fi(X, @F),
w€ Ey,a€Lly,nz1:1€{r(z),...,r(z,)}}\S)U
U Fy (X, pE);

For each n > 3 we have:

F.(X,oF) = ({w(:pl, ey Tp)s Ty, X)) Ty Ty € (X 0F),
w€E,a€Llynzl:n—1€{r(z),...,r(z,)}}\S)U
U Fy (X, 0E).

Now we put F(X,oF) = | {F.(X,pE):n=0,1,2,...}.

Theorem 1.3.1. The set F(X,pFE) is a free E-algebra relative to signature
©F in the class V(pE), i.e. it satisfies the following conditions:

1. The set X algebraically generated the algebra F(X, pE);

2. For each mapping f X — A where A € V(pF), there exists a -
homomorphism f : F(X,¢E) — A such that f | X = f.

Proof. 1t is clear that F'(X, pF) is a pFE-algebra in the class V(¢ F). From its
construction it follows that X generates the algebra F'(X, ¢F). Take a mapping
f:X — A where A € V(pE). If w € Ey, then f(w) = epa(w, A°) € A. We
put fo = f: Fo(X,pE) — A. Now let the mapping f, : F,,(X,pE) — A be
constructed, where f,, 1 = f, | F_1(X, pFE), and

folw(zy, ... xn) = w(fu(xr), ... fulzn))
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for each zy,...,2, € F,_1(X,pF) and w € E, U L,. lf z1,..., 2, € F,(X,pF),
we FE, ULy, and w(xy,...,x,) € F,y1(X, pF), then we define:

fn+1<w(5€17 s 7xn)) = W(fn+1(951)= SRR fn+1(xn))'

If w(xy,...,x,) €8, then w(xy,...,x,) =y; € F,_1(X,pFE), and f,11(y;) is
already defined.

We have constructed the mapping f,.1 : F11(X, pFE) — A for which f, =
fos1 | Fa(X, 0E).

Let us now take the mapping f : F(X, pE) — A where
f | Fo(X, pE) = f, for each n € N. It is clear that f is a ¢-homomorphism and

we are done. The proof is complete.

Under which conditions two words u,v € F(X, pF) are equal?
The answer is simple: two words u and v are equal if and only if the following

conditions are satisfied:
1*. Ranks of the words v and v are equal.

2*. For each k, the sequence of subwords of the rank k in u is the same as the

sequence of subwords of rank k£ in v.

3*. The equal subwords from u and v of the same rank and the same position
in the respective sequences contains the equal subwords in the same orders.
Example. Condition 2% is not satisfied for the words w(a,w(b, ¢)) and w(w(a,b), c)
because w(b, c) and w(a,b) are different. The words w(a,w(a,a)) and w(w(a,a),a)

do not satisfy the condition 3* because w(a,w(a,a)) is generated from the sequence
of subwords a, w(a,a), but w(w(a,a),a) is generated by the words w(a,a) and a.

We mention that the word = = a(aq,...,a;,-1,b,a;,11,--.,a,,) is a solution
to the equation:

Wa(ab ey Qg -1, Ty Q4 15 - - - 7a’na) =b.

for each b,ay,...,a,, € F(X,¢E).

Nevertheless, a natural question might be arise: Are there any other so-
lutions except this one?
For that reason we explain how the rank and the length of the word b depend on

the ranks and the lengths respectively of the words a4, ..., a,, .

«
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Lemma 1.3.2. Ifthe wordb = wy(ay, ..., a;,—1,0;,, Qi 11, - - -, Qn, ) 15 marked,

then r(b) < max{r(ai),...,r(a,),...,r(a,,)}, and
[(b) < max{l(ai),...,l(a;,),...,l(an,)}

Proof. Let b = wq(ay,...,a;,—1,a(ay,...,an,), @i +1,---, 0y, ) for some a and
some words ai, ..., a,,. Then b = a;, , and a;, is a subword of the word
alay, ... an,) = a;,.

Therefore r(b) = r(a;,) < r(a(ay,...,a,,)) = r(a;,). It is obvious that [(b) <
l(a;,). The proof is complete.

Lemma 1.3.3. If the word b = wa(aq,...,0;, 1,0, ,Gigt1s---,0n,) 1S N0t
marked, then r(b) = 1 4+ max{r(ai),...,r(a;,),...,r(as,)}, and
1(b) =1lar) +---+Ua;,)+ -+ an,).

Proof.The word b consists of the letters from the words a4, ..., a,,, and
the letters are taken first from ay, then from as, ..., a;, 1, a;,, @i +1, .-+, Qn,-
Therefore it is clear that r(b) = 1+max{r(a,),...,r(a,,)}, and I(b) = l(ay)+- - -+
l(a;,) + -+ l(an,). The proof is complete.

Lemma 1.3.4. If the words by = wo(ay, ..., ai,—1,C, Giy41s-- -, 0, ) and
by = walay, ... a;,—1,d,a; 11, ..,a,,) are not marked, and by = by, then c = d.

Proof.From the method of construction of the words in F(X, pE) it follows
that the words b; and by do not contain marked subwords. Therefore it is impos-
sible to change any letters in b; and by, without changing b; and b,.

The word b, is generated by the sequence of subwords
a1, «..y G, 1, Cy Gj 11, ---, Gy, , and the word by is generated by the sequence of
subwords ay, ..., a;,_1, d, Gj 41, -, Qn,. Since by = by in F(X, pFE) by virtue
of the conditions 1*-3* we obtain that the generating sequences of subwords of

the words by and by are the same. This means that ¢ = d. The proof is complete.

Definition. A word b s i,-factorizable over the words sequence ay, ..., a;, 1,
Qip41, ---, An, if there exists a word d such that b = wy(ay,...,a;,_1,d,a;, 11,
oy ap,) and the word wy(ay, ..., a;,—1,d, @i +1,...,a0n,) is not marked.

From Lemma 1.3.4 it follows that such element d is uniquely defined.

Theorem 1.3.5. Fach equation of the system (@) has no more than two
solutions in a free pE-algebra F (X, oFE) of the set X in the variety V (pFE).
Proof. Consider the equation wy(aq, ..., a4, —1,%, iy t1,---,0n,) = b. Obvi-

ously, that x1 = a(ay,...,a;,_1,b,a; +1,...,a,,) is a solution of this equation.
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Suppose that this equation has some other two solutions xy = ¢ and x3 = d.

Since ¢ # a(a* ™", b, af,,) and d # a(a?® "', b,al ), the words

Walaly ooy @iy 1,C i1y -y Gp,) and wy(ay, ..., a;,—1,d,a; 41, ...,0,,) are not
marked. Consequently, w,(ai* ™", ¢, al, ) = wa(ai* ™", d, al,,) and by Lemma 1.3.4
we get ¢ = d . Therefore each equation from the system (¢) has at most two
solutions. The proof is complete.
Remark. The equation wy(ay,...,a;, 1,2, i 11, --,0n,) = b from the system (o)
has two solutions if the word b s 1,-factorizable over the words sequence ay, ...,
Qi —15 Aijg41, - - -5 Qng-
There exists another way to construct a free p E-algebra. We denote @ (X, pF) =
X @ Ey, and
O, (X, pE) = {w(xy,...,x,),a(x1,...,2,),w € By, € Ly, -
1,y € O (X, pE),n 21} U, (X, pFE)

for each n =1,2,.... Now we put
(X, pF) = | {®u(X, 0E) :n € {0,1,2,.. . }}.
We say that in (X, pF), the word of the form

wa(alv ) aia—ba(alv ey Qg 1, Qg y Qg 415 - - -y ana)yaia—f—l; ) ana) (*)

is identical to the word a; , where aq,...,a,, € ®(X,pF).

If the word b € ®(X, pF) does not contain subwords of the kind (x), then it
is a called reduced word.

We say that the words a and b are adjacent if one of them is produced from
the other by replacing a subword a;_, by subwords of the kind (x).

Two words f, g € (X, pFE) are equivalent (that is denoted by f ~ g) if there
exist the words f1 = f, fo,..., fin_1, fmm = ¢ such that f; and f;,, are adjacent
words for each 1 <7 < m.

The relation f ~ g is an equivalence relation. All words from ®(X, oF) that
are equivalent to the word f define its equivalence class [f].

The following properties can be easily proved:
Property 1. [f] N F(X,pFE) is unique. The word fo € [f] N F(X,oF) is
called the reduced representatione of the class [f].
Property 2. The following operations:
walla], -y lan,]) = [walar, ... an,)];

alla], ..., lan,]) = [alay, ... an,)];
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depend only on the multiplied classes [a1], ..., [an,] but do not depend on their
representations.

From these facts it follows that in the result of identification of the equivalent
words words in (X, ¢F) we obtain classes of equivalent words that coincide with
algebra F(X, pF).

1.3.4 Free (Q — pF-algebra in the class V(pFE, u)

Let us keep all notations from the previous section. It follows from the theory
of n-quasigroups [16, 17] that the uniqueness of solutions of the equations (y) is

equivalent to the following equalities:
wa(ala sy Qg 1, Oé(al, sy Q15 Gy Qi 415 - - - 7ana), Ajg+15 - - - 7ana) = Q5
O./(Cbl, cee aia_l,wa(al, P ¢ 7 J [P 0 7 S 0 7 ST [P ,ana), Ajp+1y - - ,ana) = Q4,,

where o € L and {w, : @« € L} C (J{E, : n =1,2,...}. The pFE-algebras
of this kind are called @) — @F-algebras. Denote by V(¢F,u) the class of all
QQ — pFE-algebras . Fix a set X. The words of the kind
Walar, ..o a, 1 0(ar, ..o @y 1, Gy Qi i1y -y Gy )y Qi i1y« - -5 Apy, ), and
Oé(al, LRI aiaflawa(ala ey Q=15 Ay Q415 - - - 7ana)7 Qo415 - - - 7ana>7
are called the gp-marked words.
Denote by S; the set of all gp-marked words of the arbitrary rank. It is clear
that S C S;. Also, denote
Qn(X,upFE) = F,(X,upFE) \ Si, and
QX upE) = | {Qu(X,upE) : n € N} = F(X,upE) \ Si.

It is clear that Q;(X,upF) = Fi(X,upF) if i = 0,1. We will prove that
Q(X,upF) is the desired free ) — pFE-algebra in the class V(¢ F, u).

Theorem 1.3.6. Q(X,upFE) is a free Q —pE-algebra in the class V(o E, u)

relative to the signature o E, i.e. it satisfies the following conditions:
1. X C Q(X,upk).
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2. If Y is an E-algebra, where X C Y C Q(X,upF) and Y # Q(X,upk),
then is not a pFE-algebra.

3. For each mapping f : X — A, where A € V(pE, u), there exists a -
homomorphism f : Q(X,upE) — A such that f | X = f.

Proof. From its construction it follows that Q(X, upFE) is an E-subalgebra of
the algebra F(X, ¢F). Suppose that Q(X,upFE) is not a Q — ¢E-algebra. Then
there exist such words aq, ..., a;,—1, @i 41, - - -, Qn,, b of the lowest rank for which
one of equations from the system (i) does not have a unique solution. Assume

that the equation
wa(al,...,aia_l,:{:,aiaﬂ,...,ana) =) (13)

does not have a unique solution. Therefore it has no solution at all or it has
at least two solutions. Let ai, ..., a;,_1, Gio41, -+ An,, b € Qu(X,upE),
and n € {r(ay), ..., r(ai,-1), r(@i,41), -, r(an,), r(b)}. Then z = «af ay,
@1, b, Giy1, ..., Gy, ) is & solution in F(X,pE). Let a(a®',b, a;* ) €
Q(X,upE). Then the word a(ai® ", b,a* ) is gp-marked, i.e. is of the kind

oa(ciafl,wa(cﬁfl,d, c?aa+1),c?a“+1). Now

O‘(aiailv b, a?aa—i—l) = O‘(Ciaia Wa (Cilailv d, C?aa—&-l)v C?aa—i-l)’

and w, (¢~ d, ¢, ) is not gp-marked. This is possible in F(X,¢E) only
when air™" = o7l afe, = oy, and b = wa(dr d, ). Now b =
wa (™ d, ), and d € Q(X,upE). Therefore v = d is a solution of the
equation (1.3). The equation (1.3) has no other solutions by Lemma 1.3.4.

Let a(ay ™", b,al,) € Q(X,upE). Then z = a(a® ', b,al, ;) is a solution
of the equation (1.3). Let us consider another solution x5 = d # a(aj* ™", b,al* ;)
of the equation (1.3). In this case,

o ta—1 n
b= wa(ay ", d,a;* ),

the word w,(a®~ ", d,a}* ;) is not marked in F(X,¢E), but the word

—1

a(aia_la b7 a?aa+1) = a(aff‘ » Way (aia_lﬂ d? a?aa—&-l)? aZj—H)

is gp-marked. Thus Q(X, upFE) is a QQ — pE-algebra.
Let f : X — A be a mapping on a ) — pFE-algebra A. Then there exists a
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¢-homomorphism f: F(X,pE) — A, where f: | X = f. Let f = f| Q(X, upk).
Then f : Q(X,upFE) — A is a homomorphism. This homomorphism is unique.
The proof is complete.

It is possible to construction the free () — ¢ E-algebra with other methods by

using the definitions and properties of the classes of the equivalent words.

1.3.5 A free object in the class V(E, ¢)

As a set of words the object - Q(X,upF) is a subset of the set FI(X,oF). It
is clear that Q(X, upF) is an E-subalgebra of the E-algebra F\(X, ¢F). For that
reason we will have that Q(X,upFE) C F(X, pE).

Theorem 1.3.7. For each mapping f : X — A, where A € V(E, ), there
exists a homomorphism f : Q(X,upE) — A such that f = f | X.

Proof. Follows from Theorem 1.3.6.

However, the next natural question one can: When the homomorphism
f:Q(X,upE) — A is unique?

Theorem 1.3.8. If a mapping f : X M A s given, then a homomorphism
f:Q(X,upE) — A is unique if and only if A € V(pE, u).

Proof. Let A € V(pFE,u). Then there exist a € L and elements a4, ..., a;,,

.., Gn, € A such that the equation

Wa(ah ey Qi —1, T, Qg 415 - - - 7ana) = A4,

has at least two different solutions z; = b, x5 = ¢. We convert A into ¢ FE-algebra
twice. In the first time, we set a(aq,...,a;,,...,a,,) = b, but for the second
time we set a(ay,...,a;,...,a,,) = ¢. The word a(ay,...,a,,,...,a,,) is not
qe-marked in F(X, pFE), i.e.

d=alay,...,aq,,...,a,,) € Q(X, upk).

For the first conversion we got a @-homomorphism f; : F(X,¢E) — A and for
the second one we got a ¢-homomorphism fg : F(X,pE) — A. By construction,
we have fi(d) = b and fy(d) = ¢. Therefore fi | Q(X,upE) # fo | Q(X,upE).
Hence the homomorphism f is not unique.

If A€ V(pE,u), then A is uniquely converted into a @F-algebra. Therefore

the homomorphism f is unique too.
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Let fi, f : Q(X,upE) — A be two different homomorphisms for which f; |
X = f, | X = f. There exists a € Q(X,upE) such that fi(a) # fa(a). For
some n > 1 we have a € Q,(X,upFE) \ Qn_1(X,upFE). We will consider that a
has the smallest rank of words for which fi(z) # fo(x). Then a = w(uy, . .., uy),

where uy, ..., u, € Q,_1(X,upk). The following two cases are possible:

l.weFE,, m>1.

In this case we have:

fila) =w(filw), ..., fi(un)) = w(fao(ur), ..., folun)) = fa(a).
This case is impossible.

2. w=«a € L,.

Then a = a(uq, ..., u,). Therefore

Wa(Uly ey Wiy 15 Ay Ui 41y e vy Upy, ) = U, -
Let us denote hy = fi(uy) = fo(w), ..., hn = fi(un) = fo(un). The
equation wgy(hy,. .., hi 1,2, higy1,---,hn,) = h;, has two solutions in A:

z1 = fi(a) and 25 = fo(a). Thus A € V(¢E, u).

The proof is complete.

Define a free object of a set X in the class V(E, ) according to next definition

of M. Choban.

Definition 1.3.9. The free E-algebra of a set X in the class V(E, @) is an
E-algebra G(X, E, ) € V(E, @) such that:

1. X CG(X,E, ) and the set X algebraically generates the E-algebra G(X, E, p),
ie. if X CYCG(X,E,¢),Y #G(X,E,¢), and Y is a subalgebra of the
algebra G(X, E, ¢), then Y € V(E, p).

2. For every mapping f: X — A, where AAE V(E,p), there ezists a homo-
morphism f : G(X, E, ) — A such that f | X = f.

Corolary 1.3.10. Q(X,upFE) as an E-algebra is a free object of the set X
in the class V(E, p).

Theorem 1.3.11. A free object of the set X in the class V(E, ) is unique

up to an isomorphism.
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Proof. Let A be a free object of the set X in the class V(FE, p). Then X C A,
and for each X C B C A and B # A the subalgebra B is not an algebra from
V(E,¢). There exist two homomorphisms ¢ : Q(X,upE) — A and ¢ : A —
Q(X,upF) such that p(x) = (z) = x for all x € X. Then by Proposition 77,
pot: Q(X,upE) — Q(X,upF) coincide up to the identical an isomorphism.
Therefore ¢ and v are isomorphisms and ¢ = 9" Then X C p(Q(X,upFE)) = A.

The proof is complete.
1.3.6 Some remarks on free objects. Examples

Fix a signature F and a system of equations (). We say that an element e

is the i-unit for n-ary operation w if

wlay @, aiy) = ()
for each z € A, where a; = -+ = a;_1 = a1 = - =a, =¢€,1 € {1,...,n},
n > 2. If the identity (%) is true for each x € A and each i < n, then e is called
the unit of the operation w in the E-algebra A.

An element 0 € A is called the i-zero of a n-ary operation w, where i < n and
n>2, ifw(a ", 0,a%,) =0 for each ay,...,a, € A. The element 0 € A is called
the zero of the n-ary operation w, where n > 2, if w(ai™",0,a?,) = 0 for each
ai,...,a, € Aand each i € {1,...,n},

Let e € Ey. For each 1 > 1 we define the sets:

1. He,i) ={w € E, :n >1,eq = egae x A%)}, where ey is an i-unit for w;
2. Ple,i)={we€E,:n>1ies=coalex AY)}, where e, is an i-zero for w;

such that P(e,i) N{w, : @ € L} = 0 and P(e,i) N H(e,i) = 0. Let T} =
U{H(e,i): e € Ey,i > 1}, and Ty = |J{P(e,i) : e € Ep,i > 1}.

If the element ega(e x A°) is 4-unit in the E-algebra A for each operation w €
H (e, 1) and the same element eg(e x A%) is i-zero for each operation w € P(e, 1),
then A is called an E-algebra with Ti-units and Th-zeroes.

Denote by V(E,T), V(pE,T), and V(¢FE, u,T) the classes of F-algebras, ¢ F-
algebras and ) — pFE-algebras with Ti-units and 7T5-zeroes. The method of the
construction of free objects in the classes V(E,T), V(eE,T), and V(pE,u,T) is
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analogous to that from Sections 1.3.1 — 1.3.5 with an additional condition - that
it is necessary to include in the sets of marked words those marked words that
define i-units, units, -zeroes, and zeroes.

Suppose that we have the free objects I'(X, E,T), F(X,pE,T), and
Q(X,upE,T) in classes V(E,T), V(pE,T), and V(pFE, u,T) respectively. Then

the following inclusions hold:

X CT(X,E) CT(X,E,T) C Q(X,upE,T) C F(X,pE,T).

It is clear that
Q(X,upl) C Q(X,upE,T),

and
F(X,pFE) C F(X,pE,T).

For the algebra F(X,pFE,T) a theorem analogous to the Theorem 1.3.6 is
true. It is clear that we can consider free objects in classes V(E,T), V(pE,T),
and V(pF,u,T) with properties of associativity, commutativity, etc.

Example 1.3.12. Let £ = E; = {-}. Then F-algebras from V(E) are
called gruppoids. If ¢ = {ax = b,ya = b}, then algebras from V(E,¢) are
called gruppoids with division, but those from V(E, uy) are called quasigroups. If
oFE ={-/}, where a(ab)’ = b and (ab)”a = b, then the algebras from V (pFE) will
be primitive gruppoids with divisions, or II-gruppoids, but those from V(¢ FE, u)
will be II-quasigroups. The algebra F(X, pF) is a free II-gruppoid, Q(X, upFE)
is a free Il-quasigroup, and I'(X, F) is a free gruppoid. Clearly, I'(X, F) C
Q(X,upFE) C F(X,pE). Each of two equations ax = b and ya = b has no
more than two solutions in a free II-gruppoid. The gruppoid Q (X, upFE) is a free
gruppoid with division in the class V/(E, ¢).

Example 1.3.13. Let £ = EgU Ey, Ey = {e}, Eo = {-}, and T =T, =
H(e,1) = H(e,2) = {-}. Then, I'(X,E,T) is a free gruppoid with a unit,
Q(X,upE,T) is a free Il-loop, and F(X,pFE,T) is a free Il-gruppoid with a
unit.

Example 1.3.14. If £ = E,, = {w}, n > 2,

o =A{w(ay,...,q;i_1,2,0;11,...,a,) = a; : i < n},
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then pFE = pFE, = {w,a1,...,a,}, where
W1, o T 1, (X1, oo Ty L)y Ty - ey Ty) = Ty

for each ¢ < n. In this case I'(X, F) is a free n-gruppoid, Q(X,upFE) is a free
primitive n-quasigroup (or II-n-quasigroup) and F'(X, pF) is a free [I-n-gruppoid
for which each equation of the system (¢) has no more than two solutions in a
free objects. The gruppoid Q(X,upF) is a free n-gruppoid with division. All
algebras from V(E, ¢) are n-gruppoids with division.

Example 1.3.15. Let £ = EqU Ey, Eg = {1,0}, Es ={+,}, p={a+z =
b,z +a = b}. Then 0 is a unit of the operation “+”, and a zero of the operation
, but 1 is a unit of the operation “”. In addition, Q(X,upE,T) is a free

(13

quasiring and F'(X,upF,T) is a free quasiringoid.
1.4 Basic Research Topics

In the relatively recent papers of well-known mathematicians such as A.
Arhangelskii [7, 8, 10, 11, 12, 13], M. Choban [38, 39, 40, 41, 42, 43, 44, 45, 46,
47, 48, 49, 50, 51, 52, 53|, V. Arnautov, S. Glavatsky, A. Mikhalev [1, 2, 3, 4], M.
Ursul [205, 206, 207, 208, 209], V. Protasov [179, 180, 181], D. Botnaru [31, 32],
K.H. Hofmann [117, 118, 119], S. Morris [162], S. Morris and H.B. Thompson
[163, 164], T. Fay, E. Ordman, M. Rajagopolan, H.B. Smith-Thomas [91, 92, 93],
J. Carruth, J. Hildebrant, R. Koch [35], A.B. Paalman de Miranda [175], W.
Taylor [198], Das Phullendu [81], Iu. Muhin [165], J. van Mill [202] etc., cardinal
problems that have influenced the evolution of topological algebras theory were
solved.

The contribution of Professor Arhangelskii’s school to Topological Alge-
bras, Mathematics in general, is enormous [5, 6, 7, 8, 9, 10, 11, 12, 14, 200, 201].
Scientific achievements of this school place it at a leading position in the topo-
logical world. An exceptional representative of Arhangelskii’s Math school is
Professor M. Choban. Innovative ideas generated by Academician M. Choban
opened new perspectives in the development for topological algebras.

We mention that the foundation of the topological algebra theory with con-
tinuous signature has been laid in the works of M. Choban, S. Dumitragcu
[48, 50, 82, 83, 84, 85].
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Additional information of the history of topological algebras and mathemati-
cians can be find in M. Choban [49], M. Choban, I. Valutsa [51], A. Georgescu,
C-L Bichir, G-V Cirlig, R. Radoveanu [102], P. Kirku [145].

We can conclude from the above that the directions of research in theory of
universal topological algebra are determined by the abstract theory of universal
algebras, by the general topology and by the group and topological rings theory.

Consider the continuous signature F and —1 < ¢ < 3.5. Let J be the set of
identities. Denote by V(E,i,J) the class of topological E-algebras that are T;-
spaces and which satisfy the identities from J. The academician M. Choban, in
his work ” Topological Algebra, Problems ”, Tiraspol State University Publishing
House, 2006, formulated the following problems concerning the topological alge-
braic systems theory:

Problem 1. Study the relationship between the algebraic and topological proper-
ties of the topological E-algebras G from V(E,1,J).

Usually, the aforementioned problem is examined in light of the following two
problems.

Problem 1T. Let G be an E-algebra. Determine the kinds of topologies,
which can be considered on the E-algebra G that makes it a topological algebra.

Problem 1A. Let G be a topological space. Determine the types of algebraic
structures that can be considered on the space G, which makes it a topological
algebra.

Notice that if E = (), the the class of E-algebras coincides with the class of
topological spaces. In the case when E and GG discrete spaces, then the properties
of the F-algebra GG coincide with the properties of the abstract E-algebra G. In
this way, the theory of topological E-algebras is an intermediary theory of the
topological spaces theory and of the abstract F-algebras theory. The problems
1T and 1A have been a subject of interest for many mathematicians. Problem
1T was studied, for example, by A. Kertesz and Scele who proved in 1953 that
any infinite commutative group can be made a topological group by considering
the indiscrete topology. Other aspects of Problem 1T had been examined by
V.I. Arnautov, M.I. Ursul, P.I. Chircu, etc. Problem 1A is much more difficult.
Frobenius’s Theorem represents of the first results in this direction. In this sense,

significant results were obtained by L.S. Pontrjagin, J. Milnor, I. M. James. Of
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special interest is the following result due to L.S. Pontrjagin from 1932: The
field R of real numbers, the field C' of complex numbers and the field of quater-
nions are the only associative, connected and locally compact fields. Jon Milnor
proved in 1958 that the dimension of a real, finite-dimensional algebra, without
any zero-divisors can only take the values n = 1,2,4,8. From this point of view
we can say that the identities influence directly the topological properties. We
emphasize that on any topological space G there exists structures of topological
FE-algebra. It is enough to fix some continuous applications e, : E, x G" — G.
For example, if n > 1 and E,, # (), then consider e,q(w, z1, ..., ¥,) = x, for every
(w,xq,...,x,) € E, x G". The topological E-algebra structure is unique if and
only if G is a single point space. However, algebraical structures with certain

identities do not exist for all spaces.

Examples:
1. Let R", n > 1, be the n-dimensional Euclidean space and S"™! = {z € R" :
|z|| = 1} the unitary sphere. Then, on S™, there exist structures of topological

groupoids with unity, only for m € {0, 1,3,7}. This result was obtained by [.M.
James in 1957-1958.
2. Let R", n > 0, be the n-dimensional Euclidean space. If n ¢ {0,1,2,4,8},
then on R™ there are no structures of commutative fields.
3. On the 8-dimensional Euclidean space R® there exists a structure of a non-
associative field and there are no structures of associative fields.
4. On the 4-dimensional Euclidean space R?* there exists a structure of an asso-
ciative field and there are no structures of commutative fields.
5. If R' and R? are 1-dimensional and, respectively, 2-dimensional Euclidean
spaces then on these spaces there are structures of commutative fields.
6. On any space A with respect to a binary additive operation (4), with zero
but without any zero divisors, defined by the equality = + y = y there exists a
structure of topological semigroup with right identity. In this case any element
from A will be a right identity.

Hence, algebraic identities influence the topological properties. Topological
algebras with certain topological-algebraic (or algebraic-topological) properties
play a significant rile in various theories. For example, J.M. Boardman and R.M.

Vogt in the book [22] have considered algebraic structures that determine: H-
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spaces, A.-spaces, B-spaces, W B-spaces, F-spaces. All these spaces generate
spacial loop structures. This theory can be exposed clearly enough only due to
the utilization of universal algebras. The above mentioned matter was treated
successfully in J.P. May’s article [157]

Therefore, Problem 1 in its broad sense is very important. The following re-
search topic is closely tied with that problem:

The influence of the algebraic structures on the topological properties
of the universal topological algebras and application of topological al-
gebraic structures in the study of the properties of topological spaces.

This is the topic regarding the celebrated Hilbert’s problem V. The research
from this work is devoted to the development of above topic. The following
problems are related to the research direction exposed earlier.

Problem 2. Let P be a topologico-algebraic property. When does the topological
E-algebra A € V(E,i,J) enjoy the property P?

Problem 3. Let P be a topologico-algebraic property. Study the structure of the
topological E-algebras A € V(E,i,J), which have the property P.

While Problem 2 is more general, Problem 3 has a particular character. The
following topological properties P can be considered: to be a compact space, to
be a locally compact space, to be a locally compact metric space, to be a metric
space, to be a complete space, to be a paracompact space.

Problem 4. Let p: A — B be a continuous homomorphism from the topological
E-algebra A to the topological E-algebra B. Under what conditions is p an open
homomorphism ¢

L.Pontrjagin [178] has proved that for a large class of topological groups the
homomorphism mapping is open. In the paper [38] M.Choban has generated
this assertion for topological algebras with a continuous signature. We give the
conditions when continuous homomorphisms of topological groupoids with a con-
tinuous division are open.

Let K be a quasivariety of topological E-algebras. For every space X deter-
mine the free algebra (F(X, K),ix) and the abstract free algebra (F*(X, K), jx).
There exists a continuous homomorphism ax : F*(X, K) — F(X, K), for which
ax(jx (X)) = ix(X). If ax is a continuous isomorphism, then we say that the

algebra F'(X, K) is algebraically free.
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Problem 5. Under what conditions is the algebra F (X, K) algebraically free?
Problem 6. Under what conditions is ix : X — F(X, K) an embedding?

The application ¢x is an embedding if 7x is a homomorphism from the space X
to the space ix(X) from F(X, K).

Problem 7. Study the relationships between the properties of the space X and
of the topological E-algebra F(X, K).

Problems 5-7 were formulated by A.I. Mal’cev in the case of a discrete signa-
ture. In the context of Problems 5-7, we study topologies on free algebras with
continue signature of pseudocompact and countably compact spaces. In the in-
vestigation an important role is played by uniform structures. An analog of the
Nummela-Pestov theorem [173, 176] for varieties of uniform algebras is proved.
The results of Tkachenko M.G. [201] are generalized to the case of arbitrary va-
rieties formed by topological algebras. It is worth noting that the method of
proving is simplified by the analog of the Nummela-Pestov theorem and Proposi-
tion 2.8.1 which was proved by T.H.Fay, B.V. Smith-Thomas in [92] for the case
of free topological groups.

Two spaces X and Y are called Mg-equivalent if the algebras F(X, K) and
F(Y, K) are topologically isomorphic.

Problem 8. Determine the topological properties that are preserved by the rela-

tion of M -equivalence.

We investigate universal algebras with topologies. On algebras we consider
topologies relatively to which operations are continuous on compact subsets.
These algebras are called k-algebras. Some properties of compact subsets of
free k-algebras and some facts about Mg-equivalence of spaces are established.

The investigation is connected with results of A.A. Markov [155], M.I. Graev
[103], A.I. Mal’cev [26], J. Milnor [160, 161], P.J. Huber [115], H.-E. Porst [177],
V.M. Valov and B.A. Pasynkov [203], E.T. Ordman [174] and M.M. Choban
[38, 41]. We study the category of universal topological algebras and the notions
of k-continuous mappings and k-algebras.

The category of k-algebras was studied in [41, 174, 177]. The existence of the
free k-algebras follows from the general result from [41]. Our attention is focused

on the problem of the description of compact subsets of free topological algebras
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and free k-algebras.

The notion of a k-group was first considered by J. Milnor [160] and P. J.
Huber [115]. Let G be a commutative group. According to J. Milnor, there exists
the Eilenberg-MacLane semi-simplicial complex K(G,n), where n € N, which
admits the structure of a commutative group. J. Milnor [160] stated that the
groups K (G, n) are topological for every countable group G. As was observed by
P. J. Huber [115], a closer inspection of Milnor’s proof shows that K(G,n) are
k-groups for every group G. This deep fact was widely studied and applied (see
[22, 115, 157, 161, 203)]).

Problem 9. Let V' complete variety of topological E-algebras with continuous
signature. Consider the E-algebra G € V. Under what conditions does there
exist a universal covering p : G* — G, such that G* € V andp : G* — G is a
homomorphism ¢

L.S. Pontrjagin [178] proved that a linear connected space that covers a topo-
logical group admits, in a natural way, a structure of a topological group. In this
work we establish a similar result for universal algebras with continuous signa-
ture. This result, for the case of a finite discrete signature, was obtained by A.I.
Mal’cev [151]. Result from this work is stronger then Mal’cev’s Theorem. In par-
ticular, the result holds for the topological R-modules, where R is a topological
ring.

The space X is called solvable if there exist two dense and disjoint subsets.
Problem 10. Fix the continuous signature E and J the set of identities. Let
G € V(E,i,J) be a minimal topological E-algebra. Under what conditions is the
space G solvable?

In [64] M. Choban and L. Chiriac has proved the following assertion.

Theorem Let G be an infinite group of cardinality 7. Then there exists a
disjoint family {B, : pp € M} of subsets of G such that:

1. |[M| =|G]|.
2. G=U{B,:peM}.
3. (G\ Bu) - K # G for all p € M and every finite subset K of G.
4. The sets {B,, : p € M} are dense in all totally bounded topologies on G.
This fact is a generalization of one Protasov’s result [180]. In this work the

assertions of Theorem are proved for the special algebras - I,, P,-n-groupoids.
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Problem 11. Under what conditions on a medial groupoid do there exist right
invariant (or left invariant) Haar measures?

We describe the topological quasigroups with (n, m)-identities, which are ob-
tained by using isotopies of topological groups. The notion of the (n, m)-identity
was introduced by M. Choban and L. Chiriac in [57]. Such quasigroups are called
the (n, m)-homogeneous quasigroups. We extend some affirmations of the theory
of topological groups on the class of topological (n, m)-homogeneous quasigroups.
We establish conditions for which exist right invariant (or left invariant) Haar
measures on medial grupoid.

The triplet (G, eg, it) is a called L-fuzzy E-algebra if the following conditions
hold:

(A) (G,eq) is a E-algebra;

(F) p:G — Lis a L-fuzzy subset of G;

(AF) the set {x € G : pu(x) > 1} is empty or is a F-subalgebra from G for
any [ € L.

The homomorphism f : A — B of the L-fuzzy F-algebra (A, ea, p) in the L-fuzzy
E-algebra (B, ep,n) is called a fuzzy homomorphism if n(f(x)) > p(zx) for every
x e A

Problem 12. (the problem on fuzzy homomorphisms). Let f: A — B be
a homomorphism of the L-fuzzy E-algebra (A, ea, n) on the E-algebra B. Under
what conditions N(f, ) = f(u), that is (B, ep, f(n)) is a L-fuzzy E-algebra?

Certain problems about fuzzy universal algebras were considered in [15, 42, 52,
58, 101]. In papers [169, 182] the problem of the homomorphism for fuzzy alge-
bras was formulated and solved for some homomorphisms of the fuzzy groupoids,
groups and rings. We give a general solution of the homomorphism problem for
fuzzy universal algebras.

The purpose of the work resides in research of topological algebraic

systems and its applications. In particular:

1. Studying the free topological algebras.

2. Elaborating the relevant studying methods of the topologies on free algebras
generated by pseudocompact and countable, compact spaces.

3. Describing the compact subsets of the free topological algebras and that of
k-algebras.
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4. Elaborating research methods regarding the topological universal algebras with
invariant measures. In particular, studying the concept of multiple identities.

5. Elaborating research methods regarding the topological quasigroups with mul-
tiple identities.

6. Studying the uniform structure on the topological spaces in the light of free
objects.

7. Studying of the equivalences in the class of topological spaces generated by
varieties of universal topological algebras.

8. Establishing a general theory on the decomposition of the topological groupoids
with invertibility properties.

9. Studying the fuzzy structure on universal algebras. In particular, solving the

homomorphism problem for fuzzy algebras.

Methodology of the research. Topologization of abstract algebras and
sets theory are key components of research methods. The constructions and
the methods of proofs are based on the notions of topological algebra, variety,

quasigroup with multiple identities, solvable space, fuzzy algebra.

The obtained results in the respective piece of work are directly intertwined
with the solving of Problems 1-12, which were formulated above. The main re-
sults of the work are new. There have been solved concrete problems, or some

aspects of the problems formulated by A.I. Mal’cev, L.S. Pontrjagin, M.M.Cioban.

1.5. Conclusions for Chapter 1

Topological algebraic systems, as a branch of topological algebra, represent
an important field of research in modern mathematics. The methods elaborated
and the received results within this theory are successfully implemented not only
in theoretical mathematics, but also in applied mathematics, physics, computer
science, fuzzy sets, etc.

The directions of research in the theory of universal topological algebra are
determined by the abstract theory of universal algebras, by the general topology
and by the group and topological rings theory.

The study of the relationship between the algebraic and topological properties
of universal topological algebras from complete varieties or quasivarieties is a cen-

tral problem of the topological algebraic systems theory. For successful research
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on this key issue, it is necessary:

- to elaborate methods of uniform structures to various classes of topological al-
gebras.

- to develop a method of free algebras.

- to elaborate a method of k-algebras.

