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Extremal gaps in BPs;-designs *

Lucia Gionfriddo

Abstract

In this paper we examine Voloshin’s colorings of mixed hyper-
graphs derived from P3-designs and construct families of Ps-
designs having the chromatic spectrum with the leftmost hole
and rightmost hole.

1 Introduction

A mized hypergraph is a triple H = (X, C, D), where X is the vertex set
(X # 0) and each of C, D is a list of subsets of X, called the C-edges
and the D-edges of H, respectively. A proper k-coloring of a mixed
hypergraph H is a function f : X — {1,2,...,k} so that each C-edge
contains at least two vertices x,y, = # y, such that f(z) = f(y),
and each D-edge contains at least two vertices z,y, © # y, such that
f(x) # f(y). A strict k-coloring of H is a proper k-coloring using all
k colors. When a hypergraph admits a strict k-coloring it is said to be
k-colorable.

The minimum (maximum) number of colors in a strict coloring of a
mixed hypergraph H is called the lower (upper) chromatic number of
H and is denoted by x(H) (x(H)).

For each k, 1 < k < n, let r be the number of partitions of the
vertex set into k& nonempty parts (color classes) such that the coloring
constraint is satisfied on each C-edge and on each D-edge. We call these
partitions feasible. Thus 7y is the number of different strict k-colorings
of H if we disregard permutations of colors. The vector

R(H)=(r1,...,rn) =(0,...,0,7y,...,7%0,...,0)

(©2001 by L.Gionfriddo
* Supported by cofin MURST ”Strutture geometriche, combinatorie e loro ap-
plicazioni”.
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is the chromatic spectrum of H. The set of values k, such that H has
a strict k-coloring, is the feasible set of H denoted by S(H); this is the
set of indices ¢ such that r; > 0. Observe that it r; = 0 for every i < ¥,
i > ¥, and when y = ¥ the mixed hypergraph can be colored only with
k colors.

It may happen however, that r; = 0 for some y < 7 < x; in this case
the chromatic spectrum and feasible set have gaps (are broken).

The length of the gap is the number of consecutive zeros in it. The gap
of length one is called hole. Chromatic spectrum may have many holes.
In this case there are leftmost and rightmost holes.

The concepts of mized hypergraphs, lower (upper) chromatic number,
chromatic spectrum and gaps were introduced in [6, 9, 10]. Interesting
problems arise when the considered hypergraphs verify the condition
to be Steiner systems or Designs [2, T].

In [4] we constructed families of Ps-designs having broken chromatic
spectrum containing many gaps. In this paper we construct families of
Ps-designs having the chromatic spectrum with the leftmost hole and
rightmost hole.

2 Ps-designs and BP;-designs

Let MK, be the complete multigraph on n vertices, where every edge
is repeated A times. If GG is a graph, the multigraph MK, is said to
be G-decomposable, briefly AK — G, if it is a union of edge-disjoint
subgraphs of K,,, each of them being isomorphic to G. The multigraph
MK, is also said to admit a G-decomposition. This is denoted by the
pair ¥ = (X, B), where X is the vertex set of AK,, and B is the edge-
disjoint decomposition of AK,, into copies of G. A G-decomposition
of AK,, ¥ = (X, B), is also called a G-design of order n, block size
| X| and index A [3]. A P(n,k,\)-design is a G-design having order
n, block-size k, index A, where GG is a path on k vertices having for
vertices 1, g, ...,z and for edges all the pairs {x;,x;41}, for every
i=1,2,...k—1. A P(n,k,1)-design is also called a Py(n)-design.
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It is well known that:

i)

i)

A necessary and sufficient condition for the existence of a
P(n,k,\)-design is: An(n —1) =0, mod 2(k — 1), n > 2k.

There ezists a Ps(n)-design if and only if n(n — 1) = 0 mod 4,
n > 3.

It is possible to construct Ps-designs as follows.

A)

If (X, B) is a P3(n)-design of order n, for n = 0 mod 4, and F is
an 1-factor defined on X = {z1, 9, ..., z,}, then consider:

i) X' = X U{oo}, where oo ¢ X;
ii) BB =BUC,
where C' is the collection of all the Ps-paths having the vertex oo

as centre and all the pairs of F' as terminal points. We can prove
immediately that (X', B') is a P3(n + 1)-design.

