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Games on digraphs and constructing maximin
structures

V. Ungureanu

Abstract

Games and problems of constructing maximin structures on
digraphs are investigated. Necessary and sufficient conditions
for existence of equilibrium situation in matrix games with pure
strategies are formulated and proved. Some particular games
are considered and algorithms for their solving are sugested. p -
players games and dynamical games on digraph are introduced.

1 Introduction

Suppose that several companies manage the activity of a big network.
They have their personal local frequently antagonistic interests. In
this situation well-known extremal net problems [3, 7] and problems
of constructing graph structures [1, 3, 7] become multi-criteria game
problems.

Some problems of the hind were investigated in literature [5, 6].
They were arisen in the context of cyclic games solving. That approach
determined a special type of strategies definition [5]. This paper intro-
duces new types of games on digraphs by generalising the corresponding
notions of pure strategy and cost function.

The paper is organized as follows. Section 2 introduces the notion of
zero-sum matrix game on digraphs. Some properties giving a general
tool for matrix games investigations are proved. Section 3 presents
some particular solvable games. A special investigation is done for flow
game. It is proved that the problem of maximin cost flow finding is
NP-hard. Section 4 generalises the notion of matrix game on digraphs
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in the case of arbitrary finite number of players. Section 5 introduces
the notion of dynamic games on digraphs using notions from previous
sections.

2 Matrix games on digraphs and games with
connected strategies

2.1 Notions

Let us consider a digraph G = (V, E), |V | =mn, |E| = m, further called
simply graph. A length c(e) € Z is associated with every directed edge
e € E. Vertex set V is partitioned into two disjoint subsets:

VnVH (VIUVH=V7 ‘/Im‘/HZQ)a
being positions of two players. The player edge sets are determined:
E, = {(Uav) € E|U € Vl}a E; = {(U,’U) (S E|u € VH}

Every subset S; C E;, S; C Ej is called strategy of the corresponding
player. It is obvious that every pair of strategies (S;,5,) € 281 x 2%
called game situation, generates a subgraph Gg = (V,S; U Sy), called
graph of the (5,,5)) situation.

Let:

e 2¢ ={I'=(V,E') | E' C E} be the set of all subgraphs of G;

e D = {I' € 29 | P} be the set of all subgraphs of G, verifying a
set P of some properties;

o M: 2% — D, M(S,,S;) = 295 ND be the choice function, that
sets the correspondence of every situation (S;,S,) € 2% x 2Fu
and the set of subgraphs of Gg, verifying P;

e C: D — R be the choice (quality) criterion.
Let k = max |M(S;, Sy )| be the cardinality of a choice func-

(S1,Sir)e2fr x2fun
tion. There are 3 possibilities:
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1 k=1,
20, k>1and VIV,T" €V M(S;,Sy) # O: C(I'") = C(T");
3% k>1and 3M(S,,Sy) # O, 1", " € M(S,,Sy): C(I'") # C(I").

A matrix game can be defined if the choice function verify property
19 or property 2°. Thus, we consider a normal univocal choice function

M(S;,Sy) = argmax C(T).
FEM(S[,S[])

It sets the correspondence of every (S;,5,) € 2 x 2P to an element
of M(S,,Sy), optimal by criterion C. M (S;,S,) # O is called feasible
subgraph of situation (S;, Sy). A function M is called the matrix of the
feasible subgraphs. Thus, a cost function (payoff matrix) of the game
may be defined as:

_ C(M(SI7SII))7 if g(slusll) 7é @7
C(S],SH) - —0Q, lf M(S],S;I) :® VS}I E2EH,
00, otherwise.

Remark 1. The set P of properties can define in a particular game:
a tree; a path between two fixed vertex vy and v; a flow between output
vertex vg and input vertex v;; a matching; a median; a clique; a cycle;
a Hamiltonian cycle, etc. Meanwhile a feasible subgraph M(S;,S,;)
satisfies both ‘P and the optimality property by C' choice criterion.

Let J =< 281 2Fn ((S,,S,) > define a zero-sum matrix game
in G. The first player has 21€1| strategies, the second — 2/£11. Every
situation (S;,Sy) € 281 x 21 has a numerical feature C(S;, Sy;), that
means the gain (loss if C(S;, Sy) < 0) of the first player, and the loss
(gain if C(S,,S,;) < 0) of the second player in situation (S;,S;).