- to elaborate a general theory on the decomposition of the topological algebras.
- to introduce the concept of multiple identities.

- to develop methods of investigation of topological quasigroups with multiple
identities.

- to develop methods of fuzzy algebras and fuzzy homomorphism.

We carried out studies related to the following directions of investigations:

The influence of the algebraic structures on the topological proper-
ties of the universal topological algebras and application of topological
algebraic structures in the study of the properties of topological spaces.

This topic is linked to the celebrated Hilbert’s problem V.
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2. ON APPLYING UNIFORM STRUCTURES TO
STUDY OF FREE TOPOLOGICAL ALGEBRAS

In this Chapter we study topologies on free algebras of pseudocompact and

countably compact spaces. The results of this Chapter were published in [56]. In
the presentation an important role is played by uniform structures. An analog of
the Nummela-Pestov theorem [173, 176] for varieties of uniform algebras is proved.
The results of the article [201] are generalized to the case of arbitrary varieties
formed by topological algebras. It is worth noting that the method of proving is
simplified by the analog of the Nummela-Pestov theorem and Proposition 6.8.1
which was proved in [92] for the case of free topological groups. The results
of Sections 6.5 and 6.10 were announced in [39, 40]. The rest of results were
announced in [46, 131, 136] for the case of the variety of groups with operators.
Some interesting properties of topological groups and uniform groups was studied
in [27, 28]. We denote by R the space of reals endowed with the natural topology.
We denote by [A]x and [A] the closure of a set A in a space X. A set L C X is
called null or a null-set if L = ¢g~!(0) for a certain continuous function g on X.
A mapping ¢ : X — Y is said to be z-closed provided that the image of every
null-set is closed. A mapping ¢ is referred to as R-factor whenever Y = ¢(X)
and the space Y is furnished with the finest Tychonoff topology ensuring the
continuity of ¢. Every factor mapping of Tychonoff spaces is R-factor [9].
Let o : X — Y be a continuous mapping from a Tychonoff space X into a
Tychonoff space Y. Designate as B¢ : X — (Y the continuous extension of
the mapping ¢ onto the Stone-Cech compactifications X and 5Y of the spaces X
and Y. The mapping ¢ is dense, provided p(X) =Y and [p~ (y)|sx = B ' (y)
for each point y € Y.

2.1. Mappings of Pseudocompact Spaces

All spaces are assumed to be Tychonoff and mappings, to be continuous.

Lemma 2.1.1 Let ¢ : X — Y be a z-closed mapping onto a Tychonoff space
Y. Then the mapping ¢ is R-factor.

Proof. Let 7 be the topology of Y and 7 be a Tychonoff topology on Y
such that 7 C 7 and ¢~ 'U is open in X for all U € 7. If F is a null-set in

68



(Y,7') then ¢~ 'F is a null-set in X. Therefore, ¢F is closed in (Y, 7). Since
the null-sets constitute a closed base of the Tychonoff topology, the mapping
i (Y,7) — (Y,7), where i(y) = y for all y € Y, is a homomorphism. The

lemma is proved.

Lemma 2.1.2 [201]. Every dense mapping ¢ : X — Y from a normal space
X ontoY s closed.

A mapping ¢ : X — Y is pseudocompact if all inverse images of points,
¢ '(y), are pseudocompact. The space X is pseudocompact iff all continuous
functions on X are bounded. The mapping ¢ : X — Y is relatively pseudocom-
pact iff, for every point y € ¢(X) and every continuous function f in X, there

exists a point zg € ¢ (y) such that f(xg) = supf(z): z € o~ (y).

Lemma 2.1.3 Let o : X — Y be dense and relatively pseudocompact. Then
the mapping ¢ is z-closed.

Proof. Let f be a nonnegative bounded continuous function on X. The set
Bp(Bf71(0)) is closed in BY. Fixy ¢ ¢(f~(0)). Then f(x) > 0forallz € o~ !(y)
and there exists a point 2o € ¢ !(y) such that inf{f(z): z € ¢~ (y)} = f(zo) =
b>0.Ify €Y then ff(x) >bfor all z € B (y) = [¢ ' (y)]sx. Consequently,

y & Be(Bf710)) and Y N B (Bf7H(0)) = ¢(f7(0)).

Corollary 2.1.4 Every dense pseudocompact mapping is z-closed.

2.2.11 -Spaces

A sequence {X,, :n € N =1{0,1,2,...}} of subsets in a space X is monotonic
it X,, C X1 foralln e N.

Definition 2.2.1 The Tychonoff space X s the inductive limit of a sequence
{X, :n € N} i
1. X =U{X, :n € N} and the sets X,, are closed in X;

2. a set F' is closed in X whenever all intersections F'N X,, are closed in X.

As is known, the passage to the inductive limit preserves the properties of
being normal, or sequential, or a k-space. Any inductive limit of a sequence of

compact sets is called a k_-space.
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Definition 2.2.2 The space X is the functional limit or C'-limit of a sequence
{X,:neN}if:
1. X s a Tychonoff space;
2. X =U{X, :n € N} and the sets X,, are closed in X;
3. a function f : X — R is continuous whenever the restriction f|X, is contin-
uous on X,, for everyn € N.

The following three lemmas are immediate.

Lemma 2.2.3 If X is the inductive limit of a sequence {X,, : n € N}, then
X also is the inductive limit of the monotonic sequence {X,, = U{X; : i > n} :
n € N} and if X does not coincide with the C-limit of the sequence {X,, :n € N}

then X 1s not completely reqular.

Lemma 2.2.4 If a Tychonoff space X is the C-limit of a sequence {X,, : n €
N} then X is the C-limit of the monotonic sequence {X, = U{X; : i > n}} as

well.

Lemma 2.2.5 Let a Tychonoff space X be the inductive limit of a sequence
{X, :ne N}. Then X is the C-limit of the sequence {X, :n € N}.

Proposition 2.2.6 Let a Tychonoff space X be the C-limit of a sequence
{X,, : n € N} consisting of normal subspaces. Then X is normal and presents
the inductive limit of the sequence {X,, :n € N}.

Proof. By Lemma 2.2.4, we can assume that X,, C X,,,; for all n € N. Let
F C X and FFN X, be closed in X for all n € N. Fix a point Xy € X \ F. Let
xg € Xo. Construct a continuous function fy : Xg — [0, 1] such that fy(z¢) =0
and fo(F N Xy) = 1. Suppose that we have constructed continuous functions
fn : X — [0, 1] such that f,(xo) =0, fo(FNX,) =1, and f; = f,|X;, for all
i < n. The sets X,, and FFN X, are closed in X,,,1. On &, = X,, U(FN X, 1),
we construct a function g, such that ¢,|X, = f, and ¢,(F N X,11) = 1, ie,
gn(y) = 1 for all y € &, \ X,,. The function g, is continuous on ®,, and by the
Urysohn lemma there exists a continuous extension f,+1 @ X,,41 — [0, 1] of the
function g,. On X, we consider a function f such that f|X,, = f, for alln € N.
The function f is continuous, f(zo) = 0, and f(F') = 1. Therefore, X, ¢ [F] and
the set F'is closed in X. The proposition is proved.

If X is the inductive limit of a sequence of compact subspaces {X,, : n € N}
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then {X,, : n € N} is called a k,-decomposition of the space X.

Proposition 2.2.7 Let a Tychonoff space X be the C-limit of a sequence
{X,:neN}L Y, =[X,px, andY =U{Y, :ne N} C 5X. Then:

1. {Y, :n € N} is a k,-decomposition of Y ;
2. if a set & C X is compact then ® C {X; :i € n} for somen € N;
3. if X is a k-space then X is the inductive limit of {X,, : n € N}.

Proof. Clearly, the sets Y,, are compact. Let F' C Y and the set F'NY,, be
compact for all n € N. Let us prove that the set F' is closed in Y. Consider
a point y € Y\ F. As in the proof of Proposition 2.6, we construct a function
f:Y — [0,1] such that f(y) =0, f(F) = 1, and the restriction f, = f|Y, is
continuous for all n € N. Set g = f|X. Since the restrictions ¢g|X,, = f|X,, are
continuous on X, therefore g is continuous on X. By construction, f = [Gg|Y.
Consequently, the function f is continuous and the set F' is closed in Y. Item 1
is proved. Fix a compact set ® C X. Then & C U{Y; : i < n} for some n € N.
Item 2 is proved.

Let X be a k-space. It aset F' C X is not closed in X, then there exists a compact
set & C X such that ® N X is not closed in X. Then, for some m,n € N, we
have: m < n, ® C U{X, : ¢ < n}, and the sets N X,, N F and X,, N F" are not
closed in X. Thus, X is the inductive limit of {X,, : n € N}. The proposition is

proved.

Lemma 2.2.8 Let {X,, : n € N} be a sequence of closed subspaces of a
Tychonoff space X, X = U{X,, : n € N}, and suppose that a bounded function
f: X — R is continuous if its every restriction f|X,, is continuous. Then the
C-limit of {X,, : n € N} coincides with the space X.

Proof. Consider a function f : X — R such that all the restrictions g| X,
are continuous. Suppose that the function g is discontinuous at a point zy € X.
Construct a function f : X — R such that f(z) = g(xo) — 1 if g(x) < g(x¢) — 1,
f(z) = g(xo) + 1 if g(x) > g(zo) + 1, and f(x) = g(z) for the other points
z € g ([g(wo) — 1, g(xo) 4+ 1]). The function f is bounded, discontinuous at the
point zy and, moreover, every restriction f|X,, is continuous. The obtained con-

tradiction completes the proof.
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Proposition 2.2.9 Let a normal space X be the inductive limit of a monotonic
sequence {X,, :ne N}, Y C X, Y, =YNX,, and X,, = [Ya]x C BY,, for all
n € N. Then the C-limit of the sequence {Y,, : n € N} coincides with the space
Y and X C BY.

Proof. Consider a function g : ¥ — R such that g, = g|Y,, is continuous
on Y, for all n € N. We may assume that the function ¢ is bounded. Since
Y, C X,, C BY,, there exists a function f : Y — R such that f|X, = 0g,|X,
for all n € N. Then the function f is continuous on X and g = f|Y. Therefore,

the function ¢ is continuous on Y. The proposition is proved.

A space Y is C-embedded into X if every function continuous on Y has
a continuous extension onto X. By vX we denote the Hewitt extension of a
Tychonoff space X. If X is a Tychonoff space, Y C X, and Y is dense in X, then
Y is C-embedded into X if and only if Y C X C vY (cf. [10]). Set II = {X : X"}

is pseudocompact for all n € N.

Definition 2.2.10 A sequence {X,, : n € N} is said to be a Il,-decomposition
of a Tychonoff space X if:
1. X is the C-limit of the sequence {X,, : n € N},
2. for every n € N, the subspace X, is pseudocompact and is C'-embedded into
X.

Transition from II,-decomposition to monotonic II,-decomposition is not al-
ways possible, for the union of two C-embedded subspaces is not always C-
embedded.

Example 2.2.11 Let ] =[0,1,be X =1",and 7> N;. In Y = (X x X))\
(b,b) we consider subsets Y1 = (X x {b})NY and Y5 = ({b} x X)NY. The sets
Y: and Y5 are C-embedded into Y and X x X, but Y; UY5 is not C-embedded
into Y.

Theorem 2.2.12 Let {X,, : n € N} be a Il,-decomposition of a Tychonoff
space X. Then {Y, = [X,]ux : n € N} is a Il,-decomposition of the space vX.

Proof. The claim follows from Proposition 2.7.

Theorem 2.2.13 Let {Z,, : n € N} be a monotonic k,-decomposition of a
space Z, X C Z, and let the sets X,, = X N Z,, be dense and C-embedded into

72



Zpn. Then Z =vX and {X,, : n € N} is a ll,-decomposition of X.

Proof. By construction. X, is pseudocompact and C-embedded into Z and
X for alln € N. Thus, Z,, = 6X,,. By virtue of Proposition 2.2.9, the C-limit of
{X, : n € N} coincides with X. Thus, {X,, : n € N} is a II,-decomposition of
X and X is C-embedded into Z. The proof is complete.

Example 2.2.14 We consider the discrete topology on N and introduce the
order topology in Z = {a : @ < wy}, « is ordinal, here w; stands for the first
uncountable ordinal. After collapsing the set {w1} X N in Z x N into a single
point, we obtain the factor-space X and the natural projection p : Z x N —
X. Assign Y = X\ {b}, X, = p(Z x {n}),Y,, = X,, nY. By construction,
{X, : n € N} presents a k,-decomposition of X; {Y,, : n € N} serves as a II-
decomposition formed by normal and countably compact subspaces C-embedded
into X; BY,, = X,,; vY # X and vY = Z x N. For n # m, the set Y,, UY,, is not
C-embedded into X. It follows that the requirement of monotonicity imposed on

a sequence is essential in the hypotheses of Proposition 2.9 and Theorem 2.13.

Definition 2.2.15 A Tychonoff space X 1is called a 11,-space if there exists a
monotonic I1,-decomposition {X,, : n € N} such that X, € 11 for alln € N.

Theorem 2.2.16 If X is a Il -space then X™ is a Il ,-space for alln € N.

Proof. Let {X, : n € N} be a monotonic II,-decomposition of X such that
X, € I for alln € N. Assign Y,, = [X,]gx and Y = U{Y,, : n € N}. Then
{Y™:n € N} is a k,-decomposition of Y™ and B(X]") = (6X,)™ = Y™ for all
n € N. By Theorem 2.13, { X" : n € N} constitutes a monotonic

IT,-decomposition of X™. The theorem is proved.
Corollary 2.2.17 If X is a Il,-space then v(X™) = (vX)™ for allm € N.

Example 2.2.18 Let {A,, : n € N} be a disjoint family of uncountable sets,
A=U{A,:ne N} I,=1=[0,1forall B € A, Z =1 =TI{I, : a € A},
0={0,=0:a€ A} e Z,and b, = {0, : @ € A} x {1g0 € A\ A,,}. Then
0 = limb,, and the space Z \ {b, : n € N} is pseudocompact, Cech complete,
and X = 8(Z\{b, :ne€ N}). AssignV,, = {{z,, € Z:meN}ye ZN : 2, =0
for all m > n}, ¢, = (b,,0,...,0,...) € Yy, and X,, = Y, \ {¢;, : m € N} for

all n € N. By construction, {Y,, : n € N} is a monotonic sequence of compact
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sets and X, = Y,. We denote the inductive limit of {Y,, : n € N} by Y,
and designate X = U{X,, : n € N} C Y. By Theorem 2.13, X coincides with
the C-limit of {X,, : n € N}. Moreover, X,, € II for all n € N. Thus, X is
a Il -space. Let us show that X does not coincide with the inductive limit of
the sequence {X,, : n € N}. Consider the points h = (0,0,...,0,...) € ZV¥ and
P = (bnbmity ooy bman, 0,...,0,...) € X, and sets Fy = &, F,, = {hjy : i <
n,m € N}, and F = U{F, : n € N}. Since h = lim¢, and ¢, = lim h,,,, we have
0 € [F]x C [F]y and the set F is not closed in X. By construction, F N X, = F,
is closed in X, for all n € N. Hence, the projective limit of {X,, : n € N}
does not coincide with X. The spaces X,, are Cech-complete spaces as well as
k-spaces. Therefore, X is not a k-space. In particular, the C-limit does not pre-
serve the property of being a k-space and the inductive limit of {X,, : n € N} is

not completely regular.

2.3. C,-Spaces

Let C = {X : X"} is normal and countably compact for all n € N.

Definition 2.3.1 A C,,-decomposition is a Il,-decomposition {X, : n € N}

with X,, countably compact and normal for alln € N.

Definition 2.3.2 A space X is a C,-space if there exists a monotonic
C.,-decomposition {X,, : n € N} such that X,, € C for alln € N.

C.-spaces and the class C' were introduced in [201]. It is clear that every

C,-space is a Il -space, but the converse is not true.

Example 2.3.3 Let X € (' and assume that the space X is not compact.
Then Y = X @ X € I\ C. The space Y™ is countably compact for n € N. If
n > 2 then X x 8X is closely embedded into Y and, by the Tamano theorem
[89], the space X x (X is not normal. Therefore, for n > 2, the space Y™ is not

normal.

Proposition 2.3.4 If X is a C,-space then X" is a normal C,-space for all
n € N.

Proof. The claim follows from Proposition 2.2.6, Lemma 2.2.5, Theorem
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2.2.16, and the definition of the class C.

Theorem 2.3.5 Let X be a Tychonoff space, { Phi,, : n € N} be a monotonic
k., -decomposition of the space vX, the set X,, = ®, N X be C-embedded into X,
and [X],x = @, for alln € N. Assume that one of the conditions holds:
1. the space X is normal;
2. every closed pseudocompact subspace of the space X 1is normal;
3. the subspace X,, is normal for alln € N.
Then {X, :n € N} is a C,-decomposition of X . If, moreover, {X,, :n € N} C C
then X is a C,-space.

Proof. Since X, is C-embedded into X and [X,],x = ®, is compact; there-
fore, X, is pseudocompact. Thus, X, is normal and countably compact; and,
moreover, X, = ®, for all n € N. By virtue of Theorem 2.2.13, {X,, : n € N is

a 11, }-decomposition. The proof is complete.

Definition 2.3.6 A Tychonoff space X is called strictly collectionwise normal
if each open neighborhood of the diagonal A(X) = {(x) : € X} in X? belongs to
the universal uniform structure of X, i.e. the finest uniformity on X comparable

with the topology on X.

Proposition 2.3.7 Every C,,-space is strictly collectionwise normal.

Proof. Let {X,, : n € N} be a C,-decomposition of the space X. Consider
an open set U D A(X) = {(z,z) : © € X}. We have v(X x X) = vX x vX
and v(X x X) is finally compact. Since X x X is normal, there exists an open
set V' DO A(vX) in vX x vX such that U = VN (X x X). In vX there ex-
ists an open covering v such that U{H x H : H € v} C V. The covering =
is uniform. Therefore, w = {H N X : H € 7} is a uniform covering of X and
A(X) CU{H : H € w}. The proof is complete.

2.4. Universal Algebras. Terms

Given disjoint sets {E,, : n € N}, we refer to the set U{E, : n € N} as a
signature. We endow E with the discrete topology.
A space A is called a topological E-algebra if A is nonempty and continuous
mappings {e,4 : E, Xx A" — A :n € N} are given. The set FE, plays the role of

symbols of n-ary operations and the mapping e, 4 presents the joint action of all
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n-ary operations. For every n € N and w € FE,, on the F-algebra we define the
action of the operation w : A" — A, where w(xy, ..., z,) = epa(w, T1, ..., Tp).
Each operation on F is referred to as a term of first degree. We also designate
as terms of first degree the projections m,; : X" — X, where 1 < i < n
and 7,;(xy,...,2,) = x;. If we have defined terms of degree m > 1,n > l,w
is an n-ary term of first degree, and %4, ...,%, are terms of degree at most m,
where the arity of the term ¢; is k;, then u = w(ty,...,t,) will present a term
of degree at most m + 1 and of arity £ = k + ks + ... + k, and, moreover,
W@, oy k) = W (T1, s Ty )y 2 (T 15 oo Tl )y ooy b (Tl (B —1) s s T ) ) 1

n >m >0, u(zy,...,x,) is an n-ary term, and h : {1,2,....n} — {1,2,...,m}
is an onto mapping, then v(x1,...,2m) = w(@na), Th()s ---, Th(n)) is referred to
as an m-ary term resulted in identification of separate groups of variables. If
terms u and v are given, then the equality u(xy,...,x,) = v(y1, ..., ym) is called
an identity. Every topological space is assumed to be a T_i-space. Let us fix
ie{-1,0,1,2,3,3,5}.

Definition 2.4.1 A class K of topological E-algebras presenting T;-spaces is
said to a full T;-quasivariety, in case the following conditions are fulfilled:
1. K s closed under Tychonoff products;
2. K 1is closed under taking subalgebas;
3. if (G,7) € K and (G, 7') is a continuous E-algebra presenting a T;-space, then
(G,7") € K. A full T;-quasivariety K is called a full T;-variety, provided that the
additional condition holds;

4. if (G,7) and (G',7') is a T;-algebra, and there exists a continuous onto homo-
morphism f: G — G, then (G',7") € K.

Definition 2.4.2 Fix a class K of topological E-algebras and a space X. The
pair (F (X, K),ix) is called a free topological E-algebra over X in the class K if:
1. F(X,K) € K;

2. ix : X — F(X, K) is a continuous mapping;

3. the set ix(X) generates the algebra F(X, K);

4. for every continuous mapping f : X — G, where G € K, there exists a
continuous homeomorphism f F(X,K) such that f = foix.

The class K of E-algebras is nontrivial if K contains an algebra different from a
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singleton.

Definition 2.4.3 Fiz a class K of topological E-algebras. The pair
(F"(X,K),jx) is called an abstract free E-algebra of the space X in the class K,
provided that:

1. F*(X,K) € K and jx : X — F*(X,K) is a is a mapping;

2. the set jx(X) generates the algebra F*(X, K) € K;

3. for every mapping f : X — G, where G € K, there exists a continuous
homomorphism f : F¥(X, K) — G such that f = f o hx.

Let K be a full nontrivial Tj-quasivariety of topological E-algebras. The
articles [82, 153] prove that a free topological algebra always exists and is unique
to within a topological isomorphism. If X is completely regular then ix : X —
F(X, K) is a topological embedding [15, 14]. If X is discrete then F(X, K) =
FY(X,K) and ix = jx. Therefore, for any space X, the algebra F'*(X, K) exists,
is unique, and presents a discrete space. There always exists a continuous onto
homomorphism kx : F*(X,K) — F(X,K) such that ix = jx - kx. If kx is
an isomorphism then the algebra F'(X, K) is referred to as abstractly free. For
any Tychonoff space X, the algebra F'(X, K) is abstractly free [42, 193]. The
following fact plays an important role in studying free objects [46, 193].

Lemma 2.4.4 (Change-of-variable lemma). Consider a nontrivial full T;-
quasivariety K of topological E-algebras, a Tychonoff space X, and an n-ary
term u. Let u(xy,...,x,) = w(yi, ..., yn) for some x1,y1,%2, Y2, .., Tn, Yo € X C
F(X,K). Suppose that yi, = Yi, = ... = yi,, and y; # yi, for all i & {iy1,ia, ..., 0k}
and y;, & {x1, 21, ..., 20} If 2 € F(X, K),y; = z; fori & {i1,1a,...,0x} and z = z;

fori € {iy,ig, ....i}, then u(xy, o, ..., Ty) = (21, 22, vy Zn)-

2.5. Uniform Algebras

We denote the set X with some separated uniformity p by puX. If X is a
Tychonoff space, then we denote by uX the set X with a uniformity u compatible
with the topology in X. Let ux be the maximal uniformity on the space X and
UoX be the X with the uniformity uy. Denote the Weyl completion of the
uniform space pX by fuX. If Y C X, then p|Y stands for the restriction of the

uniformity p onto Y. Fix a signature E with the discrete uniformity ug. A E-
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algebra A with a uniformity p is called uniform if the mappings e, : E, X A, —

A are uniformly continuous.

Definition 2.5.1 A class K of uniform E-algebras presents a full variety,
provided that:
1. the class K is closed under Cartesian products and under taking subalgebras;
2. the class K is closed under passing to uniformly continuous homomorphic
1mages;
3. if uA € K K and the algebra A is uniform with respect to a uniformity n, then
nAe K.

Fix a nontrivial full variety K of uniform algebras.

Definition 2.5.2 A pseudometric d on an algebra A € K is stable whenever
dz,y) < 1 and, for all n > 1w € E,, and x1,Y1,...,Tn, Yo € A, we have

dw(x, ooy ), WY1y oy Yn)) <D {d(x5, ;) 1 < n}.

Stable pseudometrics were studied in [46]. For a group, the stability of a pseu-
dometric is equivalent to its invariance [46]. Every uniform structure is generated
by some family of pseudormetrics.

We will consider only normalized pseudometrics. Fix a set X. Then K, as
a class of abstract algebras, is a variety and, for the set X, we can define free
objects F*(X, K) with the properties:

1. X C F*(X, K) and X algebraically generates the algebra F*(X, K)
2. for every mapping f : X — A € K there exists a homomorphism
f:FYX,K) — Asuchthat f = f | X.

In the article [46] it was proved that we may assign to any normalized pseu-

dometric d on X a stable normalized pseudometric d on F*(X, K). Moreover,

the following statements are valid:

A

a). d(x,y) =d(z,y) for all x,y € X;

b). if p is a stable normalized pseudometric on F'*(X, K) and d(x,y) > p(z,y)
for all =,y € X, then cZ(a:,y) > p(x,y) for all z,y € F¥(X, K) as well;

c). if normalized pseudometrics {d, : &« € A} generate a separated uniformity
on X then the pseudometrics {cia : o € A} generate a separated uniformity on

F*(X, K) and all the mappings e, pe(x,x) are uniformly continuous.
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Consider the uniform space uX. We denote all normalized continuous pseu-
dometrics on the uniform space X by II(u). Then the set K of pseudomet-
rics II(x) = {d € TI(y)} generates on F*(X,K) the uniformity f for which
uX C pF*X,K) and aF*(X,K) € K. Let i be the maximal uniformity
on F,(X,K) such that uX C aF*(X,K) and gF*(X,K) € K. Designate
F(X,K) = F(uX,K). Then F(uX, K) is a free uniform algebra on the space
1X in the class K.

Theorem 2.5.3 Every algebra A € K is uniformly embeddable into a product
of metric algebras in K.
Proof. The necessary reasoning is analogous to that of the theorem on em-

bedding a uniform space into a product of metric spaces [42].

Definition 2.5.4 An algebra A with a uniformity p is weakly uniform if, for
everyn > 1 and w € E,, the mapping e al{w} x A" : {w} x A" — A is uniformly
continuous.

If all the sets E,, are finite, then any weakly uniform algebra is uniform.

Example 2.5.5 Let Z = {£n : n € N} be the discrete ring of integers and

H = {(z,y) € R? : 2> + y*> = 1} be the commutative compact group of plane
rotations. We denote by {0,—,+} the signature of the commutative groups
Ey={0}, By ={—-}UZ, Ey = {+}, and E = EyUE;UE,. Every topological com-
mutative group G is a Z-module and a topological E-algebra with ejg(n,x) = nx
for all x € G and n € Z. Thus, H is a topological E-algebra. The F-algebra H is
weakly uniform with respect to the metric d((z1, y1), (z2,y2)) = |vo—x1|+|y2—v1,
since H is compact and every compact algebra is weakly uniform. Fix

0 <0 <e< 4' Find a point z = (cos(p),sin(¢)) € H and a number
n € N such that |1 — cosp| + |sing| < § and |1 + cosp| + |sinp| < 6. Then
nz = (cos(ny), sin(ny)) < 6,d((1,0),nz) < d and d((1,0),nx) > 271, Thus, the

algebra H is not uniform.

Example 2.5.6 The discrete metric, d(x,z) = 0 and d(z,y) = 1, is stable on
every algebra. Discrete uniform algebras are uniform. By analogy with Definition
5.1, we can define a full variety of weakly uniform algebras. Let K be a nontrivial

full variety of weakly uniform EF-algebras. Then, for every uniform space uX there
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exists a maximal uniformity g on F*(X, K) such that uX C pF*(X,K) € K.
Thus, F(uX, K) = pF*(X, K) is a free object of the apace X in the class K.

Theorem 2.5.7 Let the set E be countable. Then every weakly uniform alge-
bra is uniformly embeddable into a product of weakly uniform metric algebras.

Proof. The reasoning is similar to that of the theorem on embedding of
uniform spaces into products of metric spaces.

Definition 2.5.8 A class K is uniformly correct if, for any uniform space uX,
the uniformity fi generates on F*(X, K) the uniformity of the space F(uX, K).

Example 2.5.9 Fvery variety of uniform groups is uniformly correct. The
claim follows from the fact that the uniformity of a uniform group is generated

by invariant pseudometrics.

Theorem 2.5.10 Let K be a uniformly correct full nontrivial variety of uni-
form or weakly uniform algebras. If nY C pX, then F(nY,K) C F(uX, K).

Proof. The claim follows from the equalities I1(n) = {d|Y : d € II(x)} and
I(n) = {d|F*(X,K) : d € TI(x)}. Fix i € {—1,0,1,2,3,3,5} and a nontrivial
full T;-variety K of topological F-algebras. Designate K| = {uAd € K} : uAis a
uniform algebra. Then K is a full variety of uniform algebras and K is a full
variety of weakly uniform algebras. We have topological inclusions K| C K| C
K, and the classes K, K| and K coincide as abstract sets. Thus, the algebras
F(X,K), F(uX,uY), and F(uX, K!') coincide abstractly for any Tychonoff space
X.

Theorem 2.5.11 For every Tychonoff space X, the space X is C'-embedded
into F(X, K).

Proof. Let f: X — R be a continuous function.

Assign Y = f(X) and consider an embedding g : Y — R, where g(y) = y for
ally € Y. On Y, we consider the metric d(z,y) = min{1, |z — y|}. The metric d
can be extended on F*(Y, K) to a stable metric d. There exists a homomorphism
¢: F(X,Y) — F*(Y, K) such that p(z) = f(x) for all z € X. The homomor-
phism ¢ is continuous with respect to the topology induced by the metric d and,
in this topology, the set Y is closed in F*(Y, K). Thus, the function g admits a

continuous extension h : F*(Y, K) — R. Then f(z) = h(¢(x)) is a continuous
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extension of f. The theorem is proved.

2.6 T-Uniform Algebras

Consider a signature E. A topological E-algebra A with a uniformity u on
it is a T-uniform algebra if is possible to introduce in SuA the structure of a
topological E-algebra such that A is a subalgebra of the algebra fuA. In this
case we say that the T-uniform algebra fuA is the completion of the T-uniform
algebra fuA. Each uniform or weakly uniform algebra is T-uniform. The converse
is not always true: every topological group with respect to a two-sided uniformity
is T-uniform and is not weakly uniform. A topological algebra A is T-uniformizale
if on A there exists a compatible uniformity that induces the structure of a T-
uniform algebra on A. If a topological algebra A is Diedonné-complete, then it is

T-uniformizable.

Lemma 2.6.1 If a topological algebra A is T-uniformizable, then there exists
a mazximal uniformity vy on A that transforms A into a T-uniform algebra.
Proof. The claim follows from the fact that the property of being a T-uniform

algebra is preserved under Cartesian products as well as under taking subalgebras.

Example 2.6.2 A topological completely regular algebra is not always T-
uniformizable. There exists such a pseudocompact, space X that X x X is
not pseudocompact (cf. [10, Example 3.10.19]). Thus there exists a continuous
unbounded function f: X x X — R. Assign A= X® Rand z-y = f(z,y) if
{r,y} e Xandz-y=0if x,y\ X # @. If u is a uniformity on A, then [X],,4 is
compact. Therefore, the mapping f is not extendable on the set [X],,4 squared.
Therefore, the topological groupoid A is not T-uniformizable. Other examples of

non -T-uniformizable algebras are constructed in the next section.

Definition 2.6.3 A class K of T-uniformizable algebras is called a full T-
uniformizable variety, provided that:
1. the class K s closed under Cartesian products and taking subalgebras;
2. if A€ K and A is a T-uniform algebra with respect to a topology T and a
uniformity p, then (A, 1) € K;
3. if A e Kand f : A — B s a continuous homomorphism onto a T-

uniformizable algebra B then B € K.
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Let K a nontrivial full T-uniformizable variety of topological E-algebras.
Then, for every algebra A € K, we can define the maximal uniformity v4 that
T-uniformizes A. We denote by A the completion of the algebra A relative to the
uniformity v4. By the principle of preservation of identities under completion,
we obtain A € K.

Theorem 2.6.4 Let K be a nontrivial variety of E-algebras. Then, for every

uniform space uX, there exists an algebra F(uX, K) € K such that:

1. puX is a uniform subspace of the uniform space (F(uX, K),vp(ux,K));

2. the set X generates F(uX, K) algebraically;

3. for every uniformly continuous mapping f : X — A € K, where A is endowed
with the uniformity va, there exists a continuous homomorphism

fF(uX,K) — A such that f = f|X;

4. the algebra F(uX, K) is algebraically free in the class K.

Proof. We denote by K; all the algebras of K endowed with uniformities
that make them uniform. Then K; is a full variety of uniform algebras. Each
algebra A € K with the discrete uniformity belongs to K;. Therefore, K and K;
coincide algebraically. From the topological standpoint, we see that K; C K.

It is easy to construct algebras F'(uX, K) and uniformly continuous mappings
ix : X — F(uX, K’) such that ix (X) generates F'(uX, K) algebraically and, for
every uniformly continuous mapping f : X — A € K, there exists a continuous
homomorphism f : F(uX, K) — A such that f =iy - f. Since F(uX,K;) € K,
there exists a continuous homomorphism 7 : F'(uX, K) — F(uX, K1) such that
7(ix (X)) =z for all z € X. Then iy is a uniform embedding. Since F(uX, K1)
is algebraically free in K7 and the classes K and K; coincide algebraically, we
conclude that 7 is a continuous isomorphism. All in all, the algebra F'(uX, K) is

algebraically free over X =ix(X) C F(uX, K). The proof is complete.

Remark If a homomorphism f : A — B is continuous, then the map-
ping [ is uniformly continuous with respect to the uniformities vy and vg. Let

K be a nontrivial full T-uniform wvariety of topological E-algebras. We assign
F(X,K) = F(uyX, K).
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2.7. T-Uniformization of Varieties

Let us fix a signature F, i € {—1;0;1;2;3;3,5}, and a nontrivial full 7;-
variety K of topological E-algebras. We denote by K, the collection of all T-
uniformizable algebras of K. Clearly, K, contains all paracompact, all Diedonné-
complete, and all discrete algebras of K. Thus, K, is a full T-uniform variety
of algebras and the classes K and K, coincide algebraically. Hence, for every
Tychonoff space X, there exists a continuous isomorphism 7x : F(X,Y) —
F(X,K,) such that 7x = z for all z € X and 7x|X is a homeomorphism.
Apparently, mx is not always a topological isomorphism. If X C A then we
denote by (X) the algebra generated by the set X in A. For the varieties of all
groups, the following fact is established in [173, 176].

Theorem 2.7.1 Let G € K,,. Consider a set X C G and its closure [ X] in
G, p=vg | X and i =vg | [X]. Then:

1 if (X)) = F(RIX], K then (X) = F(uX, K,);
2. if (X) = F(uX, K,) then {[X]) = F(alX], K.,).

Proof. 1. Let H € K, and f : X — H be a (u,vy)-uniform continuous

extension of f : [X] — H, where f = g|[X]. Designate f = ¢|(X). Then
§((X)) C H for g(X) = [(X).
2. Let (X) = F(uX,K,),H C K, and ¢ : [X] — H be a (fi, vy)-uniform con-
tinuous mapping. There exists a wuniform continuous homomorphism
v F(uX,K,) — H for any ¢¥|X and ¢|X as well as a continuous exten-
sion ¢ = Gy — H, where Gy = [F(uX, K,)]g« since Gy C F(uﬂu) Taking
into account the equality o([X]) = ¥([X]) C H, we deduce that ¢ = ¥|([X]) :
(X) — H is a continuous extension of ¢. Thus, ([X]) = F(ia[X], K,). The
theorem is proved.

Corollary 2.7.2 A continuous homomorphism q : F (X, K,) — F(BueX, K.)
where q(x) =z for all x € X, is a topological embedding.

Corollary 2.7.3 If X is pseudocompact then 7 : F(X, K,) — F(6X, K,) is
a topological embedding.

Corollary 2.7.4 If dimX = 0, X is pseudocompact, and |E| < N then
indF (X, K,) = 0. In conclusion, we expose examples of non T-uniformizable

algebras.
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Example 2.7.5 Let A be an infinite separable compact group. Then A con-
tains a countable subgroup B. The Weyl completion B of the group B coincides
with A; but 6B # A, for the group B is not pseudocompact. Therefore, there
exists a continuous mapping f : B — R which is unextendable to A. On the
group G = B x R we consider the unary operation w : Bx R — {1} x RC G
given by w(z,y) = (1, f(z)) for (z,y) € B x R. Assign £ = {w} U E’, where £’
is the group signature. If v is the uniform structure of the topological group G,
then the E-algebra is not T-uniform with respect to the uniformity v. Since the
space GG is paracompact; therefore, the E-algebra G is T-uniformizable by the

maximal uniformity u¢.

Example 2.7.6 Consider the signature £ = Ey U Ey of semigroups with
unity, where F( contains the operation of fixing a unit and E5 contains the mul-
tiplication. For every space X, the free semigroup P(X) is homeomorphic to the
discrete sum @ {X" : n € N}. Let a Tychonoff space X be pseudocormpact and
let the space X? be not pseudocompact. Then, on P(X) D X? there exists a
continuous unbounded function f : P(X) — R which is at the same time un-
bounded on X?2. Consider the semigroup G = P(X) x R. Assume {1} x R C G.
Consider on G the unary operation w : G — G, where w(z,y) = (1, f(x)) for
all (z,y) € G. Designate £ = E' U{w}. Then G is a F-algebra. Let u be a
uniform structure on . Suppose that SuG ia a topological E-algebra. The set
Y = [X x {0}] is compact and Y - Y D X x X. Consequently, the function f
cannot be extended to Y - Y, for the set Y - Y is compact and the function f is
unbounded. It follows that the operation w is not extendable to Y - Y. All in all,

the completely regular topological F-algebra G is not T-uniformizable.