Let (X,B) be a P3(n)-design of order n and let (Y,C) be
a P3(4)_d687;gn7 being Y = {ylayQ)y37y4}’ If F17F27-~-7Fn71
are l-factors (non necessarily distinct or disjoint) defined on
X = {x1,x9,...,x,}, consider:

i) X'=XUY;

ii) B/:BUCUD1UD2UD3UD4,
where, for ¢ = 1,2,3,4, D; is the collection of all the Ps-paths
having the vertex y; € Y as centre and all the pairs of the 1-

factor F; as terminal points. It is easy to prove that (X', B') is a
Ps(n + 4)-design.

If (X,B) is a P3(n)-design of order n, (Y,C) is a P3(4)-design
defined on Y = {y1,y2,y3,v4}, and Fy, F», F3 are 1-factors (non
necessarily distinct or disjoint) defined on Y, consider:

i) X' = XUY;
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ii) B/:BUCUD1UD2UD3UD4,

where, for ¢ = 1,2,3,4, D; is the collection of all the Ps-paths
having the vertex x; € X as centre and all the pairs of the 1-factor
F; as terminal points. It is immediate to prove that (X', B') is a
Ps(n + 4)-design .

A path of a Ps-design having centre y and terminal vertices z, z, is
indicated by (x,y,z). Further, we consider hypergraphs H = (X, F)
associated with Ps-designs ¥ = (X, B): they have vertex set X and an
edge {x,y, 2} € F if and only if the path (z,y, z) € B. In what follows
we will consider P3-designs with particular Voloshin-colorings. In fact,
in the case C = D, 3-uniform mixed-hypergraphs have a singular pro-
perty: in every edge there are two vertices with the same color and two
vertices with distinct colors.

We will consider always P3-designs having the property that C = D
and we will call them BPs-designs (designs with bicolored blocks), in
analogy to BSTS considered in [2, 7].

3  BP;-designs with minimum or maximum
possible gap

The following Theorem was proved in [4].

Theorem 1 If ¥ = (X, B) is a BPs-design of order n, then:

2<x<x<[n/2]

and the bounds are the best possible.

From Theorem 1 it follows:

Corollary 1 In the chromatic spectrum of a BPs(n)-design, the left-

most hole is possible at 3 and n > 8, the rightmost hole is possible at

i = [n/2] — 1andn>8.
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Proof.
In a BPs-design always r1 = 0. Therefore, if 7o # 0, the first possibility
for a gap in the chromatic spectrum is for r3 = 0, r4 # 0, with a gap
at ¢ = 3. Further, ry # 0 implies n > 8. Since r; = 0, for every
i = [n/2] +1,...,n, the last possibility for a gap is for rp, /5 # 0,
Tinj2l-1 = 0, Trpe1—2 # 0, with a gap at i = [n/2] — 1. From
Tnj21—2 7 0, [n/2] —2 > 2, it follows, also, n > 8.

O

Theorem 2 For every admissible n, n > 8, there exists BPs(n)-design
having the only hole and it is at 3.

Proof.

To prove the statement, it suffices to construct a family of BPs(n)-
designs, for every n = 0, 1 mod 4, n > 8, having only hole and it is at
3.

If n =4, n =5, no gap is possible.

If n = 8, the following BPs-design X3 = (X,B) is 2-colorable,
4-colorable, but it is not 3-colorable. The chromatic spectrum is
R = (0,r2,0,7r4,0,0,0,0), for 7o # 0, 74 # 0:

g = (X) B) )
X = {xo,xl, ...,:13‘7},
B:
<:E0,:U1,:L’2> <ZL‘0,$2,{L‘3> <l‘0,l‘3,$1>
(w4,25,26) (Ta,%6,27) (24,27,75)
(xo,x4,21) (w2, m4,23) (T0,T5,21)
(w2, 25,23) (T0,76,21) (T2,T6,73)
(w0, x7,71)  (T2,77,73)
Observe that Yg contains two sub — BPs-designs of order 4 de-
fined on Y’ = {xg,z1,29,23} and Y" = {wx4, 5,26, 27}, both 2-
colorable. A coloring f of Yg, assigning the same color to xg, x1,
uses 4 colors necessarily: f(xg) = f(x1) = ap implies f(z2) =

f(x3) = aa, from which {f(z4), f(z5), f(we), f(27)} = {2, as}, with
{ap, 1} N {az,as} = 0. A coloring f of g, assigning different co-
lors to xg,z1, uses 2 colors necessarily: f(zg) = ao, f(z1) = o
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implies {f(z2), f(z3)} = {ao,a1}, with f(z2) # f(x3), from which
{f(z4), f(x5), f(x¢), f(x7)} = {ap,1}. The chromatic spectrum is
R =(0,72,0,74,0,0,0,0), for ro #0, rq4 #0.