Players choose their strategies (S;, S;) € 257 x 281 independently.
The value C(S;, Sy;) is determined and the first player receives the gain
C(S;, Sy) (loss if C(S;,S;) < 0) from the second player.
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The sets

B]: {S]€2EI|HSH E2EH: M(S],SH)#@}, (1)

By = {SH S 2EH|E|SI € 2E1: M(SDSH) 7£ ®}7 (2)

will be called the sets of admissible strategies. The sets

By(S) = {51 € B,[(S,, Su) # @},

BH(SI) — {SII S BH|M(5175H) 7"é @},

will be called the sets of admissible strategies connected with S; and
S correspondingly. In these notations, the game

J+ =< 81781176(517511) >

is defined and is called a matrix game in admissible strategies. The
game J 7 (x), which is either game

JH(I) =< By, By(S;), C(M(S;, Sn)) >,

or game

J+(II) =< BH,B](SH),C(M(SI,SH)) >,

with the first step of the first player and of the second player corre-
spondingly is called a matrix game with connected admissible strate-
gies. All situations of the game J* are called admissible. All situations
of the game J7(x) are called essentially admissible.

2.2 Properties

Lemma 1. max min C(S;,5;) < min max C(S;,Sy),
Sre2br Spe2fn Spe2fn Spe2kn

max min C(5,,5,;) < min max C(S,.S
S1€B; S €By ( b H)_SHEBHSIGBI ( b H)
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Lemma 1 is well-known property of matrix games. Because of
lemma 1, right and left values of inequalities are named upper and
lower costs of the games J and J'. A matrix game has a solution (is
solvable) if its upper cost is equal to the its lower cost. The correspond-
ing situation is called equilibrium situation of the game and its value
is called value of the game.

In the game with connected strategies, the opposite correla-
tion occurs for some cost functions C' : the cost of the game

JYII) ( min  max C(S;,Sy)) donot surpass the cost of the game
( ) (SHEBH S1€B1(Sm) ( ! H)) p &

(I in C .
JHI) (max min C(S;, i)

Lemma 2. If C(M(S,,S,)) = C'(S;) + C"(Sy) and B, # O, then

max min C(S;,S;) > min  max C(S;,Sy)
SreBy SHEBH(S[) S eBr S[EBI(SH)

Proof. It is obvious that if B, # O, then B, # © and vice versa.
Thus, we have

i C(M(S;,S,)) = C'(S;) + i C"(S,)] >
B, 5, i) OO 50)) = ag [CS) +  min, OS] 2

> max C'(S;)+ min C"(S;) > min [C"(S;)+ max C'(S;)]=

SreBr SpeBr SpeBr S1€B1(Sm)

= 1mi ax C(M(S,,S,)).
SllznegnszemBz(}én) ( ( ! H)) -

The game with connected strategies have the equilibrium situation
if the costs of the games J*(I) and J*(II) are equal.

Lemma 3. If B; # (J, then max min C(S;,Sy;) =
S;e2B1 Sy e2kn

= max min C(S,,5;) = max min C(M(S,,Sy)).
SreBr Su€Bu (51 Su) S1€B8; SpeBu(Sr) (M(S1, 5u))
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Proof. The cost function is so defined that mi% C(S,,Sy) < o
Spe2r-i

for every strategy S, € 21, As B, # @, then

—o0o < max min C(S;,S,) < +oo.
Sre2br Sppe2fn

Therefore, the maximin situation is essentially admissible and

max min C(S;,S;) = max min C(S;,Sy). 3
Se2fr sy e2fu (81, Sn) S1€B; Sy €B (Sr. Si) (3)

For some admissible strategy S; € B; we have

i 65,5 = i C(S.,5y),
Slrlnelgg (Sr,Su) SHEI?S?(SI) (S1,5u)

as C(S,,8,) = +oo for every strategy Sy, & By (S;). Then

max min C(S,,S;) = max min C(S,,Sy). 4
S1€B; S €By (51 Su) S1€B1 SireBr(Sr) (51, Su) )

(3) — (4) prove lemma.

Considering lemma 3 and the equality max C(S;,Su) = +oo for
Sre2ri
all S, € By, the following theorem is evident

Theorem 1. Let B, # O. Upper (lower) costs of the games J and
JT coincide.

For sufficiently big set of edges E, an exhaustive search of the equi-
librium situation in the games J, J, J* (*) is a hard problem. Theorem
1 indicates how to narrow the sets of the admissible strategies for play-
ers taking into account properties of G and properties P of the feasible
subgraphs.

Assumption 1. Further on we assume that B; # O. We will take
as sets of admissible strategies B, and B, also sets of strategies (from
2E1 and 281) less powerful than (1) — (2). Thus, we have for a fixed
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game J several possible games J*, and J* (%), defining J* from the
condition |M(S;, Sy)| < 1, for all (S;,Sy) € B, X By.

It is easy to observe that cost function is defined in such a way, that
if only one essentially admissible situation exists in J T (x), then for both
players it is advantageous the same situation, namely the equilibrium
situation. However, in some games J 7 (x) several essential admissible
situations exist, but the equilibrium situation itself does not exist in
all games J, J* and J7T ().

vExample 1. Let us consider the following acyclic digraph G =
V. B).