2.8. Mapping Pseudocompact Sets in Free Algebras

Let E be a signature, —1 < < 3,5, and K be a nontrivial full T;-variety of
topological E-algebras. On the sets {1,2, ..., s} we consider only the discrete
topology.

Proposition 2.8.1 Letn > 1, s > 1, Y C X, the space Y™ be pseudo-
compact, I' = [Y]x = BY, and uy,...,us be n-ary terms. Consider the map-
ping u : {l,2,....,s} x X" — F(X, K,), where u(i,z) = w;x for all i > s and
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x € X". Then the mapping w = u | {1,2,...,s} x Y™ : {1,2,...,s} x Y" —
Z =u({1,2,...,s}) xY" C F(X, K,) is dense and pseudocompact and, moreover,

BZ = [Z]p(xr.)-
Proof. Let L ¢ X, A = {a1,...,ax} C L, and n > k > 0. Points z =
(21, ..., ) and y = (y1, ..., ,Yn) € L™ are A-similar if z; = z; implies y; = y; and

x; € Aimplies y; = ;. Let P(x, L™/A) be the collection of all the points in L"
that are A-similar to a point x € L™. The set P(x, L™/A) is homeomorphic with
the set of the form L™, where m < n —k. If x € H C L then P(x, H"/A) =
H"N H(x,L"/A). Moreover, if H is everywhere dense in L, then P(z, H"/A) is
also dense in P(xz, L"/A).

Assign A(Z) = Z and A(ZF) = {(2,2,...,2) : 2 € Z} C Z* for all k > 1.
Then the set P(x, H"/A) is of the form A(H™) x A(H™2) x ... x A(H™) X
(a1, ..., an,) up to a permutation of coordinates in X", where A = {a4, ..., a,,} and
m 4+ mi +ms + ... + mp = n. Thus, from the pseudocompactness of the space
Y™ and the equality [Y]x = 8Y, it follows that the union Z of a finite number
of the sets in Y of the form P(X,Y"™/A) is C-embedded into X™ and, moreover,
[Z]xn = BZ.

For every point b € F(X, K,), we define its support as Sup(b) C X : x €
Sup(b) whenever the subalgebra generated by the set X \ {z} contains the point
b. The case Sup(b) = @ is not excluded.

Fix b € Z. Then the set A = Sup(b) C Y contains at most n points. Let
L={i<s:wlb)Nn{1} xY") £z} Ifie L and (i,z) € w ' (b), then {i} x
P(x,Y"/A) C w™(b). Thus, w=1(b) is the union of a finite number of the sets of
the form {i} x P(x,Y™/A). Since [Y]x = 8Y, [Y™]xm = (Y™) =T for all m <
n, and P(z,Y"/A) = P(x, X"/A) NY™; therefore, the set w™!(b) is C-embedded
into X" and Y, and Sw™!(b) = [w™ (b)]x» = [w ()b gxny and B(Y™) = B(Y)" =
[Y"]xn. Consequently, the mapping w is dense and pseudocompact.

Consider a continuous function f on Z. The function ¢ = wf is continuous
Y™, we denote by h its continuous extension on P = {1,2,...,s} x B(Y") =
{1,2,...,s} x [Y"]x». Fix a point d € u({1,...,k} x P) and assign v = u|P.
Let us prove that the function h is constant on v~!(d). For d € Z, the fact
follows from the density of the mapping w. Let m = (i,by,....,b,) € v~ 1(d),
c=(j,¢1,...,¢,) € v71(d), and |h(b) — h(c)] > 3e > 0. In {i,j} x Y™ there exist
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b
L. |h(b) — h()| < &, |h(c) — h()| < &,
2. if b; = bj then 0] =1,
3. if ¢; = ¢; then ¢ = ¢},
4. if b; = ¢; then b = c’.
Then from v(b) = v(c) it follows v(b') = v(¢’). Therefore, ¢'(v') = g(c),v(¥') =
w(b') € Z, and the function h is constant on v~ (v(V')). Hence,
[1(b) = h(e)| = [h(b) = h(') + h(¢') = h(e)] < |h(b) = h()] + |h(c) = h(c)| < 2e.

All in all, the function & is constant on v~!(x) for all x € Z. Since the mapping

points b = (i, by, ) and ¢ = (j,d), ..., c,) such that:

v P — [Z]pxk) is perfect, the function ¢(x) = h(v™'(z)) is a continuous

extension of f onto [Z]r(x, k). The proposition is proved.

Corollary 2.8.2 Leti = 3,5,n > 1,Y C X, the space Y™ be pseudocom-
pact, [Y]x = BY, and uq,...,ux n-ary terms. Then the mappings v : Z =
{1,2,..,k}xY" — H =u(Z) C F(X,K), where u(i, xy, ..., x,) = wi(x1, ..., Tpn),
and v : Z — H =v(Z) C F(X, K,), where v(i,x1,...,x,) = wi(x1,...,T,) are
dense, pseudocompact, z-closed, R-factor, and [H|px k) = [H]rx,x,) = BH. If

moreover Y is normal then the mappings u and v are closed.

2.9. Free Algebras of Il -Spaces and C, -Spaces
Fix a countable signature F,7 € {—1,0,1,2,3,3,5}, and a full T};-variety K
of topological F-algebras. Let {u, : n € N} be all the terms of signature F and

let m,, be the arity of the term wu,,.

Theorem 2.9.1 If X is a k,-space then F(X,K) = F(X, K,).

Proof. Consider a monotonic k,-decomposition {X, : n € N} of the space
X. Assign Z, = {up(21, .., Tm,,) = (21, 000y T,) € X} C F(X, K). The set Z,
is compact. There exists a continuous isomorphism = : F(X, K) — F(X, K,)
such that m(z) = x for all x € X. The set {H,U{Z; : i < n} :n € N}
constitutes a k,-decomposition of F(X, K,). Since 7|Z, is a homeomorphism
for every n € N, the topology on F(X, K,) cannot be strengthened and 7 is a

topological isomorphism. The proof is complete.

Theorem 2.9.2 Let i = 3,5. For a Tychonoff space X, the following condi-

tions are equivalent:
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1. X is a Il -space,
2. F(X,K) is a Il,-space,
3. F(X,K,) is aIl,-space homeomorphic to F(X, K).

Proof. Let {X,, : n € N} be a monotonic II,-decomposition of the space X
and Y = vX. Then {Y, = [X,]y : n € N} is a monotonic k,-decomposition of
Y. By Theorem 9.1, {H, = U{w;(X]") : @ < n} :n € N} is a monotonic k-
decomposition of F'(X, K), and the algebras F/(X, K) and F(X, K,,) are topologi-
cally isomorphic. Let us fixn > 1. Assign k = max{m, : i < n}. Since the projec-
tions 7, : X™ — X are terms and allow us to increase the arity of terms, there
exist k-ary terms vy, vy, ..., v, such that v;(X*) = u;(Y™) for all i < n. Consider
the mappings v : {0,1,...,n} x X*¥ — Z, = v({0,1,...,n} x K") C F(Y, K,),
where (4,21, ...,2x) = vi(21,...,2). By virtute of Corollary 8.2, [Z,]ryv,k,) =
H, = (Z,. The algebra G = U{H,, : n € N} is generated by the set X in
F(Y,K,) and there exists a continuous isomorphism ¢ : F(X, K) — G such
that ¢(u) = z for all + € X. By Theorem 2.13, {Z,, : n € N} is a monotonic
I1,,-decomposition of the space G. Thus, G is a Il -space and v is a topologi-
cal isomorphism. This proves the implications 1 — 2 and 1 — 3. Suppose
that F(X, K) is a II,-space. By Theorem 5.11, X is C-embedded and closed in
F(X,K) and F(X, K,). Therefore, X is a Il -space. The proof is complete.

Theorem 2.9.3 For a space X, the following conditions are equivalent:
1. X is a C,-space,
2. F(X,K) is a C,-space,
3. F(X, K,) is a C,-space.
Proof. The claim follows from Theorems 2.9.2 and 2.3.5 and Corollary 2.8.2.

Corollary 2.9.4 Let X be either a C,-space or i = 3,5 and let X be a Il,,-
space. Then:
F(X, K) is topologically embeddable into F(vX, K),
vEF(X,K) = FvX, K),
every continuous function on F(X, K) has a continuous extension on F(vX, K),
BF(X, K) = B(F(uX, K),
if dimX =0 then dimF(X, K) = dimF(vX,K) =0,
dimF (X, K) = dimF(vX, K).

S T v o~
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2.10. Diedonné Completeness for Free Algebras
Fix a countable signature E and a nontrivial full 73 s-variety K of topological

FE-algebras.

Lemma 2.10.1 Let uX be a uniform space, X =Y UZ,n=pu|Y, the sub-
space nY be a complete, and, for any subspace F' C Z closed in X, the uniformity
wu|F be complete. Then the uniform space pX is complete.

Proof. Let F = {F, : @ € A} be a Cauchy filter formed by sets closed in
X. If Y € F then the filter F converges in X. Let T ¢ F. Then Y NF, = &
for some alpha € A. Clearly, F, C Z. Thus, F converges in F,. The proof is

complete.

Definition 2.10.2 A uniform space uX is a o-complete, provided that there
exist sets {X, : n € N} such that:
[ X =U{X, :ne N},
2. the uniformity p| X, is complete on X,, for alln € N.

Theorem 2.10.3 Let uX be a o-complete uniform space. Then there exists

a o-bounded uniformity n on X such that:
1. the uniformity & = u VvV n is complete on X,
2. the uniformities p, n and & induce the same topology on X.

Proof. We assume that p is a uniformity on a Tychonoff space X. There exist
subsets {X,, : n € N} such that p is complete on X, for all n € N. Then the sets
X, are closed in X. Assign Y = guX. In BY, we consider the set Y, = [X,]sy.
It is clear that Y,,NY = X, The set Z = U{Y,, : n € N} is o-compact. Therefore,
the uniformity uy is complete and o-compact. Let n = uz|X. It is plain that the
sets X,, are bounded with respect to the uniformity »; and the uniformities u, 1,
and £ = pVn induce the same topology on X. By construction, ZNY = X. In the
product Y x Z, the uniformity Su x n induces on X = {(z,z) 2 € X} CY x Z
the uniformity . The set {(z,2) : v € X} is closed in Y x Z. Therefore, the

uniformity £ is complete on X. The theorem is proved.

Corollary 2.10.4 If a Tychonoff space X admits of a o-complete uniformity,
then the space X is Diedonné complete.

Corollary 2.10.5 If, for a Tychonoff space X, the uniform space uyX 1is
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o-complete, then it is complete and the space X is Diedonné-complete.

Theorem 2.10.6 For a Tychonoff space X, the following assertions are equiv-

alent:

1. the space X is Diedonné-complete,

2. the space F (X, K) is Diedonné-complete,
3. the space F(X, K,) is Diedonné-complete.

Proof. The implications 2 — 1 and 3 — 1 are immediate. Suppose
that the space X is Diedonné-complete. We may order all the terms of the
signature F, {u, : n € N}, is such a way that, for every n € N, the map-
ping g, = u,|(X™ \ U{u, (u;(X™)) : i < n}) is an embedding. In particular,
uy : X,y — F(X, K,) is an embedding. The last fact was established in [11].
Therefore, the set Fy(X, K,) = ug(X™) is complete with respect to the unifor-
mity § = up,(x,k,). Suppose that the sets Fj(X, K,) = u;(X™) are complete
with respect to the uniformity £ for all i < n. If a set, ® is closed in F(X, K,)
and ® C F,(X, K,) \U{F;(X, K,) : i <n}, then the uniformity & is complete on
® in view of the property indicated above. By Lemma 10.1, the set F, (X, K,)
is complete. Therefore, the uniformity £ is o-complete. Corollary 10.5 completes

the proof.

2.11. Free Algebras for P-Spaces

Let E be a countable signature and K be a full T};-variety of topological E-
algebras, where i € {—1;0;1;2;3;3,5}. Ifis a P-space, then F(X, K) is a P-space
[82].

Lemma 2.11.1 Let X be a Lindelof P-space. Then, for every n-ary term u
of signature E, the mapping u : X" — F (X, K) is closed. In particular, the set
u(X™) is closed in F(X,K).

Proof. If X is a Lindeléf P-space, then X" is a Lindelof P-space. In a

separated P-space, all Lindelof sets are closed. Thus, the mapping u is closed.

Theorem 2.11.2 Let X be a Lindeldf P-space, let {u, : n € N} be all the
terms of signature E, and let m,, stand for the arity of the term wu,. Denote
Fo(X,K) = u,(X™). Then F(X, K) is the inductive limit of the normal spaces
{F.(X,K):n€ N} and F(X,K) = F(X, K,); moreover, the space F(X, K) is
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Lindeldf.

Proof. If F is a subset of F(X, K) and F'N F,(X, K) is closed in F, (X, K)
for all n € NT, then F is the union of a countable number of subsets closed in
F(X,K);ie., Fis closed in F(X, K).

2.12. The Case of Topological Groups Rings, and Modules

Consider a countable signature E and a full T;-variety of topological E-
algebras. Suppose that there exist operations wy € Ep,w; € Fy and wy € Fy
such that the algebras A € G are groups in the signature {wy,w;,ws}. Say that
K is a full variety of topological E-groups or groups with operators. For every
Tychonoff space X, the space F (X, K) is Tychonoff and we may assume that
1 = 3,5. Note that rings and modules give examples of groups with operators.
Thus, Theorems 2.9.2 and 2.9.3 imply.

Corollary 2.12.1 Let K be a nontrivial full variety of topological groups with
operators. Then:
1. if X is a Il,-space, then F (X, K) is a Il,-space,
2. if X is a C,-space, then F(X, K) is a C,,-space.

Let K be a nontrivial full variety of topological groups, i.e., F = {wq, wi, ws}.
Then egg(wo, G°) = 1 coincides with the unit of the group G, and ejg(w, z) =
! is the inverse element of x € G, and, moreover, esg(wy,y) = x -y is the
product of elements x,y € G. The terms are defined as follows: the nullary
term ugy = 1; the unary terms wuy;(z) = 27! and up(x) = 1 - x = x; the binary
terms ug (7, y) = T -y, us(z,y) = 2y~ b, ux(r,y) = vy, u(z,y) = z7 1yt
For n > 2, we define 2" n-ary terms u,;(xy,...,2,) = a2 - 22 - ... - z'» where
{i1,42,...,1,} € {=1,0,1}. For n > 1 consider the mapping i, : (X @& {1} &
XY — F(X,K), where i,(x1,...,2,) = 21 - T9 - ... - 7, and 1 = xy. The set
in: (X {1} X "= F"Y(X,K) is closed in F(X,K). Let Fo(X,K) = {1}.
Then Fy(X, K) results from applying all the terms of arity at most n. The
mapping ¢; is an embedding. Let us study the mapping i5. The mapping i, sends
the sets X x X and X' x X1 X x {1}, X! x {1} onto disjoint clopen subsets of
the space F»(X, K') homeomorphically. Moreover, i5({1} x X) = ia(X x {1}) and
i2({1}x X 1) = i(X ' x{1}. Thus, the mappings io|(X x X ') and i5|(X ' x X)
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are of interest. It is clear that ug(z,y) = is(z,y™ 1) and ugz(z,y) = is(z 71, y).

Lemma 2.12.2 If a space X is not normal but the space X x X 1is pseudo-
compact, then the mappings is, uso, and usz are not factor nor closed.

Proof. Let F' and ® be disjoint subsets of X that are closed and functionally
undistinguishable. The set F'x ® is closed in X x X and (F' x®)NA(X) = @. The
mapping ug; : X X X — F3(X,K) C F*(X, K) is such that ug(A(X)) = {1}
and ugs|(X x X)\ A(X) is a embedding. Let the mapping uss be factor. Assign
U= (XxX)\(Fx®)and uyy = V. Whence, uy, V = U and the set V is open in
F}(X, K). Therefore, there exists a continuous function f : F3(X, K) — [0, 1]
such that f(1) = 0 and FZ(X,K)\V C f~!(1). The function g(x) = f(ugn(x))
is continuous on X x X,A(X) C g7 (0), and F x ® C g *(1). Consider the
extension (3¢ of the function g on (X x X) = 83X x 3X. Then A(3X) C Bg~1(0).
Since the sets F' and ® are functionally undistinguishable, there exists a point
zo € [Flax N [®]gx. Consequently, Bg(xq,xo) = 0, (xg,x0) € [F X P|sxxpx, and
F x ® C 3g71(1). The contradiction obtained completes the proof.

Corollary 2.12.3 Let X and X? be pseudocompact and not normal spaces.
Then, for every n > 2, the mapping i, : (X ®{1} & X ') — F,(X, K), as well
as the action of an arbitrary n-ary term v : X" — u(X") C F(X, K), is not a

factor mapping.

2.13. Conclusions for Chapter 2

In this Chapter we study topologies on free algebras of pseudocompact and
countably compact spaces. In the investigation an important role is played by
uniform structures. The scientific innovation of this Chapter is determined by
the following:
1). there have been elaborated the concepts of I -spaces and C,,-spaces.
2). there have been elaborated studying methods of the uniform structures on
free algebras, in particular, on free algebras of Il -spaces and C,,-spaces.
3). there have been created the method of the applying of the uniform structures
for the study of free topological algebras. The methods of uniform structures lead
to solving the following difficult problems in this area:

- an analog of the Nummela-Pestov theorem [173, 176] for varieties of uniform
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algebras is proved.
- the results of M. Tkachenko, T.H.Fay, B.V. Smith-Thomas are generalized to

the case of arbitrary varieties formed by topological algebras.

In this way, expanding on the ideas of A. Arhangelskii, E. Nummela, V.
Pestov, T.H.Fay, B.V. Smith-Thomas and M. Tkacenko, which were successfully
used in the research of free topological groups, made it possible to elaborate and
implement new methods of studying topologies on free topological algebras with
continuous signature generated by pseudocompact and countable compact spaces.

In this context it is opportune:

- to elaborate alternative methods of research of topologies on free algebra gen-
erated by pseudocompact and countable compact spaces;

- to elaborate the methods of constructions the universal covers on topological
universal algebras with continuous signature;

- to investigate topological quasigroups which are obtained by using the isotopies
of topological groups.

- to identify the conditions when continuous homomorphisms of topological groupoids
with a continuous division are open;

- to study on topological groupoids relationship between mediality, paramediality
and associativity;

- to elaborate methods of embedding every topological n-groupoid into topological

n-groupoid with division.
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3. TOPOLOGICAL GROUPOIDS AND
QUASIGROUPS WITH MULTIPLE IDENTITIES

In Chapter 3, Sections 3.1 - 3.11, we describe the topological quasigroups
with (n, m)-identities, which are obtained by using isotopies of topological groups.
Such quasigroups are called (n,m)-homogeneous quasigroups. We extend some
affirmations of the theory of topological groups on the class of topological (n,m)-
homogeneous quasigroups.

In Sections 3.12 - 3.15, we show that every topological n-groupoid A can
be embedding into a topological n-groupoid with division B. We give the condi-
tions when continuous homomorphisms of topological groupoids with continuous
homomorphisms of topological groupoids with a continuous division are open.
We study one special class of topological groupoids with division, namely the
class of medial topological quasigroups. We proved that if P is open compact set
of a left identity from left medial topological loop G, then P contains an open
compact left medial subloop Q).

In Sections 3.16 - 3.18, we study universal covering algebras. L.S.Pontrjagin
[178] showed that a linearly connected space, which covers topological group, has
itself a structure of topological group. We obtain the analogical result for the
universal algebras with continuous signature. This result, for the case of discrete

signature, was also obtained by A.I. Mal’cev [154].

3.1 General Notes

A set G is said to be a groupoid relative to a binary operation (-), if for every
ordered pair a, b of elements of GG, is defined a unique element a - b of G.

If the groupoid G is a topological space and the multiplication operation
(a,b) — a- b is continuous, then G is called a topological groupoid.

A groupoid (G, -) is called a groupoid with division, if for every a,b € G the
equations axr = b and ya = b have solutions, not necessarily unique.

A groupoid (G, -) is called reducible or cancellative, if for each equality zy = uv
the equality © = u is equivalent to the equality y = v.

A groupoid (G, -) is called a primitive groupoid with the divisions, if there exist

two binary operations [ : G x G — G, r: G x G — G such that [ (a,b) - a = b,
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a-r(a,b) = b for all a,b € G. Thus a primitive groupoid with divisions is a
universal algebra with three binary operations.

If in a topological groupoid G the primitive divisions [ and r are continu-
ous, then we can say that G is a topological primitive groupoid with continuous
divisions.

A primitive groupoid G with divisions is called a quasigroup if every of the
equations axr = b and ya = b has unique solution. In the quasigroup G the
divisions [, r are unique.

An element e € G is called an identity if ex = xe = x for every x € X. A
quasigroup with an identity is called a loop.

If a multiplication operation in a quasigroup (G, -) with a topology is contin-
uous, then G is called a semitopological quasigroup.

If in a semitopological quasigroup G the divisions [ and r are continuous, then
G is called a topological quasigroup.

A quasigroup G is called medial if it satisfies the law zy - 2t = xz - yt for all
x,y,z,t €QG.

If a medial quasigroup G contains an element e such that e-x =z (z-e = z)
for all z in G, then e is called a left (right) identity element of G and G is called
a left (right) medial loop (see [17]).

Let N=4{1,2,..} and Z ={0,+1,42,...}.

3.2 Multiple Identities

We consider a groupoid (G, +). For every two elements a,b € (G, +) denote
1(a,b,+) = (a,b,+)1=a+0b,
n(a,b,+) = a+(n—1)(a,b,+),
(a,b,+)n = (a,b,+)(n—1)+Db
for all n > 2.

If a binary operation (+) is given on a set GG, then we shall use the symbols

n(a,b) and (a,b)n instead of n (a,b,+) and (a, b, +) n.

Definition 3.2.1. Let (G,+) be a groupoid, n > 1 and m > 1. The element
e of a groupoid (G,+) is called an (n,m)-zero of G if e+ e = e and n(e,z) =
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(x,e)m =z for everyx € G. Ife+e=¢€ andn(e,x) =z for every x € G, then
e is called an (n,00)-zero. If e+ e =€ and (x,e)m =z for every x € G, then
e s called an (0o, m)-zero. It is clear that e € G is an (n,m)-zero, if it is an

(n,00)-zero and an (oo, m)-zero.

Remark 3.2.2. [In the multiplicative groupoid (G,-) the element e is called
an (n, m)-identity. The notion of the (n, m)-identity was introduced in [57].

Theorem 3.2.3. Let (G,+) be a multiplicative groupoid, e € G and the fol-
lowing conditions hold:

1. ex = x for every x € G;
2. 2> =ux-x=ce for every x € G;
3. x-yz=y-xz forall z,y,z € G;

4. For every a,b € G there exists a unique point y € G such that ay = b.
Then e is a (1,2)-identity in G.

Proof. Fix x € G. Pick y € GG such that xe-y = x. By virtue of the condition
2 we have - (ze-y) = x-x =e, ie. x-(ve-y) = e. From the condition 3 it
follows that xe-zy = e. It is clear that xe-xe = e. Thus xe-xy = xe-ze, xy = xe
and y = e. Therefore (r-e)-e = (r-e)-y = x and e is a (1,2)-identity. The
proof is complete.

Example 3.2.3. Let (G, +) be a commutative additive group with a zero 0.
Consider a new binary operation z-y = y —x. Then (G, -) is a medial quasigroup
with a (1,2)-identity 0. If x + = # 0 for some x € GG, then 0 is not an identity in
(G,).

Theorem 3.2.4. Let (G,-) be a multiplicative groupoid, e € G and the fol-
lowing conditions hold:

1. ex = x for every x € G;
2. x-x =c¢e for every x € G;
3. xy-uv = xu-yv for all x,y,u,v € G;

4. If xa = ya, then x = y.
Then G is a medial quasigroup with a (1,2)-identity e.
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ProofIf x € G, then ze-e = xe- 20 = xx-ex = e-ex = x. Thus e is a
(1, 2)-identity.

Consider the equation xa = b. Then za-e = b-e, xa-ee = be and ze-ae = be.
Thus (ze - ae) - (be) = e, (xe-b) - (ac-€) = e, (xe-b)a = e, (xe-b) - (ea) = e,
(xe-e€)-(ba) = e and x - ba = e. Therefore x - ba = ba - ba and x = ba. Since
ba-a = ba-ea = be - aa = be - e = b, the element x = ba is a unique solution
of the equation ra = e. Now we consider the equation ay = b. In this case
be =ay-e=ay-aa=aa-ya=e-ya = ya. Thusy = be-a is a unique solution
of the equation ay = b. The proof is complete.

Corollary 3.2.5. Let (G,-) be a left medial loop, e € G and 2% = e for
every © € G. Then e is a (1, 2)-identity.

3.3 Homogeneous Isotopes

Definition 3.3.1. Let (G,+) be a topological groupoid. A groupoid (G,-) is
called a homogeneous isotope of the topological groupoid (G, +) if there exist two
topological automorphisms o, ¢ : (G,+) — (G,+) such that v -y = ¢ (z) + ¢ (y)
for all x,y € G.

If h: X — X is a mapping, then h' (z) = h(z) and A" (x) = h (k"' (z)) for
all z € X and n > 2.

Definition 3.3.2. Let n,m < oo. A groupoid (G,-) is called an (n,m)-
homogeneous isotope of a topological groupoid (G, +) if there exist two topological
automorphisms ¢, : (G, +) — (G,+) such that:

1. z-y=yw(x)+(y) forall x,y € G;

2. o =1y;

3. If n < +oo, then " (z) = x for every x € G.

4. If m < 400, then ™ (z) = x for every x € G.

Definition 3.3.3. A groupoid (G,-) is called an isotope of a topological

groupoid (G,+), if there exist two homeomorphisms ¢, : (G,+) — (G, +) such
that x -y = ¢ (x) + ¢ (y) for all z,y € G.
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Under the conditions of Definition 3.3.3. we shall say that the isotope (G, -) is
generated by the homeomorphisms ¢, ¥ of the topological groupoids (G, +) and
denote (G,-) = g (G, +, p, ).

Theorem 3.3.4 Let (G, +) be a topological groupoid, v, : G — G be home-
omorphisms and (G,-) = g(G,+,p,1). Then:

1. (G, 4) = (G, ¢ " ™)
(G,+) is a topological groupoid;

If (G, +) is a reducible groupoid, then (G,-) is a reducible groupoid too;

> e

If (G,+) is a groupoid with a division, then (G,-) is a groupoid with a
division too;

5. If (G, +) is a topological primitive groupoid with a division, then (G,-) is a
topological primitive groupoid with a division too;

6. If (G,+) is a topological quasigroup, then (G,-) is a topological quasigroup
too;

7. If nym,p,k € N and (G,-) is an (n, m)-homogeneous isotop of the groupoid
(G,+) and e is a (k,p)-zero in (G,+), then e is an (mk,np)-identity in
(G7 )

Proof. We have x -y = ¢ (x) + ¢ (y). Therefore

e @) y) = (¢ (@) +¢ (0 () =z +y

and (G, +) = g (G, -, ¢ ',971). The assertion 1 is proved. The assertion 2 and 3
are obvious.

Let (G,+,r,1) be a topological primitive groupoid with the divisions, where
[:GxG — Gandr: GxG — G be continuous primitive divisions. Then
the mappings l1(a,b) = o~ (I (¢(a),b)) and ri(a,b) = ¥~ (r (¢(a),b)) are the
divisions of the groupoid (G, ). The divisions [y, 7, are continuous if and only if
the divisions [, r are continuous. The assertions 4, 5 and 6 are proved.

Let (G, ) be an (n, m)-homogeneous isotope of the groupoid (G, +) and e be
a (k,p)-zero in (G, +). We mention that ¢(e) = ¥?(e) = e for every ¢ € N. If
k < +o00, then in (G,+) we have gk (e,z,+) = x for each x € G and for every
qge N.
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Let m < +o0 and ¢ (z) = x for all z € G.
Then 1(e,z,-) = 1(e,¢(x),+) and ¢ (e,z,-) = q (e, (x), +) for every ¢ > 1.
Therefore
mk (e,x,-) = mk (e, "™ (z),+) = mk (e,z,+) = x.

Analogously we obtain that
(e,z,-)np = (e, o"P(z),+)np = (e, x,+)np = x.

Hence e is an (mk,np)-identity in (G,-). The statement 7 is proved. The
proof of Theorem 7.3.4 is complete.

Remark 3.3.5. Let (G,+) be a topological quasigroup, a,b € G and @, be
two automorphisms of (G,+). If x -y = (a + o(x)) + (Y(y) + b), then we denote
(G,:) = g(G,+,p,1,a,b). It is clear that (G,-) is a topological quasigroup too.
If o1(x) = a + ¢(x) and P1(x) = Y(x) + b, then @1, Y1 are homeomorphism of
(G,+) and (G, +,¢,v,a,b) = (G, +, p1,11) .

3.4 The Homogeneous Isotopes and Congruences

We consider a topological groupoid (G, +).

If «v is a relation on G, then a(z) = {y € G : zay} for every z € G.

An equivalence relation o on G is called a congruence on (G, +) if from zau
and yaw it follows (z + y) a (u +v). If (G, +) is a primitive groupoid with divi-
sions [ and r, then we consider that [ (x,y) al (u,v) and r (z,y) ar (u,v) provided
rau and yaw.

Two congruences o and 3 on GG are called conjugate if there exists a topological
automorphism ¢ : G — G such that the relation xay is equivalent to the relation
p(2)Be(y).

Let o, 3 be two conjugate congruences on GG and ¢ be the topological auto-
morphism for which the relation zay is equivalent to the relation ¢(x)Gp(y). Let
a(r) ={y € G:zay}. Then p(a(zr)) = B(p(x)). If {B,: e M} is a family
of congruences on (G, +), then there exists the intersection 8 =N{3, : p € M},
where 3 (z) = N{B, (z) : p € M}. The relation zfy is hold, if and only if 23,y
is hold for every pu € M.
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Theorem 3.4.1. Let (G,-) = g(G,+,p,¥) be an isotope of the topological
primitive groupoid (G,+) with the divisions {r,l}, ¢,% be topological automor-
phisms of (G,+), and a be a congruence on the groupoid (G,+,1,7). Then:

1. If (G, ") is a homogeneous isotope, then there exists a countable set of con-
gruences {f, :n € N} of the groupoid (G,+), conjugate to a, such that
a € {f,:ne N}tand = N{B, :n € N} is a common congruence of the
groupoids (G,+) and (G, -).

2. If (G, ) is an (n, m)-homogeneous isotope of the groupoid (G, +), andn,m <
400, then there exists a finite set of congruences
{Bi i <n-m} of the groupoid (G,+), conjugate to «, such that 8 =
N{B;:i<n-m} is a common congruence of the groupoids (G,4+) and
(G,).
Proof. Let Z = {0,4+1,42,...} be the set of all integer numbers. If n = 0,
then ©’(z) = x for all z € G. If n € Z and n < 0, then ¢" = (p~1)"". Denote
by {h, : n € Z} the set of the all automorphisms

{gpkl o™ o gka oy™ o..0 gpk" o™ :m € Nandky,my,....knm, € Z} .

If i =P, then
{hn:nGZ}:{@kowm:k,meZ}.

For each n € N we define the congruence (3, (z) = h,, (a (z)) for all z € G.
Denote = N{Br: k€ N}. Then ¢ (B (z)) = ¥ (8(x)) = [(z) for each

x € G. Hence (3 is a common congruence of groupoids (G, +) and (G, -). Suppose
that automorphisms ¢ and v satisfy the Definition 3 and (G,-) is an (n,m)-

isotope of groupoid (G, +). In this case we have

g0161 . wa . QOICQ . ¢q2 . Sokn . ¢qn — (gplir"'Jrk") . (,¢q1+...+qn)
Therefore
{hr, ke N} ={¢" - 1i=1,.,n;j=1...m}={hy: k<n-m}

and the set {3, : n € N} is finite and contains no more than n - m distinct ele-

ments. The proof is complete.

Remark 3.4.2. Let o and (8 be two conjugate congruences on a topological
groupoid G.

Then:
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1. The sets a () are Gs-sets if and only if the sets (3 (x) are Gs-sets in G.
2. The sets a(x) are closed in G if and only if the sets 3 (z) are closed in G.
3. The sets a(x) are open in G if and only if the sets B (x) are open in G.

Remark 3.4.3. Let {8, :n € N’ C N} be a family of congruences on a topo-
logical goupoid G and B =0{B,:n € N}. Then:

1. If the sets B, (x) are Gs-sets in G, then the sets 5 (x) are Gs-sets in G too.

2. If the set N' is finite and the sets 3, (x) are open, then the sets (3 (x) are
open in G.

3.5 General Properties of Medial Quasigroups

Let (G, -) be a topological medial quasigroup. By virtue of Toyoda’s Theorem
[199] there exist a binary operation (+) on G, two elements 0,c¢ € G and two
topological automorphisms ¢, v : (G,+) — (G, +) such that (G, +) is a topolog-
ical commutative group, 0 is the zero of (G,+) and (G, ) = g (G, +, p,1,0,¢) is
a homogeneous isotope of (G, +). In particular, i = .

In [18] G.B. Beleavskaya has proved a generalization of Toyoda’s Theorem.

Theorem 3.5.1. Let (G, +) be a topological quasigroup, 0 € G,0+0 = 0, p, 9
be two automorphisms of (G,+) and (G,-) = (G, +,p,v). Then:

1. {0} is a subquasigroup of the quasigroups (G, +) and (G,-) .

2. If n < 400, then 0 is an (n,oc0)-identity of (G,-) if and only if " (x) = x
for every x € G.

3. If m < 400, then 0 is an (oo, m)-identity of (G,-) if and only if Y™ (x) = x
for every x € G.

4. If nym < +o0, then 0 is an (n,m)-identity of (G,-) if and only if p"(x) =
Y™ (x) = x for every x € G.

Proof. Let n < +oo.If ¢"(z) = « for every x € G, then from Theorem 4 it
follows that 0 is an (n, +00)-identity in (G, -).

Let 0 be an (n, co)-identity in (G, ). By construction, ¢ (0) = ¢ (0) = 0 and
-y =) +1¥(y). Then (z,0)k = ¢*(x) and (0,2) k = ©*(x) for every k € N.

Since (x,0)n = x we obtain that ¢"(x) = x. The proof is complete.
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Consider on G some equivalence relation «. Denote by G/« the collection
of classes of equivalence « (x) and 7, : G — G/« is the natural projection. On
GG /a we consider the quotient topology. The mapping 7, is continuous. If a is a
congruence on (G,-) (or on (G, +)), then the mapping 7, is open.

An equivalence relation a on G is called compact if the sets a (x) are compact.

Theorem 3.5.2. Let (G,+) be a commuttive topological group, 0 be a zero of
(G,+), c € G, ¢ and ¥ be two automorphisms of the topological group (G,+) and
(G,") = g(G,+,p,1,0,¢). If the space G contains a non-empty compact subset

F' of countable character, then for every open subset U of G containing 0 there
exists a compact equivalence relation oy on G such that:

1. ar (0) Q U.
ay 18 a congruence on (G, ).
ay is a congruence on (G, +).

The natural projection Ty = Ta,, : G — G/ay is an open perfect mapping.

The space G/ay is metrizable.

Proof. We consider that 0 € F' C U. Fix a sequence {U, : n € N} of open
subsets of G such that for every open set V' containing F' there exists n € N such
that ' C U, C V. Suppose that F' C U, and U, .1 C U, for every n € N.

Then there exists a sequence {V,, : n € N} of open sets of G such that:

- Vo1 + Vo1 CV, CU,, cgVus1 CV,andV, = -V, for every n € N,

- o (Vas1) Up(Viyr) CV, for every n € N,

We put H =n{V, : n € N}. By construction, H is a compact subgroup and
the natural projection 7 : G — G/H is open and perfect. Let a(z) = x + H
for every z € G. Then « is a congruence on (G, +). Suppose that zaz and yaw.
Then

vy = @)+ (y) +e
z-v = @(2)+ )+
p(x)—p(z) € H ¢(y)—v(v)eH.
Thus



Therefore «v is a congruence on (G, ) too.

It is clear that the space G/H is metrizable. The proof is complete.

Corollary 3.5.3. A first countable topological medial quasigroup is metriz-
able.

A space X is called a paracompact p-space if there exists a perfect mapping
g : X — Y onto some metrizable space Y [6].

Corollary 3.5.4. If a topological medial quasigroup contains a non-empty
compact subset of countable character then it is a paracompact space p-space and
admits an open perfect homomorphism onto a medial metrizable quasigroup.

Corollary 3.5.5. A Cech complete topological medial quasigroup is para-
compact and admits an open perfect homomorphism onto a complete metrizable
medial quasigroup.

Corollary 3.5.6. A locally compact medial quasigroup is paracompact and
admits an open perfect homomorphism onto a metrizable locally compact medial

quastgroup.

3.6 On Haar Measures on Medial Quasigroups

By B(X) denote the family of all Borel subsets of the space X.