If n = 9, consider the BP;(9)-design X9 = (X', B’), obtained
from Yg by Construction A), adding a vertex oo and all the blocks
(9,00, T2i+1), for every i = 0,1,2,3. If f is a coloring of ¥g such
that f(xg) = f(z1) = ao, then f(z2) = f(x3) = a1, Xg is 4-colorable
and Y9 can be 4-colorable or 5-colorable, respectively if f(x4) = ag,
[(rs) = as, or if f(zs) = [(rs) = az and f(rg) = f(z7) = ag. It
f(zo) = ao, f(x1) = a1, X9 is 2-colorable, but not 3-colorable. Its chro-
matic spectrum is: R = (0,72,0,74,75,0,0,0,0), for ro # 0, 74 # 0,
rs # 0.

If n = 12, consider the BP3(12)- design 312 = (X, B) defined on
X = {zo,x1,...,x11}, containing ¥g and having the further blocks:

<5U87$973710> <5U8755107$11> <958,9€11,909> <955,9€11,907>
(4,210, T6) (T4,211,26) (T5,210,27)

and (xo;, T, x2i41), fori =0,1,2,3, j = 8,9 and for i = 0,1, j = 10, 11.
Y19 is 2-colorable , if f is a coloring such that f(x¢) = ao, f(z1) = a1.
In the case f(zg) = f(x1) = ao, f(z2) = flz3) = a1, 12
is 4-colorable or 5-colorable. The chromatic spectrum is R =
(0,79,0,74,75,0,0,...,0,0), for ro £ 0, r4 # 0, 15 # 0.

If n = 13, we consider a BP3(13)-design Y13 = (X', B’) obtained
from Y19 by Construction A) with the further blocks (x9;, 00, z2i+1),
for every i = 0,1,2,3, and (xg,00,x10), (T9,00,211). 213 is 2 -
colorable, 4-colorable, 5-colorable, but not 3-colorable. Its chromatic
spectrum is R = (0,72,0,74,75,0,0,...,0,0), for o # 0, r4 # 0, r5 # 0.
Now, let n = 4h, h > 4. Let ¥, = (X, B) be the BP3(n) — design de-
fined on X = {zg, 21, ..., xn—1}, containing h BP3(4) — designs, having
vertex set X; = {X44, T4i+1, Tait2, Taits}, for i = 0,1,2,....h — 1, and
blocks (Z4;, Tait1, Tait2), (Tais Tait2, Tait3), (Tai, Tait3, Tai+1), With the
following further blocks:

fori=1,2,....h—2,and j =4i,u=0,1,...,2i — 1,
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(2w, Tj, Tout1)
(T2us Tj41, T2u+1)
(Tou, Tjy2, Tout1)
(Tou, Tj43, Tou+1)
fori=0,1,2,...,2h — 3,

(%20, Tah—a,T2i41) (T2i, Tan—2, T2it1)

for i = 4,5,...,2h — 3,

<$2i, L4h—3, $2z’+1>
(@25, Tap—1,T2i41)