5
If V, = {1} and V; = {2; 3; 4; 5}, then

B = {(1,2); (1,3); (1,4)},
E, = {(274); (275); (372); (374); (375); (47 5)}

The set D of feasible graphs is defined as the set of all paths from v, = 1
to v; = 5, containing exactly 3 edges. It is easy to calculate that the first
player has 23 = 8 strategies in J3 and the second has 26 = 64. Finding
by the exhaustive search the equilibrium situation is a hard problem
because the game has in total 512 situations. Therefore, because G is
acyclic and feasible graphs are specific, admissible strategies are defined
as the sets of the following cardinality: |E;| = |V;| = 1 for the first
player, and |E,| = |V, | —1 = 3 for the second, and exactly one edge is
going out from every vertex except vy = 5. As G is acyclic, for every
situation S its Gg is directed tree, going to vertex v; = 5, and it has
a path from vy = 1 to vy = 5, not obligatory having exactly 3 edges.
Observe, that for S, = {(1,4)} a 3 — path from v = 1 to v, = 5
does not exist for every strategy of the second player. Besides that, for
strategy Sy = {(2,5);(3,5);(4,5)} a 3 — path from vs =1 to vy =5
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does not exist for every strategy of the adversary. If the cost function
C is defined as the length of the path from vy = 1 to vy = 5 and the first

player has the purpose to maximise the length of the path (the second
trying to minimise), then it is easy to find the following payoff matrix
of the game J;, containing the cost function of the game J;" () :

Bu
Br |[(3,2) (2,9)][(24) (2,4) (4,5)|(3,2) (2,5) (2,5)](2,5)
45) B @S| @5 (48|34 @)ES)|| T | T )
(4,5)|| min min
Su€Bu|SireB(Sr)
1,2 8 8 8 +oo oo [foo]| 8 8
(1,3) Too 11 Foo 5 11 |+oo|| 5 5
(1,4) —00 —00 —00 —00 —00 |[—oof| —o0
J;:
max 400 11 400 400 400 |+oofl 11\ 8
SreBy
J;(u):
max 8 11 8 5 11 5\ 8
Sp€EB (1)

In the J; (consequently in J3)

max min C(S;,S;) =8 < min max C(S;,S;) = 11,
SreB; Sy eBn SpeBp S1eBy

but in J; () we have

max min  C(S;,S;) =8> min max C(S;,S;) =25,

SreBr Sy eBu(Sr) Sy €B S1eB(Su)

Let us consider the set Dy of all paths from v; = 1 to v; = 5, having
exactly 2 edges, as the set of feasible graphs. Analogically, Jo, J;” and
Jo (), are defined, and the payoff matrix of the game J," and the cost
function of the game J, (x) are determined.

Bn
Br o |[(3,2) (2,9)](2,9) (2,4) (4,5)|(3,2) (2,5) (2,5)|(2,5)
45) B4 @A) B (15|34 @H)|BH)| JT | JT W)
(4,5)|| min min
Su€B|Sy€Bu(Su)
(1,2) +oo +o00o +oo 2 2 2 2 2
(1,3) +o0 +00 8 +o0 +oo |[8]] 8 8
(1.4 7 7 7 7 7 7 7 7
J;:
max 400 400 400 400 11 8 8\ 8
SreBy
J;(u):
max 7 7 7 7 11 8 7\ 8
SreBy(u)
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In the game J, (consequently J5)

max min C(S;,S;) =8= min max C(S;,Sy) =8,
SreB; Sy €eBr SpeBr S1eBy

but in J; () we have

max min  C(S;,S;) =8> min max C(S;,S;) =7,
SreBy SHGBH(S[) S €eBy S]EB[(SH

Remark, that in the games Js, J2+ there is the equilibrium situation,
but in J, (x) there is none.
Let us consider the set D of all paths from v; =1 to v; = 5 as the

set of feasible graphs. Analogically, the games J, J*, J T (x) are defined
and the payoff matrix and the cost function are determined.

Bn
B; (3,2) 2,9)](2,9) (2,4) (4,5)|(3,2) (2,5) (2,5)](2,5)
(4,5) (3,24) (4,5) (3,5) (4,5)((3,4) (4,5)|(3.5)|| J*: | JH(1):
(4,5)|| min min
Su€Bu|SueBu(Sr)
1,2) 8 8 8 2 2 2 2
13) 11 11 8 5 11 8 5 5
(1,4) 7 7 7 7 7 7 7
JT:
max 11 11 8 7 11 8 nNT
SreBy
JT(m):
max 11 11 8 7 11 8 nNT
Sr€Br(Sm)

Let us remark, that all the games J, J*, J*(x) have the equilibrium
situation (S; = {(1,4)}, Sy ={(3,2);(2,5); (4,5)}) with feasible path
P ={(1,4); (4,5)} of the length C(P) = 7, having exactly 2 edges. A

Theorem 2. If C(M(S,,Sy)) = C'(S;) + C"(Sy) for all
M(S;,Sy) # O and if all situations in the game J* are essentially
feasible, then J, J*, J* (%) have the equilibrium situation, moreover, it
is the same in all three cases.