A non-negative real-valued function p defined on the family B(X) of Borel
subsets of a space X is said to be a Radon measure on X if it has the following
properties:

- w(H) = sup{p(F) : F C H,F is a compact subset of H} for every H €
B(X);

- for every point x € X there exists an open subset V, such that x € V,
and pu(V,) < oo.

Definition 3.6.1. Let (A,-) be a topological quasigroup with the divisions
{r,1}. A Radon measure pn on A is called:

- a left invariant Haar measure, if 1 (U) > 0 and p(zH) = p(H) for
every non-empty open set U C A, a point x € A and a Borel set H € B(A);

- a right invariant Haar measure, if 1 (U) > 0 and p(Hzx) = p(H) for
every non-empty open set U C A, a point x € A and Borel set H € B(A);

- an invariant Haar measure if n(U) > 0 and p(zH) = p(Hx) =
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p(l(z,H)) =p(r(H,x)) = u(H) for every non-empty open set U C A, a point
x € A and a Borel set H € B(A);

Definition 3.6.2. We say that on a topological quasigroup (A, -) there exists
a unique left (right) invariant Haar measure, if for every two left (right)
invariant Haar measures (i1, po on A there exists a constant ¢ > 0 such that
po (H) = c- py (H) for every Borel set H € B(A).

If (G,+) is a locally compact commutative group, then on G there exists a
unique invariant Haar measure pg [114].

Theorem 3.6.3. Let (G,-) be a locally compact medial quasigroup, (G,+) be
a commutative topological group, p,1 : G — G be automorphisms of (G,4+),b €
G and (G,-) = g(G,+,,1,0,b). On the group (G,+) consider the invariant

Haar measure ug. Then :
1. On (G,-) the right (left) invariant Haar measure is unique.

2. If wis a left (right) invariant Haar measure on (G, ), then p is a left (right)

invariant Haar measure on (G,+) too.

3. On (G,-) there exists some right invariant Haar measure if and only if
pa(p(H)) = pc(H) for every H € B(A).

4. If n < +o0, and on G there exists some (n, +00)—identity, then on (G, ")

the measure pug is a unique right invariant Haar measure.

5. If m < 400, and on G there exists some (400, m)—identity, then on (G, -)

the measure pug 1s a unique left invariant Haar measure.

6. If n,m < 400, and on G there exists some (n, m)—identity, then on (G, )

the measure g 1S a unique mvariant Haar measure.

Proof. Let ;i be a right invariant Haar measure on (G,-). Since x -y =
o (z)+ ¢ (y) +bfor all x,y € G, then Hz = ¢(H)+ ¢(H)+ b. Thus p is an
invariant Haar measure on (G,+) and there exists a constant ¢ > 0 such that
w(H) =c-pe(H). Thus pe is a right invariant Haar measure on (G, ). The
assertions 1,2 and 3 are proved.

Consider some topological automorphism h of (G, +). Then py, (H) = pe (h (H))

is an invariant Haar measure on (G, +) . There exists a constant ¢, > 0 such that
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pn (H) = pug (h(H)) = ¢, - pg (H) for every Borel subset H € B(G). In par-
ticular, pe (¥ (H)) = cfpc (H) for every k € N. If n < 400 and 0 is an
(n, +00)—identity, then ¢"(z) = x for every x € G and ¢, = 1. Thus ¢, = 1,
pe (H) = pg (h(H)) and ug is a right invariant Haar measure on (G,-). The
assertions 4, 5 and 6 are proved. The proof is complete.

In this way we can prove the following results.

Theorem 3.6.3. Let (G,+) be a topological quasigroup and (G,-) be an
(n, m)-homogeneous isotope of (G,+). Then:

1. On (G,+) there exists a left (right) invariant Haar measure if and only if

on (G,-) there exists a left (right) invariant Haar measure.

2. If on (G,+) the a left (right) invariant Haar measure is unique, then on

(G,-) the a left (right) invariant Haar measure is unique too.

Theorem 3.6.4. On a compact medial quasigroup G there exists a unique
Haar measure p for which p(G) = 1.

Theorem 3.6.5. Let (G, +) be a locally compact group, pe be the left invari-
ant Haar measure on (G,+) and ¢,v : G — G be the topological automorphism
of (G,+). Fiz c € G and consider the binary operation z -y = p(z) + ¥(y) + c.
Then:

1. (G,) is a topological quasigroup.

2. If pe (W(H)) = pe (H) for every Borel subset H € B(G), then ug is a left

invariant Haare measure on (G, -).

3. If m € N and v (x) = x for every x € G, then ug is a left invariant Haar

measure on (G, -).

4. If (G,+) is a compact group, then pc is an invariant Haar measure on

(G7 )

3.7 Examples of Quasigroups with Multiple Identities

Example 3.7.1. Let (R,+) be a topological commutative group of real
numbers, a > 0, b > 0, p(z) = az, Y(y) = br and = -y = p(x) + ¥(y). Then
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(R,-) is a commutative locally compact medial quasigroup. If H = [¢,d], then
0-H = [ac,ad| and H - 0 = [bc, bd]. Thus:

- on (G, -) there exists some right invariant Haar measure if and only if a = 1;

- on (G, ) there exists some left invariant Haar measure if and only if b = 1;

-if a # 1 and b # 1, then on (G,-) does not exist any left or right invariant
Haar measure.

Example 3.7.2. Denote by Z, = Z/pZ ={0,1,...,p — 1} the cyclic Abelian
group of order p. Consider the Abelian group (G,+) = (Z5,+) and ¢ (z) = 2z,
Y () =4z. Then (G,-) = g (G, +; p, 1) is a medial quasigroup and each element
from (G, -) is (2, 4)-identity in G.

Example 3.7.3. Consider the Abelian group (G, +) = (Z5,+) and ¢ (z) =
¥ (z) = 3z. Then (G, ) = g(G,+;¢,v) is medial quasigroup and all elements
from (G, -) are the (4,4)-identities in G.

Example 3.7.4. Consider the commutative group (G, +) = (Z5,+), p(z) =
20, (x) =2x+1land x -y = 20+ 2y + 1. Then (G,-) = g(G,+;¢,1,0,1) is a
commutative medial quasigroup and (G, -) does not contain (n,m)-identities.

Example 3.7.5. Consider the commutative group (G,+) = (Z,+), ¢(x) =
r,p(r) =z+1land x-y=x+y+ 1. Then (G,:) = g(G,+;p,1) is a medial
quasigroup and (G, -) does not contain (n,m)-identities. On (G, -) there exists
an invariant Haar measure.

Example 3.7.6. Let (G,+) be an Abelian group and = + = # 0 for each
x € G. For example (G,+) € {(Z,,+) :p € N,p>2}. Denote ¢ (z) = x and
Y () = —x for each x € G. Then (G,-) = g(G,+; ¢, 1) is a medial quasigroup
and (G, -) contains the unique (1, 2)-identity, which coincide with the zero element
in (G,+).

Example 3.7.7. Let (G,+) = (Z7,+), and ¢ (z) = 3z and ¢ (x) = buz.
Then (G,:) = g(G,+;p,¥) is a medial quasigroup. In this case 0 and 3 are
(12, 6)-identities.

3.8. On Medial and Paramedial Topological Groupoids

In Sections 3.8 - 3.11 we study the (n, m)-homogeneous isotopies of topological

groupoids with multiple identities and relation between paramediality and asso-
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ciativity. The concept of multiple identities and homogeneous isotopies, intro-
duced in [63], facilitates the study of topological groupoids with (n, m)-identities
and homogeneous quasigroups, which are obtained by using isotopies of topolog-
ical groups.

The results established are related to the results of M. Choban and L. Kiriyak
[63] and to the research papers [57, 73, 74, 139, 142, 143]. We prove that if
(G, +) is a medial topological groupoid and e is a (k, p)-zero, then every (n,m)-
homogeneous isotope (G, -) of (G, +) is medial, with (mk, np)-identity e in (G, -).
We present some interesting properties of a class of (n,m)-homogeneos quasi-
groups.

K. Sigmon, continuing the work of Professor A.D. Wallace, has shown that
whenever a medial topological groupoids contains a bijective idempotent, it can
be obtained from some commutative topological semigroup [194]. In Section 3,
we obtain these and some other results in the case of paramedial topological
groupoids. The relationship between mediality, paramediality and associativity
was also studied in [75, 194]. In Section 4 we extended one well-known statement
of the theory of topological groups on the class of topological (n, m)-homogeneous
primitive groupoids with divisions.

A groupoid G is called paramedial if it satisfies the law zy - 2zt = ty - zz for all
x,y,z,t € G. A groupoid G is said to be hexagonal if it is idempotent, medial
and semisymmetric, i.e. the equalities x-x = x, 2y -2t =xz-yt, v zx = r2-x = 2
hold for all of its elements.

If a medial (paramedial) guasigroup G contains an element e such that e-z =
x(z-e=x) for all z in G, then e is called a left (right) identity element of G and
G is called a left (right) medial (paramedial) loop.

Let N={1,2,...} and Z ={...,—2,-1,0,1,2,...}.

Example 3.8.1. Let (G,-) be a paramedial groupoid, e € G and xe = x
for every x € G. Then (G, -) is paramedial groupoid with (2, 1)-identity e in G.
Actually, if v € GG, then e-ex = ee-ex = xe-ee = xe-e = xe = x.

Example 3.8.2. Let G = {1,2,3,4,5,6,7,8,9}. We define the binary oper-
ation {-}.
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Table 3.1. Example of not-commutative hexagonal quasigroup

(V1213 /4(5/6[7[8]9
1|1(8(6/2/9(4(3]7]5
2 |4]2]9|5[3|7/6][1]38
317/5(3/8/6[1/9]4]2
406[1(8/4]2]9|5|3]|7
519042753 |8]6]1
6 |3|7|5|1]8|6|2]9]4
7186|1942/ 7|5]3
8 |2/9l4|3|7|5/1|8]6
o |5[3|7|6|1|8/4]2]9

Then (G, -) is a not-commutative hexagonal quasigroup and each element from
(G,-) is a (6, 6)-identity in G.

Example 3.8.3. Let (R, +) be a topological Abelian group of real numbers.

1. If p(x) =z, ¥(z) = 2z and x -y = = + 2y, then (R,-) = g(R,+,¢,?) is a
commutative locally compact medial quasigroup. By virtue of Theorem 7 from
[63], there exists a right invariant Haar measure on (R, -).
2. fp(x) =z, Y(x)=x+Tand z-y =2z +y+7, then (R,-) = g(R,+,, 1)
is a commutative locally compact medial quasigroup and (R, -) does not contain
(n,m)-identities. As above, by virtue of Theorem 7 from [63] there exist an
invariant Haar measure on (R, -).

Example 3.8.4. Denote by Z, = Z/pZ = {0,1,...,p — 1} the cyclic Abelian
group of order p. Consider the commutative group (G, +) = (Z7,+), p(z) = 3=,
Y(x) =4zr and -y = 3x+4y. Then (G,-) = g(G, +, ¢, ¥) is a medial quasigroup
with (3, 6)-identity in (G, -), which coincides with the zero element in (G, +).

Example 3.8.5. Consider the commutative group (G, +) = (Z5, +), p(x) =
2z, Y(x) = 3z and x -y = 2x + 3y. Then (G,:) = g(G,+,p, 1) is a medial
quasigroup and the zero from (G, -) is a (4,4)-identity in G.

Example 3.8.6. Consider the Abelian group (G, +) = (Z5,+), ¢(x) = 4z,
Y(r) =2z and x-y = 4x+2y. Then (G, ) = g(G, +, p, 1) is a medial quasigroup
and each element from (G, -) is a (4, 2)-identity in G.
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3.9. Some properties of (n,m)-homogeneous isotopies

Proposition 3.9.1 If (G, +) is medial topological groupoid, and e is (k,p)-
zero, then every (n,m)-homogeneous isotope (G,-) of the topological groupoid
(G, +) is medial with (mk, np)-identity e in (G, -) and (x-y)+(u-v) = (x+u)-(y+v)
for all z,y,u,v € G and n,m,p,k € N.

Proof. The mediality of the (n, m)-homogeneous isotope (G,-) and the fact
that e is (mk, np)-identity in (G, -) follows from [63]. Using the algorithm from
[194] we will show that (z-y) + (u-v) = (x+u)- (y+v). Let -y = p(x) + 1 (y)
and u-v = ¢(u) + ¥ (v). Then

(- y) + (u-v) = [o(z) + P Y)] + [p(u) + P()] =
= (@) + p(u)] + [P(y) + P()] = oz +u) + Yy +v) = (z +u) - (y +v).

In this way we have that (z -y) + (u-v) = (z + u) - (y + v). The proof is

complete.

Corollary 3.9.2 If (G, +) is medial topological groupoid, then every homoge-
neous isotope (G, -) where p = 1Yy of topological groupoid (G,+) is medial and
(-y)+ (u-v) = (x+u)- (y+v).

Definition 3.9.3 A topological quasigroup (G,-) is called:

- homogeneous, if (G,-) is a homogeneous isotope of the topological group
(G, +).

- (n,m)-homogeneous, if (G,-) is a (n,m)-homogeneous isotope of the topo-
logical group (G, +).

We denote by:

- T the class of all medial quasigroup.

- Q(n,m) the class of all (n, m)-homogeneous quasigroup.

We consider the class: M(n,m) =T NQ(n,m).

The class M(1,1) coincides with the class of topological Abelian groups.

Example 3.9.4 Let (G,-) be a topological medial quasigroup, e € G and
er =z, xx = e for each x € G. Then (G, -) € M(1,2). Hence (G, -) is a topological
medial quasigroup with (1, 2)-identity e in G.

Theorem 3.9.5 Let Q(n,m) be a class of (n, m)-homogeneous quasigroups.
Then:
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1. For each G € Q(n,m) there ezists an (n, m)-identity e € G with properties:

1.1e-e=e¢;

1.2n(e,z) = x;

1.3 (x,e)m = x;

1.4 ex-e =e-xe;

2. If p(x) = ex and " (x) = n(e,x) = z, then = (z) = (n — 1)(e, x);

8. If o7l (x) = (n—1)(e,x) and ©"(z) = n(e,x) = x, then (n —1)(e,ex) = z;

4. If Y(x) = ze and Y"™(x) = (z,e)m = x, then v~ (x) = (x,e)(m — 1);

5. Ifp=Yz) = (z,e)(m—1) and Y™ (x) = (x,e)m = x, then (ve,e)(m—1) = z.

Proof. 1. Let (G,+) be a group and ¢,¢ : G — G are automorphisms
of this group, such that ¢"(z) = Y™ (x) = z,p - = ¥ - p, for each x € G and
(G,-) = g(G,+,,¢). Let e be a zero in (G,+). According to Theorem 3 from
[63], e is an (n, m)-identity in (G, ). Hence, e-e = e, n(e,x) = x and (z,e)m = x.
Thus assertion 1.1, 1.2 and 1.3 are proved. It is easy to see that ¢(z) = ex and
Y(x) = we. From the equality ¢y = ¥y we have pip = p(re) = e - xe and
Y = (ex) = ex - e. Therefore e - xe = ex - e. Assertion 1 is proved.

2. We will show that, if p(z) = ex and ¢"(z) = n(e,z) = x, then
p~Hz) = (n—1)(e, ).

We have ¢(z) = ex. Hence p(p ! (z)) = e- ¢ (). But (¢ '(x)) = z. Then

e ¢ 1 (x) = z. According to condition n(e, z) = x. Then
e (¢~ (2)) = nle,x) (3.1)
By definition of multiple identies we have
e-(n—1)(e,x) =n(e x) (3.2)

From (3.1) and (3.2) we obtain ¢~ '(z) = (n — 1)(e, z). Assertion 2 is proved.

3. We will prove that, if o~(z) = (n —1)(e,z) and ¢"(z) = n(e,z) = x then
(n—1)(e,ex) = x.

Let be (n — 1)(e,ex) = t. Then

e-(n—1)(e,ex) =et (3.3)
By definition of multiple identies
e-(n—1)-(e,ex) =nle,ex) =ex (3.4)
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From (3.3) and (3.4) it follows ex = et and t = x. Hence (n — 1)(e, ex) = x.
The assertions is proved.

4. Analogously to properties 2 we obtain that if ¥ (x) = ze and
Y™ (x) = (x,e)m, then 1 (x) = (z,e)(m — 1).

5. Similarly to properties 3 we prove if ¢~ !(z) = (z,¢)(m — 1) and
Y™ (x) = (x,e) - m =z, then (ze,e)(m —1) = .

The proof of Theorem is complete.

Corollary 3.9.6 A class Q(n,m) of (n, m)-homogeneous quasigroup forms a

variety.

Corollary 3.9.7 A class M (n,m) of topological medial quasigroup with (n,m)-

identities forms a variety.

3.10 Paramedial topological groupoids

We show one example of a paramedial groupoid which is not medial.

Example 3.10.1. Let G = {1,2,3,4}. We define the binary operation {-}.

Table 3.2. Example of paramedial quasigroup which is not-medial

()l1]2]3]4
1|1]2[4/3
2 13]4]2]1
3 2(1]3/4
4141312

Then (G, ) is a paramedial quasigroup but it is not-medial. For example, (2-3) -
(L-4)#(2-1)-(3-4).
An element e is called idempotent if ee = e, bijective if the maps x — xe and

xr — ex are homeomorphisms.

Theorem 3.10.2. Let (G,-) be a paramedial topological groupoid and e, e;
and ey are elements of G for which:

1. ee; = e; and ege = eg;
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2. The maps x — e1x and x — xey are homeomorphisms of G onto itself;

3. The map v — xe 1S surjective;
If there ezists on G a binary operation {o} such that (ejx) o (yes) = yx then
(G, 0) is a commutative topological semigroup having ejes as identity.

Proof. Since © — e;x and © — zey are homeomorphism it is clear that {o}
1s continuous.

Using the surjectivity and that

(6162) © (yeg) = Yyeé2

(e1x) o (e1€9) = e1x

we see that ejes is an identity for (G,o). Observe that ze; - e =
= T€1 €€ = €€1 * € = €1 * €2.

We observe that

zey - 2zt = (eg - zt) o (wey - eg) =
= (eey - zt) o (xeq - €9) =
= (t@l . 26) o (ZL’61 . 62) =

= [(e1 - ze) o (te1 - e2)] o (wey - e2);

tey - zx = (€1 - zx) o (tey - e3) =
= (eey - zx) o (teg - €3) =
= (zey - ze) o (te; - ey) =

= [(e1 - ze) o (zey - e9)] o (tey - e3).

From paramediality we have
[(e1 - ze) o (teg - e2)] o (wey - ex) = [(e1 - ze) o (xey - ea)] o (tey - e3) .
We put z = e; and since ese = ey and eqes is identity it follows that:
lereg o (teg - ea)] o (wey - e2) = [erea 0 (xey - e3)] o (tey - €2)
and

(tey - e) o (wey - e3) = (wey - eg) o (tey - e3).
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Hence, (G, o) is a commutative topological groupoid and then the associativity

is immediate.
[(teg - e2) o (€1 - z€e)] o (wey - eg) = (teg - ez) o [(e1 - ze) o (xeq - €9)] .
The proof is complete.

Theorem 3.10.3. Let (G,-) be a paramedial topological groupoid satisfying
the following conditions:

1. It contains an idempotent e;

2. The maps x — xe and x — ex are homeomorphisms of G onto itself;

3. There exists a binary operation {o} on G such that (ex) o (ye) = yzx.
Then (G,0) is a commutative semigroup having e as identity. Furthermore, the
maps © — xe and x — ex are antthomomorphisms of (G,0) and xe-e = e - ex.

Proof. The first part of the Theorem 3.10.3 follows from Theorem 3.10.2

with e = e; = e3. Indeed, we have xe-e = re-ee = ee - ex = e - ex. Since
(exoye)e=yr-e=yr-ece=cex-ey = (e-ey)o(ex-e) = (ye-e)o(ex-e),

we see that © — ze is an antihomomorphism of (G, o). Similarly
elexoye)=e-yr=ece-yr=uze-ye=(e-ye)o (ve-e) = (e-ye)o(e-ex).

We obtain that © — ex is an antihomomorphism of (G, o). The proof is complete.

A topological groupoid (G, o) is called radical if the map s : G — G defined

by s (z) = x o x is a homeomorphism.

1

If (G, o) is paramedial and radical then s, and hence s~ is an antihomomor-

phism of (G,0). A topological groupoid (G, -) where {-} is defined by

roy=s"'(r)os " (y)=s""(youx)

is called the radical isotope of (G, o).
A radical isotope (G, -) of (G, o) is idempotent since,

r-r=s"1(rvox)=s1(s(x))=x
for each =z € G.

Theorem 3.10.4. If (G,0) is a topological groupoid with unit e, (G,-) is

commutative, tdempotent topological groupoid and
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(zoy)-(z0t) = (ty) o (22),

then (G, o) is a commutative radical semigroup.
Proof. If we define t : G — G by ¢ (x) = ex then t is an antihomomorphism
of (G,0). Indeed, for all z,y € G we have,

t(roy)=e(roy)=(eoe)(roy) = (ye)o (ze) = (ey) o (ex) =
= t(y) o t(x).

In particular, we obtain

t(s(z)) = t(zrox) =t(x) o t(x) = s(t(x));

where s : G — G is defined by s (z) =z o x.
Also, for each z,y € G, and e unit in (G, o)

vy =(cox)-(coy)=(cox)-(yoe) = (ex) o (ye) =
= (ea) o (ey) =t () ot (y) = t (yo x).

Hence t (s(x)) =t(xox) = xx = x.

It follows that ¢ is a continuous inverse for s so that that (G, o) is the radical.
Since (G,-) is commutative and z oy = s(zy) = s(yx) = y o x then {o} is
commutative. Since xy =t (yox) and t = s~! then (G, ) is the radical isotope
of (G,o0).

It only remains to show that {o} is associative.

Since t is bijective and

t{(zoy)ozl=2z-(zoy)=(e02) (xoy)=(yz)o (ze) =
= (yz)o(ex)=t(zoy)ot(x)=tlxo(zoy)] =tlro(yoz).

Hence, (G, 0) is a commutative radical semigroup. The proof is complete.
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3.11 On subquasigroup of the topological quasigroup

We consider a topological groupoid (G,+). If a is a relation on G, then
a(z) ={y € G : zay} for every x € G. An equivalence relation o on G is called a
congruence on (G, +) if from zau and yaw it follows (x + y)a(u+v). If (G, +) is
a primitive groupoid with divisions [ and r, then we consider that {(z,y)al(u,v)
and r(z,y)ar(u,v) provided zau and yaw.

Let (G, +) be a topological quasigroup with (k, p)-zero e and (G, -) = g(G, +, ¢, )
is (n, m)-homogeneous isotope. Then, by virtute of Theorem 3.3.5 from [63], e is

(mk, np)-identity of the topological quasigroup (G, -).

Definition 3.11.1 A subquasigroup H of the quasigroup (G,+) is called a

normal subquasigroup, if e € H and H = G(«) for some congruence c.

Lemma 3.11.2 Let a be a congruence of the topological guaisgroup (G,+).
Then there ezists an unique normal subquasigroup G(«), which is called quasi-
group defined by congruence o such that e € G(«).

Proof. The set G(a) = a(e) is the desired subquasigroup.

Definition 3.11.3 A subquasigroup Hy and Hs of the topological quasigroup
(G,+) are called conjugate, if Hy = h(Hy) for some topological automorphism
h:G— G.

Theorem 3.11.4 Let H be a subquasigroup of the topological quasigroup
(G,+) and e € H. Then there exists such subquasigroup @ of the quasigroup
(G,+) and (G, ) for which:
1.ec@ CH.
2. @) is the intersection of a finite number of the subquasigroups conjugate to H
of the quasigroup (G,+).
3. If H 1is closed set, then Q) s closed too.
4. If H is a Ggs-set, then Q) 1s Gg-set too.
5. If H is a open set, then () is open too.
6. If H is a normal subquasigroup, then Q is a normal subquasigroup (G,+) and
(G,).
Proof. We put {h, : p < n-m} ={¢"- ¢ < n,j <m}, H, = h,(H) and
Q=n{H,:p<n-m}.

Fix i <n and j < n. Let h, = ¢' - ¢7. Tt is clear that h, is automorphism of
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(G,+). Thus H, = h,(H) is a subquasigroup of (G, +) conjugate to H in (G, +).
Therefore @ is a subquasigroup of (G,+). The assertions 1-5 are proved. In
the first we prove that @ is a subquasigroup of (G,-). Let z,y,b € Q. Then
xy = ¢(x) + Y(y) and p(x),¥(y) € H; for any i. Thus zy € Q. If ax = b, then
a € H; for every and a € Q. Hence @ is a subquasigroup of (G,-). Let a be a
congruence of the (G,+). Then, by virtute of Lemma 3.11.2, there exists an
unique normal subquasigroup H = G(«) and e € H. Because h, is topological
automorphism of (G, +), then H, = h,(H) is a normal subquasigroups of (G, +)
conjugate to normal subquasigroup H. Therefore () is a normal subquasigroup of
(G,+). But @ is a subquasigroup of (G,-). Thus @ is a normal subquasigroup
of (G, ). The assertion 6 is proved. The proof is complete.

3.12. Embedding Topological Groupoids

Definition 3.12.1. A non-empty set A is said to be an n-groupoid relative
to an n-ary operation denoted by w, if for every ordered elements aq,...,a, € A,
a unique element w(ay, ...,a,) € A is defined.

An n-groupoid A is called an n-groupoid with division or an nD-groupoid,
if the equation w(ay,...,a;—1,, a;41,...,a,) = b has a solution (not necessarily
unique), for every ay,...,a,,b € A and any 1 <1i < n.

If the n-ary operation w of the n-groupoid (A, w) with a topology is continuous,
then A is called a topological n-groupoid.

An n-groupoid A is called commutative, if w(ay, ..., a,) does not depend on

the order of the elements ay, ..., a, € A.

Theorem 3.12.2. FEwvery topological n-groupoid A can be embedded into a
topological nD-groupoid B so that:

1. The following topological properties are invariant : paracompactness, se-
quentiality, Suslin’s number , the axioms of separations and the property of

being a Lindelof and a k-space.

2. If the n-groupoid A is commutative, then the nD-groupoid is also commu-

tative.



Proof. Let A be a topological n-groupoid and let wy : A™ — A be a contin-
uous mapping. Let HA be the duplicate (copy) of the topological n-groupoid A.
Consider the identity mapping ‘H : A — HA and the discrete sum A; = A® HA.

Let

Al ={(z1,...,zn) € AT - {i : x; € H(A)}] = 1};

A" = {(21, ey 20) € A7 < [{i: i € H(A)} = o);

Al ={(x1,...,zy) € AT : [{i: 2, € H(A)} > 2}.
Thus A} = A"® A| @ AY. We define the mapping w; : A} — A in the following
way':
Cy. If q,...,x, € A, then wy (21, ..., 2,) = wo(x1, ..., Tp).

Cy. Iftu= (1‘1, ...,xi,l,H(xi),xiH, ,l’n) € All, then
wl(u) = w1(9317 ---7931—1,7'((331')7331'+1, ,!L’n) =T
for all u € A} and every i = 1, ..., n.

C3. We fix a € A and put wy(u) = a for all u = (z1,...,x,) € AY.

Consider the projection 7 : A x H(A) x A"* — H(A). In this case the
projection 7 is continuous. If x € A" x H(A) x A", then wy(z) = H~(x(z))
and w are continuous.

Therefore, in the cases C7; — (3 the n-ary operation w; is continuous, since
the projection 7 of products of topological spaces onto the coordinates space is
continuous. Then A C Ay, and A; is a topological extension of the groupoid A,

where all equations

@Y = {wl(al, ey 51, Ty Q4 1, ...,CLn) =a; . 1= ].7 Tl}

have solutions (not necessarily unique) for all aq, ..., a, € A.

By repeating this construction we obtain
A=A CA CAyC...CA, C..
for which:
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1. A,, is a n-subgroupoid of the n-groupoid A,,; and w,, = wy,11|A}, for all

m € N.
2. A,, is an open-and-closed subspace of A,,11.

3. If ay,...,a, € A,,, then the equation w,, (a1, ..., x;, ..., a,) = a; has solutions

in A,,.1 foralli=1,...,n.
Therefore, there exists a n-groupoid B = U{A,,, : m € M} with the properties:
(A1). A,, is an open-end-closed in B;
(A2). The mapping w : B" — B is such that w|A”" = w,, for each m € N.

(A3). All equations @{w,,(ai,...,x;,...,a,) = a; : i = 1,...,n} have solutions in B

for every aq,...,a, € A,,.

Thus, B is the desired topological n groupoid with divisions. The proof is

complete.

3.13.0n homomorphisms of abstract and semitopological quasigroups

Let E = Ey = {-}. Then FE-algebras from V(E) are called gruppoids. If
¢ = {ax = b,ya = b}, then algebras from V(E,y) are called gruppoids with
division.

Define a free object of a set X in the class V(E, ) according to next definition
of M. Choban.

Definition 3.13.1. The free E-algebra of a set X in the class V(E, p), or
the free groupoid with divisions, is an E-algebra I'(X) € V(E, @) such that:

1. X C T'(X) and the set X algebraically generates the E-algebra I'(X), i.e.
f X CY CI'(X),Y #I(X), and Y is a subalgebra of the algebra I'(X),
then Y ¢ V(E, p).

2. For every mapping f : X — A, where A € V(E, ), there exists a homo-
morphism f : T(X) — A such that f | X = f.
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Thoerem 3.13.2. The free groupoid with divisions I'(X) is a quasigroup.
Proof. It follows from Theorem 1.5.5.

Nevertheless, we will present a direct proof.

Consider the free quasigroup Q(X), where X is non-empty set. For each set
L C Q(X), we denote by s(L) the least set for which:

1. L C s(L);

2. x-y € s(L), whenever z,y € s(L).

We construct the set s(L) in the following way:

(A1). so(L) = I
(A2). sp(L)=A{z-y:z,y € s,1(L)} Us,_1(L);
(A3). s(L) =U{s,(L):n € N}.

Let Qo(X) = s(X). We define the mapping ¢ : Qo(X) — I'(X) such that
@o(r) = x for all z € X and pg(a-b) = @o(a) - po(b) for all a,b € Qo(X). Indeed,
we put @o(x) = z for all x € X. Let gg(x) be a defined for all x € s,(X). If
,y € $,(X), then we put ¢o(z,y) = ¢o(2) - o(y).

The image @o(z - y) is uniquely defined. Indeed, let z1,x2,91,y2 € $p(X)
and x1y; = x2ys. Then z; is the product of ay,as,....,a,, € X, and y is the
product of @11, ..., a, € X, where the order of brackets in x; and y; are uniquely

determined.

Denote by =1 = (a1, as,...,a,) and by y; = (a1,az,...,a,,). Thus x; - y; =

(a1, a2, ooy Q) (Qpa1y ey Q) = (A1, G2, ooy Ay Qi 1, -0, Ay ). If we change the order

of brackets in the expression (aq,as, ..., Gpm, Gmi1, -, @) then we obtain another

expression (A, ag, ..., Am, Gty -y Q) and o1 - Y1 £ (A1, G2, vy Ay Qa1 oony Q) -
That is why, x1-y1 = 2 -y implies x1 = x5 and y; = y». Therefore, the mapping
@o is uniquely constructed.

Assume that we have constructed the set {Q,(X) : a < #} and the mapping
{0 : Qu(X) = I'(X) : @ < B} for which:

1. 5(Qu(X)) = Qa(X) for every o < [3;

2. pa(T-y) = @) - @aly) for all x,y € Qu(X) and o < f3;

3. If A< < 3, then Q\(X) C Qn(X) and ) = p.|QA(X).
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Now we will construct the set Qg(X).

Case 1. Let § be a limit in an ordinal number. Then we put Qs(X) =
U{Qu(X) : o < B} and @g(z) = pa(z) for every z € Qo(X) and a < f.

Case 2. Let f=a+ 1.

If Qu(X) = Q(X), then we put Qp(X) = Q(X). Let Qu(X) # Q(X). Then
there exist a,b € Q(X), for which the equation ax = b and ya = b doesn’t have
solutions in Q,(X).

Let ¢; be a solution of the equation ax = b and ¢y be a solution of ya = b.
We put L = {c1,¢c2} U Qu(X) and Qp(X) = s(L). In I'(X) there exist such
elements d; and dy for which ¢, (a) - di = p.(b) and dy - p.(a) = @, (b). We put
pp(c1) = aldr), ps(c2) = paldz), and pg(z) = @a(z) for all z € Qu(X).

Notice that the mapping g : Q(X) — I'(X) is constructed in the same way
as the mapping ¢g.

In view of the fact that I'(X) is a free groupoid with division we obtain that
the mappings yg are injective. For some  we have Qg(X) = Q(X). But this
means that we have constructed the isomorphic mapping ¢z : Q(X) — I'(X).
The proof is complete.

Corollary 3.13.3. (Bruck R.H. [20]). Every groupoid with divisions is the
homomorphic image of some free quasigroup.

Theorem 3.13.4. For each topological groupoid A there exist a semitopolog-
ical quasigroup B, a subspace X C B, and a factor homomorphism g : B o4
such that:

1. The mapping f = g|X : X — A is open and f(X) = A.

2. The Hausdorff space B is the sum of a countable number of disjoint closed
subspaces.

3. In every open cover of the space B one can refine a o - discrete open cover.

4. If A is a regular space, then B is a paracompact and perfect normal space.

Proof. According to Junnila’s Theorem [126] there exist a o-discrete para-
compact space X and an open continous mapping f : X o A.

Consider the free topological quasigroup I'(X) of the space X. From Mal'tev’s
Theorem [151] the space I'(X) is regular. Consider that X C I'(X'). M. Choban
proved in [42] that the space I'(X) is paracompact and I'(X) is the reunion of

a countable number of discrete closed subspaces. According to Theorem 13.3.2
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onto

a mapping f generates a homomorphism g : I'(X) — A such that f = g|X.
Let 71 be a topology on A and 7, be a topology on I'(X'). Consider the topology
T =sup{m,g '} ={unNv:u€m, vegln}onl(X). Then the mapping
g: (I(X),7) — (A, ) is continuous and X is a subspace of the space (I'(X), 7).

The multiplication operation in the quasigroup I'(X) with the topology 7 is
continuous. This follows from the fact that (I'(X), 7) is topologically isomorphic
to the subgroupoid {(z, g(x)) : x € I'(X)} from the product (I'(X), 72) x (A, 7).
Then B = (I'(X), 7) is the desired semitopological quasigroup. Indeed, X is a
subspace of the space B and f = ¢|X is open. Considering that the space B is
continuously denser onto the paracompact o-discrete space I'(X), we get that B
satisfies conditions (2 - 4) of the Theorem 3.2.3 (see[42]). The proof is complete.

M. Ursul posed the following question: 7 Is it possible to represent a topological
groupoid with division in the form of a factor-homomorphic image of a semitopo-
logical quasigroup ?”. By Theorem 3.13.4, one can see that the answer to the

afore mentioned question is positive.

Example 3.13.5. Consider the set of real numbers R. The set R is an additive
group relative to a binary operation denoted by 7+4”. We choose its subsets of
the form [a,b) = {z € R: a <z < b}. In this case the family of subsets [a, b) is
a base of the topological space (R, 7). Thus, the additive operation in the group
(R,+) with topology is continuous. Then R is a semitopological group but is
not a topological group. It is clear that the semitopological group R is not a
factor-homomorphic image of a topological quasigroup. Indeed, from Mal'tsev’s
Theorem [151] if a semitopological quasigroup is the factor-homomorphic image

of a topological quasigroup, then it is a topological quasigroup.

3.14. Homomorphism of topological groupoids with the continuous
division

Some problems about groupoids with division were considered in [54, 134, 137].
L.Pontrjagin [178] has proved that for a large class of topological groups the
homomorphism mapping is open. In the paper [38] M.Choban has generated this
assertion for topological algebras with a continuous signature. In this section

we give the conditions when continuous homomorphisms of topological groupoids
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with a continuous division are open.

Let us recall that a groupoid (G, ) is called a groupoid with division G, if for
every a,b € GG the equation ax = b and ya = b have solutions, not necessarily
unique.

If the multiplication operation is continuous in the groupoid GG with topology,
then G is called a topological groupoid. The division in a topological groupoid
is continuous from the right, if for every a,b,c € G for which ac = b and any
neighborhood O, of point ¢ in G there exist neighborhoods O, and O, of points
a and b in G, such that for every ¢’ € O, and V' € O, there exists ¢ € O,, for
which a' - ¢ = /. Continuity of division from the left is defined similarly. If in
topological groupoid G division is continuous from the left and right, then one
can say that G is groupoid with a continuous division.

The notion of topological groupoids with a continuous division was introduced
by M. Choban.

A mapping h: X — Y of X onto Y is called almost open if Inth(U) # 0 for
every non-empty open subset U of X.

A mapping f: A — B of X a set A into a set B is said to be finite-to-one if
the set f~1(y) is finite for every y € B.

Theorem 3.14.1. Let G and G be the topological groupoids with a continuous
division. Then every almost open continuous homomorphism h : G — G s open.

Proof.Let a € U and U be an open set in G. Then there exists such points
¢ € G and the open sets V and W in G, such that a € V C U,ce W,V W C U
and for every x € V and y € U there exists z € W, such that xz = y. We put
H = Inth(V). There exist ' € V and 3/ € W for which h(z') € H and 2y = a.
Then h(z' - y') = h(a) and h(a) = h(z') - h(y') € H - h(y') C h(V) - h(y') C
h(V -y') C h(U). Therefore h(a) € Inth(U) and the set h(U) is an open set.

