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Triple Roman domination subdivision number
in graphs

J. Amjadi H. Sadeghi

Abstract

For a graph G = (V, E), a triple Roman domination function
is a function f : V(G) — {0,1,2,3,4} having the property
that for any vertex v € V(G), if f(v) < 3, then f(AN[v]) >
|AN(v)|+3, where AN(v) = {w € N(v) | f(w) > 1} and AN[v] =
AN(v)U{v}. The weight of a triple Roman dominating function f
is the value w(f) = >_,cy () f(v). The triple Roman domination
number of G, denoted by 735 (G), equals the minimum weight
of a triple Roman dominating function on G. The triple Roman
domination subdivision number sd,,, (G) of a graph G is the
minimum number of edges that must be subdivided (each edge
in G can be subdivided at most once) in order to increase the
triple Roman domination number. In this paper, we first show
that the decision problem associated with sd,, . (G) is NP-hard
and then establish upper bounds on the triple Roman domination
subdivision number for arbitrary graphs.

Keywords: Triple Roman domination number, Triple Ro-
man domination subdivision number.

MSC 2010: 05C69.

1 Introduction

In this paper, G is a simple graph with vertex set V(G) and edge
set E(G) (briefly V and FE). For every vertex v € V(G), the open
neighborhood of v is the set Ng(v) = N(v) = {u € V(G) | wv € E(G)}
and its closed neighborhood is the set Ng[v] = N[v] = N(v) U {v}.
Similarly, the open neighborhood of a set S C V is the set N(S) =
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Uyes N (v) and the closed neighborhood of S is N[S] = N(S)US. The
degree of a vertex v € V is degn(v) = |N(v)|. The minimum degree
and the mazimum degree of a graph G are denoted by § = §(G) and
A = A(G), respectively. The distance between two vertices u and v
is the length of a shortest path joining them. We denote by Ny(v)
the set of vertices at distance 2 from the vertex v and put dy(v) =
|Na(v)]. For a more thorough treatment of domination parameters and
for terminology not present here, see [17].

A [k]-Roman domination function ([k]-RDF) is a function f :
V(G) — {0,1,2,3,...,k + 1} such that for any vertex v € V(G),
if f(v) < k, then f(N[v]) > |AN(v)| + k, where AN(v) = {w €
N(v) | f(w) > 1}. The weight of a [k]-RDF is the value w(f) =
ZUEV(G) f(v). The [k]-Roman domination number v, (G) is the min-
imum weight of a [k]-RDF of G. A [k]-Roman domination function
f:V(G) — {0,1,2,3,...,k + 1} can be represented by the order
partition (Vof,‘/’lf,V;,V},f,...,kaH) of V, where Vif = {v € V(G) |
fv) =i} for i € {0,1,2,3,...,k+ 1}. The [k]-Roman domination
number was introduced by Abdollahzadeh Ahangar et al. in [1]. The
case k = 1 is Roman domination which was introduced by Cockyne et
al. in [13], the case k = 2 is the double Roman domination which was
investigated in [9], the case k = 3 is triple Roman domination number
(TRD-number) and has been studied in [1, 2, 16], and the case k = 4
is the Quadruple Roman domination and has been investigated in [4].
The literature on Roman domination and its variants has been detailed
in two chapters of the books and a surveys paper (see [10-12]). Here,
we restrict our attention to triple Roman domination number.

The triple Roman domination subdivision number Sd«,BR](G) of a
graph G is the minimum number of edges that must be subdivided
(where each edge in G can be subdivided at most once) in order to
increase the triple Roman domination number of G.

The domination subdivision number was first introduced in Velm-
mal’s thesis [19], and since then many papers has been published in
domination subdivision parameters, see for instance [3, 5-8, 14, 18|.

If G1,Go,...,Gs are the components of G, then y;3g/(G) =
>i=173r)(Gi) and sdy,  (G) = min{sd,, . (G;) [ 1 < i < s}. Hence,
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it is sufficient to study Sdﬁ,BR](G) for connected graphs. Since the
triple Roman domination subdivision number of the graph K5 does not
change when its only edge is subdivided, in the study of the triple Ro-
man domination subdivision number, we must assume that the graph
has order at least 3.

In this paper, we first show that the decision problem associated
with sdy, (G) is NP-hard and then establish upper bounds on the
triple Roman domination subdivision number for bipartite graphs.

We make use of the following results in this paper.

Proposition A. [2] In a triple Roman dominating function of weight
V3R] (G), no vertex needs to be assigned the value 1.

Proposition B. [2] There is no connected graph of order n such that
V3R (G) = 5.
Proposition C. Let G be a connected graph of order n.

(i) If n > 2, then y3p)(G) = 4 if and only if A(G) =n — 1.

(i) If n > 4, then v3r)(G) = 6 if and only if there are two non
adjacent vertices in V(G) with degree A(G) =n — 2.

Proposition D. [1] Forn > 2,

4|%] if n =0 (mod 3)
Vor) (Pn) = S 4[2] +3 if n=1 (mod 3)
415 +4 if n =2 (mod 3).
Proposition E. [1] For n > 3,
(%ﬂ if either n =4,5,7,10 or n =0 (mod 3)

Cn) =
V3r)(Cn) {(%‘I_’_l if n#4,5,7,10 and n = 1,2 (mod 3).