and

(900, Tah—1,T1
(T4, Tap—1, T6
(900, Tap—-3,T1
(T4, Tap—3, T6

T2, L4h—1, UC3>
x5, Tap—1,T7)
T2, L4h—3, $3>
L5, Lah—3; $7>-

o~ o~
o~ o~~~

We see that, in a coloring f of 3, if f(xz9) = ag and f(z1) = a1, the
only possibility for ¥, is a 2-coloring. This exists for { f(zo), f(x1)} =
{ao, ar}, {f(z2), f(x3)} = {ao, oa}, f(wa) = flar) = ao,
f(zs) = flwe) = a1, and f(x2;)) = o and f(w2i41) = ap for
i=4,5,...,2h—1. If f(x0) = f(z1) = ap, then f(z2) = f(x3) = oy and
{f(z4), f(@5), f(w6), f(w7)}N{a0, 1} = 0. In the case f(z4) = f(z5) =
g, it is f(we¢) = f(27) = a3 and, since (x4, 24n—3, 6), (75, Tan-3,27),
(x4, Tap—1,%6), (x5, 4n—1,x7) are blocks of Xy, f(zap—_3) = f(zgp—1) =
ag or as. The only possibility is f(ze;) = f(z2i+1) = «; , for eve-
ry 1= 0,1,2,...,2h - 3, and f(:L‘4h_4) = f($4h_2) = p—92. SO, f is
a (2h-1)-coloring. In the case f(z4) = o, f(z5) = a3, Xy is 4-
colorable or 5-colorable: it is f(x) = ag or ag for every = # xyp_3,
x # wyp_q1 and X, is 4-colorable if f(xg) = a3, f(x7) = ag, X, is 5-
colorable if f(xg) = o, f(z7) = as. The chromatic spectrum of 3,
is R = (0,72,0,74,75,0, ...... ,0,791,-1,0,0,...,0,0), for ro # 0, r4 # 0,
r5 £ 0, rop_1 #0and r; =0, for 5 <i < 2h — 1.
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Observe that %, contains a sub— BPs(n—3)—design X!, _s = (X', B’),
defined on X' = X —{xy,_3,2p—2,xp—1}: 3,4 is obtained from ¥, by
deleting the vertices x,_3, Tn—2, Tp—1 and all the blocks containing
them. All the colorings of X/ _, are obtained from colorings of %,
by a restriction. X! 5 is 2-colorable, 4-colorable, (2h-1)-colorable. Its
chromatic spectrum R = (0,72,0,74,0,0,...,0,79,-1,0,0,...,0,0), for
ro # 0, 14 # 0, r9p_1 # 0. This completes the proof. O

Theorem 3 For every admissible n, n > 8, there exist BP3(n)-designs
having the only rightmost hole at [n/2| — 1 in the chromatic spectrum.

Proof. To prove the statement, it suffices to construct a family of
BPs(n)-designs, for every n = 0, 1 mod 4, n > 8, having chromatic
spectrum R = (0,...,7[n/21-2,0,7[n/2],0,...,0), for 7,012 # 0,
Trnj2] 7 0, with the only rightmost hole at [n/2] — 1. No gap is
possible for n =4, n = 5.

Case 1: Let n = 0 mod 4, n > 8. For n = 8 , the BP;(8)-design
defined in Theorem 2 has the requested spectrum.

If n = 12 | the following BPs-design 12 = (X, B) is 4 -colorable,
6-colorable, but it is not 5-colorable. Its chromatic spectrum

R = (0,0,0,74,0,76,0,0,0,0,0,0), for r4y # 0, r¢ # 0:

Y12 =(X,B),

X = {anl‘lu -"51"11} 5

B:
(xo,x1,22) (T0,22,23) (X0, %3,T1)
<CIT4,CL'5,JI6> <.’E4,"E6,l‘7> <$4,$7,IE5>
(1,24, 23) (T1,25,23) (22,6, 3)
(w2, x7,23) (T4,T0,75) (X4,%2,T5)
<336,Ir0,367> (966,961,-%7)

and
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(1,28, 22)  (w4,28,76)  (@5,78,27) (X1, %9, T2)
(x4,x9,26) (T5,T9,27) (1,210, 22) (T4,T10,T6)
(w5, 210, 7) (@1, 211, 72) (T4, T11,%6) (@5, 711, 27)
(g, 0, 29) (T10,%0,%11) (T8,23,T9) (T10,T3,211)-