Proof. All situations in the game J* are essentially feasible. Then
BH(S]) - BH fOr all S] S B[, and B[(SH) - BI fOr all SH € BH- Then,
taking into account lemma 1, we have

max min C(M(S,,5,)) = max min C(M(S,;,Sy)) <
Sr€B; Sy eB(Sr) (M(5:. Su)) Sr€Br Sy €By (M{Sy; Su)) <
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< min ma CHS,S — min ma: CHS,S ’
= SpeBn 5161}5’(1 ( ( I 11)) SHER SIEBI()SQH) ( ( I 11))

and, taking into account lemma 2, we have

max min C(M(S,,S;)) = max min C(M(S;,Sy)) >
S1€B1 Su€Bu (M(S1 Su)) S1€B; SppeB(St) (M{(51, 5u)) 2

> min max C(M(S;,Sy)) = min max C(M(S;,Sy)).
> i wax  O((S,.5,)) = min ax C(OL(S,. 50)

From these inequalities follows that

g gpin, OIS Su)) = max | main,) OS5 Sin))

= min max C(M(S;,S;)) = min max C(M(S;,Sy,)).

S €Bi S1eBr(Sm) ( ( ! H)) Sy €By S1eB; ( ( ! H))
Therefore, J* and J*(*) have the equilibrium situation. Finally, it
follows from theorem 1 that all games J, J*, J* (x) have the same equi-
librium situation. —

Remark 2. Lem@ 2 and theorem 2 are true for other func-
tions. For example: C(M(S;,Sy)) = C'(S;) - C"(Sy), where C': B; —
N*, C": B; — N*.

Remark 3. Example 1 shows that if in J* there is situation that
is not essentially admissible, then the equilibrium situation may be
absent in any game J,J*t, Jt(%).

Remark 4. Example 1 also illustrates that the equilibrium situa-
tion may exist in the games J, J*, but in the corresponding game J* ()
it may be absent. Inverse is possible: in J*(*) there is an equilibrium
situation, but in J, JT it is absent.

Theorem 2 formulates only sufficient condition for the existence of
the equilibrium situation in games J, J*, J (*). The following theorem
formulates necessary and sufficient condition.

Theorem 3. Let C(M(S,,S,)) = C'(S,) + C"(Sy), for all
M(S;, Sy) # 0. (SF,8}) is equilibrium situation in games J, J*, JT (%)
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if and only if (S¥,S}) is equilibrium situation in the game J* and

max  C(M(S,,Sn)) > C(L(S,S%)), VSu € Ba.
S[EB[(S[])

Proof. Necessity is obvious. Sufficiency follows from the relations:

. L.2
minmaxJ" > maxminJ" L.3 maxmin J(I) > minmaxJ"(II), (5)
and theorem 1.

If J* has an equilibrium situation (S}, S%), then, taking into ac-
count lemma 3 and theorem 3, we deduce that minmax J* < +o00. This
means that, for strategy S5, € By, C(S;,S5) = C(M(S,;,S})) < +o0
for all S; € B;. The strategy, which may have only essentially admis-
sible situations (B;(S;) = By for the first player and B,(Sr) = By
for the second), will be called essentially admissible. From theorem 3
follows:

Corollary 1. If the second player does not have at least one es-
sentially admissible strategy in the game JT, then both J and J* do
not have equilibrium situations.

3 Solvable matrix games on digraphs

The investigation of the matrix games includes solving of three main
problems:

e determining of the maximin and minimax situations;

e determining of the feasible graphs in maximin and minimax sit-
uations graphs;

e determining of the equilibrium situation.

From (5) follows that for equilibrium situation determined in
J,JJt,Jt (%), it is sufficiently to determine minimax situation in
JT and JT(II). If minmaxJ"* = minmax J"(I]), then all three
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games J, JT JT(x) are solvable and have the same equilibrium sit-
uation.  Otherwise, it is necessary to find maxminJ* which is
equal to maxminJ*(/I) and to compare it with minmaxJ* and
minmax J (1) :

e if maxmin /" = minmax J', then J* is solvable;
e if maxminJ" = minmax J*(I), then JT(x) is solvable;

e if maxminJ* # minmax J* and max minJ* # minmax J " (1),
then all games J, J*, J*(x) are not solvable.