As the results of Propositions D and E, we have:

Corollary 1. For n > 3,

1 ifn=0,1(mod 3)

S’YBRJ( ) {2 if n =2 (mod 3).
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Corollary 2. For n > 3,

1 if either n =50r n=0,1 (mod 3)

The proofs of the following observations are straightforward and
therefore omitted.

Observation 3. If K,, is the complete graph of order n and n > 3,

then sdy,, (K,) = 1.

Observation 4. If K,, ,, is the complete bipartite graph and m,n > 3,
then sdy;p (K m) = 2.

2 Some preliminary results

In this section, we present some upper bounds on Sd“/[-%R] (@) in terms
of the vertex degree and the minimum degree of G. Our first result
shows that subdividing an edge does not decrease the triple Roman
domination number.

Lemma 1. Let G be a simple connected graph of order n > 3 and
e =uwv € E(G). If G’ is obtained from G by subdivision the edge e,

then 7[33}((;/) > 'Y[3R](G)'

Proof. Let x be the subdivision vertex and let f be a 3 (G")-function.
Since f is a TRDF on G’, we have that f(u)+ f(v)+ f(z) > 4. Let g :
V(G) — {0,1,2,3,4} be a function defined by g(u) = min{4, f(u) +
f(x)} and g(z) = f(z) whenever z € V(G) \ {u}. Notice that g is
a TRDF on G and w(g) < w(f). Hence y35)/(G") > v3r)(G), which
completes the proof. O

We proceed with three propositions giving some sufficient condi-
tions for a graph to having small triple Roman domination subdivision
number.

Proposition 1. If G contains a strong support vertex, then sdy[g R](G) =
1.
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Proof. Let u,v be two leaves adjacent to w and let G’ be obtained
from G by subdividing the edge uw with vertex x. Let f be a TRDF
on G', then f(u) + f(v) + f(w) + f(z) > 7. Define g : V(G) —
{0,1,2,3,4} by g(w) = 4, g(u) = g(v) = 0 and g(z) = f(z) for each
z € V(G) \ {u,v,w}. Clearly, g is a TRDF of G with w(g) < w(f) and
hence sdy,, (G) = 1. O

Proposition 2. Let G be a connected graph of order n > 3. If

VR (G) = 4,6, then sdy,, (G) = 1.

Proof. First assume 35 (G) = 4. By Proposition C, we have A(G) =
n—1. Suppose v is a vertex with maximum degree A(G) and w € N(v).
Let G’ be obtained from G by subdivision the edge vw with vertex x.
Then A(G’) < n and so y3g)(G") > 4 by Proposition C, which implies
8dy g (G) = 1.

Now assume 735/(G) = 6, then G = K, V H by Proposition C.
Let V(K3) = {u,w} and e = uv € E(G), where v € V(H). Let G’ be
obtained from G by subdividing the edge e with vertex z. If y35(G’) =
6, then, as above, G’ = KoV H' in where V(K3) = {a,b}. If x = a (v =
b is similar), then since Ng/ () = {u,v} and w ¢ Ng/(z), w = b. Hence
w € Ng(u) which is a contradiction. Thus x ¢ {a,b}, this implies
that a,b € Ng/(x) = {u,v}, hence {a,b} = {u,v} and so w and u are
adjacent in G, a contradiction. Therefore i3z (G) < v35(G’), implying
that sd,,, (G) = 1. This completes the proof. O

By Proposition 2, we have:

Corollary 5. Let G be a simple connected graph of order n > 3. If
8dyp (G) = 2, then y3p)(G) > 7.

Proposition 3. For every connected graph G of order n > 3 with
I(G) =1, sdﬁ,BR](G) <2.

Proof. Let v be a support vertex of G,u € V(G) be the leaf adjacent to
vand w € N(v) —{u}. Assume G’ be obtained from G by subdividing
the edges wv, vw with vertices x,y, respectively. Let f be a ’Y[gR](G/)-
function. Without loss of generality, assume that f(z) # 1 for all
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vertices z € V(G') by Proposition A. It is easy to see that f(u) +
f@x)+ f(v)+ f(y) > 4. If f(w) # 0, then the function g : V(G) —
{0,1,2,3,4} defined by g(v) =0, g(u) = 3 and g(x) = f(z) otherwise,
is clearly TRDF of G of weight less than w(f). If f(w) = 0, then
f(u)+ f(x) + f(v) + f(y) > 7. Define g : V(G) — {0,1,2,3,4} by
g(v) =4,9(u) =0and g(z) = f(z) for each z € V(G)\ {u,v}. Observe
that g is a TRDF on G with w(g) <w(f). Hence sdy,, (G) <2. O

Next result is an immediate consequence of Proposition 3 and Corol-
lary 1.

Theorem 6. For every tree T of order at least 3, sdy,, (T) < 2.
Furthermore, this bound is sharp for the paths of order n for which
n =2 (mod 3).

3 Complexity of the triple Roman domination
subdivision problem

In this section, we will show that the triple Roman domination subdi-
vision number problem in bipartite graphs is NP-hard. We first state
the problem as the following decision problem.

Triple Roman domination subdivision number problem
(TRDSN):

Instance: A nonempty graph G and a positive integer k.

Question: Is sdy,, (G) < k?

