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Results of the works of V. A. Andrunakievich are very diverse, but they
are mainly related to the structural theory of associative algebras (or rings)
and the theory of radicals as one of the instruments of structural theory.

Most of the main results are published in such journals as “Izvestiya AN
SSSR” and “Reports of the Academy of Sciences of the USSR”, “Uspekhi
Matematicheskikh Nauk” and ”Matematicheskii Sbornik”, “Izvestiya AN
MSSR” and are well known to specialists working in the indicated fields of
modern algebra and close to them.

Moreover, already in the first papers of V. A. Andrunakievich, close inter-
connection between theory of radicals and the structural theory is revealed,
and the developed by him theory of special radicals allowed us to generalize
almost all known (by the appropriate time) structural theorems and to prove
a number of new theorems, which reflect specific features of rings or algebras
being examined.
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In fact, even a fluent review or analysis of the works of V. A. An-
drunakievich shows that the results obtained by him reveal different pos-
sibilities of the development of the structural theory of algebras, starting
with the foundations of this theory and continuing with the study of the
varieties of close algebraic systems.

Moreover, the ideas even of the first works of V. A. Andrunakievich
continue to work even now, and many of the results obtained by him are
reflected in monographs, including the most recent ones.

All this allows us to assert that V. A. Andrunakievich was one of the
world’s leading experts in the developed by him structural theory and theory
of radicals.

At the same time, many working statements and theorems proved by V.
A. Andrunakievich, have already become classical and understandable to all
those interested in construction or description of algebras, which we try to
“prove” or explain.

We will consider associative algebras over some field F .
Such algebras as algebra F [t] of polynomials and algebras of series, al-

gebras of linear transformations of spaces (over the field F ), algebra [F ]n of
matrices we consider as the well-known ones.

In fact, algebras are very diverse and we can, for example, take into ac-
count more specialized algebras of triangular or Block-triangular matrices,
and in addition to fields, allow skew-fields to be included (for example, the
skew-field of quaternions) in which nonzero elements form a group of invert-
ible elements, but multiplication is not commutative.

1. Structural theory and theory of radicals of algebras

In description a finite-dimensional algebra A, one can apply its embed-
dings or homomorphisms into the algebras [Φ]n of matrices.

In addition to ideals (as kernels of homomorphisms), one-sided ideals also
arise: right ideals as sums of principal right ideals of the form aA = {ax |
x ∈ A} and left ideals.

Due to the finite dimensionality, in the algebra A, the classical radical
rad(A) is constructed as the largest of ideals N that are nilpotent algebras,
that is, such that x1x2 . . . xn = 0 for all Xi ∈ N and some natural number
n ≥ 2. Passing to the quotient algebra A = A/rad(A) we get that radA = 0,
and, on the other hand, if R = rad(A), then, of course, rad(R) = R.

In classical structural theory of finite-dimensional algebras (Wedderburn,
Molin, A. I. Mal’tsev and many others), the semisimple algebras Q for which
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rad(Q) = 0 are completely described, and simple algebras with unity ele-
ment (in which the only non-zero ideal is the whole algebra) turned out to
be the leading special case.

Namely, simple algebras have the form of algebras of [T ]n matrices over
skew-fields T (and if the ground field Φ is algebraically closed as a field of
complex numbers, then T = Φ).

After this it turns out that for rad(Q) = 0 ̸= Q, Q =
⊕m

1 Qi is a finite
direct sum of simple algebras Qi = [Ti]ni

. This finishes a description of all
classical semisimple algebras (up to the description of algebras that are
skew-fields).

The finite-dimensional radical algebras R = rad(R) receive only “some
description” - in such algebras all elements of r ∈ R are nilpotent, i. e.,
rn = 0, and therefore nilalgebras are obtained.

But from the finite dimensionality it follows that all these nilalgebras are
nilpotent, and therefore coincide with their radical.

Applying matrix representations, we obtain corresponding descriptions
in the form of algebras of block-triangular matrices “with zeros on the main
diagonal ”. All this is visually portrayed [T1]n1 0 0

0 [T2]n1 0

0 0
. . .


 0 ∗ ∗

0 0 ∗
· · · 0 0



Q =
m⊕
1

Qi, rad(Q) = 0 R = rad(R), Rm = 0

in the form of written matrix representations, where the diagonal blocks of
the semisimple algebra Q are its minimal ideals, which are always simple
algebras.