Therefore, to investigate games J*, J7(x), the problem of deter-
mining maximin and minimax situations with corresponding maximin
and minimax feasible graphs become the principal. As the games have
limited number of situations, maximin and minimax situations hypo-
thetically may be found by the exhaustive search, which, with a big
m, is impracticable even on modern computers. It is obvious, that the
game has polynomial complexity if both maximin and minimax situa-
tions may be found in polynomial time by n and m. If the problem of
a feasible graph M (S;, S;) # O construction in Gg for some situation
(S;,S,) is NP — complete, then the game is at least NP — hard.

Method of the exhaustive search in J has the exponential com-
plexity, supposing 21l situations to examine. If the algorithm for
construction feasible subgraph in G has the polynomial complex-
ity O(n*omb) and |B,| = O(mFmh),|B,] = O(n*2m!2), where
ko, k1, k2, 1o, 11,19 are numbers independent of m and n, then the same
straightforward method in J* and J* () has the polynomial complex-
ity O(nk0+k1+k2mlo+l1+lz)_

Thus depending on of properties of G and elements of D, in partic-
ular games this problems may be essentially simplified. Further on, we
illustrate this for three particular games.

3.1 Maximin directed tree

Let G be an acyclic digraph and let paths exist in G from every vertex
v € V to vertex vg. Let D be the set of all directed trees of G going to
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vo; C : D — R be the length of tree (sum of edge lengths). The first
player has the aim to maximize the length of tree, the second tries to
minimize it.

Take into consideration that feasible graphs are directed trees, we
will define admissible strategies so that from every vertex except wvg
exactly one edge is going out. In this case every element belonging to
D at least once is feasible subgraph in J*. Remark, that inadmissi-
ble strategies are not advantageous to players because they either not
ensure tree construction or they lead to adversary possibility to choice
from several alternatives. Therefore, either B, and B, contain the op-
timal strategies of the players and the game J* is right defined, that
ensure equality of costs of the games J and J7.

Remark further, that for all (S,,S,) € B, xBy we have M (S,,S,) =
(V,S; U Sy). This mean, that all situations of the game J* are essen-
tially admissible. From theorem 2 follows that J,J*, J*(x) have the
same equilibrium situation.

To determine the maximin input in vy tree we propose the following
application of the dynamical programming method [9]:

M ={vw}, T=0
while | M| < n do

begin (u*,v )=(u’v)z§ niaJ\J/[X)xM)nE C(u,v)

If (u*€V,)or ((u* €Vy)and|[(V\M)xM)NE|=1)
then M = MUu*, T =T U (u*,v*)
else E = E\(u*,v").
end
T — maximin tree.

Remark 5. Algorithm determines maximin tree in arbitrary di-
graph. But, because in general case maximin may be not equal to
minimax, for determining of minimax tree, we must found on every
iteration

(u*,v*) =  argmin C(u,v).
(u,v)e((V-M)xM)NE
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3.2 Maximin directed path

Let G be an acyclic digraph and let a path exists from every vertex
v € V to vertex vy. Let D be the set of all directed paths from vy to
vy; C : D — R be the length of path (sum of edge lengths). The first
player has the aim to maximize the length of path, the second has the
aim to minimize it.

We will define admissible strategies so that from every vertex except
vg exactly one edge is going out. In this case every Gg is an input in
vy tree, containing a path from v to vy. The set of all essentially
admissible situations of maximin path game J* is equivalent to the
set of all essentially admissible situations of the maximin tree game
JT. Therefore all three games J, J*, J*(x) have the same equilibrium
situation.

To determine maximin path we may use an adaptation of Dijkstra
algorithm. An example of such adaptation is presented in [2].

3.3 Maximin cost flow

Let the net has a structure of digraph G = (V. E), |V|=n, |E|=m
and let us distinguish in G the output vertex vy € V and input vertex
vy € V, vs # vy. Let b(u, v) € ZT be the capacity of edge (u, v) € E
and let ¢(u, v) € Z be the transportation cost of the unit flow through
the same edge. The set V is partiotioned into two disjoint sets of player
positions:

VI; VH; (VIUVH=V7 Vlﬂ‘/H:@)u

and without loss of generality let vs; € V;. Thus, we have the edge sets
of players:

E ={(u,v) e ElueV,}, Ey={(u,v)€E|lueVy}.

Every subset S; C E;, S, C E,, we will call a strategy of a corre-
sponding player. For every situation (S;, S;) € 2E7 x 2E1 we have a
situation graph Gs = (V, S; U S;). In the net Gg, the flow f of fixed
value g is defined as the vector f € RI*1YSul (one component for every
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edge), such that:
1°. 0 < f(u, v) < b(u,v), (u, v) € S, US,,
0, u¢{vs, v},
20, Z flu,v) — Z flo,u) = {

(u,v)ESTUS T (v, u)ESTUSTT

Yo, U= Vs,
—(po, U = V.