Following Garey and Johnson’s techniques for proving NP-comple-
teness given in [15], we prove our results by describing a polynomial
transformation from the well-known NP-complete problem: 3-SAT.
To state 3-SAT', we recall some terms.

Let U be a set of Boolean variables. A truth assignment for U is
a mapping t : U — {T, F}. If t(u) = T, then u is said to be “true”
under t; if ¢(u) = F, then u is said to be “false” under t. If u is a
variable in U, then u and u are literals over U. The literal u is true
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under t if and only if the variable u is false under ¢; the literal @ is true
if and only if the variable u is false.

A clause over U is a set of literals over U. It represents the disjunc-
tion of these literals and is satisfied by a truth assignment if and only
if at least one of its members is true under that assignment. A collec-
tion ¥ of clauses over U is satisfiable if and only if there exists some
truth assignment for U that simultaneously satisfies all the clauses in
%. Such a truth assignment is called a satisfying truth assignment for
%. The 3-SAT is specified as follows.

3-satisfiability problem (3-SAT):

Instance: A collection € = {C1,Cy,...,Cy,} of clauses over a finite
set U of variables such that |Cj| =3 for j = 1,2,...,m.

Question: Is there a truth assignment for U that satisfies all the
clauses in €7

Theorem 7. ( [15] Theorem 3.1). 3-SAT is NP-complete.
Theorem 8. 3RSN is NP-hard even for bipartite graphs.

Proof. The transformation is from 3-SAT. Let U = {uj,ug,...,u,}
and ¢ = {C1,C4,...,Cp} be an arbitrary instance of 3-SAT. We will
construct a bipartite graph G and choose an integer k such that 4 be
satisfiable if and only if sd,, .. (G) < k. We construct such a graph G
as follows.

For each ¢ = 1,2,...,n, corresponding to the variable u; € U,
associate a complete bipartite graph H; = K35 with bipartite sets
X = {x;,yi,zi} and Y = {w;, u;, w;,w;,r;}. For each j = 1,2,...,m,
corresponding to the clause C; = {pj,q;,7;} € €, associate a single
vertex c¢; and add the edge set cju; if u; € C; and c;u; if w; € Cj.
Finally, add a graph H with vertex set V(H) = {s1, s2, 83, 54, S5, S6, S7}
and E(H) = {s182, 5283, S354, $4S5, S586, S657}, join s1 and s7 to each
vertex ¢; with 1 < j <m and set k = 1.

Figure 1 shows that on the graph obtained when U = {uy, ug, ug, u4}
and € = {C4, Cs,C3}, where C1 = {uy,ug, s}, Co = {1, u2,us},C3 =
{tig, us, uyg}. To prove that this is indeed a transformation, we only need
to show that sd, ;. (G) = 1 if and only if there is a truth assignment for

V3R]
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1 Y1 1 T2 Y T3 Y3 23 T4 Y4 24
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Figure 1. An instance of the triple Roman subdivision number problem
resulting from an instance of 3-SAT. Here k = 1 and 35 (G) = 43,
where the bold vertex p means there is a TRDF f with f(p) = 4, with
the exception of s4, where f(s4) = 3.

U that satisfies all clauses in €. This aim can be obtained by proving
the following four claims.

Claim 1. y3g(G) > 8n + 11. Moreover, if y3p(G) = 8n + 11,
then for any 7j3g-function f on G and for each 1 < i < n, f(H;) =
8, f(V(H)) = 11,max{f(s1), f(s7)} < 2,min{f(s1),f(s7)} = 0 an

f(cj) =0 for each 1 < j < m.

Proof. Let f be a y3g-function of G. Without loss of generality assume
that f(z) # 1 for all vertices z € V(G) by Proposition A. For each
i=1,2,...,n, it is also clear that f(V(H;)) > 8 and f(Ng[H]) > 11,
implying that 35 (G) > 8n + 11.

Now suppose that y35(G) = 8n + 11. Since H; := K, with
m,n > 3, f(V(H;)) = 8 We show that f(s1) + f(s7) < 5 and
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max{f(s1), f(s7)} # 4. To contradiction, let f(s1) + f(s7) > 5. If
f(s1) = 4 (f(sy) = 4 is similar), then since Y7, f(s;) > 4 and

f(se) + f(s7) > 4, we have 35 (G) > 8n + 12, a contradiction. Thus,
max{f(s1), f(s7)} # 4 and f(s1) + f(s7) < 6. If f(s1) + f(s7) = 6,

then f(s1) = f(s7) = 3. This implies that 3., f(s;) > 6 and so
7[3R}(G) > 8n+12, which is a contradiction. If f(s1)+ f(s7) =5, Wlth-
out loss of generality, let f(s1) =2 and f(s7) =3 (f(s1) =3, f(s7) =

is similar), then f(N[s1]) + f(s3) + f(N[s5]) > 9. Thus, y35)/(G) 2
8n + 12, which is a contradiction again. Therefore, f(H;) = 8 for each
1 <i < nymax{f(s1), f(s7)} < 2,min{f(s1), f(s7)} = 0. Now as-
sume f(c;) # 0 for some j € {1,2,...,n}. Since max{f(s1), f(s7)} <2
and min{f(s1), f(s7)} = 0, we have f(s1) = f(s7) = 0, f(s1) = 2
and f(s7) = 2 or f(s1) = 2 and f(s7) = 0. First assume that
f(s1) = f(s7) = 0. If f(s2) = 0 or f(sg) = 0, then >3, f(c;) > 4
and Z?:z f(si) > 8. Hence y35(G) > 8n + 12, a contradiction. If
f(s2) # 0 and f(sg) # 0, then Zﬁl f(¢;) > 2 and Z?ZQf(si) > 10,
which is a contradiction. Now, assume that f(s;) = 0 and f(s7) = 2
or f(s1) = f(s7) = 2. Then, similar as above, it is easy to see that
Y3 (G) = 8n + 12, a contradiction. Therefore, f(c;) = 0 for each
1 < j < m, as desired. O

Claim 2. 7 is satisfiable if and only if v4z(G) = 8n + 11.

