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A generalization of the optimality for

multicriterion problems

D. Lozovanu 0. Codreanu

Abstract

A new notion of the optimality for multicriterion problems
which generalizes the well-known notions of optimality in Pareto
and Nash senses is considered and some properties of the intro-
duced notions are studied.

1 Introduction

It is well-known that the most important classes of multicriterion prob-
lems is the class of problems for which optimality is considered in Pareto
sense and the class of problems for which the optimality is considered
in Nash sense. These classes of the multicriterion problems have a
large implementation in the models of decision-making systems with
non-coincidence interests of the participants[1-4].

In our paper we introduce some new notions of the optimality for
multicriterion problems which generalize the notions of optimality in
Pareto sense and in Nash sense. We have studied some properties of

the introduced notions and suggest some possible implementations.
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2 Definitions and some properties
Let X be an arbitrary set in R and on X we consider p real functions
fi: X —>RY fo: X - RY ... fp:X—>R1.

To each function f; a set M; C R™, i = 1,p is associated.

Definition 1. The point z* € X is called the minimal efficient
point for the set of functions fi, fa, ..., fp on X with respect to given
sets My, Mo, ..., M, if

file™) < fi(x* +x), Ve e My, x*+x € X, i=1,p.

Definition 2. The point 2° € X is called the maximal efficient
point for the set of functions f1, f2, ..., fp on X with respect to given
sets My, Mo, ..., M, if

fi(@®) > fi(2® + ), Ve e My, 2°+ 2z € X, i=T1,p.

Note that a similar notion was introduced in [5] where the sets
My, My, ..., M, are the conical sets. Here we consider that My, Mo, ...,
M, are arbitrary sets from R™. So, if M;, i = I,p are conical sets
then these notions become the optimal solutions of the multicriterion
problems introduced in [5].

Let us show that the introduced notions generalize the optimality in

Nash sense for the game theory problems. Let X = X1 x Xo x...x X,

X; € R ¢ =1,p, x = (ZL‘l, T2y vvy Ti1y Tiy Tidly -« $p), where
p

z e X, x; € X, an = n. It is easy to observe that if we define
i=1
M;, i =1,p in the following way

M; ={x=(0,0,...,240,0,...,0)|z; € R}, i=1,p, (1)
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where 0 is the vector with zero components (0 € R,,,), then the minimal
(maximal) efficient point for the set of functions fi, f2, ..., fp on X
with respect to given sets M1, Ma, ..., M, becomes the optimal point in
Nash sense of players for the game G = (X1, Xo,..., Xy, f1, f2,. .., fp)

in normal form. [2,4]

Indeed, let 2* = (af,25,...,2]_ 1,2}, 2},,..., ;) be the optimal
point for the set of functions fi, fa, ..., fp and M;, i = 1,p is deter-
minated according (1).

Then
* % * * % *
fi(xl,x2, “ e ,x,iil,xi 3 xi+17 . e ,{L‘n) S
< fl("ETa $§, s 7:6;(—15 li;,k + xi?x;‘—&-l’ s 7561*1)’

YV, € M;, l‘;(—i-:UiEX, 1=1,p.

But that means
* * * * * *
flal, x5, . o), 2,27 q,..., %)) <

* ok * * *
S f(xla$2a s axz’—layvxi+17 cee 7I‘n),

VyEXZ-, iZl,p

i. e. z* is the optimal solution in Nash sense of the given game G =
(X1, Xo,...,Xn, f1, f2,. .., fp) in normal form.
It is easy to observe too that if we find the minimal (maximal)

efficient point z* = (z*,y*) (2° = (2°,9")) on

Z={z=(x,y) e R"Plz e X,y = (y1,y2,-- -, Yp), ¥i = fi(x),i =T1,p}
for the set of functions f1, fo, ..., fp with respect to given conical sets
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My ={(0,0,...,0,91,0,0,...,0) € R"P|y; € R'};
n p

My ={(0,0,...,0,0, 92,0, ...,0) € R"P | yy € R'};
n p

then z* (2°) is a minimal(maximal) efficient point for the set of func-
tions fi, fa, ..., fp on X in Pareto sense. Indeed, in X the point z # z*
for which f;(x) < fi(z*) and fi,(z) < fi,(2*) for some ig € {1,2,...,p}
does not exist. So, if z* = (z*, y*) is a minimal efficient point for the set
of functions f1, fo,..., fp on Z with respect to My, Ma, ..., M, then

x* is a minimal efficient point in Pareto sense for the set of functions
flaf?)"'afp on X.