Cost of the flow f is equal to 2 c(u, v)f(u, v).
(u,v)ESTUS]T

Let us suppose that there is at least one flow with value ¢¢ in
G=(V, E).

For every pair of strategies (5;, Sy ) there are a polyhedron of solu-
tions of the system 1°—2°, denoted by Fy = F(G,). In general, Fs may
be empty for some pair of strategies if the system 1° —2° does not have
solutions, but, due to our supposition, there are at least one pair of
strategies for which Fy # . It is known, that if all b(u, v), (u, v) € E
are integer, then all the vertex of polyhedron Fg are integer, and as
Fg is limited, then the set of all flows, corresponding to (S,,S5)), is a
linear convex combination of the finite number of integer flows. The
cardinality of the set Fig may be equal to 0, when the system 19 — 20
does not have solutions, may be equal to 1, when 1° — 2% has one so-
lution, or may be equal to X, when 1° — 2% has an infinite number of
solutions.

Let D be the set of all subgraph of G which has the flow of the
value ¢ from vg to v;. Let us examine the choice function M: 206G
D, M(S,;, S;) = GsN'D and the choice criterion C: D — R, C(I') =

fng(}é) Z c(e)f(e). Let us define the univocal choice function
€

argmax C(I'), if M(S,;, Sy,) # O,

M(S}, SII) - FGM(S[,SH)
0, otherwise,

which choose the flow of the value ¢y with minimal cost in the net Gg.
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Then, we have the following cost function (payoff matrix):

_ C(M(Sh SH))7 if g(sh SH) 7& ®7
C(SI, SII) - —0Q, if M(SI, S;I) == @, VS}I € 2EH,
400, otherwise.

Therefore, the matrix game J is defined. By analogy with general
case, we define the games JT, JT(x). Strategies are called admissible
if there exist at least one such strategy of adversary, that corresponding
situation is essentially admissible (has the ¢ flow).

Lemma 4. If in the net G at least one flow of value ¢q exists, then
in the game J* both players have at least one essentially admissible
strategy.

Proof. Let us order rows and columns of the matrix of the game J*
so that cardinalities of the corresponding strategies are not decreased.
It is obvious, that the strategies equal to the union of all admissible
strategies of the corresponding player are essentially admissible. —

The following example shows that for the same solvable game J
there are several different possibilities to define games JT, JT(x) so
that the game JT (x) will be solvable or not.

vExample 2. Investigate flow games J, J*, J*(*) in the net:

where o = 15 vs =15 v =4 Vi = {1}; Vi = {2; 3; 4}
Er={(1,2); (1,3)} En=1{(24); 3 4)}

We have the following payoff matrix:
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II
(2,4)
1 (2,4) | (3,4) | (3,4 min min
Bir B (Sr)
(1, 2) 10 +00 10 10
(1,3) || +oo 2 2 2 2
1,2 (1,3 | 10 2 2 2 2
max 400 400 10 10\10
By
max 10 2 10 2\10
Br(Sm)

The games J, JT have the equilibrium situation. The game J* (%)
does not have.

If we narrow the sets of admissible strategies so that from every
vertex except the fourth at least one edge is going out, then we will
have the payoff matrix:

II
(2,4)
I (3, 4) min min
B B (Sr)
(1, 2) 10 10
T, 3) 2 2 2
1, 2) (1, 3) 2 2 2
max 10 10\10
Br
max 10 10\10
Br(Sm)

and the games J, JT, JT (%) will have the same equilibrium situa-
tion.

Thus, for the same game J we will have two pairs of games
JT, JT(x). For one pair the game J*(x) does not have equilibrium
situation, for another all games J, J*, J¥ () have the same equilib-
rium situation. A

It is known, that the problem of minimal cost flow may be formu-
lated as the linear programming problem [7]. Let us renumber vertices
and edges of G so that vertices and edges of the first player be the first
in the numbering. Let us define now the incidence matrix A = [a;;] of
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the graph G, where:
+1, if e; is output from vertex 4,
a;;j =4 —1, if e; is input in vertex 4,
0, otherwise,

;jl‘| = (fla R fm)T € Rm7 f]

— flow through edge e;; b, ¢ € R™, bj — capacity, ¢; — unit cost of edge
e; flow;

1=1,n; =1, m. If we denote f =

—1, if v; = vy,
de R™, di =< +1, ifv; =y,
0, otherwise,

then we obtain the following minimal cost flow problem in the net G:

¢! f — min, (6)
Af = dQDO,
f < b (7)
f = 0.