In this case, with some refinement of the specifics of the ground field, the
splitting of any algebra A is obtained - it turns out that A = S + R, where
R = rad(A), the algebra S is a semisimple subalgebra, S ≈ A/R (and this
is refined in the corresponding classical structural theorems of Wedderburn-
Molin-Mal’tsev).

In the course of development of the structural theory, algebraists began
to apply weaker restrictions instead of the finite-dimensionality condition.
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In particular, after Artin and Emma Noether algebraists began to con-
sider the minimality condition for left ideals, when strictly decreasing
chains of left ideals break off at a finite step (and similarly for right ideals).

It turned out that classical nilpotent radical always exists, and the above
matrix representations are obtained, that is, semisimple algebras are again
described as finite direct sums of matrix algebras over matrices (i.e., simple
algebras), and for radical algebras, as the nilpotent ones, we again obtain
representations in the form of algebras of triangular matrices (and so on),
but the skew-fields are not necessarily finite-dimensional.

At the same time, the corresponding minimal left (or right) ideals began
to be actively applied.

We have already noted that the most important case of left ideals is the
main left ideals - they have the form Aa = {xa | x ∈ A}.

On the other hand, the algebras of matrices arise as algebras of linear
transformations of the corresponding spaces P , but if the space P is infinite-
dimensional, then it is necessary to specify the specificity of the emerging
matrices, since their size can turn out to be infinite.

All this was taken into account in the series of papers [5-12, 16, 18] of
V.A. Andrunakievich, and it turned out that to prove the structural theorems
”almost the same as the classical ones”, the conditions of minimality for the
principal left ideals are sufficient.

Theorem. Let the algebra A satisfy the chain termination condition
Aa1 ⊃ Aa2 ⊃ . . . of principal left ideals (that is, the minimality condition
only for such “very special” left ideals), then the following statements hold:

a. If there are nonzero nilpotent ideals in the algebra A, then its non-zero
classical radical rad(A) (or nilradical) also arises , and it is nilpotent, and
therefore the algebraR = rad(A) has a corresponding “triangular representa-
tion” with a finite number of blocks and nonzero diagonal blocks. Moreover,
if A ̸= rad(A), then rad(A/rad(A)) = 0 and the corresponding non-zero
algebra A = A/rad(A) has no nilpotent ideals except the zero ideal 0.

b. If A is a simple algebra (i.e., xy ̸= 0 for some elements x, y ∈ A and
the only ideal in A is the algebra A), then A is the algebra of matrices of
linear transformations of finite rank of the corresponding space over some
skew-field T , naturally related to algebra A (and all this is refined), but
the size of the matrices is not necessarily finite (as for the algebra of linear
transformations of finite rank, but for an infinite-dimensional space P =Φ P ).
If the algebra A has a unity element, then A ≈ [T ]n for the corresponding
skew-field T and some natural number n ≥ 1.
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c. If the algebra A is semisimple (that is, it does not have nilpotent
ideals), but not simple, then A =

⊕
i Qi is the direct sum of simple algebras

(described in b) and these algebras Qi run through all minimal ideals of
the algebra A, but the number of these minimal ideals Qi can be infinitely
large (i.e., in the corresponding matrix representation it can turn out to
be ”infinitely many” diagonal blocks - compare with the scheme outlined
above). However, if the algebra A has a unity element then A =

⊕m
1 Qi for

some natural number m ≥ 2 and in this situation all Qi = [Ti]ni
for some

ni ≥ 1 and Ti.
When proving these and even more general structural theorems (see [6-

12, 15, 16, 18]) V.A. Andrunakievich used, of course, many of the results
of other authors, which is proved by the analysis that he had carried out
beginning in [5] and continued in the following papers. This is what allowed
him to generalize the well-known structural theorems. In particular, the role
of idempotents - elements e = e2 ̸= 0 (see [18]) has been revealed, since the
minimal left ideal L of a semisimple algebra Q always has the form L = Ae
for some idempotent e ∈ L, and eAe turns out to be skew-field, that the
”classics” already noticed as well.