Proof. Suppose that 35)/(G) = 8n + 11 and let f be a 7j3g-function
of G. By Claim 1, f(H;) = 8 for each ¢ = 1,2,...n, and since H; is a
complete bipartite graph, at most one of f(u;) and f(u;) is 4 for each
i. Define a mapping ¢t : U — {T, F'} by
) T if either f(u;) =4 or f(w;), f(w) #4 .
;) = (3
Suppose that 3z (G) = 8n+11 and let f be a y3g-function of G. By
Claim 1, f(H;) = 8 for each i = 1,2,....n, and since H; is a complete

bipartite graph, at most one of f(u;) and f(u;) is 4 for each i. We now
show that t is a satisfying truth assignment for . It is sufficient to
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show that every clause in ¥ is satisfied by ¢. To this end, we arbitrarily
choose a clause C; € ¢ with 1 < j < m.

By Claim 1, we have f(s1) + f(s7) < 5,max{f(s1), f(s7)} <
2,min{f(s1), f(s7)} = 0 and f(¢;) = 0 for each 1 < j < m. Be-
sides, since c¢; is not adjacent to s; for ¢« = 2,...,6, then there exists
some ¢ with 1 <4 < n such that ¢; is adjacent to u; or ;. Suppose
that ¢; is adjacent to u;, where f(u;) = 4. Since w; is adjacent to c;
in G, the literal u; is in the clause C; by the construction of G. Since
f(u;) = 4, it follows that t(u;) = T by (1), which implies that the
clause C; is satisfied by ¢. Suppose that c; is adjacent to u;, where
f(u;) = 4. Since u; is adjacent to ¢; in G, the literal @; is in the clause
Cj. Since f(u;) = 4, it follows that t(u;) = F by (1). Thus, t assigns ;
the truth value T, that is, ¢ satisfies the clause C;. By the arbitrariness
of j with 1 < 5 < m, we show that t satisfies all the clauses in €, so €
is satisfiable.

Conversely, suppose that % is satisfiable, and let ¢t : U — {7, F'}
be a satisfying truth assignment for €. Create a function f on V(QG)
as follows: if ¢(u;) = T, then let f(u;) = 4, and if t(u;) = F, then
let f(u;) = 4. Let f(y;) = f(s2) = f(s¢) = 4 for each 1 < i <
n, f(s4) = 3 and the remaining vertices of G assigned a 0 under f.
Clearly, f(G) = 8n + 11. Since t is a satisfying truth assignment for
%, for each j = 1,2,...,m, at least one of literals in Cj is true under
the assignment ¢. It follows that the corresponding vertex c¢; in G is
adjacent to at least one vertex p with f(p) = 4. Since ¢; is adjacent
to each literal in C; by the construction of G, thus f is a TRDF of
G, and so y3g)(G) < f(G) = 8n + 11. Hence y3p/(G) = 8n + 11, by
Claim 1. O

Claim 3. Let G’ be obtained from G by subdividing any edge e of
E(G), then vz (G') < 8n +12.

Proof. Let e = uwv € E(G) and let G’ be obtained from G by subdivid-
ing the edge e with vertex w. If e € {s152, s253}, consider the function

I V(G/) — {07 L,2, 374} defined by f(sl) = f(33) = f(SG) = f(xz) =
f(v;) =4 for each 1 <i < n and f(x) = 0 for all other z € V(G’). If
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e € {s485, 5586}, consider the function f : V(G') — {0,1,2,3,4} de-
fined by f(s1) = f(w) = f(s¢) = f(xi) = f(vi) =4 for each 1 <i <n
and f(z) = 0 for all other x € V(G’). If e = sgs7, consider the function
[ V(G/) - {07 L2, 3’4} defined by f(sl) = f(54) = f(w) = f(xz) =
f(v;)) =4 for each 1 < i < nand f(z) = 0 for all other x € V(G').
If e = sgs7, consider the function f : V(G') — {0,1,2,3,4} defined
by f(s2) = f(s4) = f(w) = f(x;) = f(v;)) =4 foreach 1 <i <n
and f(xz) = 0 for all other x € V(G'). If e € {sicj,srcj, for each
j = 1,2,...,m}, consider the function f : V(G') — {0,1,2,3,4}
defined by f(s1) = f(s4) = f(s7) = f(x;)) = f(v;)) = 4 for each
1 <i<nand f(x) = 0 for all other z € V(G'). If e € {cju;, for
each 1 <i <n,1<j < m}ore € {¢u, for each 1 < i < n,
1 < j < m}, consider the function f : V(G') — {0,1,2,3,4} defined
by f(s1) = f(sa) = f(s7) = f(z:i) = f(uw;) =4 or f(s1) = f(s1) =
f(s7) = f(x;) = f(u;) = 4, respectively, for each 1 < ¢ < n and
f(z) = 0 for all other x € V(G'). If e = uv such that u € {x;,y;, 2;} and
v € {w;, ui, wi, Wi, r; }, consider the function f: V(G') — {0,1,2,3,4}
defined by f(s1) = f(s4) = f(s7) = f(u) = f(v) = 4 and f(z) =0
for all other x € V(G’), then in each case, f is a TRDF on G’ with
w(f) = 8n +12. Therefore, y3p)(G") < 8n + 12, O