Lemma 3.14.2. Let f : X — Y be an open finite-to-one continuous mapping
of a Ty-space V' onto a space Y with the Baire property. If a set I' is nowhere
dense in X, then f(F') is nowhere dense in Y.

Proof. Let F be a nowhere dense in X and U = Intf(F) # (). We put
M, ={x € U :y'(z) =n}. Then U{M; :i < n} is a closed set in U for every
n € N. The subspace U has the Baire property. Therefore Int M; # () for some
ke N. We fix y € IntM. Let f~'(y) = {x1,...,2}. Then there exist such
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open O, ...,0, in X sets that the following conditions are met:

1. z; € Oy;

2. O;, O, = 0;

3. f(Oy,) C IntM,;

We put V, = ({f(O,) : i = 1,2,...,n} and W,, = O,, ([ (V,). Then
f/Wa, : Wy, — V, is homomorphism for every i < n. Let

Fr=F\W., .- (UWe)
Obviously that f(Fy) = V,. Hence Int(Fy(\Ws,) = 0 for some i < n. There-

fore f(F') is nowhere dense in Y.

Theorem 3.14.3. Let G,G1 be the topological groupoids with continuous
division. Let G be a locally compact and Lindelef space, G1 be a Baire space and
for all a,b € Gy the set of solution axr = b be finite. Then every continuous
homomorphism g : G M G s open.

Proof. We consider the equation a-c¢ = a on G. We fix some neighborhood U
of the point a. As (G is a topological groupoid, then there exist such neighborhoods
V of a point a and W of a point ¢ such that V - W C U. By virtue that G is
a groupoid with a continuous division for every x € V and y € U there exists a
point z € W such that x - 2 = y. Let us show that for every neighborhood U
of a point a there exist a neighborhood U’ of a point g(a) such that g(U) D U".
The translations of the kind L, : G — G, were L,(x) = ax, are open mapping,.
The family {L,, (V) : a € G} is an open cover of a set G. Since G is a Lindelef
space we choose a countable subcover {L,, (V) :n € N}. Note F = V. The
family {F], Fy, ...}, were F! = g(L,, (F)), is a countable closed cover of a set G .
From Lemma 3.14.2 we have that H = Intg(F;,) # () for some iy < n. From
Theorem 3.14.1 it follows that g(U) is an open set. Therefore the homomorphism

g:G M Gy s open.
3.15. On The Medial Quasigroup

In this Section we study one special class of topological groupoids with a
division namely the class of medial topological quasigroups. We proved that if
P is open compact set of a left identity of a left medial topological loop G, then
P contains open compact left medial subloop (). This result was obtained by

L.Pontrjagin for topological groups (see [178]).
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A quasigroup G is called mediall if it satisfies the identity
xy - 2t = xz -yt (3.5)

If a medial quasigroup G contains an element e such that e-x = z for all x in
G, then e is called a left identity element of G' and G is called a left medial loop.
It is evident that for a left medial loop the following identity holds

y-zt=z-yt (3.6)
We consider only left medial loop, for which the following identity is valid
P =e (3.7)

We shall find a solutions for the equations a-z = b and ya = b in a left medial
loop G.

It is easy to make sure that Jx = 7! and Jz~! = x.

If z = I(yt), then from (3.6) we have

yI(yt)t = I(yt)yt,

l.e.
yl(yt)t =e (3.8)
But in the left medial loop, were 22 = e we have
yly=e (3.9)
From (3.9 and (3.8) it follows
I(yt)t = I(y) (3.10)
or
y=I"Y(I(yt)t) = [7(2t) = 2t (3.11)
Let ya = b. Then
b ya = b (3.12)
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Using (3.6) and (3.7) in (3.12) we get

yba=e (3.13)
From (3.11) and (3.13) we obtain

y = I"'(ba) = ba (3.14)

Let a x = b. Then ax aa = b aa.

From (3.5) and (3.6) it follows

ra="be (3.15)
Using (3.11) and (3.15) we find that

xz = (be) a (3.16)

Lemma 3.15.1. Let P be a subset of topological left medial loop G and e € P.
If P, = P Pe, then:

1. PLe=P

2. If P 1is open, then Py is open too.

3. If P is closed, then Py is closed too.

4. If P 1is compact, then Py is compact too.

Proof. The mapping f : G — G, where f(z) = z e, is an homeomorphism
and P = P() Pe. That proved the assertions 2, 3 and 4. For every z € G we
have ze e = x. Therefore P, = Pe(\(Pe e) = Pe(\P = P;.

Proposition 3.15.2. Let G be a left medial loop. Then the mapping f :
G — G, where f(x) = ze, is an involutary automorphism, i.e. f = f~! and
f(@-y) = f(x) f(y) for every z,y € G.

Proof. It is obvious that f is an one-to-one mapping. Let x € G. The
solution of a equation y-a = bis y = b-a. Hence xy -y = x for every y € G.
In particular we - e = x and f(f(z)) = x. Hence f = f~'. Let z,y € G. Then
flay) =zy-e=uay ee=we-ye = f(z)- f(y)

Remark 3.15.3. Let G be a left medial loop. The relatively operation
x xy = xe - ye in G satisfies the following properties:

1. (G,x) is a medial quasigroup.
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2. xxe =z for every x € G.
3.H = {x € G : xe = z} is a commutative group and is a subloop of the loops
(G,-) and (G, *).

Theorem 3.15.4. Let G be a left medial topological loop with the identity
2% =e. If P is an open compact subset such that e € P, then P contains an open
compact left medial subloop Q) of G.

Proof. In virtue of Lemma we consider that Pe = P. Note @ = {q €
G : qP|JPq C P}. We prove that @) is an open compact left medial subloop.
Now we show that () is the open set. Let ¢ be a fixed point of () and x be
an arbitrary point of P. Since x ¢ € P and P is open set, then there exists
such neighborhoods U, > x and V, > ¢, such that U,V, C P. In this case we
have P = J,_, U,,. Because P is a compact set we can extract an open finitely
subcovering U,,,...,U,, such that P = |Ji_, U,,. Note V = (N, V,,. Then
PV C P. Let us consider ¢ x € P. By analogy we prove that there exists such
neighborhood W 5 ¢ so that W P C P. Note V(W = U. Then we have that
UP C P and PU =C P. Hence for the open set U > ¢ we have U C Q.
Therefore () is the open set.

Let us show that () is a closed set. Suppose that p € ). Then for some ¢ € P
we have pg & P or qp € P. Let us pg ¢ P. Then there exist an open set U such
that p € U and Uq C G\ P. Therefore U (@ = () and ¢ isn’t a limit point of Q.
Hence @ is a closed set. If ¢ € G, then ¢ € ¢ P(\ P q. Since if ¢ P|JP q C P,
then ¢ € P. Therefore @ C P. By condition of Theorem eP|JPe = P C P.
Hence e € Q.

We will prove that @) is left medial loop. Fix a,b € ). Then P ab = a Pb C
a P C P and ab P = ab Pe = aP be = P be = ePbe = eb Pe =0 P C P.
Therefore ab € ) and (@) is a subgroupoid of G.

If a,b € @ then for equation ax = b his solution x = (be)a is in () and for

equation ya = b his solution y = ba is also in (). Hence @ is a left medial subloop

of (3.

Corollary 3.15.5. Let G be a left medial loop. If G contains a non-empty

open compact subset, then G contains a open compact left medial subloop.

Example 3.15.6. Let (@), +) be a commutative group. We define in ) the
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operation () : x -y =y — x for every x,y € ). Then (Q,-) is a left medial loop
with the identity 22 = e.

3.16. Covering Algebras. Preservation Properties in the Locally

Trivial Fibering

L.S. Pontrjagin [178] proved that a linear connected space that covers a topo-
logical group admits, in a natural way, a structure of a topological group. In
this Chapter we establish a similar result for universal algebras with continuous
signature. This result, for the case of a finite discrete signature, was obtained
by A.I. Mal’cev [151]. Result from this Chapter is stronger then Mal’cev’s The-
orem. In particular, the result holds for the topological R-modules, where R is a
topological ring.

All spaces are assumed to be Th-spaces. Fix a continuous signature FE =
®{FE, :n e N =0,1,...}. We mention that if J is a set of identities then the
totality V' (J) of all Hausdorff topological E-algebras, which satisfy the identities

J, forms a complete variety of topological F-algebras.

A mapping f : X — Y is called a locally trivial fibering with the fiber Z,
if for every point yy € Y there is such an open set U C Y, where yo € U, and
a homeomorphism ¢ : U x Z — f~'U, such that p({y} x Z) = f~(y) for all
y € U. If the fibre Z is discrete and the spaces X and Y are linear connected
and locally simple connected, then f is called a covering mapping.

A covering mapping f : X — Y of a simply linearly connected space X onto
the linear connected space Y is called universal if the space X is connected. If
the covering mapping f is universal, then the space X is called a universal cover
of Y.

Theorem 3.16.1. Let f : X — Y be a locally trivial fibering with the fiber
Z. Then:

1. If the spaces Y and Z are T;-spaces, then X s T;-space too, where i €
{2,3,3%}.

2. If the spaces Y and Z are locally compact, then X s locally compact too.
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3. If the space Y x Z is paracompact, then X is paracompact too.
4. If the spaces Y and Z are metrizable then X is metrizable too.

Proof.1. Let Y and Z be regular spaces. We fix a closed set F'in X and a
point xy € F. There are open sets U and V in Y such that f(xg) e V C [V] C U
and f~'U and U x Z are homeomorphic. Then the space U x Z is regular.
Therefore there exists such an open set W in X, that 20 € W C f~'V and
(W]Nn (Fn f7U) = @. Since (W] C f7YV] C f7'U, then W]NF = & is
regular. If the spaces Y and Z are T35 — spaces, then the proved is similarly.
The case for ¢ = 2 is obviously.

2. The assertion 2 is obvious.

3. Let Y x Z be a paracompact space and w = {U : U an open set in Y, f~1U
and U x Z are homomorphic}. In the cover w we refine some locally finite open
cover {V,, : a € A}. We can assume that V,, is an F,-sets for each a € A. Then
V., X Z are open F,-sets, paracompact in Y x Z. Hence V, x Z and f~'V, are
paracompact spaces for all « € A. So, {f~'V, : @ € A} is a locally finit open
cover of the space X and {f~'V, is paracompact for any o € A. Therefore, X is
a paracompact space.

4. The spaces X and Y x Z are the common locally properties. Suppose
that Y and Z are metrizable. Then X is a paracompact locally metrizable space.
Thus X is metrizable. The proof is complete.

Theorem 3.16.2. Let f : X — Y be a locally trivial fibering with reqular
bases space Y and the fiber Z. Then:

1. If the space Y x Z 1is weakly paracompact, then X s weakly paracompact
too;
2. If the space Y x Z is meta-Lindelof, then X is meta-Lindelof too.

Proof. Let w = {U|U-open set in Y; f~1(U) and U X Z are homeomorphic}.
In w we refine the open pointwise finite cover {V, : « € A}. Then f![V,] is
homeomorphic with the closed subspace of the space Y x Z. Hence f~![V,] is
weakly paracompact for all & € A. Let v be an open cover of the space X. Then
J/'[V4] contains an open point-wise finite cover {Wj : 8 € B,}, which can be
refined in 7. Let &={Ws N (f~'V,): B € B,}. Hence |J{&, : @ € A} is an open

point-wise cover, refined in 7.
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2. Assertion 2 is proved similarly.
The proof is complete.

Corollary 3.16.3. Let f : X — Y be a covering mapping. Then:
IfY is a T;-space, then X is also a T;-space, where i € {2,3,3.5}.
If the space Y 1is locally compact, then X is also locally compact.

If the space Y is paracompact, then X 1s also paracompact.

> e v o~

If the space Y is metrizable, then X is also metrizable.

5. If the space Y 1s reqular and weakly paracompact, then X s weakly para-
compact too.

6. If the space Y is reqular and meta-Lindelof, then X is meta-Lindelof too.

Proof. It follows from Theorem 3.16.1 and 3.16.2.

Corollary 3.16.4. Let f : X — Y be a covering mapping. If the space Y
s paracompact and locally compact, then the space X is Lindelof and the fiber
[~ (y) is countable.

Corollary 3.16.3 allows us to study the topological properties of universal
covering spaces.

Corollary 3.16.5. Let f : X — Y be a covering mapping. If the space Y
15 paracompact and locally simple connected, connected and locally compact, then
the fundamental group w(Y') of the space Y is countable.

Proof. According to Corollary 3.16.3 the spaces Y and X are Lindelof, be-
cause every connected paracompact and locally compact space is Lindelof. By
the construction of the space X we have |7(Y)| = |w™!(a)|, for every a € Y. The
set w™!(a) is discrete, but in any Lindelof space every discrete set is countable or
finite. The proof is complete.

Example 3.16.6. In the space Z = [O 1] x {0,1} we identify the pairs of
points {(0,0),(0,1)}, {(1,0),(1,1)}, {(1 = 2,0),(1 — £,1)}, where n = 1,2,....
The received quotient space is denoted by X , whereas p : Z — X is the natural
projection. The space X has a countable number of circles {w, : n = 1,2,...},
where w, = p([=2, 2-]) x {0,1}. Let I =[0,1], I, = [=1, %], as = p((1,0)),

n ’n+1 n > ntll
(p—1 = p((”T_l, 0)), where n = 1,2, .... For every m > 0 we denote by @, : I, —
wy, such mapping of I,, onto w, that for m # k the mappings ¢,,, and @, are
not homotopic, gpmn("nl) = a,_1 and gpmn(nLH) = a,.

Such mappings exists, because 7(w,) is countable and isomorphic to Z. We
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can assume that ¢,,, contains precisely m full counter-clockwise rotations.
Consider the mapping h : N — N. The mapping h generates the path
ry © I — X, where r,(0) = ao, 7h(1) = aoo and 73|I, = @pmyn. If the mapping
hi,hy : N — N are different, then r,, and r,, are not homotopic equivalent.
Therefore m(X,ag) contains at least N elements. The space X is metrizable,
compact and not locally simple connected in the point a.,. Clearly, X is locally
simple connected in all points except for point a,,. Hence, for not locally simple

connected spaces the Corollary 3.16.5 is not true.

3.17. Universal Covering Algebras

We consider the complete variety V' of topological E-algebras, for which the
following condition hold:

A. For every algebra G € V there is a neutral element 1, such that ey (E X
G°) C {15} and w(lg,...,1g) = 1¢ for each w € E, and n > 1.

Consider a linearly connected, locally connected and locally simple connected
algebra G € V. It is well known that there exists a universal covering p : G* — G
and a point 13, € G, such that p(1},) = 1 (see[178]). The objects G* and p are
constructed in the following way.

Consider all the paths in G coming from point 1. Two paths f,g:1[0,1] — G
are equivalent, if f(1) = g(1) and f, g are homotopic equivalent. For every path
f :[0,1] — G denote by [f] the class of equivalence contained f. Denote by G*
the totality of all classes of equivalence. If a* € G*, then it is uniquely determined
by the points p(a*), where p(a*) = f(1) for all f € a*. The topology in G* is
introduced as follows.

Let U be an open simple connected set in G, a* € G* and p(a*) € U. We fix
f € a® and set (U,a*) = {[fg] | g : [0,1] — U - is the path and ¢(0) = f(1)}.
The totality of the sets (U, a*) forms an basis in G*.

Theorem 3.17.1. Let G be a topological E-algebra, G € V. Then there
exists on G* an algebraical structure such that G* € V and p : G* — G is a
homomorphism.

Proof. Fix 1}, € p~!(1g). If Ey # @, then we set egq(Ep x (G*)?) = {15}
Let n > 1 and aj,al,...,ar € G*. Wefix fi €aj, fr€a},....fn€a; andw € E,.
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Then we determine the path

f(t) = enG(fl(t)7 f2(t)7 P fn(t)7w>

for which

f(O) = enG(fl(O)a f2(0)7 ooy fn(o)vw) = enG(lGa lg, ..., 1G7w)

and

f(l) = 6nG(f1(1)7 f2(1)7 EP fn(1)7w)'

There exists a point a* € G* for which f € a*.

We put e g-(aj,as,...,al,w)= a*. We prove that a* does not depend on the
choice of the functions fi, fo, ..., fn-

Let fi, fi € ai, fao, f5 € ab,....fn, f1 € a’. Then there exists such a continuous
function ¢; : [0,1] x [0,1] — G, that ;g = fi(t) and @;ug = f;(t) for all
i=1,2,...,n. Weset ¢ (t) = enc(fi(t), o), ..., f1(t),w).

Consider the continuous function

o(1,t) = ena(w1(s, 1), p2(s,t), ..., on(s,t),w).

Then ¢(0,t) = f(t) and ¢(1,t) = f'(t). Hence, f and f" are homotopic equivalent,

f ~ f'. So, the mapping e, is correctly determined and

*

p<enG*(aT7 a;a ey CLn,CL))) = EnG+ (p(cf{),p(a;), ...,p(a;’;),w).

We now establish the continuity of the mapping e,g«. Fix n > 1, w € E,;
ai,as,...,a’ € G* and the neighborhood U* = (U, a*), where a* = e, ¢« (aj, al, ...,a’, w).
There exist a simple connected open sets Uy, Us, ...,U, in G and an open set W
in F, such that p(a}) € Uy, p(a3) € Uy, ...,p(a}) € Uy, w € W and e,q(W x Uy X
Uy x..xU,) CU.

We set Uy = (Uy,a}),Us = (Us,ab), ..Uy = (Uy,a;). Then e, (W x Uy x
Uy x..xUr) C U

Therefore, the mapping e, g+ is continuous and G* is a topological E-algebra
and p : G* — (G is a continuous homomorphism.

If ¢ is a m-ary operation, then for every aj,a3,...,a; € G*:

* *

plg(ay, a3, ..., ay,)) = q(pay), p(ay), ..., play,)).
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If fy €aj, fo€al ..., f.€a and a* = q(aj,al,...,a’), then

q(f1(), f2(t); s fm(t)) € @™

Now, let w be an m-ary operation, ¢ be an k-ary operation and

w(xla T2y ey .I'm) - Q(ylv Y2y .-ey yk)
be an identity in V.

Assume a3, a3, ..., ak, 05,05, ..., bp € G*. We fix f1 € a}, fo € a,..., fm € @,

@
g1 € bik, g2 € b;,..., gi € bz
We suppose that:

- a; = ay, then fz = fj;
- Q; = bj, then fz = (.

Then for any ¢ we have

w(fl(t)7 fQ(t>7 s fm(t)) = Q(gl(t)uq?(t)? "'agk(t))7 or

w(at,ay,...,ak)) = q(by, b5, ..., b%).

Hence, the algebra G* satisfies all the identities of the algebras from V. Therefore,

G* € V because e,g+ (1%, ..., 15,w) = 1, for all w € E,, n > 1. The proof is

complete.

3.18. Examples of Covering Algebras

Example 3.18.1. Every variety V of topological groups, quasigroups with
left or right units, loops, semigroups with unit, the rings without units, satisfies
condition (A).

Example 3.18.2. An E-algebra (G is a biternary F-algebra if there exist two
ternary polynomials p, g such that p(y, y, x) = q(p(z, v, 2),y, 2) = plq(z,y, 2),y, 2) =
x, for all z,y, z € G. The biternary E-algebras are introduced in [151] and satisfy
condition (A). In this case £ = E3 = {p,q}. We can fix as 1¢ any element of
algebra, since p(z,x,z) = x and q(p(x, z,z), x,z) = q(z,z,z) = .

Example 3.18.3. An FE-algebra G is a biquaternary FE-algebra if there ex-
ist two quaternary polynomials such that p(z,z,y,z) = z; q(x,y,2,2) = x;
q(p(z,y,x,2),y,x,2) = x, for all z,y,z,€ G [151]. We can fix as 1g any be-
forehand given element. In this case £ = E; = {p, ¢}.
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Example 3.18.4. An F-algebra G is called an homogeneous FE-algebra if
there exist two binary operations {+,-} = F; = E such that z -z = y -y,
r+z-y=y, x-(r+y) =y, foral x,y € G [151]. Let the F-algebra G be
an homogeneous F-algebra. Then there exists an element 15 € G, such that
r-x=1gforallx € G. Hence, 1g-1g=1¢, lag+1lg=1g+ 1 - 1¢ = 14.

Example 3.18.5. Ternary algebras of Mal'tev satisfy condition (A). In this
case £ = FE3 = {p} and p(z,y,y) = p(y,y,x) = . We can take any fixed

elements as 14 .

3.19. Conclusions for Chapter 3

In this Chapter there have been studied: topological quasigroups which are ob-
tained by using the isotopies of topological groups, proprieties of medial and para-
medial topological groupoids, continuous homomorphisms of topological groupoids
with a continuous division and universal covers algebras.

We can mention the following conclusions:
1). there have been introduced some new concepts: (n,m)-identities,(n,m)-
homogeneous isotope, (n,m)-homogeneous quasigroup.
2). there have been elaborated methods of construction of Haar measure on me-
dial topological quasigroups.
In this way, using the new concepts and methods we are able:
- to describe the topological quasigroups with (n, m)-homogeneous quasigroup.
- to establish conditions for which there exist right invariant (or left invariant)
Haar measures on medial grupoids.
- to construct and demonstrate the uniqueness of Haar measure on medial quasi-
groups.
- to extend some affirmations of the theory of topological groups on the class of
topological (n, m)-homogeneous quasigroups.
3). there have been studied the paramedial topological groupoids and established
the correlation between paramediality and associativity.
4). there have been elaborated methods of embedding every topological n-
groupoid A into topological n-groupoid with division B.
5). there have been given conditions when continuous homomorphisms of topo-
logical groupoids with a continuous division are open.

6). there have been proved that if P is an open compact set of a left identity from
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a left medial topological loop G, then P contains an open compact left medial
subloop Q.
7). there have been constructed a universal covering on topological E-algebras
with continuous signature. In particular, the result holds for the topological R-
modules, where R is a topological ring. Therefore, the result from this work is
stronger then Mal’cev’s Theorem for algebras with discrete signature.

The methodology proposed for research in Chapter 3 can be used:
- to introduce the concept of multiple identities for n-medial quasigroups;
- to develop methods of construction of Haar measure on n-quasigroups with
multiple identities;
- to study in greater detail the relationship between paramediality and associa-
tivity, mediality and associativity;
- to study properties of a class of (n, m)-homogeneos topological paramedial quasi-
groups;
- to identify the conditions when continuous homomorphisms of topological n-
groupoids with a continuous division are open;
- to give a general solution of the homomorphism problem for fuzzy universal
algebras.
- to identify the conditions for which if P is open compact set of paramedial
topological quasigroup G, then P contains an open compact paramedial sub-
quasigroup Q;
- to examine the methods of constructions the universal covers on topological
groupoid with division;
- to study the topological and algebraical properties of universal covers on topo-
logical groupoid with division;
- to study compact subsets of free algebras with topologies.

- to elaborate special methods to investigate of k-algebras.
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4. COMPACT SUBSETS OF FREE ALGEBRAS WITH
TOPOLOGIES AND EQUIVALENCE OF SPACES

In this Chapter we investigate universal algebras with topologies. On algebras
we consider topologies relatively to which operations are continuous on compact
subsets. These algebras are called k-algebras. Some properties of compact subsets
of free k-algebras and some facts about My -equivalence of spaces are established.

The present chapter is connected with results of A.A. Markov [155], M.I. Graev
[103], A.I. Mal’cev [153], J. Milnor [160, 161], P.J. Huber [115], H.-E. Porst [177],
V.M. Valov and B.A. Pasynkov [203], E.T. Ordman [174] and M.M. Choban
(38, 41].

Our objective is to study the category of universal topological algebras and
the notions of k-continuous mappings and k-algebras.

The category of k-algebras was studied in [41, 174, 177]. The existence of the
free k-algebras follows from the general result from [41]. Our attention is focused
on the problem of the description of compact subsets of free topological algebras
and free k-algebras.

The notion of a k-group was first considered by J. Milnor [160] and P. J.
Huber [115]. Let G be a commutative group. According to J. Milnor, there exists
the Eilenberg-MacLane semi-simplicial complex K(G,n), where n € N, which
admits the structure of a commutative group. J. Milnor [160] stated that the
groups K (G, n) are topological for every countable group G. As was observed by
P. J. Huber [115], a closer inspection of Milnor’s proof shows that K(G,n) are
k-groups for every group GG. This deep fact was widely studied and applied (see
[22, 115, 157, 161, 203)]).

4.0.1 Notations and remarks:

1. clx A or clA denotes the closure of a set A in a space X.

2. |Y| denotes the cardinality of a set Y.

3. The Cartesian product of spaces is equipped with the Tychonoff topology.

4. BX denotes the Stone-Ceeh compactification of a completely regular space
X.

5. R denotes the spaces of reals, N = {0,1,2,...} is the subspace of natural
numbers and [ = [0,1] C R.

6. The word “space” will refer to Hausdorff spaces.
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4.1 Spaces and mappings

All spaces under consideration are Hausdorff. A mapping f : X — Y of a
space X into a space Y is called a k-continuous mapping if for every compact
subset ® C X the restriction f|®: ® — Y is continuous.

Denote by Tyh the category of all completely regular spaces, by Reg the
category of all regular spaces and by Hsd the category of all Hausdorff spaces.

Let £ be a class of spaces and X € L be a topological space with a topology
7. Weput k(7T)={U C X : UN® is open in ® for every compact subset ® of
X} and k. (7) is the topology on X generated by the family of all k-continuous
mappings {f : X - Y :Y € L and f(X) =Y}. Clearly 7 C k(7)) C k(7)
and k(7) = kpeq(T) (see[5, 89, 159]). By kX we denote the set X with the
topology k. (7).

If (X,T) is a regular space, then we put k,(7) = kpey(7) and k, X or k,(X)
is the set X with the topology k,(7).

If (X,7) is a Hausdorff space, then by kX or k(X) we denote the set X with
the topology k(7).

If (X,7T) is a completely regular space, then we put kg(7) = kryn(7) and
krX or kr(X) is the set X with the topology kr(7T).

If 7 is a completely regular topology on X, then 7 C kr(7) C k,(7T) C k(X).

Definition 4.1.1. A space X is called:

—a k-space if kX = X;

— a ky-space if X is reqular and k,X = X;

— a kgr-space if X 1s completely reqular and krX = X.

Let kHsd be the category of all k-spaces, pReg be the category of all k,-spaces
and RTyh be the category of all kr-spaces.
Then k : Hsd — kHsd,eqg — pReg and kg : Tyh — RTyh are covariant functors.

If X and kX are regular spaces, then £,X = kX. Hence every regular k-space
is a k,-space.

If X and kX are completely regular spaces, then kg X = £, X = kX. Hence
every completely regular k-space (respectively, k,-space) is a kgr-space. The fol-

lowing two statements are obvious.

Proposition 4.1.2. Let L € {T'yh, Reg, Hsd} and (X,T) € L. The following

assertions are equivalent:
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1. T = ke(T).

2. FEvery k-continuous mapping f : X — Y, where Y € L, is continuous.

Proposition 4.1.3. For each completely reqular space X the following asser-
tions are equivalent:

1. X 1is a kgr-space.

2. Fvery k-continuous mapping f : X — Y into a completely regular space Y
1S CONLINUOUS.

3. Bvery k-continuous function f: X — R is continuous.

4. Fvery bounded k-continuous function f : X — R 1s continuous.

Let £ € {Hsd, Reg, Tyh}, {X, € L : a € A} be a family of spaces and
X =1{X, : « € A}. Denote by II.{X, : @« € A} the space k. X. In particular,
I{Xe :a € A} =l {Xa o € A} II{X, : a € A} = llgeg{ X, : @ € A}
and Ip{X, : « € A} = Ilpyn{X, : @« € A}. The operation Il is a product in
the category {X € L : kX = X}.

A space X is called a functionally Hausdorff space or an F'H-space if for every
pair of distinct points a,b € X there exists a continuous function f : X — R
such that f(a) # f(b).

A subset H of a space X is said to be bounded if f(H) is a bounded subset
of the reals R for every continuous function f : X — R.

A space X is called a p-complete space if the closure clx H of every bounded

subset H C X is compact.

Proposition 4.1.4. Let (X,7) be a p-complete space and T C T' C k(7).
Then the space (X, T") is u-complete.

Proof. Denote by comp(Z) the family of all compact subsets of a space Z.
Then comp(X,7") = comp(X,7T). If H is a bounded subset of (X,7”), then
H is bounded in (X, 7T) too. Therefore & = clx 7 H is a compact subset and
® € comp(X,T"). Hence cl(x7yH = ®. The proof is complete.

Corollary 4.1.5. If X is a p-complete space, then kX is p-complete.
Corollary 4.1.6. If X is a reqular u-complete space, then k,X is p-complete.

Corollary 4.1.7. If X s a completely reqular p-complete space, then krX 1is

w-complete.
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Example 4.1.8. Let N = {0,1,2,...} be the discrete space of the natural
numbers. For every infinite subset A of N we fix a point r(A) € clgyA \ A.
Consider the set X = N U {r(A) : A is an infinite subset of N} as a subspace of
the Stone-Cech compactification SN of N. Then the space X is pseudocompact
(i.e. X is bounded in X) and every compact subset of X is finite. Hence kX =
krX = k,X is a discrete space, kX is p-complete and X is not p-complete.

Example 4.1.9. For every infinite countable subset A of SN we fix some
point p(A) € clgyA\ A. We put r(A) = AU {p(B) : B is an infinite countable
subset of A}. There exists a minimal subspace X of SN such that N C X and
r(X) = X. The space X is countably compact and every compact subset of X
is finite. Hence the space X is not p-complete and kX is a discrete p-complete
space. In particular kX = £k, X = kX,

The sequence {X,, : n € N} of subspaces of a space X is called a k_-sequence
or a k,-decomposition of X if:

- X, C X,,;1 and X, is a compact subset of X for every n € N;

— the subset H of X is closed if and only if H ()X, is closed in X for every
n e N.

A Hausdorff space with a k,-sequence is called a k,-space.

The following assertions are well known (see [94, 158, 192]):

Al. Every k-space is a normal k-space and a kgr-space.

A2. Every closed subspace of a k,-space is a k,-space.

A3. Every open Lindelof subspace of a k. -space is a k. -space.

A4. The topological product of a finite family of k,-spaces is a k. -space.
Ab5. Every k-space is p-complete.

A6. The discrete sum of a countable family of k_-spaces is a k,-space.

4.2 Algebras with Topologies

The discrete sum F = &{E,, : n € N} of pairwise disjoint spaces {E,, : n € N}
is called a continuous signature.

If F is a discrete space, then the signature E is said to be discrete.

If Fis a k,-space, then E is called a k,-signature.

Definition 4.2.1. An E-algebra or a universal algebra of the signature E is
a family {G, e g :n € N} for which:
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- G is a non-empty set;

—ena : BEp X G" — G is a mapping for everyn € N.

The set G is called the support of the F-algebra and the mappings eq = {e,q :
n € N} are called an algebraic structure on G.

The signature F is the space of symbols of operations.

Let G be an FE-algebra. Then G is a singleton. If u € Ej, then ug =
u(G%) = epg(u, GO) is a point of G. If n > 1 and u € E,, then u(xy,...,z,) =
enc(U, 1, ..., x,) is a mapping of G™ into G.

Consider an F-algebra GG, a non-empty subset A of G and a non-empty subset
H of E. We put ag(H,A) = A, ap11(H,A) = a,(H, A) U U{enc((H N E,,) X
an(H,A)™)) :m e N} for every n € N and a(H, A) = U{a,(H,A) :n € N}.

If A4 (Q and a(E, A) C A, ie. eg(E, x A") C A for every n € N, then A is
called a subalgebra of the E-algebra (G. For every non-empty subset A of GG, the
set a(E, A) is a subalgebra of G.

A mapping f : A — B of an F-algebra A into an F-algebra B is called a
homomorphism if f(ega({a} x A%)) = epp({a} x B®) and f(epa(w,1,...,2,)) =
eng(w, f(x1),..., f(z,)) forevery a € Eg, n > 1, w € E, and x1,...2, € A. If f
is a one-to-one homomorphism, then f is called an isomorphism.

Consider a non-empty family {B,, : « € A} of E-algebras. Let B = II{B, :
a € A} and B" = II{B” : a € A} for every n € N. We consider the mappings
en : B, X B" — B with e,g(b,x) = {e.n,(b,z,) : @ € A} for every n € N,
be E,and z = (v, € Bl : « € A) € B". The set B with the mappings
ep = {enp : n € N} is called a Cartesian product of the E-algebras {B,, : o € A}.
The natural projections 7, : B — B, are homeomorphisms.

If {B,:a € A} is an empty family of E-algebras, then II{B, : o € A} is the
singleton E-algebra.

Definition 4.2.2. An FE-algebra G together with a given topology on it is
called a topological E-algebra if the mappings e, : E, X G* — G, n € N, are

continuous.
The Tychonoff product of topological E-algebras is a topological E-algebra.

Definition 4.2.3. An E-algebra G together with a given topology on it is
called a k-E-algebra if the mappings e,q : E,xG" — G, n € N, are k-continuous.
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Every topological E-algebra is a k-FE-algebra. The Tychonoff product of k-
FE-algebras is a k-F-algebra. If {G, : a € A} is a family of k-FE-algebras, then
I {Gs :a € A}, I1,{G, : « € A} and lIz{G, : o € A} are k-E-algebras.

In the category of k-algebras we consider homomorphisms, continuous homo-

morphisms, isomorphisms, continuous isomorphisms, topological isomorphisms.

Proposition 4.2.4. Let T be a topology on an E-algebra G. The following
assertions are equivalent:

1. (G,T) is a k-E-algebra.

2. If T CT' Ck(T), then (G,T") is a k-FE-algebra.

3. For some topology T', where T CT' C k(T), (G,7T") is a k-E-algebra.

Proof. It is obvious.

Proposition 4.2.5. Let E be a k,-signature, G be an E-algebra, T be a
topology on G and (G, T) be a k,-space. Then G is a topological E-algebra if and
only if G is a k-E-algebra.

Proof. It is obvious.

Example 4.2.6. Let Ey = {0}, By ={—}, By ={+} and £ = EyU E; U Ej
be the group signature. Let G be a group with a topology and every compact
subset of G be finite. Then G is a k-group, i.e. a k-FE-algebra.

Example 4.2.7. Let F = {0,—,+} be the group signature and 7 =
{0,+1,...} be the additive groups of integers. If A C Z, then |A|, is the cardi-
nality of the set {x € A : |z|] < n}. The set A is of density 1 if lim% =1. On
Z consider the topology for which the points {n € Z : n # 0} are isolated and
U C Z is a neighbourhood of 0 iff 0 € U and it is of density 1. One can easily
see that Z is a normal space and only the finite subsets are compact. The space

Z is not a topological group. The space Z is a k-group.

Example 4.2.8. Let G be an uncountable group. Every point x # 0 is
considered to be isolated and the neighbourhoods of 0 are of the form G \ A,
where 0 ¢ A and A is countable. The space G is Lindelof, G is a k-group and G

is not a topological group. In G every compact subset is finite.

Remark 4.2.9. If U{E, : n > 1} = () and Fj is discrete, then every space
admits some structure of a topological E-algebra. In particular, every k- E-algebra

is a topological F-algebra.

139



Remark 4.2.10. If U{E, : n > 1} # 0, then there exists a Lindelof k-FE-
algebra which is not a topological F-algebra.

Remark 4.2.11. If G is a k-F-algebra and F,, x G" is a k-space for every
n € N, then G is a topological E-algebra. If GG is a regular k-F-algebra and
E, x G" is a k,-space for all n € N, then G is a topological E-algebra. If G is a
completely regular k- F-algebra and E, x G™ is a kgr-space for every n € N, then
(G is a topological E-algebra.

Let i € {2,3, 3%} Fix a continuous signature £ = @&{E, : n € N}. Consider
that F is a Tj-space.

By V;(E) we denote the class of all topological E-algebras which are T;-spaces
and by W;(E) we denote the class of all k- F-algebras which are T;-spaces. Clearly
Vi(E) € Wi(E). If U(E) is the class of all E-algebras, then there exist the
forgetful functors v : Vi(F) — U(FE) and w : W;(E) — U(F), where v(G) or
w(@G) is the k-FE-algebra G without any topology on it. Since V;(E) C W;(F) we
have v = w|V;(F).

If V is any class of k-FE-algebras and V' C W;(FE), then we denote:

— S(V): the class of all k-FE-algebras topologically isomorphic to subalgebras
of members of V;

- I(V): the class of all Tychonoff products of families of
members of V;

—I'(V): the class of all isomorphic images of members of the class V;

V) = T(V) N V(Y

- (V) =T(V)nWi(V).

Definition 4.2.12. A class V' of k-E-algebras is called:

— a T;-quasivariety if V =11(V) = S(V) and V C W;(E);

— a complete T;-quasivariety if V = I(V) = S(V) = (V) C W;(V) and
L;(V") £ 0 for every non-empty subclass V' C V;

— a t-complete T;-quasivariety if V =11(V) = S(V) =y(V) C V;(V).