3 The main result

The main results of the introduced notion are connected with the exis-
tence of the optimal solutions for considered multicriterion problems.
Let My, Ms, ..., M, be the conical sets. The set M; C R", i=1,p

we call the conical set if for every € M; and t € R® we have tx € M;.

Each conical set M;, i = 1,p consists of two cones M;r and M, with
common vertex 0 = (0,0,...,0), where M, = (M;\M;") U {0}. Note
that the set M;r we call the cone if for every = € MiJr and A > 0 we
have Az € M;", =Xz ¢ M. If each part M;" and M;  of conical set M;
is convex set then we say that M, is convex conical set. An arbitrary
function ¢(x) we call convex (concave) function on convex conical set
M; if p(z) is convex (concave) function on each part of convex cone
M;" and M; .
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The following theorems hold.

Theorem 1. Let X be non-empty convex compact set in R™ and
My, My, ..., M, are non-empty convex classed conical sets in R".
Moreover let us consider that int(M;) # 0, i = I,p (p < n) and M; N
M; = {0}, for i # j, where 0 = (0,0,...,0). If p;(z) = fi(y+z)isa

AR

n
convex function on conical set M; for every fixed y € X, ¢ = 1, p, then

the minimal efficient point * € X for the set of functions fi, fa,..., fp
on X with respect to conical sets My, Ma, ..., M, exists, i. e. there

is the point z* € X for which the following condition is satisfied

fi(z®) < filz* +x), Ve e M, 2" +x € X, i=1,p.

This theorem can be proved by analogy as proof of Nash theorem
[2,4] using the fix-point method.

Theorem 2. Let X be non-empty convex compact set in R™ and
My, Ms, ..., M, are non-empty convex classed conical sets in R".
Moreover let us consider that int(M;) # 0, i = 1,p (p < n) and M; N
M; = {0}, for i # j, where 0 = (0,0,...,0). If p(z) = fi(y+ ) is a

AR

n
concave function on convex set M; for every fixed y € X, ¢ = 1, p, then

the maximal efficient point 2 € X for the set of functions f1, fa, ...,
fp on X with respect to conical sets My, Mo, ..., M, exists, i. e. there

is the point z° € X for which the following condition is satisfied

fi(@”) > fi(2° + ), Ve e M, 2° +2x € X, i =T1,p.

This theorem also can be proved by analogy as the proof of Nash
theorem by using the fix-point method [2,4]. If the condition of the
theorem 1 is satisfied then the minimal efficient point x* for the set
of functions fi, f2, ..., fp on X with respect to given conical sets

My, Ms, ..., M, can be found in the following way.
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Let x4, be an arbitrary point from X. If x,, satisfies the condition
fizsy) < f(wso +x), Vo€ My, zgy +x € X, i=Tp, (2

then zg, is a minimal efficient point for the set of functions f1, fa, ...,
fp on X with respect to conical sets My, M, ..., M,. If the condition
(2) is not satisfied then we find iy € {1,2,...,p} for which y € M;,

exists, such that
fio(J:So) > in(ISO + ).

Denote by I, the set of numbers ¢ for which the condition (2) is satis-
fied. Let y* be the solution of the problem:

minimize : fi,(Ts, + )
to subject
fi(zsy) < f(zsy + ), Vo € My, x5y +x € X, 0 € I,.
After that we change x4, by x5, + y*. This procedure we repeat while
the condition (2) is satisfied.
References

[1] Nash J.P. Noncooperative game, Anals of Math., N.2(1951),
pp.286—295.

[2] Mouli H. Theorie de jeux pour l’economs et la politique, Paris.
1951.

[3] V.I.Podinovsky, V.D.Noghin, Pareto optimal solutions of multicri-

terion problems, Moscow, Nauka, 1982.

[4] N.N.Vorobiev, Theory of games, Moscow. 1984.

91



D.Lozovanu, O.Codreanu

[5] D.D.Lozovanu, An extension of the optimality notion for multi-
criterion problem, Bulletin of Academy Science of Moldova. Sep.
Mathematics, 2000, 2.

D.Lozovanu, O.Codreanu, Received February 2, 2001
Institute of Mathematics and Computer Science

of Moldovan Academy of Sciences,

str. Academiei 5, Chishinev,

MD-2028, Moldova.

E-mail: lozovanu@math.md

92