Claim 4. 35/(G) = 8n + 11 if and only if sdy,, (G) = 1.

Proof. Assume v35)(G) = 8n + 11. Let G’ be obtained from G by
subdivision the edge e = 5159 with vertex w.

Suppose for a contradiction that y3z(G) = Y3p(G’). Let f’ be
a 7j3g-function of G'. Tt is easy to see that f'(V(H)U {w}) > 12.
On the other hand, since f'(H;) > 8 for each 1 < i < n, we have
V3R (G") = w(f’) > 8n + 12. This implies that y35(G) > 12, which is
a contradiction. Therefore, v35)(G) < Y35/ (G’) and so $dygp (G) =1.

Conversely, assume that sdy,, (G) = 1. Let G’ be obtained from
G by subdivision the edge e such that 7j35)(G) < 35 (G’). By Claim
3, we have y35(G") < 8n+12. Now the result follows by Claim 1. O

By Claims 2 and 4, we prove that sd,,. (G) = 1 if and only if
there is a truth assignment for U that satisfies all clauses in €. Since
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the construction of the triple Roman subdivision number instance is
straightforward from a 3-satisfiability instance, the size of the triple
Roman subdivision number instance is bounded above by a polynomial
function of the size of 3-satisfiability instance. It follows that this is a
polynomial reduction and the proof is complete. O

4 Bounds in terms of order and maximum de-
gree

In this section, we present some upper bounds on Sd“/[aR] (@) in terms
of the vertex degree and the minimum degree of G.

Theorem 9. Let G be a connected graph. If v € V(G) has the degree
at least two, then sdy,, (G) < deg(v).

Proof. Let t = deg(v) and N(v) = {v1,v9,...,v:} and G’ be ob-
tained from G by subdividing the edges vvy,vvs,...,vvy with vertices
r1,%2,...,T, respectively. Let f be a ’y[gR](G’)—function. Without loss
of generality, assume that f(z) # 1 for all vertices z € V(G’) by Propo-
sition A. If X!_, f(x;)+ f(v) > 5, then define g : V(G) — {0, 1,2,3,4}
by g(v) =4 and g(z) = f(z) for z € V(G) \ {v}. Clearly, g is a TRDF
of G with w(g) < w(f) and hence sdj3g)(G) < deg(v). We assume
that ¥!_, f(z;) + f(v) < 4. (Note that f is a TRDF on G’ and so
f(N[v]) > 3). If f(v) = 2, then there exists some z;, say without
loss of generality, 1, such that f(z1) = 2 and 2222 f(x;) = 0. Hence
f(v;) > 3 for each 2 < i < t. Define g : V(G) — {0,1,2,3,4}
by g(v) = 3 and g(z) = f(z) for z € V(G) \ {v}. If f(v) = 3,
then ', f(x;) = 0 and f(v;) > 2 for each 1 < i < t. De-
fine g : V(G) — {0,1,2,3,4} by g(v) = 2 and g(z) = f(z) for
2 € V(G)\ {v}. Finally, assume that f(v) = 4. Hence >.'_, f(x;) = 0.
Define g : V(G) — {0,1,2,3,4} by g(v) = 3 and g¢(z) = f(2)
for z € V(G) \ {v}. Clearly, in each case, g is a TRDF of G with
w(g) <w(f) and so y3p)|(G) < w(g) <w(f) < Yr(G").

Now assume that f(v) = 0, then to be triple Roman dominate the
vertex v, we must have f(z;) = 4 for some 1 < ¢ < ¢, say i = 1.
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Thus, f(z;) = 0, and thus, f(v;) = 4 for all 2 < j < t. Define
g: V( ) { ’172’374} by Q(U1) = min{f(vl)+3’4} and g(Z) = f(Z)
for z € V(G) \ {vn1}. Since t > 2, clearly g is a TRDF of G with
w(g) < w(f). Thus, y3r(G) < w(g) < w(f), and this implies that
Sd’Y[SR](G) < de g( ) [

A consequence of Theorem 9 is that sd ., (GQ) is defined for every
connected graph G of order n > 3. In addition:

Corollary 10. For every connected graph G with § > 2, sdy, (G) <9.

It is well known that every planar graph contains at least one vertex
of degree at most five. Thus, the following result is an immediate
consequence of Corollary 10.

Corollary 11. For every planar graph G, sdy,, (G) <5.

In the sequel, we present an upper bound on the triple Roman
domination subdivision number in terms of d;. We make use of the
following lemmas in the proof of Theorem 12.