To the first n restrictions, corresponding to the law of ¢ flow safe, let us

put in correspondence dual variables 7;, to the following m restrictions

of the flow capacity let us put in correspondence dual variables .
Then, the problem (6) — (7) has the following dual problem:

wo(ms — ) + bT')/ — max, (8)

According to the main theorem of duality, (6) — (7) and (8) — (9) have
optimal solutions if and only if the following system has a solution:

{ T — W+ Yk < g, for e = (vg, vj) € B,

( ch = oI — Yo7t + bT%
Af = d‘pOa
;< b
P (10)
Ti— T+ < cp forep = (v, v5) € E,
( w = 0, k=Lmn
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(the first equality is the binding). For every situation (S;, Sy) € B; X
B we will get the analogous system. Let ®(S;,S;;) denotes the set of
all solutions of the corresponding system. Then, the cost function may
be written down:

cl'f, if ®(S;,8,) # O where (f,m,7)L € ®(S;, Sy),
U(S}, SH) = —0Q, if @(S},S;I) == @ for all S;I S BH,
400, otherwise.

Further on, using notions of linear programiming, we will show that
the problem of finding maximin and minimax situations in the flow
game is equivalent to maximin and minimax linear problems. It is
clear, that the set of feasible solutions of the problems (6) — (7) is an
polyhedron in R™, and the minimal solution is its vertex. Then, the
aim of the first player to maximize the flow cost by rational choice of
the net G g structure is equivalent to the aim to maximize the flow cost
by optimal choice of the basic columns of the matrix A, corresponding
to the choice edges of E;. The aim of the second player to minimize the
cost of the flow by rational choice of the net G g structure is equivalent
to the aim to minimize flow cost by optimal choice of the basic columns
of the matrix A. Therefore, for the first player it is advantageous to
choice feasible solution, for which at least columns corresponding to
edges from E, have non-negative dual estimations. For the second
player it is advantageous to choice feasible solution, for which at least
columns corresponding to edges from F;; have non-positive dual esti-
mations. Therefore a feasible solution is the saddle point being the
equilibrium situation. Then, the problem of determining the equilib-
rium situation in the flow game is equivalent to the maximin linear
problem:

rr}z}x n}lilncT [;;] , (11)
A [;I == dtpo,
7 (12)
o= |7,] =
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Using other notations, (11)-(12) may be written down as:

o(fr) = fin(c,fl +enfu) = fi + n}lincﬂfﬂ — max. (13)
11 11

AHfH = dSDO - A1f17
0< fi <by, (14)
0< fu <by.

The function ¢(f;) is determined as the solution of the linear paramet-
ric program with restrictions (14). It is known that solutions of such
problems are piecewise linear convex functions [4]. Therefore, ¢(f;) is
piecewise-linear convex function.

Analogically, the function

Y(fu) = rr}ax(c,f, +cufu) = H}ax crfr +cenfu
1 1
is piecewise-linear concave on (14).

Theorem 4. ¢(f;) (¢(fy)) is piecewise-linear convex (concave)
function.

Therefore, the problems of maximizing ¢(f,) and minimizing ¢ (f)
are the problems of concave programming, which, as is well known, are
NP — hard even over an unit hypercube [8]. Consequently, taking
into consideration that (13) — (14) may be represented as the prob-
lem of maximizing a piecewise-linear convex function over a hyperpar-
alelepiped we get

Theorem 5. Maximin (minimax) cost flow problem is NP — hard.

4 Games of p players on digraphs

Matrix games of two players can be generalized to the case of arbitrary
number of players p < n. The vertex set V is partitioned into the
disjoint subsets of player positions:

p
Vi, Va,...,Vp <UW:V, V;nV; =0, for i;éj),
=1
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which evidently define the corresponding sets of player edges (possible
passages):

E; ={(u,v) € Elu € V;}, i =T1,p.
All players independently choose their strategies

(S1,89,...,8,) € 2P x ... x 2P,

After that, M (Si,...,Sp) (defined analogically to above) is determined.
Every player determines his gain using his own cost function:

{ ci(M(S1,...,S,)), if M(Si,...,S,) #0,

ci(S1,...,8) = —o0, ifM(Sﬂ,...,S;):@, VS;QE?E’“, k # 1,

+o0, otherwise,

where i = 1,...,p. Thus, the vector cost (payoff) function is defined
c: 2P0 . x 2B — RP,

which set the correspondence of every set of player strategies to player
gains.

Analogically with the case of matrix games, the games of p play-
ers with connected strategies can be defined, requiring of course the
ordering of player leads.

The solution of the game of p players is the set of strategies, optimal
by Pareto, Nash, etc. If the characteristics of some players have the
same tendency of increasing or decreasing, then we get the coalition
games. For p = 2 and ¢9(51,52) = —¢(S1,52), we obtain a zero-sum
matrix game.