Lemma 4.2.13. IfV is a T;-quasivariety of topological E-algebras, then
L;(V) is a t-complete T;-quasivariety and I',(V') is a complete T;-quasivariety.

Proof. It is obvious.
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Let G be an E-algebra and H C G. If a(E, H) = GG, then we say that the set
H algebraically generates the F-algebra G.

Definition 4.2.14. Let V' be a T;-quasivariety of k-E-algebras and X be a
non-empty space.

(A). A couple (F*(X,V),ax) is called a free algebra of the space X in the
class V' if the following conditions hold:

Al. F*(X, V) eV and ax : X — F*(X,V) is a mapping.

A2. The set ax(X) algebraically generates F*(X, V).

A3. For each mapping f : X — G € V there exists a continuous homomor-
phism af : F*(X,V) — G such that f =axoaf.

(B). A couple (F¥(X,V),qx) is called a k-free algebra of the space X in the
class V' if the following conditions hold:

Bl. (F*(X,V) eV and qx : X — F¥(X,V) is a k-continuous mapping.

B2. The set qx(X) algebraically generates F*(X, V).

B3. For each k-continuous mapping f : X — G € V there exists a continuous
homomorphism qf : F*(X,V) — G such that f = qx o qf.

(C). A couple (F(X,V),tx) is called a t-free algebra of the space X in the
class V' if the following conditions hold:

Cl. F(X,V)eV andtx : X — F(X,V) is a continuous mapping.

C2. The set tx(X) algebraically generates F(X,V).

C3. For each continuous mapping f : X — G € V there exists a continuous
homomorphism tf : F(X,V) — G such that f =tx otf.

Theorem 4.2.15. Let V be a T;-quasivariety of k-E-algebras. Then for every
non-empty space X there exist:

— the unique free E-algebra (F*(X,V),ax);

— the unique k-free E-algebra (F*(X, V), qx);

— the unique t-free E-algebra (F(X,V),tx);

— the unique continuous homomorphisms by : FY(X,V) — FKX,V), cx :
FY(X,V)— F(X,V) and lx : F*(X,V) — F(X,V) such that qx = bx o ax and
tx =cxoax = lx oqx.

Proof. Let 7 be an infinite cardinal and 7 > |X| + |F|. Consider that
{foa: X — G, €V :ae€ A} is the set of all mappings for which |G,| < 7. Let
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C={a€A:f,: X - G,iscontinuous } and D ={a€ A: f,: X — G,
is k-continuous }. Fix a subset B C A. Consider the diagonal product fp :
X — Gp = II{G, : a € B}, where fp(z) = (fo(z) : @ € B). Let F(X,B)
be the subalgebra of G generated by the set gg(X). Consider the projection
go : F(X,B) — G, for every a € B.

If « € B, then f, =g,0 [B.

Fix a mapping f: X - G € V.

Put G’ = a(F, f(X)). Then |G'| < 7 and f = f,, G' = G, for some o € A.

If « € B, then f =g,0 fg and g, : F(X,B) — G is a continuous homomor-
phism. Hence (F(X,V),ax) = (F(X,A), fa), (FF(X,V),qx) = (F(X, D), fp)
and (F(X,V),tx) = (F(X,C), fc). The assertions are proved.

Remark 4.2.16. If a space X is discrete, then the mappings bx : F*(X,V) —
F*¥(X,V)and cx : F*(X,V) — F(X,V) are topological isomorphisms. If X is a
k-space, then lx : F¥(X,V) — F(X,V) is a topological isomorphism.

Definition 4.2.17. Let V be a T;-quasivariety of k-E-algebras. If bx :
FY(X,V) — F¥(X,V) is an isomorphism, then we say that the algebra F*(X,V)
is algebraically free in V. If cx : F*(X,V) — F(X,V) is an isomorphism, then
we say that the algebra F(X,V) is algebraically free in V.

Remark 4.2.18. If the algebra F'(X,V) is algebraically free in V, then the
algebra F'*(X, V) is algebraically free in V, too.

Remark 4.2.19. Let i € {2,3,31} and V be a complete Tj-quasivariety.
Then:

1. If i = 2, then for every space X the algebra F*(X,V) is a k-space.

2. If i = 3, then for every space X the algebra F*(X,V) is a k,-space.

3. If 1= 3%, then for every space X the algebra F*(X,V) is a kg-space.

Theorem 4.2.20. Let i € {2,3,33} and V be a complete T;-quasivariety.
Then:

1. For every completely regular space X the algebras F*(X,V) and F(X,V)
are algebraically free in V.

2. If the class V is not trivial, i.e. |G| = 2 for some G € V, then for every
completely reqular space X the mapping tx : X — F(X,V) is an embedding
and tx(X) is a closed subset of F(X,V).
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Proof. Let tV = {G € V : G is a topological E-algebra }. By definition,
the class tV is a t-complete T;-quasivariety of topological E-algebras. Moreover,
there exists a unique continuous isomorphism hyx : F*(X,V) — F*(X,tV) such
that hx(ax(z)) = ax(z) for every z € X. The algebra F(X,tV) is algebraically
free in tV' (see [38] Theorem 2.5). Hence the algebra F'(X, V) is algebraically free
in V. By Remark 8.3.7 the algebra F'*(X, V) is algebraically free in V, too. The
assertion 1 is proved. The assertion 2 follows from the assertion (2) of Theorem

2.5 in [38]. The proof is complete.

Corollary 4.2.21. Let V be a non-trivial complete T;-quasivariety of k-E-
algebras. Then for every FH-space X the algebras F*(X,V) and F(X,V) are

topologically free in V and tx : X — F(X,V) is a continuous injection.

Remark 4.2.22. If F is a discrete signature and V = II[(V) = S(V) =
(V) C Wi(E), then V is a complete T;-quasivariety of k-FE-algebras.

This fact is not true for a non-discrete signature E.

Example 4.2.23. Let B be a countable group for which (B, 7") is a Hausdorff
topological group if and only if 7 is a discrete topology. On B consider some non-
discrete completely regular topology 7, relative to which every compact subset
of (B,7p) is finite. Let Ey = {0}, £y = {—} + (B, 7), B2 = {+},{0,—, +} be
the group signature and F = Ey + E; + Fy. We put e;p(u,z) = u + x for all
uw € B CFE; and x € B. Then B is a k-FE-algebra.

Let A be an infinite commutative group and ej4(u,z) = 0 for all w € B and
x € A. Then A is an E-algebra, too.

Denote by V' the complete T,-quasivariety of E-algebras generated by the
family {A, B}. If G € V and G is a topological E-algebra, then G as a group
is commutative. The class tV = {G € V : G is a topological algebra} is the ¢-

complete Ty-quasivariety of F-algebras generated by the class {A}. In particular,
(B,75) € Vand I';({(B,7o)}) = 0.

4.3 Free Algebras of y~-Complete Spaces

Fix a k,-signature F, i € {2, 3, 3%} and a non-trivial complete T;-quasivariety
V of k-E-algebras. Let tV = {G € V : G is a topological E-algebra}. Then
tV is a non-trivial t-complete T;-quasivariety of topological E-algebras and for

every completely regular space X the mappings tx : X — F(X,V) and tx :
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X — F(X,tV) are embeddings. Moreover, there exists a continuous isomorphism
hx : F(X,V)— F(X,tV) such that hx(tx(z)) = tx(z) for all z € X.

Theorem 4.3.1. If X is a completely reqular space, then:

1. For every bounded subset B of F(X,V) there exist a bounded subset L of
X, a compact subset H of E andn € N such that B C a,(H,ix(L)).

2. For every bounded subset B of F*(X,V) there exist a bounded subset L of
X, a compact subset H of F and n € N such that B C a,(H,kx(L)).

3. If X is p-complete, then the spaces F(X,V), F*¥(X,V) are p-complete.

4. If X is p-complete and i = 2, then F*(X,V) = k(F(X,V)).

5. If X is p-complete and i = 3, then F*(X,V) = k,(F(X,V)).

6. If X is p-complete and i = 35, then F*(X,V) = kr(F(X,V)).

7. If X is a k,,-space, then F*(X,V) = F(X,V) is a k,-space and a topological
E-algebra.

8. The spaces F(X,V) and F*(X,V) are FH-spaces.

9. If F(X,V) is pu-complete, then X is p-complete, too.

Proof. Let B be a bounded subset of F(X,V). Then B; = hx(B) is
a bounded subset of F(X,tV). By virtue of Theorem 3.4 from [38], B; C
an,(H,tx(L)) for some m € N, a compact-subset H C F and a bounded sub-
set L of X. Since hy is an isomorphysm, then By C a,(H,ix(L)). The assertion
1 is proved.

Let B be a bounded subset of F*(X,V). The mapping lx : FK(X,V) —
F(X,V) is a continuous isomorphism and the set [x(B) is bounded in F(X,V).
If ix(B) C a,(H,tx(L)), then B C a,(H, kx(L)). Hence the assertion 2 follows
from the assertion 1. The assertion 3 follows from the assertions 1 and 2. From

the assertions 1 and 2 it follows that
comp(F(Y,V)) = {Ix(®) : & € comp(FX(Y, V))}

for every p-completely regular space Y. Hence the assertions 4, 5 and 6 follow
from the assertions 1 and 2. The assertion 7 follows from [82].

If {X,:n e N}isa k,-sequence in X and {H, : n € N} is a k,-sequence in
E, then {a,(H,,tx(X,) : n € N} is a k,-sequence in F'(X,V). Hence F(X,V)
is a k,-space and F*(X,V) = F(X,V). The proof is complete.
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4.4 On M-equivalence of spaces

Fix a k,-signature F, i € {2, 3, 3%} and a non-trivial complete Tj-quasivariety
V of k-FE-algebras. Let tV = {G € V : G is a topological E-algebra} = VNV;(E).

Definition 4.4.1. The spaces X and Y are called:

1. My -equivalent if the algebras F(X,V) and F(Y,V) are topologically iso-
morphic.

2. wMy-equivalent if the algebras F*(X,V) and F*(Y,V) are topologically
1somorphic.

3. tMy-equivalent if the algebras F(X,tV) and F(Y,tV) are topologically
1somorphic.

Definition 4.4.2. A space X 1is called V-perfect if the mapping qx : X —
FE(X,V) is an embedding.

Remark 4.4.3. Let X be a completely regular space. Then:

1. If X is a k-space, then X is V-perfect.

2. If i > 3 and X is a k,-space, then X is V-perfect.

3. If 1= 3% and X is a kg-space, then X is V-perfect.

Lemma 4.4.4. Let G be a k-E-algebra. Then there exist a topological E-
algebra G /t; € Vi(E) and a continuous homomorphism pc : G — G/t; such that
for every continuous homomorphism ¢ : G — A € V;(F) there exists a continuous
homomorphism p;q : G/t; — A such that ¢ = p;q © pig-

Proof. Let {f,: G — A, : p € M} be the family of all continuous homo-
morphisms f : G — A with A € V;(F) and |A| < |G]|. Consider the diagonal
product ¢, : G — [I{A4,, : p € M}, where g,(x) = {fu.(x) : p € M}. Setting
G/t = pic(G) we complete the proof.

The following two statements are obvious.

Lemma 4.4.5. F(X,tV) = F(X,V)/t; for every space X.

Lemma 4.4.6. If f : A — B is a continuous homomorphism of a k-E-algebra
A into k-E-algebra B, then there exists a continuous homomorphism if : A/t; —
B/t; such that ;g o f =1if o p;a.

Corollary 4.4.7. If the spaces X and Y are My -equivalent, then they are

t My -equivalent too.
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Theorem 4.4.8. Let X and Y be completely reqular p-complete V -perfect
spaces. The following assertions are equivalent:

1. The spaces X and Y are My -equivalent.

2. The spaces X and Y are t My -equivalent.

3. The spaces X and Y are wMy -equivalent.

Proof. The theorem is obvious if V' is trivial. Suppose that the class V' is not
trivial. The implication 1 — 2 follows from Corollary 4.4.7. For every V-perfect
space X we have F'(X,tV) = FF(X,V)/t; and F*(X, K) = F(X, K). This proves
the implications 3 - 2 and 1 — 3 — 1.

Let Z be a completely regular p-complete space. Consider the continuous
isomorphism my : F¥(Z, V) — F(Z,tV), where mz(qz(z)) = tz(z) for every
z € 4.

Since comp(F(Z,tV) = {mz(®) : & € comp(F*(Z,V))} we have F¥(Z,V) =
ky(F(Z,tV). This proves the implication 3 — 2. The proof is complete.

Corollary 4.4.9. Let X and Y be completely regular p-complete k-spaces.
The following assertions are equivalent:

1. The spaces X and Y are My -equivalent.

2. The spaces X andY are wMy -equivalent.

3. The spaces X and Y are tMy -equivalent.

Corollary 4.4.10. Let i > 3 and X, Y be completely regular p-complete
k,-spaces. The following assertions are equivalent:

1. The spaces X and Y are My -equivalent.

2. The spaces X and Y are wMy -equivalent.

3. The spaces X and Y are tMy -equivalent.

Corollary 4.4.11. Let 1 = 3% and X, Y be completely regular p-complete
kr-spaces. The following assertions are equivalent:

1. The spaces X and Y are My -equivalent.

2. The spaces X and'Y are wMy -equivalent.

3. The spaces X and Y are t My -equivalent.

Remark 4.4.12. Every paracompact space is pg-complete. Every normal

metacompact space is p-complete.
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Remark 4.4.13. Let X and Y be completely regular wMy -equivalent V-
perfect spaces. Then the following assertions are equivalent:

1. X is p-complete.

2. F*(X,V) is p-complete.

3. F(X,V) is p-complete.

4. F(X,tV) is u-complete.

5. Y is p-complete.

4.5 One Special Construction

Fix a k,-signature F, a non-trivial complete Ty-quasivariety V' of k- E-algebras
and a non-empty locally compact space P. Then Z x P is a k-space for every
k-space Z (see [89], Theorem 3.3.27).

For every space X the space F*(X,V) is a k-space.

If Z is a completely regular k-space, then qz : Z — F*(Z,V) is an embedding
and we identify Z with ¢z(Z). In this condition Z C F*(Z,V) and for every k-
continuous mapping f : Z — G € V the mapping f is continuous and there exists
a unique continuous homomorphism f : F¥(Z, V) — G such that f = f|Z.

Let X be a completely regular k-space. Then X x P is a k-space too. For every
z € P there exists a continuous homomorphism ¥, : F*(X,V) — F¥X x P,V)
such that ¥, is an embedding and V,(x) = (x,z2) for every x € X. Now we

consider the mapping
U: F*X,V)x P— FYX x PV),
where U (z,2) = W, (z) for every (z,z2) € F¥(X,K) x P,

The set of the polynomials or of the derived operations is the smallest set
P(FE) of operations on F-algebras such that:

1. EC P(F)and e € P(E), where e(x) = x for every x € G and an E-algebra
G.

2. Ifn>1,wekFE, and uy,...,u, € P(E), then w(uy,...,u,) € P(F). The
type of w(uq,...,u,) is equal to the sum of types of polynomials us, ..., u,.

If G is a k-FE-algebra and u is a polynomial of the type m, then v : G™ — G
is a k-continuous mapping. For n € N and u € E,, we have u(z) = e,g(u, x) for
all x € G™.
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If y € FE(X,V) and X C F*(X,V), then there exist n € N, a polynomial u
of type n and = € X™ such that u(x) = y.

Denote by C,FPy(E) the family of all compact subsets of the space F,. Let
m > 1 and the families {C, P;(F) : i < m,n € N} of compact spaces be defined
such that every compact space H € C,, P;,(F) is a set of polynomials of type n and
for every k-F-algebra G the mapping uy : H x G" — G, where ug(h,z) = h(x)
for every h € H and x € G", is k-continuous. Fix n > 1, Hy € C,Ty(F),
H, € C,,P,(E),....H, € Cp P (E) If p=my+---+m,, then H = Hy X
H, x --- x H, is a compact space from the family C,P,,(F) and

wi ((ho, hay .., hy), (21, . .,:Jsp)) =

=ho(h1 (21, .., Zmy)s oo s BTy oty 1415 - -5 Tp))-
By induction, the families {C, P,,(E) : n,m € N} of compact spaces are defined.

Theorem 4.5.1. Let X be a completely reqular p-complete k-space. Then
the mapping ¥ : F¥(X, V) x P — FK(X x P, V) is continuous.

Proof. Consider the family £ = {wy(Hx®") : H € C,,P,,(E), ® is a compact
subset of X and n,m € N} of compact subsets of F(X, V). From Theorem 8.4.1
it follows that for every compact subset L of F*(X, V) there exists a finite family
Lq,...,L, € L such that L C L, U---U L,,. Hence it is sufficient to prove that
for every L € L the mapping W|L x P is continuous.

Fix n,m € N, a compact space H € C,,P,,(F), a compact subset ® of X and
a compact subset ' of P. Then L = ug(H x ®") is a compact subset of F*(X, L).
The mappings

g Hx®"xT — FFX, K)x P, gy: Hx®" xT' — H x (& xT')" and
g3: Hx (®xI)" — F¥X x P,K), where
g(h,z1,.. . 20, y) = (M1, ..., T0),Y),
go(h,z1, ... 20, y) = (b, (21,9),. .., (Tn,y)) and
g3(h, (x1,y1), s (Tn, Yn)) = h((z1,11), - - -, (Tn, Yn)), are continuous.

By construction, V(g (h,z1,...,2n,vy)) = h((x1,9),..., (z,,y)) for every h € H,

y € I'and (z1,...,7,) € ®". Hence for g4 = W|L x ' we have g3 - g2 = g4 - g1.
Since the mapping ¢, is perfect and the mappings g, g3 are continuous, then

for every closed subset A of F*(X x P,V) the set g '(A4) = g1(g; (g5 (A))) is
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closed in L x I". Hence the mapping g, is continuous. Therefore the mapping ¥

is k-continuous. The proof is complete.

Corollary 4.5.2. For every completely reqular p-complete space X the map-
ping
U: X, V)x P — F*(X x PV)

15 continuous and the mappings

U:F(X,V)x P— F(X x P,V),

U: F(X,tV)x P— F(X x P,tV)
are k-continuous.

Corollary 4.5.3. If X and P are k,-spaces, then the mapping
U: F(X,tV)x P— F(X x P/ tV)

18 continuous.

4.6 Homotopy Classes of Mappings

Fix a signature F and a topological FE-algebra G. Then the family C(X,G)
of all continuous mappings f : X — G of a space X in G is an F-algebra.
For every n € N, z € X and fy, ..., fn € C(X,G) we have w(fy,..., fn)(x) =
w(fi(x), s fu()).

The mappings f,g € C(X, G) are called homotopic if there exists a continuous
mapping ¢ : X x I — G where ¢(z,0) = f(x) and ¢(z,1) = g(z) for all z € X.
Consider on C(X, G) the homotopy equivalence f * g.

Theorem 4.6.1. If G s a topological E-algebra, then the homotopy equiva-
h

~

lence * is a congruence relation on C(X,G).

Proof. If n > 1, w € E, and ¢q,...,0, : X X I — G are continuous
mappings, then w(y1,...,¢,) : X X I — G is a continuous mapping. The proof

is complete.

149



Denote by I'( X, G) the quotient algebra of homotopy classes in C'(X, G). Then
there exists a homomorphism hy : C(X,G) — I'(X, G) onto I'(X, G) such that

hx(f) = hx(g) if and only if f " g.

Theorem 4.6.2. Let G be a k-E-algebra and X be a k-space. Then C(X,G)
h

~

1s an E-algebra and the homotopy equivalence

C(X,G).

1$ a congruence relation on

Proof. Let fi,..., f, : X — G be continuous mappings, n > 1 and w € E,,.
Consider the mapping f = w(fi, ..., f»). Let ® be a compact subset of X. Then
®; = f;(P) is a compact subset of G for every i < n. We put H = ®; x...xd,, and
g = w|H. The mapping g and the mapping ¢ : & — H, ¢(z) = (fi(x), ..., fu(x)),
are continuous. By construction, f|® = g o ¢ is a continuous mapping. Thus f
is a continuous mapping and C'(X, G) is an E-algebra.

Let @1, ..., 0, : X X I — G be continuous mappings, n > 1 and w € F,,.

Since X x I is a k-space, w(p1, ..., on) : X x I — G is a continuous mapping,.
Hence " is a congruence relation on C'(X, G).

Hence for every k-FE-algebra G' and every k-space X there exists a homomor-
phism hy : C(X,G) — I'(X, G). The proof is complete.

4.7 Homotopy Classes of Homomorphisms

Fix a signature F. Let A and B be k-FE-algebras. Denote by
Hom(A, B) the family of all continuous homomorphisms f : A — B. By
construction, Hom(A, B) C C(A, B). The homomorphisms f,g € Hom(A, B)
are called a-homotopic if there exists a continuous mapping ¢ : A x I — B such
that:

—¢(x,0) = f(z) and ¢(z,1) = g(z) for every z € A;

— for every t € I the mapping ¢; : A — B, where ¢;(x) = ¢(z,1), is a
continuous homomorphism.

If f,g € Hom(A, B) and f, g are a-homotopic, then we put f ¢ g¢.

Definition 4.7.1. The E-algebra G is an algebra with permutable operations
if the following conditions hold:

—if By # 0, then epqg(Ey x GY) is a singleton subalgebra of G;

—ifu € FEg,n>1 and v € E,, then v(ug, ..., ug) = ug;
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—ifnm>1,uekE, andv € E,,, then
UW(V(Z11y ooy T )y weey V(Tdy ooes Trm) = V(U(T11, ooy Tp1)y ovey W1y ooy Trm)) for all
{z;j:i<n,j<m} CQG.

If G is an E-algebra, then for every E-algebra A the set G4 is the E-algebra
of all mappings f : A — G and hom(A, G) is the set of all homomorphisms
g:A— G.

Proposition 4.7.2. Let G be an E-algebra with permutable operations. Then
for every E-algebra A the set hom(A, G) is a subalgebra of the E-algebra G4.

Proof. Let n > 1,n € E,, fi,..., fn € hom(A,G) and f = u(f1,..., fn), 1. €.
f(z) = u(fi(x),..., fu(z)) for each x € A. If m > 1, v € E,, and 2y, ...,2,,, € A,
then

f(zy,...,zn)) =u(fi(v(zy, ...y z0))s ooy fa(0(X1, oy 2))) =
= u(v(fi(z1), s [1(@m)), s 0(ful21), o0y fulam))) =
= o(f(1), o f(@n)), s ulf1(@m), oy frl@m)) = v(f(21), ., fm))
and f € hom(A, B). The proof is complete.
Since Hom(A,G) = hom(A,G)(C(A,G), then from Proposition 4.7.2 we
obtain:

Corollary 4.7.3. Let G be a k-E-algebra with permutable operations. Then:

1. If G and A are topological E-algebras, then Hom(A, G) is a subalgebra of
the E-algebra C'(A, Q).

2. If a k-E-algebra A is a k-space, then Hom(A, G) is a subalgebra of the
E-algebra C(A, G).

Remark 4.7.4. Let G be an E-algebra and Hom(G, G) be a subalgebra of
the E-algebra G¢. Then:

- if Ey # 0, then egq(Fy x G°) is a singleton subalgebra of G;

-ifu € Fg, n > 1 and v € E,, then v(ug, ..., ug) = ug;

-ifn,m>1,ue E, and v € E,,, then

UW(V(T1y ey Tin)y ooy V(T ooy T)) = V(W(X1, ooy 1)y ooy W( Ty oy Tn))

for all xy,...,x, € G.
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Suppose that Hom(A, B) is a subalgebra of the F-algebra C(A, B). Then the
a-homotopy equivalence is a congruence relation on Hom(X, G).
Let 'Hom(A, B) be the set of classes of a-homotopy equivalence on Hom(A, B)

and
dx : Hom(A, B) — I'Hom(A, B)

be the natural homomorphism, where dx(f) = dx(g) iff f ¢ g.
If f¢ g, then f" g. The converse is false.

Example 4.7.5. Let Ey = {wo}, E1 = (0,1] and E = Ey|J F;. Consider
the space G = [0,1]. We put ege(Ey x G°) = {0} and ejy(u,z) = min{1,2}
for all w € F; and * € G. Then F,G are k,-spaces and G is a topological
FE-algebra. The mappings f,g : G — G, where f(z) = 0 and g(x) = =,
are continuous homomorphisms. It is obvious that the homomorphisms f, g are

homotopic mappings and are not a-homotopic homomorphisms.

Theorem 4.7.6. Let V be a non-trivial complete Ts-quasivariety of k-E-
algebras and X be a completely reqular k-space. Then X C F¥(X,V) and for
every G € V there exists a unique mapping mx : C(X,G) — Hom(F*(X,V),G)
such that f = wx(f)|X for any f € C(X,G).

Proof. By conditions of the theorem, F*(X, V) is a k-space and ¢qx : X —
F*(X,V) is an embedding. By Definition 8.3.3 (B), for every f € C(X, Q) there
exists a unique continuous homomorphism 7x(f) = ¢f : F*¥(X,V) — G such
that mx(f)|X = f. The proof is complete.

From Theorem 4.7.6 and Proposition 4.7.2 the next assertion follows:

Corollary 4.7.7. Let V be a non-trivial complete Ty-quasivariety of k-E-
algebras and X be a completely reqular k-space. If G € K is a k-E-algebra with
permutable operations, then the mapping nx : C(X,G) — Hom(F*(X,V),G)

1S an tsomorphism.

Theorem 4.7.8. Let E be a k,-signature, V' be a non-trivial complete Ts-
quastvariety of k-E-algebras, G € V and X be a completely reqular p-complete
k-space. Then:

1. There exists a unique one-to-one mapping

ox : T(X,G) — I'Hom(F*(X,V),G)

152



such that dx -mx = px - hx.

2. If G 1s a k-E-algebra with permutable operations, then px is an isomor-
phism.

Proof. Let f,g € C(X,G) and f; = nx(f), g1 = 7x(g). If the homomor-
phisms fi, g1 are a-homotopic, then f, g are homotopic, too. Assume that f, g
are homotopic. There exists a continuous mapping ¢ : X x I — G such that
o(x,0) = f(x) and p(x,1) = g(x) for all x € X. Since X x [ is a completely
regular k-space, we consider that X x I = qx, (X xI) C F*¥(X xI,V)). By Defi-
nition 3.3 (B), there exists a continuous homomorphism ¢, : F¥(X x I,V) — G
such that ¢1| X x I = ¢.

By virtue of the Theorem 4.6.1, there exists a continuous mapping
Y FHNX, V) x I — F¥X x 1,V),
where for every t € I the mapping
Y FRX,V) — FFX x 1,V)

with ¢4 (x) = (z,t) for all z € X is a continuous homomorphism.

Consider the continuous mapping
wa =10 F*X, V) x I — G.

By construction for every ¢ € I the mapping ¢, : F¥(X,V) — G, where ¢(z) =
@a(x,t), is a continuous homomorphism. By construction ys(z,0) = fi(x) and
@o(x,1) = gi(x) for every x € F*(X,V). Hence f; ¢ gi. Therefore f " ¢ if and
only if f; ¢ ¢g;. Thus

ox :[(X,G) — THom(F*(X, V), G),

where ox(€) = dx(mx(hy' (€)) for each & € T'(X,G), is a one-to-one mapping.
If mx is a homomorphism, then ¢x is a isomorphism too. Corollary 4.8.7

completes the proof.

Corollary 4.7.9. Let E be a k,-signature, V be a non-trivial complete T5-
quasivariety of k-E-algebras, G € V' be an E-algebra with permutable operations
and X,Y be completely reqular p-complete k-spaces. Then:
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1. If the spaces X,Y are My -equivalent, then the E-algebras T'(X, G), I'(Y, G)
are isomorphic.

2. If the spaces X,Y are wMy-equivalent, then the E-algebras I'(X,G),
L(Y, G) are isomorphic.

3. If the spaces X, Y are t My -equivalent, then the E-algebras I'( X, G), I'(Y, G)

are 1somorphic.
4.8 On Homotopical Cohomology

Let G be a commutative group and for every n € N by K(G,n) denote an
Eilenberg-MacLane complex, i. e. a C'W-complex having a single non-vanishing
homotopy group G in dimension n. The n-th homotopical cohomology group
H"(X, Q) of a space X is defined as the group of homotopy classes of continuous
maps of X into K(G,n), the group structure being induced by any of the H-
structures of K(G,n).

The space K (G, n) can be realized as a commutative k-group (see [115, 160]).
Moreover, if G is a countable group, then K (G, n) can be realized as a topologi-
cal commutative group [160]. Consider that {K(G,n) : n € N} are commutative
k-groups. Then the n-th homotopical cohomology group H"(X, G) of a k-space
X can be defined as the group I'(X, K(G,n)) of homotopy classes of continuous
mappings C(X, K(G,n)) (see [115, 160]). For a paracompact k-space X the ho-
motopical cohomology group H"(X, G) is isomorphic with the Cech cohomology
group H™"(X,G) (see [115]).

Fix a complete T,-quasivariety V' of k-groups and consider that
{K(G,n) :n € N} CV. Every commutative group is an algebra with permutable

operations. Thus from Corollary 8.8.9 we obtain

Corollary 4.8.1.Let XY be completely regular ji-complete k-spaces. If the
spaces X,Y are My -equivalent, or wMy -equivalet, or tMy -equivalent, then the
groups H"(X,G), H"(Y,G) are isomorphic.

Corollary 4.8.2.Let X,Y be paracompact k-spaces. If the spaces X,Y are
My -equivalent, or w My -equivalent, or t My -equivalent, then the groups F[”(X, G),
H™(Y,G) are isomorphic.

Let V, be the variety of all topological groups and V,, be the variety of all
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topological commutative groups. Then F(X) = F(X, V) is Markov’s free group
of a space X and A(X) = F(X,V,,) is Markov’s Abelian free group of a space
X.

Corollary 4.8.3.(B. A. Pasynkov [203]. Let X and Y be compact spaces.
If the topological groups F(X) and F(Y), or the topological groups A(X) and
A(Y) are topologically isomorphic, then the groups H*(X,G), H"(Y,G) are iso-
morphic, too.

Remark 4.8.4.Let A be a discrete ring and G be a A-module. Then K (G, n)
can be considered as A-modules (see [160]). Every A-module is an algebra with

permutable operations. In this case the natural mapping
hx : C(X,K(G,n)) — I'(X,K(G,n))

is a homomorphism of the A-module C'(X, K (G, n)) onto the A-module I'( X, K (G,
For every group A and every A-module B the group hom(A, B) of group
homomorphisms of A into B is a A-module. Hence Corollary 4.7.9 yields.

Corollary 4.8.5. Let X, Y be completely reqular ji-complete k-spaces, A be a
discrete ring and G be a A-module. If {K(G,n):n € N} as the k-groups are from
quasivariety V' and the spaces X, Y are My -equivalent, or wMy -equivalent, or
t My -equivalent, then the A-modules H"(X,G), H™(Y,G) are isomorphic. More-
over, if X, Y are paracompact k-spaces, then the A-modules ﬁ”(X, G), H"(Y, G)

are isomorphic.
4.9 Spaces of Mappings

Fix a k,-signature F, a non-trivial complete T5-quasivariety V of k- E-algebras
and a non-trivial topological E-algebra G € V.

Let X be a space. On the space C'(X,G) consider the topology of pointwise
convergence. If A, B € V| then we consider Hom(A, B) as a subspace of the
space C'(A, B).

Theorem 4.9.1.For every space X there exists a homeomorphism

¢:C(X,G) — Hom(F(X,V),G) such that:
1. f=ixop(f) for every f € C(X,G).
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2. If G is a topological E-algebra with permutable operations, then o is a topolog-
ical isomorphism of the topological E-algebra C(X,G) onto Hom(F(X,V),G).
3. If X is a p-complete k-space and f,g € C(X,Q), then f " g if and only if
p(f) 2 elg).

Proof. We consider that X = ix(X) C F(X,V). For every f € C(X,G)
there exists a unique continuous homomorphism ¢(f) : F(X,V) — G such that
f=txop(f) i e f=o(f)X.

Let f € C(X,G) and {f, : p € M} beanetin C(X,G), where M is a directed
set. Then {¢(f,) : p € M} is a net in Hom(F(X,V),G). If o(f) = lim p(f,),
then f = lim f,. Suppose that f = lim f,. Fix z € F(X,V). Then there
exists n € N, a polynomial ¢ and z1,...,x, € X such that z = t(xq,...,z,). If
n =0, then ¢(f)(2) = ¢(f.)(2) for all p € M and lim p(f,)(2) = ¢(f)(z). Let
n > 1. Fix a neighborhood U of the point ¢(f)(z) in G. Then there exist some
neighborhoods Uy, ..., U,, of the points f(x1) = ¢(f)(z1), ..., f(zn) = @(f)(z,) in
G such that t(U; x ... x U,) C U. Since f(x;) = lim f,(x;), there exists py € M
such that f,(x;) € U; for all 1 > o and i < n. Hence

P(fu)(2) = @(fu) (t(1, o)) = Hp(fu) (1), o 0 (fu) (n)) =

=t(fu(x1), ..o, fulxn)) € t(Uy x ... x U,) CU

for all > po and ¢(f)(2) = lim ¢(f,)(2). Therefore
¢:C(X,G) — Hom(F(X,V),G)

is a homeomorphism. The assertions 1 and 2 are proved. The assertion 3 follows

from Theorem 4.7.8. The proof is complete.

Corollary 4.9.2. Let X and Y be p-complete k-spaces and the algebras
F(X,V) and F(Y,V) be topologically isomorphic. Then there exists a homeo-
morphism u : C(X,G) — C(Y,G) such that:

1. If f,g € C(X,Q), then f" g if and only if u(f) " u(g).

2. If G is an algebra with permutable operations, then u is an isomorphism.

Remark 4.9.3.The assertion 1 of the Corollary 4.10.2 for the varieties V, V4

of topological groups and compact spaces X,Y was proved by L. S. Pontrjagin
([103], §9).
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4.10. Conclusions for Chapter 4

In this Chapter compact subsets of free algebras with topologies have been
studied. On algebras we have been considered topologies relatively to which
operations are continuous on compact subsets. Studying methods have been
elaborated and some properties of k-free algebra and Mg-equivalence have been
established.

The scientific innovation of this Chapter is determined by the following;:
1). there have been introduced the concepts of: k-FE-topological algebra, T;-
quasivariety of k-FE-algebras, k-FE-free algebra and relation of My -equivalence,
wMy~equivalence, t My -equivalence.
2). there have been elaborated studying methods of k-algebras.
3). the implementation of new concepts and methods of free algebras and k-
algebras allowed obtaining new important results, with large applications in topo-
logical algebra:

- we have identified significant properties regarding the relation of Mg-equivalence.
In particular, we obtained that homological groups are preserved under the re-
lation of Mg-equivalence. Some similar results for the varieties of topological
groups and compact spaces was proved by L. S. Pontrjagin and B. A. Pasynkov.

- we have described compact subsets of free topological algebras and of k-
algebras.

The methodology proposed for research in this Chapter can be used:
- to introduce the concept of k-free topological groupoid with a continuous divi-
sion;
- to describe compact subsets of k-free topological groupoid with a continuous
division;
- to elaborate studying methods of k-free topological groupoid with a continuous
division;
- to improve the methods of free topological algebras for the study of equivalence
of spaces.
- to elaborate a general methods of decomposition of algebras with invertibility

properties.
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5. RESOLVABILITY OF SOME SPECIAL ALGEBRAS
WITH TOPOLOGIES

A space X is called resolvable if in X there exist two disjoint dense subsets.
In [64] M. Choban and L. Chiriac has proved the following assertion.
Theorem. Let G be an infinite group of cardinality 7. Then there exists a
disjoint family {B,, : pn € M} of subsets of G such that:
1. |M| =1G].
2. G=U{B,:ne M}.
3. (G\ Bu) - K # G for all p € M and every finite subset K of G.
4. The sets {B,, : p € M} are dense in all totally bounded topologies on G.
This fact is a generalization of one Protasov’s result [180]. In this Chapter

the assertions of Theorem are proved for the special algebras - I,, P,-n-groupoids.

5.1 Introductory notions

We shall use the notation and terminology from [17, 26, 106]. In particular,
| X| is the cardinality of a set |X|, N =0,1,2,..., R is the space of reals. By wy
we denote the first infinite cardinal. If 7 is an infinite cardinal, then 7% is the
first cardinal larger than 7. If 7 > 1 is a cardinal, then the space X is called -
resolvable if there exists a family of pairwise disjoint dense subsets {B, : o € A}
of X such that |A| = 7. Every space is 1-resolvable. If the space X is 2-resolvable,
then we say that X is resolvable.

Denote by af* a sequence ay, as, ...,y . If a1 = a9 = ... = a,,, then we denote

this sequence by a™. For every space X we put

m(X) =min{|U|:U #0,U C X,U € 7}.

A space X is maximal resolvable if it is m(X)-resolvable. It is clear that if X is
r-resolvable then 7 < m(X). If m(X) = |X| > 1 and X is maximal resolvable,
then we say that X is superresolvable.

For every mapping f : X — X we put f = f and f**' = fo f* for any
n € N. We can consider that f°: X — X is the identity mapping.
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The problem of resolvability of totally bounded topological groups was solved
by V.I. Malykhin, W.W. Comfort, S. Van Mill [37], I.V.Protasov [180] and M.M.
Choban, L.L. Chiriac [64].