Lemma 2. Let G be a connected graph of order n > 3 and let G
have a vertex v € V(G) which is contained in a triangle uvw such that
N(u)UN(w) C Nv]. Then sdy,, (G) < 3.

Proof. Let G’ be obtained from G by subdivision the edges vu, vw, uw
with vertices x, v, z, respectively. Let f be a 7[3R](G’ )-function. With-
out loss of generality, assume that f(z) # 1 for all vertices z € V(G’) by
Proposition A. We claim that f(v)+f(u)+f(w)+f(x)+f(y)+f(z) > 6
If 0 ¢ {f(x), f(y), f(2)}, then the claim is directly correct. Hence,
we assume that 0 € {f(z), f(y), f(2)}, say without loss of generality,
f(x) =0, then f(u)+ f(v) > 4. Now, if f(y) # 0 or f(z) # 0, then
f) + f(u) + f(w) + f(x) + f(y) + f(2) > 6, as desired. Hence, we
assume that f(y) = f(z) = 0, therefore, to triple Roman dominate x,y
and z we must have f(u)+ f(v) + f(w) > 8. Now define the func-
tion g : V(G) — {0,1,2,3,4} by g(v) = 4, g(u) = g(w) = 0 and
g(s) = f(s) for each s € V(G) \ {v,u,w}. Obviously g is a TRDF of G
of weight less than 35 (G). This completes the proof. O
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Lemma 3. Let G be a connected graph of order n > 3 and let G
have a vertex v € V(G) which is contained in a triangle uvw such that
N(u) € N[v] and N(w) \ N[v] # 0. Then

sy, (G) < 3+ [N(w) \ Nu].

Proof. Let N(w) \ N[v] = {wy,ws,...,wr} and let G’ be obtained
from G by subdividing the edges vu, vw,uw with z,y, z, respectively,
and for each 1 < i < k the edge ww; with vertex z;. Assume ¢ is a
3R] (G')-function. Similar as the proof of Lemma 2, we have g(v) +
g(u) + g(w)+g(x) + g(y) + g(z) > 6. Define h: V(G) — {0,1,2,3,4}
by h(v) = 4,h(u) = h(w) = 0, h(w;) = min{g(w;) + g(z;),4} for each
1 <i<kand h(s) =g(s) for each s € V(G) \ {v,u,w,wy,...,wi}. It
is easy to see that h is a TRDF of G of weight less than vy35(G’) and
the proof is complete. O

Lemma 4. Let G be a simple connected graph of order n > 3 and v a
vertex of degree at least 2 of G such that

(i) N(y) \ N[v] # 0 for each y € N(v),

(ii) there exists a pair «, [ of vertices in N(v) such that (N(a) N
N(B)\ Nv] =0,

Then sdy,p, (G) < 3+ [N2(v)].

Proof. Let N(v) = {v1,v2,...,V4eg(v)}- Without loss of generality,
assume that o = v1 and 8 = vo. Moreover, we will assume that the
pair «, 8 is chosen first among the adjacent vertices in N(v). Hence, if
aff € E(G), then we assume also that vivy € E(G). In addition, let S =
{v1,v2,...,v} be one of the largest subset of N(v) containing vy, ve
and such that every pair «, 5 of vertices of S satisfies (i7). According to
item (i), let N(v;) \ N[v] = {vi;, viy,...,v; } for each i € {1,2,... ,k}.
Now consider the graph G obtained from G by subdividing the edges
vvp and vve with new vertices x1 and x9, respectively, and for all ¢ €
{1,2,...,k}, each of the edges vyv;;, 1 < j < l;, with a new vertex v'.
We put T; = {v% | 1 < j < [;} and T = Uj<;i<xT;. Furthermore, if
v1 and vy are adjacent, then we also subdivide the edge vive with a
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vertex u. Let f be a 73g(G1)-function. Without loss of generality,
assume that f(z) # 1 for all vertices z € V(G1) by Proposition A.
Assume first that vjvy € E(G). Then, as seen in the proof of Lemma
2, we have f(v) + f(v1) + f(v2) + f(z1) + f(x2) + f(u) > 6. Define
g:V(G) — {071727374} by g(v) = 4, g(v1) = g(v2) = 0, g(vij) =
min{ f(v;;) + f(v'),4} for all i € {1,2,... ,k} and all j € {1,2,...,[;}
and g(x) = f(x) otherwise. It is easy to see that g is a TRDF of G of
weight less than yi3g)(G1).

Assume now that vive ¢ E(G). By the choice of vy, ve, we conclude
that S is an independent set. Also to dominate x1,x2, we must have
f)+ f(z1) + flze) + f(v1) + flv2) = 4. IF fv) + f(z1) + flz2) +
Zle f(vi) > 5, then the function g defined on V(G) by g(v) = 4,
g(vi) = 0 for i € {1,2,...,k},g(vi;) = min{f(v;;) + f(v"),4} for all
i€{1,2,...,k} and g(x) = f(x) otherwise, is a TRDF of G of weight
less than 3 (G1). Thus, we may assume that f(v) + f(z1) + f(22) +
Zle f(vi) = 4. Hence, f(v) =0or f(v) =4.

If f(v) =0, then f(x1)+ f(z2) + f(v1) + f(v2) > 6, which is a
contradiction. Thus, f(v) =4 and so f(z1) + f(x2) + S5, f(vi) = 0.