One of the obvious corollaries of this theorem is obtained for the case
when in the algebra A there are no nilpotent elements, i.e., when a2 ̸= 0
also follows from a ̸= 0. In this situation, of course, the radical is equal to 0,
and under the condition of minimality for the principal left ideals, it turns
out that A is a direct sum of not necessarily finite number of skew-fields.

The best-known particular case is Dedekind’s classical theorem on finite-
dimensional commutative algebras, which turn out to be ”finite” direct sums
of fields (extensions of the fundamental one).

In fact, V.A. Andrunakievich has proved many other structural theorems,
since algebraists by this time (50th years of the last century) have already
begun to study also the algebras, in which ”the classical radical no longer
exists”, since the nilalgebras (where all the elements are nilpotent) are not
necessarily nilpotent.

In connection with this situation, various generalizations of the classical
radical arose, and sometimes ”radicals opposite to the classical”.

Therefore, there was a need for a ”general theory of radicals”, which was
created in the works of A.G. Kurosh, the scientific supervisor of the first
investigations of V. A. Andrunakievich.

Thanks to the research of V. A. Andrunakievich, the theory of heredi-
tary radicals was developed, among which special radicals were allocated by
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him - these radicals are most often used when proving structural theorems.
More about this (and the history of the development of the structural

theory of rings and algebras) is said in monographs [44, 62, 65] and in [4-17,
22] by V.A. Andrunakievich, but we note some details and basic ideas that
led to special radicals of associative algebras.

Instead of simple algebras, V.A. Andrunakievich proposed to consider
the primary algebras A in which the inequality 0 ̸= xAy is always true for
nonzero x, y ∈ A.

In such algebras for nonzero ideals J(J ▹ A) always J2 ̸= 0, since for
nonzero ideals B,C we always haveBC = {

∑
bicj | bi ∈ B, cj ∈ C} ̸= 0.

Namely from primary algebras special classes of M algebras are con-
structed such that from A ∈ M and J ▹ A it follows always J ∈ M , and for
the primary algebra C that contains the algebra A ∈ M , A ̸= 0 as an ideal,
we always obtain C ∈ M .

After this (according to the construction indicated by A.G. Kurosh and
Amitsur, who also constructed a general theory of radicals), the upper rad-
ical SM defined by class M is constructed.

For the special class M this means that in each algebra A its ideal
SM(A) =

∩
{J ▹ A | A/J ∈ M} is constructed as the intersection of all

the indicated M -ideals of algebra A.
In this case, of course, the indicated algebras A/J are primary, since all

algebras from M are primary.
As a result, there arises special (according to V.A. Andrunakievich) rad-

ical SM , defined by the given special class M .
In this case, always SM(A/SM(A)) = 0 and always SM(SM(A)) = SM(A)

for all radicals in the sense of A.G. Kurosh, but in addition it turns out that
when r = SM for the ideal J ▹ A it is always r(J) = J

∩
r(A).

At the same time (according to A.G. Kurosh) for the radical r = SM we
construct the class ℜ(r) of all r-radical algebras R = r(R) and the class ℑ(r)
of all r-semi-simple algebras Q for which r(Q) = 0.

These classes always determine each other, since for any algebra A the
equality

∩
{J ▹ A | Sr(A/J) = 0} = r(A) =

∑
{R ▹ A | Sr = r(R)} is true.

In particular, for a special radical in the SM -semi-simple algebra Q, the
only nilpotent ideal is 0, since in the primary algebra for ideals we always
have Jm = 0 ⇒ J = 0 for m ≥ 2.

Ideals of the algebra Q also turn out to be semisimple algebras, and the
ideals of radical algebras are radical, by specifics of SM .
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Remark 1. A non-zero prime algebra Q can have many different non-zero
ideals - the most famous example is the algebra Φ[t] = A of polynomials and
all of its nonzero ideals, always having the form gA = {gf | f ∈ A} (they
all are integral domains, i.e., algebras without divisors of zero - if x ̸= 0 ̸= y,
then xy ̸= 0).

However, the primary finite-dimensional algebra Q ̸= 0 is a simple algebra
with unity and has the form Q = [T ]n for some skew-field T and some natural
number n ≥ 2 if Q is not a skew-field. And in the algebra T , which is a skew-
field, there are no nonzero one-sided ideals (right or left), since Tq = T = qT
for 0 ̸= q ∈ T .