Observe that 31 contains three sub-BPs(4)-designs defined on Y7 =
{zg, z1, 22,23}, Yo = (24,25, 26,27}, Y3 = {28, 29, 210,211} It is not
possible that a coloring f of Y19, assigns the same color to zg, x1.
In fact, if f(xo) = f(x1) = ap, then f(x2) = f(z3) = a1, from
which {f(24), f(z5), f(ze), f(z7)} = {ag,ar}, with {f(z1), f(z5)} =
{ag,an}, f(zg) # a1, f(z7) # a1 and this gives a monochromatic
block. So, f(zo) = ao, f(21) = a1 and {f(22), f(23)} C {ao, a1}
If f(z2) = f(z3), then f(z2) = f(z3) = a1 and f(z;) ¢ {a0,n}
for every i = 4,5,...,11. Further f(z4) = f(zs5), f(ze) = f(z7).
It follows f(x4) = f(x5) = o, f(ze) = f(z7) = as and then
{f(zs), f(xg), f(z10), f(x11)} = {4, as}. Therefore, X1 is 6-colorable.
If {f(22), f(xs)} = {ao,on}, then {(f(za), f(x5)} = {f (), f(a7)} =
{ap,a1}. We conclude f(x3) = ap. In fact, for the existence of the
blocks (x1, x4, x3), (x1, 5, 23), f(x3) = a1 implies f(x4) = f(z5) = v,
with a monochromatic block in 315. Hence f(z2) = a3. Further,
(x1,25,x2) € B for every i = 8,9,10,11, implies f(x;) # aq, from
which f(z;) € {ap, ag,as}. At last, from (xg, zg,x9), (xg,x3,29) € B
it follows f(xg) = f(x9) = ag and from (z19, zo, z11), (z10, 3, T11) € B
it follows f(x10) = f(z11) = as.

Therefore, Y12 is 4-colorable and the chromatic spectrum of Yq9 is
R =(0,0,0,r4,0,76,0,0,0,0,0,0), for 14 # 0, 16 # 0.

Let n =4h , h > 4, and let X,, = (X, B) be the BPs-design defined as
follows. X = {xo,21,...,2n—1}. The family B contains the following
blocks:

for every r =0,....,h — 1:

(Tar, Tars1, Tar42)
<$4r7 Tar+2, x4r+3>
(Tar, Tarys, Tar41)
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for every i = 2,...,h — 2:

(@45, T3, Taig1)
<$1, T4i+1, CL‘2>

<$4i+2> Zo, l‘4z‘+3>
<JJ17 L4i, 5172>
<!L‘1, T4i+3, 5U2>7

<£U4z‘, Zo, fU4z’+1>
(T4it2, T3, T4it3)
<£U1, L4542, 1‘2>

for every u = 2,...,2i — 1:

(T2us Tais T2ut1)
(T2u, T4it1, Tout1)
(T2u, T4iv2, Tout1)
(T2us T4i13, T2ut1),

for every j = 2,...,2h — 3,

(@), Tap—a, T2j41)
(T25, Tan—3,T2j41)
(@25, Tap—2, T2j41)
(T25, Tan—1,T2541)

and

<$27 Ze, l’3>
<3§'6, Zo, x7>7

(x4, 22, X5)
(24,0, T5)

<$17 Ts5, $3>
<1’6, T, $7>

<xla T4, 1:3>
(T2, 27, 23)

further

<964h74, Zo, $4h73>
(Tah—a,T1, Tap—3)
(Tan—a, T2, T4p_3)
(Tah—a, T3, Tap—3)

(Tan—2,T0, Tan—1)
(Tah—2, 21, Tan—1)
(Tan—2, 22, Tan—1)
(Tan—2, 3, Tan—1)-

Let f be a coloring of ¥,,. Consider the sub-BPs(12)-design defined on
XoUX1UXy . Itis f(xo) # f(z1), necessarily.
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In fact, if f(zo) = f(z1) = «, then f(x2) = f(x3) = B, from which
{f(z4), f(x5)} C {e, B}. But, since (x4, x0,x5), (x4,22,25) € B, then
{f(z4), f(x5)} = {a, B} and, from this, also {f(z¢), f(z7)} = {a, B}
But the existence of the blocks (x9, xg, x3), (x2,x7,x3) implies f(xg) =
f(z7) = «, with the monochromaticity of the block (xg, zo, 7).

So, f(x0) = aw, f(x1) = aq, and this implies { f(z2), f(z3)} C {0, a1}
We see that f(x2) = f(x3) = a1, necessarily.