If Zg?zl f(v%) > 5 for some 1 <i < k, say i = 1, then the function
g defined on V(G) by g(v1) = 4, g(v;;) = min{f(v;,) + f(v"),4} all
ie€{2,3,....k} and all j € {1,2,...,;}, and g(z) = f(x) otherwise,
is a TRDF of G of weight less than 73z/(G1). Hence, suppose that
Zé?':l f(v%) < 4, for each i € {1,2,...,k}. If 2 < f(v%) < 4 for some
i € {1,2,...,k} and for some j € {1.2,...,1;}, say i = j = 1, then
define g by

min{4,3 + f(v1,)} if fol)=
g(v1,) =< min{4,2 + f(vy,)} if f(vlt) =3
min{d, 1+ for)} i ) =2,

g(vi;) = min{4, f(v;,) + f(v'9)} when i; # 1; and g(z) = f(z) other-
wise. Clearly, g is a TRDF of G of weight less than vj35)(G1). Hence,
we can assume that f(v%) = 0 for each ¢ and j. This implies that
f(vi;) = 4 for every i and j. In this case, we can define the function g
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on V(G) by g(v) = 3 and g(x) = f(x) otherwise. Clearly, g is a TRDF
of G of weight less than 35 (G1)-

In each of the situation we saw, graph G has a TRDF of weight less
than 3 R](Gl). Moreover, since G; was obtained by inserting at most
3+|T'| < 3+[N2(v)| new vertices, we obtained sd,, . (G) < 3+[Na(v)|.
This completes the proof. O

Lemma 5. Let G be a simple connected graph of order n > 3 and v be
a vertex of degree at least 2 in G such that

(i) N(y)\ N[v] #0 for each y € N(v)
(i1) for every pair of vertices av, B in N(v), (N(a)NN(B))\ N[v] # 0.
Then sdy,p, (G) < 34 [Na(v)].

Proof. The result follows from Theorem 9 if deg(v) < 3 + |Na(v)].
Hence, assume that deg(v) > 4 + |Na(v)|. Let N(v) = {v1,v2,..., v}
and let M = N(v1) — N[v] = {w,wa,...,wp}. It follows from the
hypothesis that each y € N(v) \ {v1} has a neighbor in M. Let T
be one of the largest subsets of N(v) \ {v1} such that for each T} C
T,|N(Ty)\ (N[v]UM)| > |T1]. By the definition of T',|Na(v)| > |M|+
|T'|. Moreover, every vertex u in U = N(v) \ (T'U{v;}), has a neighbor
in M and N(u) \ Njv] € M UN(T). Also M dominates N(v) (by
item (ii)). We deduced from 4 + |M| + |T| < 4 + |Na(v)| < deg(v) =
|T|+ 1+ |U| that |U| > 4. If T # 0, then without loss of generality, let
T = {vg,v3,...,Vs}.

Let GG1 be the graph obtained from G by subdividing the edges
viw; with new vertices y; for all j € {1,2,...,p} and vv; with vertices
xifor 1 < i < s+2 (when T # () or 1 < i < 3 (when T = 0).
Hence, [M|+ |T'| + 3 edges of G are subdivided. Let f be a y3z(G1)-
function. Without loss of generality, assume that f(z) # 1 for all
vertices z € V(G1) by Proposition A. Tf f(v)+ f(v1)+ 352 f(x;) > 5,
then define g : V(G) — {0,1,2,3,4} by g(v) =4, g(v1) =0, g(w;) =
min{4, f(w;)+ f(y;) | 1 <j < p} and g(x) = f(x) otherwise. It is easy
to see that g is a TRDF of G of weight less than v[35)(G1). Hence, we
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assume that
s+2

F@)+ flo) + ) flmi) <4 (2)

i=1

If f(v) = 3, then it follows from (2) that f(z1) = f(v1) = 0 which is
a contradiction. Consider the following three cases depending on the
values of v under f.

Case 1. f(v) =4.
It follows from (2) that f(vy) = Zfif f(x;) = 0. Assume first that
P 1 f(y;) > 5, then the function g : V(G) — {0,1,2,3} defined by
g(v1) =4, and g(z) = f(z) otherwise, is a TRDF of weight less than
V3R] (G1). Assume now that Y7 | f(y;) = 4. If f(y;) = 4 for some
je{1,2,...,p}, say j =1, then f(y;) =0 for all j € {2,3,...,p} and
the function g : V(G) — {0,1,2,3,4} defined by f(w;) = min{4,3 +
f(w1)} and g(z) = f(x) otherwise, is a TRDF of G of weight less
than v3g)(G1). Now assume that f(y;) = f(y;) = 2 for some j,j’' €
{1,2,...,p},say j =1 and j/ = 2, then f(y;) =0forall j € {3,...,p}.
Moreover, the definition of f implies that f(wi) > 2 and f(wq) > 2.
Define the function g : V(G) — {0,1,2,3,4} by g(w;) = g(w2) = 3
and g(x) = f(z) otherwise. It is easy to see that g is a TRDF of G of
weight less than y3z)(G1). Suppose now that » 7, f(y;) = 3. Thus,
there exists some j € {1,2,...,p}, say j = 1, such that f(y;) = 3 and
f(y;) =0forall j € {2,3,...,p}. Then the function g defined on V(G)
by g(wy) = min{3, f(w;1) + 2} and g(x) = f(x) otherwise, is a TRDF
of G of weight less than ~35(G1). Now assume that -7 f(y;) =
2, then f(y;) = 2 for some i € {1,2,...,k}, say i = 1, so by the
definition of f, f(wy1) > 2. Then the function g defined on V(G) by
g(wy) = min{3, f(wy)+1} and g(z) = f(z) otherwise, is a TRDF of G
of weight less than yj35)(G1). Finally, assume that S flyi) =0, the
f(w;) =4 for each 1 < j < p. Since every vertex of U has a neighbor
in M, define g : V(G) — {0,1,2,3,4} by g(v) = 3 and g(z) = f(x)
otherwise. Since every vertex of U has a neighbor in M, we deduced
that g is a TRDF of G of weight less than vj35)(G1).

