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Abstract

For a graph G the degree sum adjacency matrix DS4(G) is
defined as a matrix, in which every element is sum of the degrees
of the vertices if and only if the corresponding vertices are ad-
jacent, otherwise it is zero. In this paper we obtain the bounds
for the spectral radius and partial sum of the eigenvalues of the
DS 4 matrix. We also find the bounds for the DS 4 energy of a
graph in terms of its Zagreb indices.
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1 Introduction

Association of Graph theory with Chemistry has resulted in introduc-
ing more molecular structure descriptors, in particular Topostructural
descriptors (Wiener index, Hosoya Z index, Zagreb indices, Mohar in-
dices, and many more). In [6] Gutman and Trinajsti¢ observed that
the total m-electron energy depended on the molecular structure. So
some expressions were deduced for the m-electron energy containing

these two terms:
My= ) ()’

vertices

My = Zdu-dv.

edges

and
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It was observed that both the terms reflect the extent of branching
of a molecular structure and hence were responsible for decreasing the
total m-electron energy with increasing branches. Later M; and Ms
were renamed as first Zagreb index and second Zagreb index respec-
tively [12]. Numerous results are obtained by mathematicians on M;
and My [1],[7],[9], [15], [16].

The degree sum matrix for a graph was defined by [13] and the char-
acteristic polynomial of the degree sum matrix for a graph in terms of
its adjacency polynomial was also obtained. In the first part of this pa-
per, we discuss the bounds for the DS 4-spectral radius and bounds for
the partial sum of the DS 4-eigenvalues in terms of the Zagreb indices.
In the later part, we obtain the bounds for the energy of a degree sum
adjacency matrix in terms of the Zagreb indices.

The degree sum adjacency matrix DS4(G) of a graph G is defined
as

d; +d;, if there is an edge between v; and v;;
DSA(G) = [dsy;] = { J & J

0, otherwise.
The characteristic polynomial of DS4(G) is defined as
Pps,c) =B"+a1f" " +aBf %+ + ay.

As DS4(G) matrix is a real and symmetric, its eigenvalues are real and
can be arranged as 1 > B2 > -+ > [(3,. The largest DS 4 eigenvalue is
known as the DS 4 spectral radius of a graph G.

The first and the second Zagreb indices introduced in the year 1972
by I. Gutman [6] are

Zg1=2q1(G)=M(G) =) di= Y (di+d).
i=1

edge e=ij

Zgg == Zgg(G) == MQ(G) == Z dzd]

edge e=ij
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Lemma 1. Let G be a simple n-ordered graph, with every vertex v;
having the degree d;, i = 1,2,...,n. Let DSA(G) be the degree sum
adjacency matriz of G, then

d B o= 0 (1)
=1

S8 =2 Y () )
=1

1<i<j<n

Lemma 2. Let G be a simple n-ordered graph, with every vertex v;
having the degree d;, i = 1,2,...,n. Let DSA(G) be the degree sum ad-
jacency matriz of G- with 1, B2, ..., By as its eigenvalues. Let Z g1 (Q)
and Zgs(G) be the Zagreb indices. Then,

NoBt =2 > (dit+d)’=2 > (& +d+2did;)
=1

1<i<j<n 1<i<j<n

= 2 zn:di(di)2+2 Z dldj
i=1

edge e=ij
= 2| > @+d)+d d(di-D+2 > did;
| edge e=ij i=1 edge e=tj

= 21Zq(G)+ Zn:d?(di —1) +2Zg2(G)

L i=1

3)

Lemma 3. If (¢1,co,...,¢,) and (dy,da, ..., dy) be n vectors, then by
Cauchy-Schwartz inequality [14):

(Bee) <(Be) (Be)

Lemma 4. Let G be a graph having n vertices and m edges, with
adjacency eigenvalues as A\ > Ao > -+ > \,. Let H be another graph
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with n vertices having dy,ds,...,d, as its vertex degrees and let the
degree sum adjacency eigenvalues of H be 81 > 8o > -+ > B,. Then

n

> (B < [4m[Zgi(G) +2292(G) + D _d2(di — 1)) (5)
=1

i=1
Proof. By using Lemma 2 and Lemma 3 we have,
d (s < <Z /\2> <Z 52>
i=1 i=1 i=1

= 2m(2[Zg1(G) + 2Zg2(G) + > _ di (di — 1))
i—1

= 4m[Zg1(G) +22g2(G) + Y _di(d; — 1)]
=1

dNiBi < | 4Am[Zgi(G) +2Zg2(G) + > d2(d; — 1))
i=1 1=1

2 Bounds for spectra of DS,(G)

There are various bounds obtained for largest eigenvalue of an adja-
cency matrix in literature. In [5], [11] various bounds on the other
eigenvalues of signless Laplacian and adjacency matrices are given.