Remark 2. Among the special radicals there is the smallest one - this
is the lower nilradical b = SΠ, constructed from the class Π of all prime
algebras.

In this case semisimple algebras are exactly algebras without nonzero
nilpotent ideals. Upper nilradical k is a special one too, for which all
nilalgebras are radical, i.e., algebras consisting only of nilpotent elements.

At the same time various nilradicals arise, i.e., such radicals s in the
sense of A.G. Kurosh, that b(A) ⊆ s(A) ⊆ k(A) for all algebras A.

In this case many nilradicals are special, i.e., the corresponding class
Π
∩

ℑ(s) of primary s -semi-simple algebras turns out to be a special class
of algebras.

In particular, locally nilpotent radical l is a special one too, for which
all locally nilpotent algebras are radical (that is, algebras in which all finitely
generated algebras are nilpotent).

It follows from the above that special radicals are very diverse, and ac-
cording to the natural order it turns out that b ≤ l ≤ k.

At the same time, according to Remarks 1 and 2, for finite-dimensional
algebras A we obtain the classical radical rad(A) = b(A) = k(A); i.e., in this
case all nilradicals coincide.

Moreover, there are other special radicals that coincide in the finite-
dimensional case with the classical (nilpotent) radical, many of which are
indicated or determined by V.A. Andrunakievich.

For example, if a special class M consists of only algebras with unity
element, then M ⊆ Π1 for the class of all simple algebras with unity element
and all classes M ⊆ Pi1 are always special.

Of course, the radical SM forM ⊆ Π1 coincides in finite-dimensional alge-
bras with classical radical (according to Remark 1), and many of the special
radicals have the same property - this was noticed by V.A. Andrunakievich
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in [14, 17, 22] and continued in the works of many other authors, including
the first monograph [62] on the theory of radicals.

On the other hand, if in the algebra Q there is the smallest nonzero ideal
C, and C2 = C, then subdirectly indecomposable algebras with idempo-
tent core C form a special radical SΠ0 ≤ SΠ1 , since the core C is a simple
algebra (but not necessarily having the unity element, see the theorem).

It is easy to see that all locally nilpotent algebras SΠ0 are radical and
therefore it turns out that L ≤ SΠ0 ≤ SΠ1 . More complicate to see that the
following is true:

Proposition. If SΠ0 is a radical algebra R satisfying the maximality
condition for ideals (that is, strictly increasing chains of ideals break off at a
finite step), then the algebra R is nilpotent, i.e., Rm = 0 for some natural
number m ≥ 2.

In particular, under this condition for break, locally nilpotent algebras are
nilpotent, and therefore the special radicals S Pi0 , l, SΠ1 coincide in finite-
dimensional algebras with classical (nilpotent) radical.

This is one of the well-known “working statements” of V.A. An-
drunakievich, and if we apply (following V.A. Andrunakievich) annihila-
tors, similar results are obtained under weaker restrictions.

That is why the radical SΠ0 is called the radical of Andrunakievich (see the
monographs [63, 65]), and various special radicals lead to various structural
theorems under “comparatively weak restrictions”.

More details can be found in the works of V. A. Andrunakievich [8-19]
and in monographs [44, 65], where there are many results, theorems and
“working statements” of V.A. Andrunakievich.

It is very surprising, but many of these “working statements” can be
very simply proved and are very often used (even in the works of many other
authors, and sometimes, after some refinement, in arbitrary not necessarily
associative algebras).

The most famous is
Lemma of V.A. Andrunakievich (see the monograph [65], published in

2004). LetJ ▹ B ▹ A, i.e., J is an ideal of the algebra B, and B is an ideal of
the algebra A. Then:

a. If JA is an ideal of algebra A generated by J , then J3
A ⊆ J .

b. If the quotient algebra B/J is a semi-prime one (or without nonzero
nilpotent ideals), then J is an ideal of the algebra A.

In fact, JA = J + AJ + JA + AJA and therefore J3
A ⊆ BJB ⊆ J , that

is, a. is true.
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But then b is also true because of the specifics of algebras without nilpo-
tent ideals.

