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The aproximation of functions in generalized
Holder spaces

V.Zolotarevski G.Andriesh

Abstract

The theorems of approximation of complex functions deter-
mined on the closed arbitrary contour I' of the complex plane
by means of Lagrange interpolating polynomials in generalized
Holder spaces H,, were obtained.

The main purpose of the paper is to prove the theorems of the
approximation of functions of complex variable defined on arbitrary
smooth closed contours of the complex plane by interpolating Lagrange
polinomial in generalized Holder spaces. These theoretical rezults have
a large application in the theory of numerical methods for solving func-
tional equations.

Let I' be arbitrary smooth closed contour bounding a simply con-
nected region of the complex plane.

By w(o)(c € (0,1], I = max , ., |t" — t"|) we shall denote the
arbitrary module of continuity and by H(w) the generalized Holder
space [1] with the norm

19 llo=Ilg llc +H(g;w); (1)
w(g; o)
g lle=max|g(t)|, H(g;w) = sup ,
19 lle= o) Higie) = swp 52

here the w(g;o) is the module of continuity of function g(¢) on
I'. We consider only the spaces H(w) with the modules of continuity
satisfying the Bari-Stechkin conditions [2]:

hw(g)
|, e < @
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Y w(f) Pwl) .
/0 S+ /5 “g2 - = 0((9)),6 0. (3)

By H"(w), r > 0(HO(w) = H(w)) we denote the space of -
times continuous-differentiable functions.The r -order derivatives of
these functions are elements of space H(w). The norm on H")(w) is
defined by

Zl\g le +H(g";w).

Recall that if w(d) = 0%, a € (0,1], then H(w) = H, is the Holder
space with exponent .

The space H(w) is a Banach nonseparable space. So the approxi-
mation of the whole class of functions H(w) by norm (1) with the help
of finite-dimensional approximation is impossible. But for some subset
from H(w) the problem can be solved in the affirmative.

Let ¢;(j = 0,2n) be a set of distinct points on By U, we de-
note the operator, which maps any function g(¢) defined on IT" into its
interpolating Lagrange polinomial defined by using the nodes ¢; :

2n
(Ung)(t) = > g(tj)l;(1),t €T, (4)
=0
b=t (B\" L s )
li(t) = H =) = ZAT] t",7=0,2n.
k=0t 3 Ttk N r=—n

The following theorem gives the deviation of the Lagrange polinomial
from generalized Holder function.

Theorem 1 Let wi(o) and we(o)(o € (0,1]) be modules of continuity
satisfying (2) or (8) such that the function ®(0) = w;/wy is nonte-
creasing on (0,l] and the points t;,j = (0,2n) make a system of Fejer
nodes on I':

21

(4 —n)),J = (0,2n), ()
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here z = (W) is Riemann function for contour I'. Then for any func-
tion g(t) € H"(w1),r =0,1,2,... the following estimate holds:

1

9= Ung Nl (e + o) - @ (1) HgDs)  (6)

(dip(k =1,2,...) denote certain constants not depending on n).

The proof of this theorem for 7 = 0 is given in [3]. The proof for
r = 0 from [3] cannot be adopted for » > 1 as well as the proof for
r > 1 does not permit to obtain the theorem for r = Q.

The proof of theorem for » > 1. From the definition of the
norm in H(ws) we obtain

| 9= Ung llwo=l 9 — Ung |lc +H(g — Upg;wz) = S1 + So

For the first term S applying the Jackson theorem [4] and the estima-
tion of norm || Uy, ||, from [5] we deduce

d 1
S1 < (1+ H U ”c) : En(Q? P) < (1+ H Un ”c) : n_iw(g(r); E) <
n n
dg + drl w(g; L 1
= o dinln) 975a) (L) <
n wi(;) n

de + drin(n 1
< %T() . wl(g) CH(g"sw1), (dg = ds - da; d7 = ds - ds),
where E,(g;T) is the best uniform approximation of function g(¢) on
I' by polynomial of the type 3% . r4t* t € I where r}, are arbitrary
numbers.

Let estimate the second term:

9(') — (Ung)(#') — g(t") + (Ung) ()]
wy ([t — ")) ’

Sy < max { sup

1
‘tlft”|>;
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l9(') = (Ung)(#') — g(t") + (Ung)(t")]
wy ([t —2"])

sup
1
o<t —t"|<L

} == max{Tl;TQ} .

Now we can estimate 77 ,knowing the estimation of S; and

1 de + d7ln(n) _ 1 ,
Ty <2 g Ung e —r <2. B0 g Ly o, ).
wa () n n

Since limy, o0 || ¢ — Ung ||c= 0, the difference g(t) — U, g(t) can be
written as follows:

o) — Ung(®) = 3 Rel)
k=1

Then

9(t") = Ung(t) — g(t") + Ung(t") = D [R Re(t")] . (7)
k=1

For the contour I' we have the relation
v < dglt' — ",V " e T,

where #1" is the lenght of the smallest arc between the points ¢’ and
t". Therefore

R) ~ Ri(@)] = | [ R r)ar| <I R 40 < di | B, D 1~ )
According to [5,p.43],
| R, o< do - 2% e || Rl
Hence
Blt) — Bo(t")| < ds-do 25 me | B [ £ — ¢ (8)

Since
| R le<|l g = Us, llc + 1| g = Uss—1yy |l
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then using the estimation of S; we have

de + dr - In(2Fn) "
(2k . n)r

de + d7 - In(2F1n)
(2k=1 . p)r -w(g

H Ry, ”CS

(r). ;)
T ok—1p

Hence, by this estimation and by the inequalites (8) and

1
w(g"; oh=1,,) S w(g"; k=12,
it follows that

de + d7 ln(2 n)

1 o0
D
k=1

d6 + d7 . l'ﬂ(2k71'ﬂ) (r). 1
+ 2(k=2)r w(g"s

Z|Rk —Ry(t")| <dg-dg-n-|t' —

It is proved in [5,p.51-53] that the last sum does not excede the value
(d1o + d11ln(n)). Therefore

Z | By (t') = R ()] <

dyo = dg - dy - dyo; di3 =dg - dy - d.

dyo + di3z - In(n) '

n’l‘

1
nelt =t wig®; ),

From this inequality, (7) and the definition of Ty we get
(. |t —t"|

d dyz -1
12 +di3 ”(”) ;=) - sup W:

T < -
” o —tr| < W2

_ diz +dy3 - In(n)

n?"

n-w(gl; l) - sup {q)(|t’ — ")) - M}
"n wi(|t —¢") )"

According to [1,p.50], if w(o) is arbitrary module of continuity, then
for 01 < 09 the following inequality holds

o o
1 <9. 2

wlo) =7 w(oz)
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In our case [t —¢"| < 1 so

|t'—t”| %
wi(jt' =) =7 wi(L)
Hence
. 1 1
Ty <p detds ) o Ly e ) <
n newily) o<
d dis -1 1
<2 Gt T g L g0

n’ 0
From this inequality and from estimation of 7 we obtain (6).The the-

orem is proved. The analogous theorem for the case of classical Holder
spaces on the field of real numbers was proved in [6].
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