If G is a simple graph of order n having e edges with adjacency eigen-
values Ay > Ao > ... > A\, then for 1 < p <n,

(n—p)2e S, > (p—1)2e

np nn—p+1) (6)

For a adjacency matrix we have > " | /\Z2 = 2e. Here, in degree sum
adjacency matrix, the term 2[Z g (G)+2Zg2(G)+> 1, d?(d; —1)] plays
the same role. So the direct consequence of Eq.(6) will be Eq.(7).
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Theorem 1. For a graph G, with degree sum adjacency eigenvalues
B1>P2>--->py and for1 <p<n
(n —p)2M (p—1)2M

> M A/
np 2 fp 2 nn—p+1)’

where M = [Zg1(G) +2Zg2(G) + .1, d?(d; — 1)].

i=1"
Theorem 2. Let G be a simple n-ordered graph. Let 31 be the spectral
radius of DSA(G) and Zg1(G) be the first Zagreb index. Then

B> 2 2:(@). ®

Proof. Let G be a simple connected graph with n vertices with every
vertex v; having the degree d; respectively. By the definition of D.S4(QG)
we observe that the sum of all the entries of DSA(G) is 3, ., dsi; =
>izi(di +dj). Let = [1,1,...,1] be the all one vector. Then by
Rayleigh principle we have:

DSzt 1
B > w:_Z(di_q_dj)
n

xxT

(7)

2
> —Z .
= ~Zgq(G)
If G is a r-regular graph, then Zg;(G) = nr?.
2
B = =nr? = 272
n

Hence the equality holds for regular graph. O

Theorem 3. Let G be a graph with n vertices and m edges, with
di,do,...,d, as its vertexr degrees and the degree sum adjacency eigen-
values be 1 > Po > -+ > B,. Then

2
P = 1201(G) +2295(G Zd2 (di —1)] Z Brpti-

.
(9)

B <
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Proof. Let B1, B2, .., Bn—p+1;Bn—p+2,- -, Bn be the degree sum adja-
cency eigenvalues of G. Let H = K,UK,,_,. The adjacency eigenvalues

of H are

p—1, 1 time;

Ai =10, (n —p) times;
-1, (p—1) times;
. plp=1) __ .
and the number of edges of H is m = — Using Lemma 4 we get

—V12000) + 2200(C) + PAUERY)

IN
_—
o

=
3
[\V]

(p—1)p1 < \IQP(Z)— DN[Zg1(G) +2Zg2(G +Zd2 (d; — 1)] Z Bi ;

pr < J (p2p1)[Zg1(G +2Zg2(G +Zd2 )]+ —Zﬁn pi -

Corollary 1. Let G be a graph on n wertices and m edges, with
di,do, ..., d, as its verter degrees. Then,

n

Bl < J M[Zgl((;) + 2Zgg(G) + Zd?(dz — 1)] (10)
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Proof. Putting p = n in (9) and using Eq.(1) we get,

N (n2f1) 201(G) +2292(G) + 3 d¥(ds ~ D] + = 3" i
i=1 =2

pr < (n2f1)[Zgl(G)+2Zg2(G)+Zd3(di—1)]+ﬁ<—5l);
i=1

o< 2" 12000) + 2200@) + 3 R (ds 1))
i=1

O

Remark 1. The equality in (10) is satisfied for complete graphs.
As Zgi(G) = nr? = n(n —1)%, Y0 d?(d; — 1) = n(n — 2)(n — 1),
5 n(n—1)>»

Zgo(G) = mrs = — substituting this in (10) we get

B =2(n—1)°

Corollary 2. The spectral radius of DS4(G) is bounded by

%Zgl(G) <p < \l y[zm(@ +2Zg5(G) + Y d3(di — 1)].
=1

(11)

Proof. Combining Eq.(8) and Eq.(10), we get the bounds for the DS 4
spectral radius of graph G. O

Remark 2. The equality in (11) holds for complete graphs.