This is used to prove the equality b(B) = B
∩
b(A) for the lower nilradical

B (see Remark 2) and for all special or supernilpotent radicals.
In the case under consideration (associative algebras over a field) it turns

out that the hereditary radical r is either hypernilpotent i.e., all nilpotent
algebras are r-radical, i.e. r ≥ b, or sub-idempotent, i.e., all r-radical
algebras R = R2 and this is equivalent to the fact that all nilpotent algebras
turn out to be r-semisimple.

Moreover, all special radicals are hypernilpotent and the sub-idempotent
radicals are opposite to hypernilpotent ones.

At the same time, “there is a duality for hereditary radicals”, introduced
into consideration by V. A. Andrunakievich (but more on this later), and the
corresponding sub-idempotent radicals are also “very often” used together
with special radicals to prove structural theorems.

Theorem. Consider only the hereditary radicals r, i.e., such that r(B) =
B
∩

r(A), when B is an ideal of the algebra A. Then:
a. Among the radicals s such that for a given radical r the equalities

r(A)
∩
s(A) = 0 hold for all algebras A, there always exists a largest radical

r′. Moreover, the radical s = r′ is dual, that is, s = s′′ = (s′)′. The class
ℜ(r′) of all r′-radical algebras coincides with the class of all strongly r-semi-
simple algebras, such that r(Q) = 0 for all homomorphic images of Q of
the corresponding algebra Q = r′(Q). The equality written above can be
rewritten in the form r(s(A)) = s(r(A)) = 0 by symmetry.

b. The largest sub-idempotent radical is the hereditarily idempotent
radical f , i.e., algebras R = f(R) are algebras such that F = F 2 for all
ideals F of the algebra R. Therefore, for a hypernilpotent radical s, the
dual radical s′ is always sub-idempotent, i. e., equality s′ ≤ b′ − f = f ′′

holds (according to a), since s ≥ b for the lower nilradical b = SΠ. For
sub-idempotent radicals r the dual radical r′′ is always hypernilpotent and
is special - the equality r′ = SΠ(r) holds for the special class Π(r) of all
subdirectly indecomposable algebras with an idempotent core C = r(C).

In other words, r′ = SΠ(r) ≥ SΠ0 = a = a′′ = b′′ ≥ b (but a ̸= b), i.e.,
the radical a is the smallest dual hypernilpotent (and special) radical, since
a = f ′.

All of the above is proved in the papers of V. A. Andrunakievich [17, 19,
20, 21, 22] and his doctoral dissertation, and then applied to prove a number
of structural theorems related to the corresponding sub-idempotent radicals,
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which is reflected in the monograph [44].
The results obtained were applied or generalized by many authors, as it is

shown in the monographs [62-65], where the lattices of radicals were studied
and many of the results of V. A. Andrunakievich (and sometimes of his pupils
too) are given in many details.

Moreover, it turned out that the ideas of V. A. Andrunakievich and his
“working statements” also work in “not necessarily associative algebras”.

2. Additive theory of ideals

One of the most famous is the theorem of arithmetic - the natural number
is always represented in a unique way in the form n = pk11 . . . pkrr of products
of powers of simple (pairwise distinct) numbers.

Translating this theorem into the language of ideals mZ = {mzSz ∈ Z}
of the ring Z of integers, we find that there exist unique representations
nZ = pk11 Z

∩
. . .

∩
pkrr Z of the corresponding ideals in the form of intersection

of primary ideals - the ideals of the form pkZ (for prime numbers p).
Moreover, for the ideal nZ its radical or root

√
nZ = {z ∈ Z | zm ∈ nZ

for m ≥ 1} is constructed, and for the primary ideal pkZ its radical is
the unique maximal ideal containing pkZ, and this is the ideal pZ for the
corresponding prime number p.

It can be seen that it always follows from xy ∈ pZ that x ∈ pZ or y ∈ pZ,
and if xy ∈ pkZ and y /∈ pkZ, x ̸= 0, then xs ∈ pkZ for some s ≥ 1 - this
characterizes the primary ideals and their radicals.

It is not less clear that
√
nZ =

∩r
1 piZ.

It turned out that similar results are obtained for commutative rings (or
algebras) with the maximality condition for ideals (the best known example,
apart from the ring Z, is the algebra of polynomials of a finite number of
variables, according to Hilbert’s theorem).