5.2 Groupoids with invertibility properties

Fix a sequence {E, : n € N} of pairwise disjoint spaces. The discrete sum
E =U{E, :n € N} is called a signature or a set of fundamental operations. A
universal algebra of signature E, or briefly, an F-algebra is a non-empty set G
and a sequence of mappings eq = {e,g : E, X G — G : n € N}. The set
G is called a support of the F-algebra G and the mappings es are called the
algebraical structure on GG. Let G be an F-algebra. If u € Ej, then the element
ug = eoc({u} x G°) is called a constant of G and we put u(x) = ug for all z € G.
Ifn>1ue€E, and x4, ...,z, € G, then we put u(xy,...,x,) = epg(u, 1, ..., ).
A pair (G,w) is said to be a n-groupoid if G is a non-empty set and w : G — G

is a mapping.

Definition 5.2.1 Let k < n. An n-groupoid (G,w) is called:
1. an I, Py-n-groupoid if there exist the mappings
Tlyeers Thel, Thaly ooy Tn - G — G such that
W1 (1) ooy T 1 (Th—1), W(T1y ooy T 1, Yy Tl 1y oves T )y Tt 1 (Tha1) s oo
m(@n)) =y or w(ry™ (27 ), w(zh Yy Thr)s T (T 1)) = ¥
forall xi, ..., x_1,Tki1, ..., Ty € G.
The mapping r;(x) is called k-involution, i € {1,....k — 1,k +1,...,n}.
2. an I,P-n-groupoid in the large sense if it is I, P,-n-groupoid for all k = 1,n.
In this case the mapping r;(x) is called involution, i € {1,...,n}.
3. an I, P-n-groupoid, or I, P-n-groupoid in strong sense, if there exist the map-
pings {r; : G — G: i = 1,n} such that {r; : i € n,i # k} is a family of
k-involutions for any k = 1,n.
4. an lyPy-n-groupoid if there exist the mappings 11, ...,Tk_1,Tki1, -, Tn : G — G

k—1

such that  w(ri(z),...,me_1(2), w(@* Yy, 2"7F), re_1(2), ..., 7 (2)) =

=y forall x,y € G.
5. an IoP-n-groupoid if it is IoP,-n-groupoid for all k = 1,n.

Example 5.2.2 Let (G, -) be a topological non commutative group with the
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identity e. If we put w(z,y,z,u) = y-x-u-z, then (G,w) is an [y P-4-quasigroup.
Indeed:

1.  (G,w) is an IyP-4-quasigroup for m(y) = y= ', r3(z) = 274
ri(u) = u™t. We have w(w(x, t,t,t),ro(t), r3(t), ra(t)) = ro(t)-t-z-t-t-ry(t)-r3(t) =

tttxt-t-t bt l=ecax-toe-tt=x-t-t =z

2. (G,w) is an IyPy-4-quasigroup for r(x) = z7'r(z) = 271,
rq(u) = ut. Really, w(ri(t), w(t,y,t,t),73(t), r4(t)) = y-t-t-t-ri(t)-ra(t)r3(t) = y.
3. (G,w) is an IyPs-4-quasigroup for r(x) = a7% m(y) = y i
ra(u) = ut. Really, w(ri(t), ro(t), w(t, t, z,t), r4(t)) = ro(t)-ri(t)-ra(t) t-t-t-2 = 2.
4. (G,w) is an IyPi-4-quasigroup for ri(x) = a7 m(y) = y

r3(z) = 271 Really, w(ry(t), ro(t), r3(t), w(t, t,t,u)) = ro(t)-r1(t)-t-t-u-t-r3(t) = w.

In this case (G,w) is an [y P;-4-quasigroup for every i € {1,2,3,4}. Hence,
(G,w) is an [y P-4-quasigroup.

Example 5.2.3 Let (G, -) be a topological group with the identity e. We put
w(z,y,z) =x -y -z In this case:
1. (G,w) is a 3-groupoid;
2. (G,w) is an [y P;-3-groupoid for every i € {1,2,3} and for
ri(z) = ro(x) = r3(x) = 71
3. (G,w) is an I3P»-3-groupoid for ri(z) = 271 r3(x) = 2

1.x.y.z.z_1:e.y.€:y;

—1

Indeed, w(ri(x),w(z,y, 2),r3(2)) = x~
4. If the group G is non commutative, then (G,w) is not an I3P;-3-groupoid for
i ={1,3}.

Example 5.2.4 Let C' be the field of the complex numbers, R be the field
of the reals numbers. Let A = C\ {0}, B= R\ {0} and G = {r € R:r > 0}.
Then (A,-), (B,-) and (G,-) are commutative multiplicative groups. We put
w(r,y,z)=x-y"-z,n>1.
1. If n =1, then (A,w), (B,w) and (G,w) are I3P-3-quasigroups.
2. If n > 2, then (A,w), is a 3-groupoid with divisions. The equation
w(a,y,c) = d has n solutions.
3. If n > 1 and n is odd, then (B,w) and (G,w) are 3-quasigroups.

4. If n > 2 and n is even, then (B,w) is not a 3-groupoid with divisions and
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(G,w) is a 3-quasigroup.
5. (A,w), (B,w), (G,w) are I3P;-3-groupoids and I3P3-3-groupoids.
If n > 2, then (A,w), (B,w) and (G,w) are not I3P»-3-groupoids.

Example 5.2.5 Let C be the field of the complex numbers and A = C'\ {0}.
We fix k € A and put w,(z1, 22, ....,x,) = k- 21 -T2 ... - T,, (n > 2). In this case:
1. (A,w,) is a commutative quasigroup.

2.  (Ayw,) is an I,P-n-groupoid in strong sense.  Denote r;(z;) =

= "/ -z '. Hence,

Wn(r1(x1), ey 71 (T21), Wi (T15 ooy Tim1y Ty Tig 1y ooy T

n—1/ 1 1

_ [1yi-1,,.~1 . —
Fir1(Tit1), o mn(@n)) = k- ( =) a
/1 yn—i, .1 —1 _ 7.2(n-1/ 1 \n—1 _ 2.1 _
Ilfi_|_1'...'$n'(n k—g)nl"l’iJrl'...'.CCn —]{?(n k_z)n LCZ—k’F.’IJZ—LL’Z
In strong sense there are n — 1 complete involutions.

3. Let n>2and m =2+ (n —1). There is k € A such that k™ = 1 and k' # 1

for i < m. If r(x;) = k- ;' then {r,rs,...,7,} are involutions in strong sense.

-1
. ..-xi_l-k-xl-xg-...-xi_l-azi-

Hence,

Wn(T1(21), ooy i1 (), Wi (21, oy ooy )y it (i1 )y ooy T () = K H K2t
T W T T Tt e Ty T e = KTy = kM =

4. Let n =2, m > 3, k™ = 1 and k' # 1 for i < m. We put w(z,y) =
k-x-y, ri(z) =k 2271 ry(y) = k™ 2y~ . In this case {ri(z),ro(x)} are unique
involutions in strong sense and

ri(z) = k™2 () Tt = EmR (R ) T =R Sy =

Example 5.2.6 Let (G, -) be a topological group with the identity. If we put
w(z,y) = x -y, then:
1. (G,w) is a 2-groupoid or, briefly, groupoid,;
2. (G,w) is an RIP-groupoid for ry(z) = z71.
Indeed, w(w(y,x),m2(x)) = (y-z) - 27 =y;
3. (G,w) is an LIP-groupoid for ri(z) = 27!
Indeed, w(ry(z1),w(z,y)) =2z y) =y;
4. (G,w) is an I P-groupoid if it is both an RI P-groupoid and an LI P-groupoid.
The notions LIP, RIP in the class of groupoids were introduced by R. H. Bruck

120].
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Proposition 5.2.7 Let (G,w) be an I,, P;-n-groupoid and ra, 13, ..., Ty :
be 1-involutions. Then the following assertions are equivalent:

1. w(w(y, T2y ooy Tn), r2(x2), ooy T (x0)) = Y5
2. w(w(y, ra(x2), .oy Tn(Th)), Toy .oy xy) =y for all 2 € G.
Proof. Suppose that

W(W(Y, o, ooy ), 12(T2)y ooy T (X)) =y

for all 25,y € G. From (5.1) we have

wW(w(W(y, 2oy ooy ), T2(T2)s ooy T (22)), 75 (22), oy 72 (1)) = w(y, Ta,s ..., T

and
wW(w(W(y, 2oy ooy Tn), T2(T2)s ooy To(20)), 75 (22), oy 72 (1)) =

= w(y, r5(x2), ..., 72 (1))

Using (5.2) and (5.3) we obtain

W(Y, T2, .oy ) = wW(y, 75(22), ., 72()).

Let in (5.4) y = w(y,r2(x2), ..., rn(z,)). Therefore from (5.4)

w(w(y, Tg(xg), ...,Tn(l’n)), X9, ,l'n)) =

= w(w(y, r2(22), ooy Tn(20)), 73 (22), ...y 72 ().

The implication 1 — 2 is proved.
Suppose that
wW(w(y, ro(x2), ooy Tn(Tn)), T2y ooy Tp) = Y.

From (5.5) it follows that
w(wly, m3(x3), ..., 72 (2], 2 (22), . T (20)) = .
It is clear that
w(wlwly, ra(x2), ..., 72 ()], 72 (22), ooy T2, Tay oy T) =
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= w(y, r5(x2), ..., 72 (1))

From (5.6) we obtain
w(wlwly, r3(x2), .o, T2 ()], 72 (12), ooy (@), Tay ooy Tpy) = (5.8)

= w(y, Tay ..., Tp).

Using (5.7) and (5.8) we have

w(ya T§($2>, sy ri(‘fn)) = W(y, Zo, ..., xn)' (59>
Therefore

w(w(y, Tay ooy ), 72(T2), ooy T (T0)) =

= w(wly, r3(x2), ..oy T2 (2)], 2 (22), ooy i) = 3.

The implication 2 — 1 is proved. The proof is complete.

Definition 5.2.8 An n-groupoid (G,w) is called:
1. a k-cancellative n-groupoid if for every a,b,xy,...,xk_1,Tps1,...,n € G we
have w(x, ..., Th_1, 0, Tty -y Tn) = W(T1, ooy Tpo1, 0, Tpy1, ..., Tp) if and only if
a=">.
2. a cancellative n-groupoid if it is k-cancellative groupoid for all k = 1,n
3. an n-quasigroup if the equation w(ai‘l,x,afﬂ) = b has unique solution for

every al',b and each i = 1,n.

Definition 5.2.9 An element e from (G,w) is called:
1. a k-identity of n-groupoid (G,w) if w(e*~!, x,e" %) =z for every x € G.
2. an identity of n-groupoid (G,w) if w(e™, x,e" ") = z for every x € G and
eachi=1,n.

If n-quasigroup (G,w) contains at least one identity, then (G,w) is called n-loop.

Proposition 5.2.10 Let (G,w) be an I, Py-n-groupoid and ro, 13, ...;T, : G —
G be 1-involutions. Then:
1. w(wy, T9, oy my) = w(xy, 72(22), ..., 72 (1)) for all 7 € G.
2. w(w(y, ra(x2), ooy n(Th)), Toy .oy xy) =y for all 2,y € G.
3. (G,w) is 1-cancellative .

4. For every b,al € G, the equation w(y, as, ...,a,) = b has a unique solution.
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Proof. The proof of the assertion 1 is contained in the proof of Proposition
5.2.7. The assertion 2 follows from Proposition 5.2.7. Let a,b,25 € G and

w(a, g, ..., x,) = w(b, 9, ..., x,). Then

a= w(w(a, Loy eeny iEn), 7“2(352)7 ...,rn(azn)) =

= w(w(b, o, ..., Tp), T2(T2), ..., Tn(Tn)) = b.

The assertion 3 is proved. We consider the equation w(y, as, ...,a,) = b. Then
from Proposition 10.2.7 we have y = w(b, ro(x2), ..., 7 (x,)). Hence the equation

w(y, az, ..., a,) = b has a unique solution. The proof is complete.

Corollary 5.2.11 Let (G,w) be an I,P-n-groupoid in the large sense and
ri : G — G,i=1,n, are the involutions on G. Then (G,w) is cancellative.

Proof. The assertion follows from Proposition 5.2.10.
Academician M.M. Choban observed the following interesting fact.

Proposition 5.2.12 Let (G,w) be an I, P-n-groupoid in the large sense and

ri : G — G,i = 1,n, are the involutions on G. Then x; = rf(n_l)(xi), for every
i=1,nandn > 2.
Proof. It is sufficient to prove that x; = Tf(nfl)(xl) for any x; € G. Fix

x1, T, ..., T, € G. From Proposition 10.2.10 we have

w(T1, Ty ooy T) = w(wy, 73(20), .0, 72 () =
= w(ri(zy), ri(ze), r5(x3), ..., mi(2,)) = ...
; ; 2(i+1 2(i+1
= w(rF (@), o 12 (i0), 11 D (@ia), s () =

o= w(r D (@), 2 (), e (1)), L

It is obvious that w(wy,z,...,z,) = w(wy, r3™(x3),...,72™(x,)) for any m > 1.
Hence for m = n — 1, we have

W@y, 12" (@), o, 1 (1) = w2 (@), 12 (@), o, 2 ().
2(n—1 2(n—1)

Therefore 21 = r-""V(z;) for any 21 € G and z; = 1 (z;), for every i =1,n

and n > 2. The proof is complete.

Proposition 5.2.13 Let (G,w) be an I, P-n-groupoid in the large sense and
ri : G — G,i=2,n, are the involutions on G. If ey, es,...,e, € G, e; = r¥™(e;),
for alli = 2,n, then x; = r?™(x;), for every x; € G and n > 2.

Proof. From Proposition 5.2.10 it follows that

w(Ty, Ty ooy T) = w(wy, 73™(20), ..., 72™(2,)). Fix i = 2,n. Then
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w(€17627"'76i—17$176i+17"'76n) — w(617627"'76i—17r1'2m(xi)76i+17"'7611)-

Hence, z; = r?™

7

(z;), for every ; € G, i = 2,n and n > 2. The proof is

complete.

5.3 Topologies on algebras

We consider arbitrary topologies on universal algebras.
There are a lot of types of bounded topology. We fix n > 2 and k < n. Consider a
mapping ¢ : {1,2,...,n} — {1,2,...,n}. We will use Choban’s bounded topology.

Definition 5.3.1 Let (G,w) be an n-groupoid and Ly, La, ..., L, be a family
of subsets of G. Then:
1. The sets Ly, Lo, ..., L, are k-a-associated with the mapping ¢ and denote
(L1, Lo, ..., Lp)a(k)p if Ly = L; provided (i) = ¢(j) and i # k, j # k.
2. If x1, 29, ...;x, € G and ({x1}, {x2}, ..., {x,})a(k), then we put
(21, X9, ooy Ty ) (k).
3. We put Aypyw(La, Lo, ..., Ly) = {w(z1, 22, ..., 05) : 1 € L1,29 € Lo, ..., 2, €
L, and (z1,22,...,x,)a(k)p}.

Remark 5.3.2 Let Ly, Lo, ...,L, be subsets of G, and L;:Lk and
Li=N{L; : j < n,0(j) = p)} for any i # k. Then (L}, Ly, ..., L, )a(k)p and
Apyw(Ly, Ly, ooy L) =Apw (L1, Lo, ..oy Ly).

Definition 5.3.3 Let k < n. An n-groupoid (G,w) is called an I,P,-n-
groupoid if there exist the mappingsr; : G — G, i€ {1,....k—1,k+1,...,n} such
that w(r1 (1) ooy Th1 (Th—1), W(T1y ooy Tho1, Yy Tl 1y ooy T )y Tkt 1 (Tl 1) s ooy Tn(Tn)) =
y provided (X1, ..., Tp_1, Tps1, -, Tn)(k)p for all zq, ..., Tp_1, Tha1, ooy Tny Y € G.

We say that the mapping r; : G — G, i € {1,...k —1,k+1,...,n} is called
k-p-involution.

If o(i) = ¢(j) for all 4, j < n, then I,P;-n-groupoid is an Iy P;-n-groupoid.

Definition 5.3.4 Let (G,w) be an n-groupoid and X be an infinite cardinal.
A topology T on G is called:
- a A-k-p-bounded topology if for every non-empty open set U € T there
exists a subset K C G such that |K| < X and Aypw(KF 1 U K"F) =
=(G.
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- a A-p-bounded topology if it is A-k-p-bounded topology for every
k=1,n.
An wg-k-p-bounded topology is called a k-p-totally bounded topology. The topol-
ogy 1s said to be p-totally bounded if it is a k-p-totally bounded topology for every
k=1n.

Remark 5.3.5 If in Definition 5.3.4 the mapping ¢ is one-to-one, then a
topology T on G is called respectively:  a A-k-bounded topology, a
A-bounded topology, a wo-k-bounded topology, an k-totally bounded topology and
totally bounded topology, for every k = 1,n.

Proposition 5.3.6 Let ¢ : {1,2,...,n} — {1,2,...,n} be a mapping, (G,w)

be an n-groupoid with the properties:

1. The equation w(a*~1, z,a"*) = b is solvable for every a,b € G.

2. For every a,b € G there exist ai,as, ...,a, € G such that a, = a,

(a1, as, ...,an)a(k)p and w(ay,as, ..., a,) = b.

Then the minimal compact Ty-topology T = {@} U{G \ F : F is a finite subset
of G} is a k-p-totally bounded topology on G.

Proof. Let U € T and U # @. Then the set ' = G \ U is finite. Fix a € U.
Then h, : G — G, where hy(x) = w(a®*1, z,a" %) for any z € G is a mapping
of G onto G. Thus F' = G\ ha(U) C he(F) is a finite set. For any z € G there
exist y1(z), y2(x), ..., yn(z) € G such that yi(x) = a, (y1(x), y2(z), ..., yn(x))a(k)p
and w(yi(x), y2(x), ..., yn(z)) = x. We put & = {a} U {{y1(x),y2(z), ..., yn(x)} :
x € F'}. The set ® is finite. By construction, A, gw(®*1, U, &%) = G. The

proof is complete.

Proposition 5.3.7 Let ¢ : {1,2,...,n} — {1,2,...,n} be a mapping, (G,w)
be an n-groupoid with the properties:
1. For every a,b € G there exist ay,as, ...,a, € G such that a,, = a,
(a1, as, ...,an)a(k)p and w(ay,as, ..., a,) = b.
2. There exists e € G such that G\ w(e*™!, G,e" %) is a finite set (in particular,
w(e Lz, e"F) =z for every x € G).
Then the minimal compact Ty-topology T = {@} U{G \ F : F is a finite subset
of G} is a k-p-totally bounded topology on G.

Proof. Let U € T and U # @. Then the set F' = G \ U is finite. Fix a € U.
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Consider the mapping h. : G — G, where h.(z) = w(e*1, z,e" %) for any = € G.
The set G\ ho(G) is finite. Thus the set [ = G\ he(U) C (G \ he(G)) U he(F) is
a finite set. For any = € F' fix {y1(2), y2(), ...,yn(2)} C G such that y,(z) = a,
(W1(@), y2(2), ..., yn(@))a(k)p and w(yi(@), y2(), ..., yn(x)) = 2. Let & = {e} U
U{{y1(z),y2(x), ..., yn(z)} : z € F'}. The set & is finite. By construction,
Ayyw(PF1, U, @ %) = G. The proof is complete.

Proposition 5.3.8 Let ¢ : {1,2,....,n} — {1,2,....n} be a mapping, (G,w) be
an infinite I, P,-n-groupoid, B C G, m be an infinite cardinal and A¢(k)w(Kk_1, G\
B, K"7%) £ G for every subset K of cardinality |K| < m. Then the set B is dense
in every m-k-p-bounded topology T on G.

Proof. Suppose that 7 is an m-k-p-bounded topology on G and
U=G\cgB#@. Then U € 7T and U C G \ B. By assumption there exists a
subset K of G such that A,pw(K* 1, U, K"*) = G and |K| < m. Since U C
G\ B, we have G 2D A pw(K* 1, G\ B,K"™) D A ppw(K* 1 U K" ) =G,

a contradiction. The proof is complete.

5.4 Decomposition of [, P.-n-groupoids

We fix n > 2 and k < n. Consider a mapping ¢ : {1,2,....n} — {1,2,...n}.

Lemma 5.4.1 Let G be an infinite I, P.-n-groupoid, 71, ...;Tk_1,Tkt1, -y Tn
G — G be k-involutions, L and M be subsets of G and |LUM| < |G|. Then there
exists an element a € G such that w(LF 1 a, L") N M = @& and

Ayw(LF 1t a, L") N M = @.

Proof. Let H = {w(ri(y1), ..s Tk—1(Yr=1), T, Tkt (Yrt 1) - Tn(Yn))
T € M,yi, oo, Yk—1,Yrt1, - Yn € L}. Thus |H| < |G| and there exists an element
a € G\ H. Suppose that w(L*! a, L"*)N M # @. Fix w(LF a, L"*) N M.

Then 2 = WY1, oo, Yk—1, @, Yp i1, -, Yn) fOr sOme y1, ..., Yp_1, Y1, -, Yn € L. Hence

a=wri(yn)s o Tt (Yro1), w(yt @ Y1) Tt (Ut 1)s s Tn(Yn)) =
W(r1 (Y1), o Tk=1 (Yk=1)s T, Tt 1 (Yar1), -, Tn(Yn)) €
W(r1(Y1)s o Tkt (Yk-1)s M, 1 (Y1), -, Ta(Yn)) € H,
a contradiction.
By construction, A,pw(LFt M, L"*) C w(L*' M,L™%).  Hence,
Apyw(LFt a, L" %) N M = @. The proof is complete.
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Theorem 5.4.2 Let G be an infinite I, Py-n-groupoid, L be a a non-empty
family of non-empty subsets of G, |L| < |G| and for every set A and mapping
U:A— L wehave | [{¥(a) : a € A} |<| G | provided | A |<| G |. Then there
exists a family {B, : pp € M} of non-empty subsets of G such that:

1. | M|=|G|.

2. B,NB, = forall o, € M and o # f.

3. G=U{B,:pe€ M}

4. w(K*Y G\ B,,K"*) £ G for allp e M and K € L.

5. Apyw(K* 1, G\ B,, K"*) % G for allp € M and K € L.

Proof. Consider on GG some k-involutions, 71, ...,7,_1, ki1, .-, Tn : G — G.
Let 7 = |G|. Denote by || the cardinality of the ordinal number a. We put
Q. ={a:1< o <7} If KCG, then K; ' = {rj(x;) : 2, € K},i =
L,..,k—1,k+1,..,n,and K' = U{K; ' :i=1,2,..,k—1,k+1,..n}. Let
Loo={K*':KeL}UL. Itis clear that |£;] < 7. Moreover, if A is a set,
|A] < 7and ¥V : A — £, is a mapping, then |U{¥(a): a € A}| < 7. Fix a set
M of the cardinality 7. Since || = |M x L£;| = 7 then there exists a bijection
h:Q, — Mx L. If a € Q,, then we consider that h(a) = (fta, Ka) € M X L;.
If uw € M, then we put A, = h='({u} x L;). It is obvious that
A, ={aeQ;:p, =p}and {K,:a € A,} = L£,. Now we affirm that there
exists a transfinite sequence {a, : @ € 2, } C G such that
w(KF1 a,, KM% N w(Kgfl,ag, Kg*k) =g for all o, § € Q, and o # (5. We fix
a; € G. Let 1 < 3,0 € Q, and the elements {a, : @ < #} are constructed. We
put now Hg = U{w(K* 1 a,, KVF) 1 a < B}

Since |a € Q, : a < f] < |B| < |G|, then |Hg| < |G|. From Lema 10.4.1 it
follows that there exists ag € G such that w(K§ ', ag, Kj~*) N Hy = @. By the
transfinite induction if follows that the set {a, : @ € Q,} is constructed. We put
P, = Ww(K Y ay, Ki7F) - a € A} for every p € H. Fix u,n € M and
p#mn. Then A, N A, = @. Since w(K"! a,, K'7F) N w(Kg_l,ag,Kg_k) =0
for all « € A, and B € A,, then P,N P, = &. Fix p € M and K € L. Then
K= e £y and (p, K™) = (fa, K,) for some a € A,,. Suppose that w(K*' G\
P,,K" %) = G. Then a, € w(K¥"1,G\ P,,K"%), ie. aq = w(yy " 2, yl1)
for some x € G\ P, and 1, ..., Yk—1, Yk+1, ---» Yn € K. By construction, we have

7“1(91), ---77“k—1(yk—1),7"/c+1(yl~z+1), ---ﬂ”n(ﬂfn) € K, and
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w((ﬁ(yl% ...,rk_l(yk_l),aa,rk+1(yk+1), -~~ﬂ"n(ﬂfn)) S
e w(KF a,, Ki7F) C P,.

By assumption, we have that

W(r1 (Y1) ooos "1 (Yk—1)s Qas Tht1 (Yht1) s ooy Tn(T0)) =
- w(rl(yl)a ooy rkfl(ykfl)a w(yf_lv z, yl?lf)? Tk+1(yk+1)7 ) Tn(yn» -
=z € G\ P,

a contradiction. Hence w(K* ' G\ P,, K"*) # G for all 4 € M and K € L.
Now we fix 1o € M. We put B, = P, for all p € M\ {po} and B,, = G\ U{P,:
€ M\{po}}. By construction, we have P, C B, for all p € M and G = U{B,, :
p€H}Y. If pe M, then G\ B, C G\ P, and w(K*' G\ B,, K"") # G for all
K € L. The proof is complete.

Theorem 5.4.3 Let (G,w) be an infinite I, Py-n-groupoid, T = |G|, m be
an infinite cardinal, T = > {77 : ¢ < m} and either m < T, or T be a regular
cardinal. If L, = {K C G : |K| < m}, then there exists a family {B, : p € M}
of non-empty subsets of G such that:
|M| =T.

B,NB, = forall p,n € M and p # n.

G=U{B,:neM}

w(K¥1 G\ B,, K"*) # G for allpp € M and K € L,,.
Apyw(KF 1 G\ B,, K" %) % G for allp € M and K € L,,
The sets B,, are dense in every m-k-p-bounded topology on G.
Relative to every m-k-p-bounded topology G is super-resolvable.

The sets B,, are dense in every m-k-bounded topology on G.

© 0 RS T e =

Relative to every m-k-bounded topology G is super-resolvable.

Proof. Since 7 = > {77 : ¢ < m}, we have m < 7. Let A be a set,
|A| < 7, : A— L, be amapping and H = U{¥(«) : « € A}. If m < 7, then
|H| < w(m,..m, |A|,m,...m) =w(m* 1 |Al,m" %) < 7. f m=r7and |H| =T,
then ¢f(7) < |A| < 7 and the cardinal 7 is not regular. Hence |H| < 7. Theorem
5.4.2 and Proposition 5.3.8 complete the proof.

Corallary 5.4.4 Let G be an infinite I, Py-n-groupoid. Then there exists a
family {B,, : n € M} of non-empty subsets of G such that:
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M = |G,

B,NB, = forall p,n € M and p # n.

G=U{B,: neM}.

w(K¥1 G\ B,, K" %) # G for all u € M and every finte subset K of G.
Ayyw(K* 1 G\ By, K"%) # G for all p € M and every finte subset K of

The sets {B,, : p € M} are dense in every k-p-totally bounded topology on G.
Relative to every k-p-totally bounded topology G is super-resolvable.
The sets {B,, : p € M} are dense in every k-totally bounded topology on G.

© RS S =

Relative to every k-totally bounded topology G is super-resolvable.

Corollary 5.4.5 Let G be an infinite I, Py-n-groupoid, T = |G|, m be an infi-
nite cardinal and ™ = 7. Then there exists a family {B,, : p € M} of non-empty
subsets of G such that:

1. |[M| =|G]|.

2. B,N B, = for all u,n € M and p # n.

3. G=U{B,:neM}.

4. Ifue M, KCG and |K| <m then w(K*',G\ B,, K"") # G.

5. Ifpe M, K CG and |K| <m then Aygyw(K*1, G\ B,, K" %) #G.

6. The sets {B,, : p € M} are dense in every m™-k-p-bounded topology on G.

7. Relative to every m™-k-p-bounded topology G is super-resolvable.

8. The sets {B, : u € M} are dense in every m*-k-bounded topology
on G.

9. Relative to every m™-k-bounded topology G is super-resolvable.
5.5 Decomposition of [, P-n-groupoids

We fix n > 2 and k& < n. Consider a mapping ¢ : {1,2,....n} — {1,2,...n}.

Lemma 5.5.1 Let G be an infinite I, P-gruopoid, rq,...,r1, : G — G be in-
volutions, L and M be subsets of G and |L U M| < |G|. Then there exists an
element a € G such that:

1. U w( L a, L") n M = @, where J,_,w(LF 1 a, L") =
=w(a, L" Y Uw(L'a, L") U...Uw(L" ! a).
2. Upey Dpyw(LE "t a, L") N M = @, where J}_, Apgyw(L¥ 1, a, L"F) =
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= Apmw(a, L") UAyww(Lh,a, L") U U Ay (L™, a).

Proof. Let H = {w(z,m2(y2),..,7n(yn)) : * € M,ya, ...y, € L} UU
{wlri(y), z,r3(ys), ey mn(yn))  + x € My,ys,....yn € L} U
U{w(ri(y1), ooy Tne1(Yn-1),x) : © € M,y1,...yn—1 € L}. Since |H| < |G|, then
there exists an element a € G\ H. Let w(a,L,...L)N M # &. Fix z €
w(a,L,..L) " M. Then z = w(a,ys,...,yn) for some yo,...,y, € L.
Hence a = w(w(a,yo,....yn),r2(y2), ., tn(yn)) = wl(@,m2(y2), ..., n(yn)) €
w(M,r3(y2), ..., rn(yn)) < H, a contradiction. In similar way we prove that
w(LF Y a, L FYN M for all k =1,n
Hence J,_, w(L**, a, L"*)N M = @. By construction, A, gw(LFt, a, L") C
w(L*1 a, L"*). Hence, Up_; Apiyw(LFt a, L" %) N M = @. The proof is

complete.

Theorem 5.5.2 Let G be an infinite I, P-n-groupoid, L be a non-empty famaily
of non-empty subsets of G, |L| < |G| and for every set A and mapping ¥ : A — L
we have | UL{U(a) : a € A} |<| G | provided | A |<| G |. Then there exists a
family {B, : n € M} of non-empty subsets of G such that:
M= G .
2. B,NB, = forall o, 3 € M and o # 3.
3. G=U{B,: pc M}
4. U 1w(Kk_1 G\ B, K" #£G forallp € M and K € L
5. Uz Apyw(K*1 G\ B,, K" %) #G forallpe M and K € L.

Proof. Con81der on G involutions, ry,...,m, : G — G. Let 7 = |G|. Denote

~

by |a| the cardinality of the ordinal number a. We put Q, = {a: 1 < |o| < 7}.
If K C G, then K;' = {ry(x;) :i=1,n,2; € K}, We put K~! = UK, ! and
Ly ={K':K e L}UL. Ttisclear that |[£;] < 7. Moreover, if A is a set,
|A] < 7and ¥ : A — £, is a mapping, then |U{V¥(a): a € A}| < 7. Fix a set
M of the cardinality 7. Since |Q2.| = |[M x L;| = 7, then there exists a bijection
h:Qy— MxLy. Let Ay =h ' ({p} x L1) =a € Qi po = p}. If @ € Q,, then
we consider that h(a) = (e, Ka) € M x Ly. It is obvious that

={a € Q : po = p} and {K, : « € A,} = L£4. As in the proof of
Theorem 5.4.2 from Lemma 5.5.1 it follows that there exists a transfinite sequence
{aa € G : a € Q,} such that
(U w(KE ag, K279)) 0 (Ui w(K5 7 ag, Kg_k)) = @ for all o, € Q, and
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a # 3. Now we put P, = W{U;_,w(K 1 an, KF) o € A,} for every
pe M. If Py = w{(Ki ™" a0, KI™") - a € A,} for all k = 1,n, then P, =
Us—s P} and w(K*~1, G\ P}, K"*) # G for every K € L. Suppose that K € L,
peMand G=J;_wK"" G\ P K""). For some o € A, we have K, =
UL, K;' = K~'. Then J;_, w(KF 1 a,, K" *) C P, and a,, € G. Suppose that
aq € w(K*1,G\ Pf,K”_k). Then an = W(Y1, -y Yo—1, Ty Ykt 1, -, Yn) fOr some
Yly ooy Ykm1s Ykt 1, - Yn € K and @ € G'\ P,. Therefore

w(rl(y1)7 sy Tk—l(yk—1)7 Qg Tk—kl(yk—l—l); sy rn(yn)) -
= w(r1(y1), maTk—l(yk—l)aw(ylf_lvmay:;f)7rk+1(yk+1)v s Tn(Yn)) =
=z € G\ P,

Since r;(y; € K,), i = 1,n, we have

z=w(r1 (Y1), o k=1 (Y=1), o> Tkt 1 (Yr1), s T (n)) € w(KEY, aq, K27F) C P,

a contradiction. Hence |J,_, w(K* ', G\ P,,K"%) # G for all p € M and
K € L. Now we fix o € M. We put B, = P, for all p € M \ {po} and
By, = G\U{P, : p € M\ {po}}. By construction, we have P, C B, for all
p € Mand G =U{B, : p € H}. If p € M, then G\ B, C G\ P, and
Ur w(K*, G\ B,, K"*) # G for all K € L. The proof is complete.

Theorem 5.5.3 Let (G) be an infinite I, P-n-groupoid, T = |G|, m be an
infinite cardinal, T =Y {79 :q < m} and either m < T, or T be a regular cardi-
nal. If L,, = {K C G : |K| < m}, then there exists a family {B, : p € M} of
non-empty subsets of G such that:

1. M| =r.

2. B,N B, = for all u,n € M and p # 7.

3. G=U{B,:neM}.

4. Up_ w(K*¥Y G\ B,, K"%) £ G for allp € M and K € L,,.

5. Up_y Apiyw(K* 1, G\ B,, K"*) # G for all p € M and K € L,,.

6. The sets B, are dense in every m-p-bounded topology on G.

7. Relative to every m-p-bounded topology T on G the space (G,T) is super-
resolvable.

8. The sets B,, are dense in every m-bounded topology on G.

9. Relative to every m-bounded topology T on G the space (G,T) is super-

resolvable.
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Proof. Is similar to the proof of Theorem 5.4.3.

Corollary 5.5.4 Let G be an infinite I, P-n-groupoid. Then there exists a
family {B, : n € M} of non-empty subsets of G such that:
1. |M| =1G].
2. B,N B, = for all u,n € M and p # n.
3. G=U{B,:neM}.
4. Upow(K*1 G\ B,, K"*) # G for all p € M and every finte subset K of
G.
5. Uiz Dpw(K*1 G\ B,,, K"%) # G for all p € M and every finte subset K
of G.
6. The sets {B,, : p € M} are dense in every p-totally bounded topology on G.
7. Relative to every p-totally bounded topology G is super-resolvable.
8. The sets {B, : n € M} are dense in every totally bounded topology
on G.
9. Relative to every totally bounded topology G is super-resolvable.

Corollary 5.5.5 Let G be an infinite I, P-n-groupoid, T = |G|, m be an infi-
nite cardinal and ™ = 7. Then there exists a family {B,, : 1 € M} of non-empty
subsets of G such that:

1. |M| =1G].

2. B,N B, = for all u,n € M and p # n.

3. G=U{B,:neM}.

4. Ifpe M, K CG and |K| <m then J,_, w(K*',G\ B,, K" %) #G.

5. Ifue M, K CG and |K| <m then ._, Apgyw(K*1, G\ B,, K"*) #G.
6. The sets {B,, : p € M} are dense in every m™ -k-p-bounded topology on G.

7. Relative to every m™-k-p-bounded topology G is super-resolvable.

8. The sets {B, : p € M} are dense in every m*-k-bounded topology
on G.

9. Relative to every m™-k-bounded topology G is super-resolvable.
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5.6. Conclusions for Chapter 5

In this Chapter we elaborated general methods of decomposition of universal
algebras with invertibility properties. The scientific innovation of this Chapter is
determined by the following:
1). there have been introduced the concepts of: I, P,-n-groupoid, A-k-¢-bounded
topology, k-p-total bounded topology, bounded topology of Choban.
2). there has been elaborated a general theory of decomposition of topological
groupoids with invertibility properties.
3). the implementation of new concepts and general theory of decomposition
allowed:
- to generalize some results and constructions proposed, in the case of totally
bounded topological groups, by V.I. Malykhin, W.W. Comfort, S. Van Mill [37],
[.V.Protasov [180] and M.M. Choban, L.L. Chiriac [64].
- to obtain that the result holds for the some classes of n-topological quasigroups
and n-loops with invertibility properties.

The mathematically developed device facilitates the research of various classes
of groupoid and n-groupoids with invertibility properties.

The methodology proposed for research in this Chapter can be used:
- to examine the decomposition of various classes of n-gruopoids with invertibility
properties which are not included in the class I,, P, - n-groupoids;
- to investigate the topologo-algebraic properties in decomposition classes of al-
gebras considered.