Case 2. f(v) =0.
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To dominate x1, we must have f(z1) + f(v1) > 3. On the other
hand, f(z1)+ f(v1) <4 by (2). I Y, f(yi) > 2, then define function
g : V(G) — {0,1,2,3,4} by g(vi) = 4 and g(z) = f(z) otherwise.
Clearly, g is a TRDF of G of weight less than 35 (G1). Now let

P f(yi) = 0. If f(v1) = 4, then f(z1) = 0 and the function g :
V(G) — {0,1,2,3,4} defined by g(v1) = 3 and g(z) = f(z) otherwise,
is a TRDF of G of weight less than v35(G1).

Now let 3 < f(z1) < 4, then f(v1) = f(x;) = 0 and so f(v;) =
f(wj) =4 for each 2 < i < s+2and 1 < j < p, respectively. Define
g:V(G) = {071727374} by g(v) = g(vl) = 479(US+1) = g(US-i-?) =0
and g(x) = f(x) otherwise. Since for each s + 1 < ¢, v; has a neighbor
in M = {w;,ws,...,wp} and N(v;) \ Njv] € M UN(T), we deduced
that g is a TRDF of G of weight less than yj35)(G1).

Now let f(z1) = 2 and f(v1) = 2. Since >7_, f(y;) =
S2 f(zi) = 0, f(w;) > 3 and f(v;) = 4 for each 1 < j < p and
2 < i < s+ 2, respectively. Define g : V(G) — {0,1,2,3,4} by
g(v1) = 3 and g(z) = f(x) otherwise. Clearly, g is a TRDF of G
of weight less than 3 (G1)-

Case 3. f(v) =2.

To dominate x1, we must have f(z1) + f(v1) > 2. On the other
hand, f(z1) + f(v1) <2 by (2). It implies that f(z1) + f(v1) = 2 and
so f(z1) =2, f(v1) = 0. If >P | f(y;) > 3, then define g : V(G) —
{0,1,2,3,4} by g(vi) =4 and g(x) = f(x) otherwise, is a TRDF of G
of weight less than vj35)(G1). Assume now that Y7, f(y;) = 2, then
f(y;) = 2 for some j, say j = 1. Thus, f(w;) > 2 and f(y;) = 0
for each 2 < j < p. Define g : V(G) — {0,1,2,3,4}, by g(wy) =
min{f(w1) + 1,4}, f(v) = 3 and g(x) = f(x) otherwise, is a TRDF of
G of weight less than 35 (G1). Finally, suppose that 7 f(y;) =0,
then f(w;) = 4 for each 1 < j < p. Define g : V(G) — {0,1,2,3,4}
by g(v) =3 and g(z) = f(x) otherwise, is a TRDF of G of weight less
than y3r(G1).

In either case, y3g)(G) < 7i3g)(G1), and this completes the proof.

U

We are now ready to prove our main result.
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Theorem 12. Let G be a simple connected graph of order n > 3. Then

sd < 3+ min{dz(v) | v € V and deg(v) > 2}.

V3R] (G)
Proof. If G is a star Ky ,,—1, then Sd'Y[BR](G) =1, and the result is valid.
Hence, assume that G is different from a star. If G has a leaf, then by
Proposition 3, the result is also valid. Now, assume that G is a graph
with §(G) > 2. According to Lemmas 2, 3, 4, and 5, we have

Sty (c) < 3+ min{dz(v) [v € V and deg(v) = 2}

O

The following example of graphs shows that the bound in Theorem
12 is better than the one in Theorem 9. Consider r > 3 copies of the
complete graph K, with n > 7, and let x; be a vertex of the i-th copy
of K,. Let G be the connected graph obtained from the r copies of
K, by adding edges between vertices z;’s so that they induce cycle C,.
One can easily check that by Theorem 9, sd,,. (G) < n — 1, while
by Theorem 12, we have sdy;,, (G) < 3 + degy(v) = 5 for any vertex
v {ry,...,x. }.

Let 62(G) = min{degy(v) | v € V and deg(v) > 2} and observe that
for every vertex v of degree at least two, d2(G) < [N2(v)] <n—A —1.

The following two Corollaries are immediate consequences of The-
orem 12.

Corollary 13. For any connected graph G with 6(G) > 2, Sy (G) <
52 (G) + 3.

We observe that for a vertex v of degree A, |[Na(v)| <n—A -1
and thus we obtain the following result.

Corollary 14. Let G be a connected graph of order n > 3. Then

sdﬁ/[BR](G) <n-—A+2.
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