In this ring A for ideal B the radical
√
B consisting of a ∈ A such that

am ∈ B for some m ≥ 1 is always constructed.
If we take into account products of ideals, then, thanks to the maximality

condition, it turns out that always (
√
B)m ⊆ B for some sufficiently large

number m ≥ 1.
After this, there arise simple ideals P , i.e., such that B ⊆ P or C ⊆

P follows from BC ⊆ P (these are analogues of prime ideals), and then
primary ideals of Q, for which

√
Q is a prime ideal (and this is an analogue

of the primary ideals pkZ).
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According to Emma Noether the following theorems are true:
Existence theorem. For an ideal B, there always exists a representation

in the form of an intersection
∩r

1Qi of a finite number of primary ideals Qi.
Intersection theorem. Intersection of primary ideals with the same

radical P is a primary ideal Q with the same radical P =
√
Q.

Uniqueness theorem. For an ideal B, there exists an irreducible repre-
sentation B =

∩r
1Qi in the form of intersection of primary ideals, i.e., such

that all
∩

i̸=j Qi ̸= B.
The irreducible representation is unique; therefore, the set of prime ideals

Pi =
√
Qi is also unique, for which the unique and irreducible representation√

B =
∩

i Pi for radicals is also obtained.
These theorems are fundamental for Noetherian primarity, and in fact,

many other beautiful “work” statements about primary and simple ideals
are also obtained.

After that, a situation appeared that resembled something that happened
in the structural theory: the search for “generalizations” of classical Noethe-
rian primarity to the noncommutative case began, but under the condition
of maximality for the ideals (or unilateral ideals) of the rings under consid-
eration.

However, the necessary generalizations were not obtained for relatively
long time (about fifty years), then “tertiarity” arose (in the works of the
French algebraists Leonce Lesieur and Robert Croisot) as one of the possi-
ble generalizations, and numerous “almost generalizations” arose either not
coincident in commutative rings with Noetherian primarity or such that one
of the “defining” theorems mentioned above was violated.

V. A. Andrunakievich has joined the search for possible generalizations,
and then his disciples (I.M. Goian was one of the first) too.

After clarifying the statement of problems, V. A. Andrunakievich ex-
plained the emerging “difficulties” (with the active help of pupils) - a few
unexpectedly it turned out that it was true the following

Theorem. When considering the generalizations of classical primarity
to a non-commutative case, there is only one generalisation – primarity, for
which the existence theorem, the intersection theorem and the uniqueness
theorem hold.

In this case, the ideals Q arise as primary ideals (in correspond-
ing already non-commutative rings), that are irreducible relatively
intersection (i.e., such that B ⊇ Q or C ⊇ Q follows from B∩C ⊇ Q).
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This was proved in a series of works by V. A. Andrunakievich [31-35] and
“everything explained”.

Moreover, in the definition of irreducible ideals, only the specificity of
the lattice of ideals is just taken into account (and if the lattice satisfies the
maximality or minimality condition, then this already allows us to prove the
“Existence theorem”).

Therefore, in the “final” paper [35] (published in “Izvestia of the Academy
of Sciences of the USSR”), an analogous theorem was proved exactly for
lattices. In this case the right or left quotients (of ideals or elements of
the emerging multiplicative lattices) were the main tool, according to the
formulation by V. A. Andrunakievich the way of solving the problem.

We note that the corresponding “quotient” or conditions for the termina-
tion of chains of quotients have already been applied by V.A. Andrunakievich
in the proof of structural theorems (see, for example, [15, 18, 26, 27], and in
more detail - a monograph [45]).

At the same time, it turned out that an appropriate “primary theory”
can be constructed for many algebraic systems (for subgroups of groups,
subsemigroups of semigroups, submodule of modules, etc.).

On the other hand, restrictions can be weakened, for example, only the
ideals of an algebra with the maximality condition for ideals can be consid-
ered, and to weaken the requirements of “defining theorems”.

As a result, various generalizations of the “diprimarity” type are ob-
tained only for two-sided ideals (and in the commutative case the classical
Noetherian primarity is obtained), and sometimes (for stronger restrictions),
generalizations of classical Artin-Rees theorems are obtained.

In this area, I. M. Goyan - the pupil of V. A. Andrunakievich (there
are also others) worked most actively and works. He considered generaliza-
tions that do not necessarily coincide in the commutative case with classical
primarity.
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