In fact, if f(z2) # f(x3), since (x¢, xo, x7), (T, x1,27) are blocks of X,
and f(zo) = ao, f(z1) = a1, it follows {f(ze), f(z7)} = {ao, a1}
This implies {f(z4), f(z5)} = {ao,a1}, from which f(z3) = o
and f(z2) = a1, because of the existence of the blocks (z1,z4,x3),
(x1,m5,23). It follows {f(xg), f(x9), f(x10), f(z11)} = {ao, a1}, with
f(zg) = f(z9) = ap, from which f(z19) = f(z11) = ;1. But this im-
plies the monochromaticity of the blocks (1, z10, x2), (z1, 211, Z2). So,
f(z2) = f(x3). Since (xq, x2,z3) € B, then f(x2) = f(x3) = aq.
Therefore: f(xg) = ap, f(x1) = f(x2) = f(x3) = a;. It is immediate to
see that no vertex of X1UX5s can be colored by «. It is not possible that
f(z5) = ap, otherwise also f(x4) = ap, for the existence of the block
(x4, T2, z5), with the monochromaticity of the block (x4, zg,x5). It is
not possible that f(xg) = g (resp. f(z7) = ap), otherwise also f(z7) =
ag (resp. f(xg) = ay), for the existence of the block (zg,z1,z7), with
the monochromaticity of the block (xg, zg, 27).

Also f(z4) # oo, otherwise f(z5) € {a, a1}, for the existence of the
block (x4, x2,5), so {f(z4), f(x5), f(z6), f(x7) N {ap, 1} = 0.

There is the same conclusion for the vertices of X5, and we have
{f(@s), f(wo), f(z10), f(211)} N {0, a1} = 0.

We can see that the existence of the blocks (x4, x9, x5) and (zg,x1,x7)
implies f(z4) = f(z5) = ag and f(xg) = f(z7) = a3. It fol-
lows {f(xg), f(z9), f(x10), f(z11)} = {a4,a5}. If we consider that
(x4,x9,25) and (zg,z1,27) are blocks of ¥,, we can see also that,
f(xs) = f(zg), f(x10) = f(x11), necessarily.

In general we have, for every i =1,2,....h — 2:

U (@ai), f(wai1), f(@ait2), f(ai13)} = {a2i, a1} with f(zy) =
f(.%‘4i+1) = (24, f(l‘4l'+2) = f(l‘4i+3) = (25+1- SO, the sub—Bpg—desz'gn
defined on X — X}, is uniquely (2h-2)-colorable.
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Now, consider the vertices of X;_;. It is immediate to see that

{f(xan—a), f(xan—3), f(xan—2), f(wan—1} N {az,...,az,3} = 0 for the
existence of the blocks

(Tai, Xap—a, Taiv1)  (Tis Tap—3, Tait1) (@i, Tap—2, Taiy1)
(T4i, Tap—1,Tait1)  (Tait2, Tah—a, Taity3) (Tait2, Tah—3, Tai+3)
(Tait2, Tan—2, Taivs) (Tait2, Tan—1, Tai+3)

for every i = 1,2,...,h — 2. We see that it is possible to color the
vertices of Xp_1 as follows: f(x4n—4) = f(Tan—2) = Qop_2, f(Tap_3) =
f(xgp—1) = agp—1. So, X, is 2h-colorable.

It is also possible to color the vertices of X, as follows: {f(x4p_4),
f(@an—3)} = {f(wan—2), f(xan-1)} = {ao,a1}. So, Xy is (2h-2)-
colorable.

No other case can be verified. In fact, if f(z4p_4) = ap (resp. 1),
necessarily f(xz4p_3) = a1 (resp. ap) for the existence of the blocks
(Tap—a, 71, Tan—3), (Tan—4a,%0,T4p—3). Since {f(van_4), f(T4n-3)} =
{ap, a1}, then also {f(z4n—2), f(zan-1)} = {ao,0n}. If f(zgn_4a) ¢

{ao, a1}, then f(x4n—4) = aop—2, necessarily f(xan—3) = f(@an—4),
f(xan—2) = f(zap—1), from which f(zan—2) = f(zan—1) = aop—1, be-
cause it is not possible f(x4p—2) = f(xap—1) = ap or f(zgn—2) =

f(934h71) = Q.

Case 2: Let n=1mod 4, n > 9.
For n = 9, consider the BP3(9)-design X9, obtained by Construction
A), starting from the following BP3(8)-design Xf = (Y, C):

5 = (V,0),

Y ={yo,y1, - y7},

C:
(Yo,y1,v2)  (Yo,y2,y3) (Yo, Y3, Y1)
(ya,Y5,v6) (Ya,Y6,y7) (Yary7,Ys)
<y07y47y1> <y07y5ay1> <y07y67y1>
(o, y7,v1)  (ya,y2,9s5) (Y4, 93,Ys5)
(Y6, y2,y7)  (Y6,Y3, Y7)
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and adding a vertex oo, with all the possible paths (y2i,00,y2i+1),
for every ¢ = 0,1,2,3. It is possible to see that g is 2-colorable,
3-colorable, 5-colorable, but not 4 -colorable. Its chromatic spectrum
R = (0,79,73,0,75,0,0,0,0), for ro # 0, r3 # 0, r5 # 0.

