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On graphs containing a given graph as median

A Poshtaru R.Boliac

Abstract

P.J.Slater demonstrated that any connected graph G is the
median of a graph G* and indicated the construction of G*. His
construction requires O(n?) new vertices, where n is the number
of vertices of G. In this paper the same problem is considered
and some new constructions of G* are presented. The number
of new vertices added to G is considerably improved. From our
constructions it follows that in the general case n new vertices
are necessary.

1 Introduction

Let G be a connected, simple graph [2], i.e. G is finite, nonoriented,
loopless and without multiple edges. We denote by V(G) the set of
vertices of G and by E(G) is the set of its edges. Let us define on the
set V(G) the function

og(v) = Z d(v,w) ,

weV(G)

where by d(v,w) is denoted the distance between the vertices v and w
in G (the distance between v and w is the minimal number of edges in
a v to w path).

Definition 1 Median of G is called the subgraph generated by the sub-
set of vertices:

{v e V(G) : 0G(v) = wén‘/i?c;) og(w)}.
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Let us denote the median of G by Med(G).

Consider the simple graph G with |V(G)| = n, |E(G)| = m. Let
r; = degv;, 1 =1,n, R=max, 11, r=min,_17;.

In this paper the following p’roblem is considered. To determine
if for the simple graph G there exists a simple graph G* so that
Med(G*) ~ G. In [1] Slater gave an algorithm that solves positively
this problem for any simple graph G. It should be mentioned that
Slater’s algorithm requires 5n? — 2m + 4(k + 1) new vertices (k is a
natural number, £ < n). In our paper we propose some algorithms
that require less new vertices than Slater’s algorithm does.

2 The graphs containing the given graph as
median (Algorithms)

Algorithm 1.
We shall construct the graph G* according to the following algorithm.
1. Add to G @ — m new vertices. Denote these vertices by

v;, 7 =1, @ —m. Construct on these vertices a complete sub-

graph K,m-1 o Counnect every new vertex with exactly two vertices
2

of G: the vertex v; is connected with vertices v; and v from V(G)
iff (vi,vg) ¢ E(G). Denote the obtained graph by G;. Obviously,
[V(G1)| =n+ @ —m. In G we have:

Let us observe that the inequality

oG, (Ul) <og, (Ug)
is true if and only if
n(n —3)
2

In this case we have that Med(G;) ~ G and the problem is solved:
G* = (G4. Note that the number of new vertices added to G in this

m>

+3. (1)
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case is N(G) < n —3. If (1) is not verified for G, then we continue to
construct the graph G*.

2. Add to G I* subsets of new vertices, each of them containing n
vertices: v!, i = T,n, | = 1,1*. Connect each vertex v} (I = 1,1%)
by means of an edge with the vertex v; € V(G). Construct a
complete subgraph K, on each of these [* subsets of vertices. De-
note the obtained graph by Gs. Let v be a vertex of Gy so that
0G,(T) = min{og, (v!), i = T,n, | = 1,1*}. Note that T is connected in
G4 with the vertex v; € V(G) with degv; = r. In G9 we have:

(vz)—n —2m—1+l*(2n—1)
(v;): )+2n m+1*(3n — 2) — 3,
(@) =31 4 o 34— 14 (I* — 1)(3n — 1),

i=T,n, j:l,%—m, | =T1,0.

If I* is taken according to the formula:

l*:max{[n(n;a:f;n—f—él ’[—n(n—f))—;—jm—%—2]}+1 @)

then the following inequalities are true:

oG, (v;) < 0G2(v;), 1= l,n, j=1%5~ —m,
0G2(vi) < 0G2( )7

Thus if [* is given by (2) then Med(G2) ~ G and G* = G, and so
the problem is solved. Mention that | V(G*) |=n + @ —m +nl*.
This algorithm proves the following theorem.

Theorem 1 For any simple graph G there exists a simple graph G*
so that Med(G*) ~ G. The graph G* is obtained from G by adding
to it N(G) = @ m + nl* new vertices, where I* = O(n). If
m> 2 (n 3)+3 then I* = 0.
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Algorithm 2.
Let « = R —r + 1. The construction of G* follows.

1. Add to G « new vertices v; (i = 1,). Connect these vertices with
the vertices of G as follows: Connect with vertex v all vertices from
G and denote the obtained graph by G;. In the general case, connect
with v} (2 <7 < @) all those vertices from G that have the degree less
than R+ 1 in G;_; and denote the obtained graph by G;. Construct a
complete subgraph K, on vertices v1,v2,...,v,. Denote the obtained
graph by G;. Obviously, o¢, (vi) < o, (v}), i = 1,a. In this graph

og,(vj)=2n+R—-2r—1, i=1,n,
og,(vi)=n+R—r.

It is evident that og, (v]) < og, (vi).
2. Add I new vertices v;* (j = 1,1) to G1 and connect each of them
with all vertices v; € V(G). Denote the obtained graph by Gs. In this

graph

og,(vi)=2n+R—-2r+1—-1, i=1n,
oG, (v]) =n+R—r+2l, o

0G,(v;") =n—+2R—-2r+2, j=1,1

If we take I = n — r, then the following inequalities are true

oG, (Vi) < 06, (v]),
UGz('Ui) < 0G2(’U;*).

Thus if | = n —r then Med(G2) ~ G and G* = G5. It should be
observed that G* has |V(G*)| = 2n + R — 2r + 1 vertices.
This algorithm proves the following theorem.