Theorem 4. Let G be an n-ordered graph with vertex degrees dy,ds, . . .,
d, and its degree sum adjacency eigenvalues as 1 > Pg > -+ > [y
Then,
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S | P 1201(6) + 2200(G) + 3 2 — 1)
i=1 =
1<k<n. (12)

Proof. Let p1,02,..., 8k, Bkt ---,0Bn be the degree sum adjacency
eigenvalues of G. Let H be the union of k copies of complete graph
K, that is H = U, K,,, where kp = n. The adjacency eigenvalues of H

are
N p—1, k times;
-, (n —k) times.

Then the number of vertices of H is n = pk, and therefore its edges

kp(p—1
e % Using Lemma 4,
(- Z Z g < |22 706) +220(G +Zd2
i=1 i=k+1
k n
p> 8-> 8 < | 2kp(p - 1)[Z0:(C) + 2Z92(G Zd2 (di —1)]
=1 =1
k
Py B < | 2kp(p— 1)[Zg1(G) +2Zg2(G +Zd2 (ds = 1)]
i=1
k n
S < | 22D 1706 +220:(0) + 3 @2 (di - 1)),
i=1 i=1

Thus we have obtained the bound for the sum of k, DS 4 eigenvalues
of a graph G. If K = 1, we observe that the Eq.(12) get reduced to
Eq.(10). O

Theorem 5. Let G be a graph on n wvertices and m edges, with
di,do,...,d, as its vertex degrees and degree sum adjacency eigenvalues

B1> B2 >--->By. Then,
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=1

k n
> (B = Bursi) < \l4k[Zgl(G) +2Zg2(G) + > d2(d; — 1)]. (13)
i=1

PT’OOf. Let /817 527 s 7/8167 Bk-ﬁ-h s 7Bn—k7 Bn—k-i—h s 75n be the degree
sum adjacency eigenvalues of G. Let H be the union of k copies of K, ,

a complete bipartite graph, that is H = U,K,, ;, where kp = n. The
adjacency eigenvalues of H are

VP, k times;
Ai =40, (n —2k) times;
—v/Pq, k times.

The number of edges of H is kpq. Using Lemma 4, we get:

ZﬁﬂrO Z Bi—pa Y Bi

i=k+1 1=k+1

< J 4kpqZg1(G) +22g2(G) + Y d2(d; — 1)) ;
i=1

k k
VP4 Z Bi — Z Br—k+i
i=1 i=1

< J 4kpq[Zg1(G) + 2Zg2(G) + Z d2(d; —1)]

M;v

Bn k+z
2:1

< J 4/<:[Zgl(G) + 2Zgg(G) + Zn:dlz(dl — 1)]
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3 Bounds for Energy of a DS, matrix

The Energy of a Degree Sum adjacency matrix DS4E(G) can be de-
fined as the sum of the absolute DS 4 eigenvalues of a graph G, anal-
ogous to the various energy concepts like energy of an adjacency ma-
trix [8] and distance matrix [3]. This energy is also referred to as Zagreb
energy in [10]:

DSAE(G) =>_|Bil. (14)
i=1
Hyper-Zagreb index was recently introduced in [4], which is defined

as HM(G) = > cage e—ij(di +d;)?. So using Lemma (2), we can express
hyper-Zagreb index in terms of first two Zagreb indices.

M = [Z0i(G) +2202(G) + Y (ds — 1)) (15)
=1

In [10], authors have expressed bounds for Zagreb energy in terms of
hyper-zagreb index. So using Eq.(15) we state that bounds for Zargeb
energy can also be expressed in terms of first and second Zagreb indices.

J 2[Z91(G) +2292(G) + zn:d?(di —1)] < DSAE(G)
i=1

<J 2n[Zg1(G) +2Zg2(G) + En:d?(di -1
i=1

DSAE(G)

>J 2[291(G) +2Zg2(G) + En: d7 (di — )] + n(n — 1)|det(DS4(G)) >/
i=1

Theorem 6. Let G be an r-reqular graph with n vertices. Then

DSAE(G) > 4r2. (16)
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Proof. Let G be an r regular graph with n vertices and 212, 2r\g, 2r)\3,
..., 2r\, be its DS 4 eigenvalues in terms of its adjacency eigenvalues.

Then
n
DSAE(G) = [2r°]+ ) [2r)il
i=2
n
> 292 4 227“(—7‘)
i=2
> 27 4 |-2r7
> 4r2,
O
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