In fact, if f is a coloring of X9, assigning different colors to yo, y1,
F(90) = a0, f(un) = o, then f(3s) € {ao, a1}, for every vertex y; €
Y — {yo,y1}, because of the existence of the block (yo, v, y1) € C. A
2-coloring of ¥g exists for f(y2i) = ao, f(y2i+1) = f(o0) = .

If f assigns the same color to yo, y1, f(yo) = f(y1) = ag, then f(y2) =
f(ys) = a1, f(00) = ag and no one of the others can be colored by
ag. If f(y;) = a1, for some i = 4,5,6,7, then g is 3-colorable: in this
case necessarily {f(y1), f(ys)} = {a1, 02}, {f(ye), f(yr)} = {an, s},
f(oo) = aq. If f(y;) # au, for every i = 4,5,6,7, then g is 5-colorable:
necessarily f(ya) = f(ys) = a2, f(ye) = f(y7) = as, f(o0) = au.

Let n = 4h + 1, n > 13. Consider the BPs(n)-design ¥,, = (Y, C), de-
fined on Y = {yo,y1, ..., Yan—1} U {00}, consisting of h BPs(4)-designs
defined on Y; = {yas, Yai+1, Yait2, Yairs} for every i = 0,1,2,....h — 1,
containing the previous BP5(9)-design X9 with all its blocks, and hav-
ing the further blocks:

(Y8, Y9, Y10), (Ys, Y10, Y11), (Y8, Y11, Y9)

<y4h—4, Y4h—3, y4h—2>, <y4h—4, Yah—2, ’y4h—1>, <y4h—4» Y4h—1, y4h—3>

for every i =2,3,...,h —1:

(Y0, Yai» y1) (Yo, Yai+1,Y1) (Yo, Yai+2,Y1) (Y0, Y4i+3, Y1)
(Y2, Yai, y3) (Y2, Yai+1,Y3) (Y2, Yaivr2,¥3) (Y2, Yai+3,Y3),

and for every j =1,2,...,i— 1:
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<y4i7 Y45, Yait1) <y4i, Y4542, y4i+1>
(Yaiv2, Yaj, Yaiv3)  (Yaiv2, Yaj+2, Y4i+3)

<y4i, Yaj+1, y4z’+1> <y4z’, Yaj+3, y4i+1>
(Yai+2, Yaj+1, Yaits)  (Yai+2, Y4543, Yai+s)

with (y9;, 00, y2i+1), for every 7 =4,5,...,2h — 1.

We have examined the possible colorings of ¥9. We try to extend
them to all 3,,. When the coloring f assigns different colors to yo,
Y1, 2y is uncolorable or 2-colorable. A 2-coloring of X, exists for
f(y2:) = o, f(y2i+1) = f(oo) = aq. If f assigns the same colour
to Yo, y1, f(yo) = f(y1) = ao, then f(y2) = f(ys) = a1, f(oo) ¢
{ap,1}. In the case that f(y;) = a1, for some ¢ = 4,5,6,7, then
Y, is (2h-1)-colorable. In fact, necessarily {f(ya), f(ys)} = {a1, a2},
{f(e), f(y)} = {ar, a2}, f(o0) = a2, and {f(y2;), f(y2j+1)} =
{oj_1}, for every j = 4,5,...,2h — 1 and f(o0) = ao. If f(yi) # aa,
for every i = 4,5,6,7, then %, is (2h+1)-colorable. In fact, necessar-
ily f(ys) = f(ys) = aa, f(ys) = f(yr) = a3, and from this f(ys) =
f(yo) = au, f(yi0) = flyn1) = a5, -+, f(Yan—2) = f(Yan—1) = a2n_1,
f(o0) = .

This completes the proof. O

4 Concluding remark

In this paper we constructed families of B Ps-designs having only one
hole: the leftmost or the rightmost. In [4] we constructed families of
B Ps-designs having gaps of different lengths. We point out that, at the
moment, it seems difficult to construct families of B Ps-designs having
simultaneously the only leftmost and rightmost hole.
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