5 Dynamic games on digraphs

Further on, we will denote mentioned games as I (matrix game) and
IP (p players game). I and IP are static one step games. Players
choose their strategies at the same step or time moment. At the same
moment (on the same step) the feasible graph G% is constructed, the
cost (costs) of the game is determined and the gain or loss is distributed
to players.
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The dynamic (multi-steps) game is defined as the development of
the static (one step) games, in general of different types, but, we will
suppose for simplicity that types of games I and [P are fixed. Let us
denote such games DI and DIP correspondingly. We will denote the
static game of the step ¢t DI(t) and DIP(t) correspondingly, their costs
being ¢(DI(t)) and ¢(DIP(t)). If the game is considered on the finite
discrete time interval {1,2,...,7}, then it is obvious that the player
strategies are sequences of the form: (S;(1),5;(2),...,S5;(7)), where
Si(t), t =1,2,...7 is the strategy of the ith player on the step (time

moment) ¢.
The cost of the dynamic game is determined on the base of the
static games of the steps 1,2,....7. In the simplest case, the cost

function may be defined as following;:

1. ¢(DI) = e(DI(t); 2.eDI) = % > e(DI(t)),
t=1 t=1
for matrix games, or
3. ¢;(DIP) = ZT: ci(DIP(t)); 4.¢(DIP) = = i ci(DIP(t)),
=1 Ti=

i = 1, p for games of p players.

If we will suppose that the type of static games is fixed, the result of
the t-step game do not depends of the results of the games of previous
steps and the dynamic game is ending on the step 7, then it is obvious,
that for solvable static games I with optimal strategies (S}, S},), the
corresponding dynamic games have optimal strategies (S7,...,.S;) and

%,—/

(Sy,...,S;) with the cost ¢(DI) = 7¢(SF,S}) or ¢(DI) = ¢(SF,S5).
——_———

There%ore such dynamic games are the same as the static games for
matrix and p player games.

The dynamic game become more interesting if we will define another
ending criterion. For example, the game may end when, on the some
step 6 is constructed some feasible graph of a determined structure in
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G. Time interval, on which the dynamic game is considered, may be
unlimited.

Next, we will associate with every step ¢ a state (condition) of the
the dynamic game as the set of vertices and the set of edges which
is changing from the step to step, and which determines the set of
possible strategies of players on every step. If we will set the initial
state W (0) C V and E(0) = E at the initial moment, the set of all
possible strategies of the ¢th player at the moment ¢ may be defined as:

Ei(t) = {(u,v) € Elu € ;AW (t = 1)}, t=T,75 i = Tp,

where W (t — 1) is the state of the game in the moment ¢ — 1, V; — the
set of positions of the ith player. Every subset S;(t) C E;(t) is called
the strategy of player ¢ at the step ¢. The state of the dynamic game at
the step ¢ is determined after examination of the corresponding static
game at the step ¢ — 1 by the formula:

p
W(t) = {v € V|3u) € |J i)}, t =
1=1

1,7.

As the player strategies at the step ¢t depend both on their positions
and on the game state at the moment ¢, we have at consecutive mo-
ments ¢ and ¢t + 1 to solve static games of the same type, but, in
general, with different sets of strategies of the same players. Then, as
the player strategies are the edges which determine the application of
W(t—1) in W(t), then players, in antagonistic interests, endeavour to
increase (to decrease) the set of their own advantageous positions of
the state W (t), and to decrease (to increase) the set of advantageous
(non-advantageous), positions of adversaries on the same state W ().
Therefore, G is the graph of all possible passages (strategies), which
are limited by 2. V defines the set of all possible states, which are
limited by 2".

If the dynamical game is examined on unlimited time interval
{1,2,...}, then, it follows from the limited number of states that some
states of the game and corresponding strategies of players will be re-
peated in some sequences. It is obvious, that the cost functions ¢(DI)
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and ¢(DIP), having the form of the number sequences, will be un-
limited on 7 — 400. Therefore, the definition of such game must be
completed with special ending criterion: or the value cost function is
larger then determined limit, or at some moment the graph of deter-
mined structure is constructed, etc. In the case of the cost function
¢(DI) (or ¢(DIP)) we will have:

for which there exists (as is mentioned above) repeated sequences of
game states with limited value of the cost function, such that ¢(DI) is
equal to fixed number. In this case, the problem to find cycle of the
states may be considered.

Next, lengths of edges can be functions depending on ¢ and the cost
of a dynamic game is calculated using static game costs only at some
steps.

As mentioned, it is clear that the contents and type of dynamic
games are depending on: static game; initial state and restriction of
cardinality of the game states; cost function; edge length function;
time interval on which the game is examined; ending criterion, etc. In
investigation of dynamic games DI it is useful sometimes to use the
property that every dynamic game DI can be represented as the matrix
game.

6 Concluding remarks

It is necessary to mention that strategies of players may be defined also
as subsets of vertices, or the pair of subsets of vertices and edges. The
investigation of such games, the determination of solvable games and
the elaboration of corresponding algorithms are problems for future
work.
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