- to investigate a homogeneous basis of fuzzy groupoid with division.
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6. ON FUZZY ALGEBRAS

Certain problems about fuzzy universal algebras were considered in [15, 42,
52, 58, 101]. In papers [169, 182] the problem of the homomorphism for fuzzy alge-
bras was formulated and solved for some homomorphisms of the fuzzy groupoids,
groups and rings. This section gives a general solution of the homomorphism
problem for fuzzy universal algebras. The results of this section were published
in [61].

6.1 The Lattice of L-fuzzy Algebras

Fix a complete lattice L.

If B C L, then AB (respectively, VB) denotes the infimum (respectively,
supremum) of B. Let 0 = AL, 1 = VL and 0 # 1.

Let A be a non-empty set. A mapping u: A — L is called an L-fuzzy subset
of A. The lattice L is called the lattice of all L-fuzzy subsets of A.

Let f: A — B be a mapping of a set A into a set B and u be an L-fuzzy
subset of A.The image of x under f, denoted by f(u), is an L-fuzzy subset of B
defined by f(u)(y) = Vf~(y) it y € f(A), and f(u)(y) =0if y & f(A).

Fix a sequence {E, : n € N = {0,1,2,...}} of pairwise disjoint sets. The

sum E = U{FE, : n € N} is called a signature or a set of fundamental operations.

An E-algebra or a universal algebra of the signature E is a pair (G,eg) for
whach:

— (G is a non-empty set;

—eq ={enc: B X G :n € N} is a sequence of mappings.

The set G is called the support of the E-algebra and the mappings eq are

called the algebraical structure on G.

Let G be an E-algebra. If w € FEj, then the element wg = egg({w} x G)
is called a constant of G. If n > 1, w € F,, and z4,...,2, € G, then we put

w(xy, ..., Ty) = eng(w, T1,. .., Ty).

A mapping f : A — B of an F-algebra A into an E-algebra B is said to be a

homomorphism if:
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1. f(wa) = wp for every w € Ej;

2. flw(xy,...,zn)) = w(f(z1),..., f(z,)) for every n > 1, w € E, and
Ti,...,T, € A.

A triple (G, eq, i) is called an L-fuzzy E-algebra if the following conditions hold:
(A) (G,eq) is an E-algebra;
(F) p:G — L is an L-fuzzy subset of G;
(AF) the set {x € G : pu(x) > I} is empty or is an E-subalgebra of G for
every [ € L.

Theorem 6.1.1. ([101], Proposition 2.1). Let (A,ea) be an E-algebra
and v : A — L be a mapping. The triple (A, ea, ) is an L-fuzzy E-algebra if and

only if the following assertions are true:
(AF1). Ifw € Ey, then p(wa) = Vu(A);

(AF2). If n > 1, w € E, and z1,...,x, € A, then plw(xy,...,,x,)) =
> ) A A ).

Proof. The assertions (AF1) and (AF2) are equivalent with the condi-
tion that the set {x € A : p(r) > [} is non-empty or it is an FE-subalgebra
of the E-algebra A. Let A be an E-algebra. We put LF(A) = {u € LA :
(A,eq,p) is an L — fuzzy F — algebra}. The proof is complete.

Lemma 6.1.2. Let H C LF(A) be a non-empty set, where A is an E-algebra,
and Mz) = N{p(x) : w e H} for allx € A. Then A € LF(A). Proof. If l € L,
then {z € A: XNa) 21} =n{{zx € A: pwx) 21} : p € H}. The proof is
complete.

Corollary 6.1.3. Let A be an E-algebra. Then LF(A) is a complete lattice
of L-fuzzy E-subalgebras of the E-algebra A.

Let B be a subalgebra of an F-algebra B,m,n € L and m < n. We put
(m,n)p(x) =nif x € B, and (m,n)p(x) =m if x ¢ B. Let ng(x) = (0,n)p(x)
for every x € A. Then (m,n)p € LF(A) and ng € LF(A). By construction,
14 =VLF(A) and 04 = ALF(A). It is obvious that 04 is the minimal element

in LA and 14 is the maximal element in LA.
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Lemma 6.1.4. The mapping i : L — LF(A), wherei(l) =l for everyl € L,
is an embedding of the lattice L in the lattice LF(A).

By virtue of the Corollary 6.1.3, the lattice LF(A) borrowed many ”bad”

properties from the lattice L.

Remark 6.1.5. The concept of fuzzy group was introduced by
A. Rosenfeld [182]. Fuzzy groupoids, rings, linear spaces and modules have been
studied by G.V. Negoita and D.A. Ralescu [171], G. Gerla and K. Tortora [101],
S. Nanda [169]. Every L-fuzzy algebra is an L-algebraic system [42]. Further re-
sults on Cartesian products and on lattices LF(A) can be found in [15, 52, 58,
167, 171]. Concrete general problems about fuzzy E-algebras were raised in ([171],
p. 59-63).

6.2 The Fuzzy Homomorphisms

A homomorphism f : A — B of an L-fuzzy E-algebra (A,e4, ) into an L-
fuzzy E-algebra (B, ep,n) is called a fuzzy homomorphism if n(f(x)) > u(x) for
every x € A.

Theorem 6.2.1. (the fuzzy homomorphism theorem). Let f : A — B
be a homomorphism of an L-fuzzy E-algebra A onto an E-algebra B. Then there
exists a unique mapping A(f, u) : B — L such that:

1. (B,eg, A(f, 1)) is an L-fuzzy E-algebra.

2. If g : B — C'is a homomorphism of the E-algebra into an L-fuzzy E-algebra
(C,ec,n) and the composition g- f : A — C is a fuzzy homomorphism of A
into C, then g is a fuzzy homomorphism of (B,eg, A(f, 1)) into (C,ec,n).

3. M) y) = f(w)(y) for every y € B and f is a fuzzy homomorphism of
(Av €A7/~L) onto (BaeBaA(f7 N))

Proof. Consider the set H = {\ € LF(B) : f(u) < A}. Since 1 > f(p),
lp € H and the set H is non-empty. We put A(f,u) = AH. By virtue of the
Lemma 13.1.2, f(n) < A(f,u) and A(f,u) € H. The assertions 1 and 3 are
proved. Fix a homomorphism ¢g : B — C into an L-fuzzy FE-algebra (C,ec,n)

and suppose that the composition g - f : A — C'is a fuzzy homomorphism. For
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every y € B we put A(y) = n(g(y)). Then A € H. Hence g : B — C'is a fuzzy
homomorphism. The proof is complete.

Definition 6.2.2. Let f : A — B be a fuzzy homomorphism of an L-fuzzy
L-algebra (A, ea, 1) onto an L-fuzzy E-algebra (B,eg,n). Then:

1. Ifn = f(u), then f is called a factor homomorphism and (B, eg,n) is called
a fuzzy factor-algebra of the algebra (A, eq, ).

2. If n = A(f, ), then f is called an s-factor homomorphism and (B,eg,n) is
called a fuzzy s-factor-algebra of the algebra (A, ea, ).

Every factor homomorphism is an s-factor homomorpfism.

Problem 6.2.3. (the fuzzy homomorphism problem). Let f : A — B be
a homomorphism of an L-fussy E-algebra (A, ea, i) onto an E-algebra B. Under
which conditions A(f, n) = f(u), i.e. (B,ep, f(un)) is an L-fuzzy E-algebra?

Our main goal is to solve the Problem 6.2.3 for some important cases. We
shall close this section with tree examples which show that the answer to the

Problem 6.2.3, in general, is "no”.

Example 6.2.4. Let L = {0,1,a,b,c}, where a Ab =aANc=0bAc =0,
aVb=aVe=bVvVe=1, A={0,a,b,c}, B={0,a,b}. Consider the mapping
p: A — L, where u(z) = x for every x € A, and the mapping f : A — B, where
f(0) =0, f(a) =a, f(b) = f(c)=b. Let E=Fy ={-}and -y = x Ay for all
x,y € A. Then A is an L-fuzzy commutative semigroup, B is a subsemigroup of
Aand f: A— Bisahomomorphism. By construction, f(1)(0) =0, f(u)(a) =a
and f(u)(b) = 1. It is evident that A(f, 1)(0) = A(f, 1n)(a) = aand A\(f, p)(b) = 1.

Hence £(s) # A(f, 1),
Example 6.2.5. Let L = {0,1,b,a, : n € N}, where bAa, =0,bVa, =1

for all n € N and a,, < a,, for n < m. The lattice L is complete and distributive.
Consider the commutative semigroup A = {0, b,a,, : n € N}, where x-y = xAy for
all z,y € A, the subsemigroup B = {0,b, a0} of A, the fuzzy structure p: A — L,
where pu(z) = z for all x € A, and the mapping f : A — B, where f(0) = 0,
f(b) = band f~Yag) = {a, : n € N}. Then f : A — B is a homomorphism

and (A, u) is an L-fuzzy commutative semigroup. By construction, f(u)(0) = 0,

178



f(p)(b) = b and f(u)(ag) = 1. It is obvious that A(f, 1)(0) = A(f, 1)(b) = b and
)\(fv M)(ao) = 1. Hence f(lu) 7é A(fv ,U)

Example 6.2.6. Let L be the lattice from the Example 13.2.5, Ey = {1},
Ey={}, E=FEUE, A=L 14=1,2-y=uxAy, for all z,y € A,
p(x) = x for every x € A. Then A is an L-fuzzy semigroup with identity.
Consider the subsemigroup B = {0,b, ag, 1} and the mapping f : A — B, where
f(0) =0, f(b) =b, f(1) =1 and f~*(ap) = {a, : » € N}. The mapping f is a
homomorphism and f(u) # A(f, 11).

Remark 6.2.7. Let E = (). Then every L-fuzzy set is an L-fuzzy E-algebra.
Therefore in this case f(u) = A(f, ) for every homomorphism f : A — B of
some fuzzy E-algebra (A, u) onto an E-algebra B.

6.3 Case of the Proper Homomorphisms

Definition 6.3.1. A homomorphism f : A — B of an L-fussy E-algebra
(A,eq, ) into an E-algebra B is called a proper homomorphism if for every
y € B there exists an element x(y) € f~1(y) such that p(z(y)) = f(1)(y).

Theorem 6.3.2. Let f : A — B be a proper homomorphism of an L-fuzzy
E-algebra (A, ea, i) onto an E-algebra B. Then f(u) = A(f, 1) and (B, ep, f(1))
is an L-fussy E-algebra.

Proof. By virtue of the conditions of the theorem, we have {y € B :
f)(y) 21} = f{x € A : p(x) > 1}). The image of an E-subalgebra of A
is an E-subalgebra of B. The proof is complete.

Remark 6.3.3. S. Nanda [169] has proved the similar result for groupoids,

groups and modules.

6.4 Case of Distributive Lattices

Let 7 be an infinite cardinal. A complete lattice L is called 7-distributive
if a N (VH) = V{a ANz :z € H} for every non-empty subset H of L provided
|H| < 7, where by |H| we denote the cardinality of the set H. The lattice L is
called infinite distributive if it is 7-distributive for every cardinal 7.

If wy is first infinite cardinal, then the lattice L is distributive if and only if
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it is wg-distributive.
Lemma 6.4.1. ([26], Section 5.5). Let 7 be an infinite cardinal, L be a

complete T-distributive lattice, n > 2 and Hq, H, ..., H, be the non-empty subsets

of L of cardinality < 7. Then
(VH )N (VH) AN~ N(VHp) =V{xi Nxo A=~ Ny sy € Hy, @ <}

Theorem 6.4.2. Let 7 be an infinite cardinal, L be a T-distributive complete
lattice, f : A — B be a homomorphism of an L-fuzzy E-algebra (A, ea, i) onto
an E-algebra B and |f~*(y)| < 7 for every y € B. Then f(u) = X f,u) and
(B,ep, f(i)) is an L-fuzzy E-algebra.

Proof. Let w € FEy. Then f(u)(wg) = Vf ' (wp) = pulwa) = Vu(A) =
VF(u)(B). Let n > 1, w € Ey, y1,...,yp € Band y = w(y1,...,y,). Then

Fu) ) = vulf W) = VA, za) t2 € f 7 (wi), i <} >

> V{p(z) A Ap(en) s a € ), 1 <nj =
= (Va(f " ) A (Ve @) A AV () =
= () (1) A f()(y2) A A F () (Yn)-

The proof is complete.
Corollary 6.4.3. Let L be a complete distributive lattice, f : A — B be a
homomorphism of an L-fuzzy E-algebra (A,ea, ) onto an E-algebra B and the

set f~1(y) is finite for every y € B. Then f(u) = M(f, ).

Corollary 6.4.4. Let L be an infinite distributive lattice and f : A — B be
a homomorphism of an L-fuzzy E-algebra (A, e, p) onto an E-algebra B. Then

f(p) = A(f,p) and (B, ep, f(i)) is an L-fuzzy E-algebra.

Remark 6.4.5. Wang-Jin Liu ([?] proved the Corollary 6.4.4 for groups and

rings.

6.5 Case of Dense Homomorphism

In [[171],p. 26] C.V. Negoita and D.A. Ralescu considered complete lattices
with the following property:
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(NR) for all H C L and every b < VH there exists ¢ € H such that
b<e.

Every lattice with the property (N R) is infinite distributive.

Definition 6.5.1. A homomorphism f : A — B of an L-fuzzy E-algebra

A onto an E-algebra B is called a dense homomorphism if for every y € B and

everyt < Vua(f~(y) there exists an element t(y) € f~(y) for whicht < u(t(y)).

Theorem 6.5.2. Let L be a complete lattice and f : A — B be a dense
homomorphism of an L-fuzzy E-algebra (A, ea, i) onto an E-algebra B. Then

Fluw) = A, ).
Proof. Note n = f(u) and Iy = Vu(A) = vn(B). If w € Ey, then n(wp) =
p(wa) = lo.

Letn>1l,we Eyyr,...,yn € Byy=w(yr,...,yn) and l = n(y1)A- - -An(yn).
We will prove that n(y) > 1. Let L=(I) ={t € L:t <l} and [y = VL™ (I). We

consider two possible cases.

Case 1. |1 <.

In this case for every i < n we have Vu(f~'(y;)) > [ and there exists an
element z; € f~1(y;) for which pu(z;) > 1. f x = w(zy,...,z,), then y = f(2)
and n(y) = Vu(f~(y)) = plx) > 1L

Case 2. [ =1

For every t € L™ (1) and i < n there exists t(y;) € f~(y;) such that u(t(y;)) >
t. Hence n(y) = w(w(t(y1),...,t(y,))) =t and n(y) > VL~ () = [. The proof is
complete.

Example 6.5.3. Every proper homomorphisms is a dense homomorphism.

If L is a lattice with the property (NR) and f : A — B is a homomorphism
of an L-fuzzy FE-algebra B, then the homomorphism f is dense.

Example 6.5.4. Let L be a complete and linearly ordered lattice. Then the
lattice L is infinite distributive, has the property (N R) and every homomorphism
f:A— B ofan L-fuzzy E-algebra (A, e, p) onto an E-algebra B is dense.
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6.6 Algebras with Fuzzy Operations

Fix a non-empty signature £ = U{E,, :n € N}. Let D C Fand D, = DNE,
for every n € N.

If A is an E-algebra, then every E-subalgebra B of A is a D-subalgebra. The
converts assertion is not true: there exists D-subalgebras of A which are not
E-subalgebras. If D = (), the every non-empty subset of A is a D-subalgebra of
A.

Fix an L-fuzzy subset 6 : E — L of E. For every t € L consider the level
subset E(0,t) = {x € E : 0(x) > t} of E. It is clear that F(0,0) = E and
E0,t) C E(0,t") whenever ' < t.

A triple (G, eq, i) is called an (L, 0)-fuzzy E-algebra if the following conditions
hold:

(A) (G,eq) is an E-algebra,;

(F) u:G — L is an L-fuzzy subset of G;

(AFF) For every t € L the set {x € G : p(x) > t} is empty or is an
E(0,t)-subalgebra of G.

The proofs of following assertions are simple.
Theorem 6.6.1. Let (A,es) be an E-algebra and p : A — L be a map-
ping. The triple (A, ea, p) is an (L, 0)-fuzzy E-algebra if and only if the following

assertions are true:
1. Ifw € Ey, then p(wa) = V{0(w) A p(z) : x € A}

2.Ifn > 1, w € E, and xy,...,2, € A, then plw(xy,...,z,)) =
> 0(w) A p(z) A A p(xy,).

Proposition 6.6.2. Let (A, ea) be an E-algebra and p: A — L be a mapping.
The triple (A, ea, 1) is an L-fuzzy E-algebra if and only if it is an (L, 1g)-fuzzy
E-algebra.

Proposition 6.6.3. Let (A, ea, p) be an (L, 0)-fuzzy E-algebra and X : B — L
be a mapping. If A < 0, then (A, ea, ) is an (L, \)-fuzzy E-algebra.

Proposition 6.6.4. Let (A, ea) be an E-algebra and p: A — L be a mapping.
Then (A, ea, ) is an (L,0g)-fuzzy E-algebra.
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Applying 6.6.1 — 6.6.4 we obtain

Theorem 6.6.5. The assertions of the Theorems 6.2.1, 6.3.2, 6.4.2, 6.5.2,
of the Corollaries 6.1.3, 6.1.4, 6.4.3, 6.4.4 and of the Lemma 6.1.2 are true for
(L, 0)-fuzzy E-algebras.

Example 6.6.6. The set {0, —, +} is the signature of commutative groups,
{-} is the signature of groupoids and {0, 1, —, +, -} is the signature of rings with
identity. Let R be a ring with the identity 1, Ry = {n-1:n =0,4+1,£2,...}
and R # Ry. The set R, is the subring of the integers of the ring R. We consider
that 0-1 =0, (n+1)-1=n-1+1and (—n)-1 = —(n-1) for every number
n. Every R-module is an FE-algebra of the signature £ = Ey U E; U Fsy, where
Ey={0}, By = RU{-}, Ey = {+}. Consider the mapping 6 : E — L, where
6='(1) ={0,—,+}UR; and 67'(0) = R\ Ry, and the mapping p : R — R, where
p~ (1) = Ry and ' (0) = R\ Ry. Then (R, p) is an L-fuzzy ring and (R, p) is
an (L, 0)-fuzzy E-algebra, but (R, u) is not an L-fuzzy E-algebra.

The module R is a fuzzy module over the fuzzy ring R ([171], Definition 16).

6.7 On Fuzzy Finitely Generated Qroupoids

This section provides a study of the category of fuzzy groupoids with divi-
sion. The results of this section were published in [60]. The category of fuzzy
quasigroups was studied in [59].

Let L be a complete lattice, 0 = inf(L) < sup(L) = 1 and for every pair of
different elements x,y € L we have v < y or x < y.

Example 6.7.1. L ={0,1}.

Example 6.7.2. L = [0, 1].

The mapping p : A — I is called an L-fuzzy subset of a set A. The mapping
f: X — Y of an L-fuzzy set (X, ) into an L-fuzzy set (Y, p) is called a fuzzy
mapping if n(f(z)) > p(z) for every z € X.

The disjoint sum of the sets {E, : n € N = {0,1,2,...}} is denoted by F

and is called a signature or a set of fundamental operations.

We say that an E-algebra or an algebra G of a signature E' is given if the set
G is non-empty and there are the mappings eq = {e,¢ : E, X G" — G :n € N}.
The class of F-algebras was studied in [42].
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Definition 6.7.3 An E-algebra G is an:

1. E-groupoid with left division if there exist the operations A, G,W € FEy for
which A(C(y,z),z) = W(C(z,y),z) =y for every points z,y € G.

2. E-groupoid with right division if there exist the operations A, B,V € Ey for
which A(z, B(x,y)) = V(x, B(y,z)) =y for every x,y € G.

3. E-groupoid with division if there exist the operation A, B, G,V,W &€ FE5 such
that Az, B(z,y)) = A(G(y, ), ) = V(z, B(y,z)) = W(G(z,y),z) =y for
every x,y € G.

4. E-quasigroup if there exist the operations A, B, C' € Ey for which A(x, B(x,y))
Bz, A(z,y)) = A(G(y,z), ) = G(A(y, z),z) = y.

Every E-groupoid with division is an E-groupoid with left and right divisions.
If G is an E-groupoid, then G is also an E-groupoid with division and V =
G, W = B.

Let X be a non-emty subset of the E-algebra GG. Denote

So(X,G) = X, $,41(X,G) = 5,(V,G) U UH{epma(Em X sp(X,G)™) :m € N},
s(X,G) =U{s,(X,G) :n € N},
Then s(X, @) is called the subalgebra of G generated by X.
The E-algebra G is finitely generated if G = s(Y, G) for some finite subset Y’
of G.
Definition 6.7.4. The triple (G, eq, ug) is called an L-fuzzy E-algebra if it

satisfies the following conditions:
1. (G,eq) is an E-algebra;
2. (G, ug) is a L-fuzzy set;

3. If n > l,a € E, and z1,..,z, € G, then ug(e.g(a,z,...,z,))
Zlnf(:uG(xl)vaﬂG(xn))

The concept of a fuzzy set was introduced by L. Zadeh [210]. The class of fuzzy
groups was studied in [182, 190]. The notion of fuzzy modules was introduced by
Negoita and Ralescu [171] and studied in [95, 96].
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6.8 The Basis of the Fuzzy Algebras

Let (G, eq, i) be an L-fuzzy E-algebra. If G = s(X,G), then X is called a
basis of G. Denote I(G, eq, pc) = inf(pe(z) : x € X).

Definition 6.8.1. The basis X of (G,egq, jig) is homogeneous, if pu(xr) =
(G, eq, ug) for every z € X.

Lemma 6.8.2. (see [59]). Let (G, eq, ig) be an L-fuzzy FE-algebra and X be
a basis of G. Then (G, eq, ) = inf{pc(z) : x € X}.

Proof. Let d = inf(ug(z) : = € X), x € 5(X,G). Then x =
= eng(e, x1, ..., xy,) forsomen > 1,e € E,, x1,...,z, € X. In virtue of condition 3
of Definition 9.74, pug(x) > inf(pa(x1), pa(xa), .., pa(Tn)) >
> d. Hence pug(z) > d for every x € s1(X,G). By construction s,1(X,G) =
s1(sn(X, G), G). Therefore, ug(x) > d for every z € G. The proof is complete.

Lemma 6.8.3. Let (G,eq, ic)) be an L-fuzzy groupoid with right division.

If pa(y) # pa(x), then pa(B(x,y)) = inf(ua(x), pa(y)).
Proof. If uc(y) < pe(x), then we have

ne(y) = pe(Alz, B(z,y))) > inf(puc(z), pa(B(z,y)) >
> inf(ua(x), pa(y)) = pa(y)).

Hence pq(B(z,y)) = pc(y). If pe(z) < pely), then pg(r) =

= ue(V(y,B(z,y) = inf(uc(B(y,x),uc(y)) = pe(x).  Therefore,
pa(B(z,y) = pg(x). The proof is complete.

Corollary 6.8.4. Let (G,eq, i) be an L-fuzzy groupoid with left division.
If pa(y) # pa(z), then pe(y, x) = inf{uc(x), pa(y)}

Theorem 6.8.5. Let (G, eq, ug) be an L-fuzzy E-groupoid with left or right
division. Then:

1. If a € G and pg(a) = 1(G, eq, pa), then exists a homogeneous basis for G.

2. Ifd € G and pe(d) > (G, eq, ug), then there exists a basis X of G such
that pa(x) < d for every x € X.

3. If G is finitely generated, then there exists a homogeneous basis

for G.
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Proof. Let G be a groupoid with right division, ¥ be a basis of G and d € Y.
Weput X1 =Y ={z €Y :ug(x) <ugld)}, Yo=Y \ Y, Xo ={B(z,d) : z €
Yo} and X = X; U Xy, By construction, d € Y1,Y; = {V(d, B(z,d)) : x € X5}
and X is a basis of G. In virtue of Lemma 6.8.3, ug(z) < ug(d) for every z € X.
The assertion 2 is proved. From it the assertions 1 and 3 follow. The proof is
complete.

Corollary 6.8.6. Let L =[0,1]). For an arbitrary L-fuzzy finitely generated
L-fuzzy module there exists a homogeneous basis.

Corollary 6.8.7. For an arbitrary finitely generated L-fuzzy group there
exists a homogeneous basis.

Corollary 6.8.8. (see [59]). For an arbitrary finitely generated L-fuzzy quasi-

group there exists a homogeneous basis.

6.9. Conclusions for Chapter 6

In this Chapter we solved the homomorphism problem for fuzzy universal
algebras and studied a homogeneous basis of fuzzy groupoid with division. Ho-
momorphism problem is a fundamental problem of algebraical structures.

We come to the following conclusions:
1). there have been introduced the concepts of fuzzy universal algebras, fuzzy
homomorphism of fuzzy universal algebras, fuzzy groupoids with division.
2). there have been elaborated the studying methods of fuzzy universal algebras,
fuzzy groupoids with division, a homogeneous basis of fuzzy groupoid with divi-
sion and fuzzy homomorphism.
3). in this way, using the new concepts and new methods of research we obtained
the following results:
- we have offered a general solution of the homomorphism problem for fuzzy
universal algebras. In papers [169, 182] the problem of the homomorphism for
fuzzy algebras was formulated and solved for some homomorphisms of the fuzzy
groupoids, groups and rings.
- we have investigated the category of fuzzy groupoids with division and, in
particular, we have proved that an arbitrary L-fuzzy finitely generated L-fuzzy
module, L-fuzzy quasigroup, L-fuzzy group, there exists a homogeneous basis.

Result from this work is stronger than Theorems of S. Nanda, Wang-Jin Liu.
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Further investigation could focus on:
- introducing the concept of multiple identities for fuzzy algebras;

- developing methods of construction of Haar measure on fuzzy groups.
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General Conclusions and Recommendations

The main problem solved in accordance with the objectives of the thesis,
consist to determine the influence of the algebraic structures on the topological
properties of the universal topological algebras and application of topological
algebraic structures in the study of the properties of topological spaces.

This topic is directly related to the celebrated Hilbert’s problem V.

The obtained results in the respective piece of work are directly intertwined
with the solving of Problems 1-12, which were formulated above. The main results
of the work are new. There have been solved concrete problems, or some aspects
of the problems formulated by A.I. Mal’cev, L.S. Pontrjagin, A.V. Arhangelskii,
M.M.Choban, I.V. Protasov.

The research conducted in this thesis covers objectives of the investigation
and allows formulating the following conclusions:

1. In this thesis we developed general theories, concepts and efficient research
methods to various classes of topological algebras:

- the method of uniform structures;

- the method of free algebras;

- the method of k-algebras;

- a general theory on the decomposition of the topological algebras;

- the concept of multiple identities;

- methods of the investigation of topological quasigroups with multiple iden-
tities;

- the method of fuzzy algebras and fuzzy homomorphism.

2. Applying the method of uniform structures succeeded developing a gen-
eral construction which allows describing topological structures of free algebras
generated by pseudocompact and countable compact spaces. This construction
is more general and efficient comparative with methods of A. Arhangel’skii, E.
Nummela, V. Pestov, T.H.Fay, B.V. Smith-Thomas and A. Tkacenko, which were
successfully used in the research of free topological groups generated by compact
and countable compact spaces. Our construction made it possible to studying
the case of the pseudocompact spaces and implement new methods of studying
topologies on free topological algebras with continuous signature generated by

pseudocompact and countable compact spaces.
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3. There has been elaborated the method of k-algebras. This allowed obtain-
ing new important results, with large applications in topological algebra. The
implementation of the methods of free algebras and k-algebras contributed to
the identification of some significant properties regarding the relation of Mpg-
equivalence. Some properties of compact subsets of free k-algebras and some
facts about Mg-equivalence of spaces are established. For instance, we obtained
that the homological groups obey a relation of Mg-equivalence. Some similar
results for varieties of topological groups and compact spaces were proved by L.
S. Pontrjagin, B. A. Pasynkov and V. Valov.

4. There has been elaborated a general method of decomposition of abstract
algebra in a maximal number of subsets, which remains dense in any bounded
topology of Choban. The implementation of new concepts and general method
of decomposition allowed to generalize some results and constructions proposed
by V.I. Malykhin, W.W. Comfort, S. Van Mill, I.V.Protasov and M.M. Choban
which successfully was used in research the problem of resolvability of totally
bounded topological groups. The mathematically developed device allows re-
searching various classes of groupoid and n-groupoids with invertibility proper-
ties.

5. We introduced some new concepts: (n, m)-identities,(n, m)-homogeneous
isotope, (n,m)-homogeneous quasigroup. Using the new concepts and methods
we describe the topological quasigroups with (n, m)-identities, which are obtained
by using isotopies of topological groups. We extend some affirmations from the
theory of topological groups on the class of topological (n, m)-homogeneous quasi-
groups. We establish conditions for which there exist right invariant (or left
invariant) Haar measures on a medial grupoid.

In this way, using the new investigation methods we are able construct and
demonstrate the uniqueness of Haar measure on medial quasigroups. The pro-
posed methodology can be used to investigate n-quasigroups with multiple iden-
tities.

6. We introduced the concepts of fuzzy universal algebras and fuzzy homo-
morphism for these algebras. The problem of homomorphism for fuzzy algebras
was formulated and solved by S. Nanda, A. Rozenfeld, A.Wang-Jin Liu for some

homomorphisms of the fuzzy groupoids, groups and rings.
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This work gives a general solution of the homomorphism problem for fuzzy
universal algebras and conditions for which there exists a homogeneous basis
for the category of fuzzy groupoids with division. The results from this work are
stronger than the results obtained by the authors mentioned above. In particular,
we prove that for an arbitrary L-fuzzy finitely generated L-fuzzy module, L-fuzzy

quasigroup, L-fuzzy group, there exists a homogeneous basis.

The applied methodology, the developed concepts and methods as
well as the results obtained in work can be used:
- in studying the free topological algebras generated by diverse topological spaces.
- in studying the topological-algebraical properties of groupoids with multiple
identities.
- in investigating the topological-algebraical structure of various classes of topo-
logical algebras.
- in studying some special classes of automata or semi-automata.
- in constructing the free topological algebras with some special topological-
algebraic properties.
- in studying algebraic properties of fuzzy universal algebras.

- in elaborating optional courses.

Topological algebraic systems, as a branch of topological algebra, represent
an important field of research in modern mathematics. The obtained results and
the methods elaborated within this work can be successfully implemented not
only in theoretical mathematics (abstract algebra, topology, topological algebra,
algebraic topology, harmonic analysis), but also in applied mathematics, physics,

computer science, fuzzy algebra, theory of automata and semi-automata, etc.

The prospective purpose lays in:

- in studying the types of algebraic structures that can be considered on the space,
which make it a topological algebra.

- in investigating the kinds of topologies, which can be considered on the universal
algebra that makes it a topological algebra;

- in a more detailed studying of the concept of multiple identities for various
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classes of algebra;

- in studying the role of universal topological algebras in the theory of automata,
semi-automata and in diverse informational systems;

- in elaborating special courses in the theory of topological algebra for students

and doctorates.
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Concluzii Generale si Recomandari

Problema principala rezolvata conform obiectivelor tezei, consta in deter-
minarea influentei structurilor algebrice asupra proprietatilor topologice ale al-
gebrelor universale topologice si aplicarea acestora la studierea proprietatilor
spatiilor topologice.

De aceasta directie tine si vestita Problma V' a lui Hilbert.

Rezultatele obtinute in lucrare respectiva sunt nemijlocit legate de solutionarea
Problemelor 1-12 formulate mai sus. Rezultatele principale ale lucrarii sunt noi.
Au fost rezolvate probleme concrete, ori unele aspecte ale problemelor formulate
de A.I. Maltev, L.S. Pontrjagin, A.V. Arhangelsk’ii, M.M.Cioban, I.V. Protasov.

Cercetarile realizate in aceasta lucrare se refera la obiectivele propuse pentru
investigatie si permit sa formulam urmatoarele concluzii:

1. In lucrare au fost elaborate teorii generale, concepte si metode eficiente de
cercetare a diverselor clase de algebre topologice:

- metoda structurilor uniforme;

- metoda algebrelor libere;

- metoda k-algebrelor;

- teoria generala de descompunere a algebrelor;

- conceptul unitatilor multiple;

- metode de cercetare a quasigrupurilor topologice cu unitati multiple;

- metoda algebrelor universale fuzzy si omomorfismelor fuzzy.

2. Aplicand metoda structurilor uniforme, s-a reusit de elaborat o constructie
generala care permite descrierea structurilor topologice a algebrelor libere gener-
ate de spatii pseudocompacte si numarabil compacte. Aceasta constructie este
mai generala si mai eficienta comparativ cu cele elaborate de A. Arhangelschi, E.
Nummela, V. Pestov si A. Tkacenko folosite pentru examinarea grupurilor topo-
logice libere generate de spatii compacte si numarabil compacte. Constructia
propusa permite sa studiem si cazul spatiilor pseudocompacte si implementarea
acestei metode privind studierea topologiilor pe algebre topologice libere cu sig-
natura continua.

3. A fost elaborata metoda k-algebrelor topologice care permite sa deter-
minam proprietatile topologice ce se pastreaza la relatia de My-echivalenta cum

ar fi, de exemplu, grupurile omologice, care formeaza o proprietate fundamen-
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tala care tine de topologia algebrica. Afirmatiile obtinute generalizeaza unele din
rezultatele demonstrate pentru varietati de grupuri topologice si spatii compacte
de L. S. Pontrjagin, B. A. Pasynkov, V. Valov.

4. A fost elaborata o metoda generala de descompunere a algebrei ab-
stracte intr-un numar maximal de submultimi, care raman dense in orice topologie
marginita in sensul Cioban. Rezultatele obtinute generalizeaza unele constructii
propuse de V.I. Malykhin, W.W. Comfort, S. Van Mill, I.V.Protasov si M.M.
Cioban care au examinat diverse aspecte ale descompunerilor grupurilor topolog-
ice total marginite. Afirmatiile demonstrate sunt juste si pentru anumite clase
de n-quasigrupuri si n-bucle cu propietati de invertibilitate. Aparatul matem-
atic elaborat permite efectuarea cercetarilor pentru diverse clase de grupoizi si
n-grupoizi cu invertibilitate.

5. A fost introdus conceptul de (n, m)-unitate. In cercetirile realizate sunt
descrise quasigrupurile topologice cu (n, m)-identitati, care se obtin utilizand izo-
topiile grupurilor topologice. Astfel de quasigrupuri au fost numite quasigrupuri
(n, m)-omogene. In lucrare s-a reusit extinderea unor afirmatii fundamentale din
clasa grupurilor topologice in clasa quasigrupurilor topologice (n,m)-omogene.
Astfel, utilizand notiunile noi introduse: (n, m)-identitate, (n, m)-izotop omogen,
quasigrup (n,m)-omogen, s-a reusit, de exemplu, si se construiasca i sa se
demonstreze unicitatea masurii Haar pe quasigrupuri mediale. Metodologia pro-
pusa pentru cercetare poate fi utilizata la investigarea n-quasigrupurilor cu unitati
multiple.

6. A fost introdus conceptul de algebra universala fuzzy si omomorfisme fuzzy.
Cercetarile efectuate au condus la determinarea solutiei generale a problemei
omomorfismelor pentru algebrele universale fuzzy si au fost gaste conditiile pentru
care exista o baza omogena pentru L-fuzzy E-grupoizi cu diviziune de stanga ori
de dreapta. Mentionam ca rezultatele obtinute generalizeaza unele din teoremele
demonstrate de S. Nanda, Wang-Jin Liu pentru groupoizi, grupuri, module si
inele. Pentru realizarea obiectivului propus s-a introdus notiunile: L-fuzzy FE-
algebra, fuzzy omomorfism al L-fuzzy FE-algebrelor, fuzzy s-factor omomorfism.
Metodele elaborate si rezultatele obtinute permit studierea ulterioara a diverselor

aspecte ale L-fuzzy FE-algebrelor.
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Rezultatele obtinute, constructiile si metodele elaborate pot fi cu

succes aplicate:

- la cercetarea obiectelor libere generate de diverse spatii topologice;

- la examinarea proprietatilor topologice ale diverselor clase de grupoizi cu unitati
multiple;

- la investigarea structurilor algebrice si topologice ale diferitor clase de algebre
topologice;

- la studierea anumitor clase de automate si semi-automate;

- la construirea algebrelor topologice libere, cu anumite proprietati topologice, in
varietati complete;

- la studierea proprietatilor algebrice ale algebrelor universale fuzzy;

- la elaborarea cursurilor optionale pentru masteranzi si doctoranzi.

Avand in vedere rolul algebrelor topologice universale in algebra abstracta,
topologie, algebra topologica, topologie algebrica, analiza armonica, teoria auto-
matelor si semi-automatelor, algebre fuzzy putem considera ca teoria si conceptele
elaborate pot fi aplicate eficient in cercetarile din domeniile mentionate mai sus
cat gi in alte directii de cercetare.

Obiective de perspectiva. In perspectiva:

- se vor studia proprietatile topologice ale spatiilor care admit anumite structuri
algebrice;

- se vor studia tipurile de topologii care pot fi introduse pe algebre universale si
o transforma in algebra topologica;

- va fi studiat mai profund conceptul de unitate multipla pentru diverse clase de
algebre;

- va fi studiat rolul algebrelor topologice universale in teoria automatelor gi semi-
automatelor si diverse sisteme informationale;

- se va elabora un curs optional pentru masteranzi, doctoranzi in domeniul alge-

brelor topologice universale.
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