Theorem 2 For any simple graph G there exists a simple graph G* so
that Med(G*) ~ G and this graph is obtained from G by adding to it
N(G) =n+ R—2r+1 new vertices.
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Algorithm 3.

Let G be a simple irregular graph, i.e. R # r. We shall construct
the graph G* according to the following algorithm.
1. Add to G a new vertex z; and connect it with all vertices v; € V(G)
for which r; < R. Then add a new vertex z9 and connect it with all
vertices v; € V(G) for which r; +1 < R. In the general case, add
a new vertex z; and connect it with all vertices v; € V(G) for which
ri+1l—1< R (I > 1). Obviously, adding R—r new verticces z1, Zo, ...,
R, we obtain that the new degrees of vertices v; € V(G) are equal
to R.
2. Add a new vertex y; and connect it with all vertices of G. Denote the
obtained graph by G. Obviously, V(G1) = V(G)U{z1,...,Zr—r,y1}.
If there exist any vertices x; so that dg, (z;,v;) > 2, then connect each
of them with y;. Denote the obtained graph by Ga. It is evident that

dG2(viavj) < 2a Zaj = ]-a—na
ng(yl,fEl) <2 l= LR—r.

Also it is clear that o¢,(y1) < 0g,(x;). Denote by k the number of
vertices z; for which dg, (y1,2;) =1 .(0 <k < R —r) It is clear that

og,(v;)=2n+R—-2r—1, i=1,n,
oG, (Y1) =n+2(R—r)—k.

3. If n > R—k+ 1 (and only this case is interesting), then og, (v;) >
0G,(y1). In this case add to G2 s new vertices yo, ..., ys4+1, connecting
each of them with all vertices v; € V(G). Denote by G3 the obtained
graph. Obviously,

oa;(yj) < oa, (1),

Gs(vi)) =2n+ R+s—2r—1,
as(yj) =n+2R+2s — 2r — k,

i =1,n, j=1,s+1,l=1,R—r.

Q 9

>

Hence, if s > n+k — R — 1, then og,(vi) < 0g,(yj), @ = L,n, j =
1,54+ 1.
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Taking s = n + k — R we obtain:

oGgs(v)) =3n+k—-2r—1, i=1,n,
oas(y;) =3n+k—2r, j=1s+1,

and og,(v;) < oa,(y;), 1=1,n, j=1,s+ 1.

Thus G3 with s = n+k — R contains G as median: Med(G3) ~ G.
And this graph is obtained from G by adding to it N(G) = n+k—r+1
new vertices. Because 0 < k < R — r, the above algorithm proves the
following theorem.

Theorem 3 For any simple graph G there exists a simple graph G*
with Med(G*) ~ G. This graph is obtained from G adding to it N(G) =
n+k—r+1 new vertices.

Remark 1 If R =r, then algorithm & still applies.

3 Comparison of algorithms

Let us construct the graph G* with Med(G*) ~ G using the above
algorithms. Denote by Ni(G) the number of new vertices added to G
by the algorithm 1, by No(G) — the number of new vertices added to G
by the algorithm 2, and by N3(G) — the number of new vertices added
to G' by the algorithm 3.

As we saw above, Ni(G) = @ — m + nl*, where [* is given
by (2), No(G) =n+R—2r+1, N3(G)=n+k—7r+1.

In the general case, the algorithm 2 is “better” than the algorithm 1,
i.e. No(G) < Ni(G). It should be observed that if for G the conditions:
m > ™23 4 3 and R > 2r — 4 are verified, then N, (G) < No(G), i.e.
the algorithm 1 adds to G less new vertices than the algorithm 2 does.

Because 0 < k < R — r, the number of new vertices added to G by
the algorithm 3 verifies the inequalities:

n—r+1<N3(G)<n+R-2r+1.
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Obviously, N3(G) < No(G). We should observe that if K = R — r then

Ny(G) = N3(G) = n+R—2r+1. Also, if m > "3 4 3and & > r—4,

then N1(G) < N3(G), i.e. the algorithm 1 adds to G less new vertices
than the algorithm 3 does.

4 Examples

Example 1. Consider the graph G (figure 1).

n=>5m=71,
R=3r=2
Fig.1. The graph G

For this graph we construct the graph G* with Med(G*) ~ G using
these three algorithms. The obtained graphs are presented in figure 2.

<1

a) b) c)

Fig.2. The graph G* is obtained using
a) algorithm 1, b) algorithm 2, ¢) algorithm 3
As we can see, N1(G) = 8, Na(G) = 5, N3(G) = 5. In this case

k = R —r and algorithms 2 and 3 add to G the same number of new
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vertices. Algorithm 1 requires more new vertices than algorithms 2 and
3 do.

Example 2. Let us consider the graph G represented in figure 3.
n=2>,5m=3_§,
R=4r=2
Fig.3. The graph G

Construct the graph G* with Med(G*) ~ G using the above algo-
rithms. The resulting graphs are presented in figure 4.

a) b) c)

Fig.4. The graph G* is obtained using
a) algorithm 1, b) algorithm 2, ¢) algorithm 3

Ni(G) =2, No(G) = 6, N3(G) = 5.

In this case the inequality (2) is verified and algorithm 1 requires less
new vertices than the algorithms 2 and 3 do.
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