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Abstract

For a graph G the degree sum adjacency matrix DSA(G) is
defined as a matrix, in which every element is sum of the degrees
of the vertices if and only if the corresponding vertices are ad-
jacent, otherwise it is zero. In this paper we obtain the bounds
for the spectral radius and partial sum of the eigenvalues of the
DSA matrix. We also find the bounds for the DSA energy of a
graph in terms of its Zagreb indices.
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1 Introduction

Association of Graph theory with Chemistry has resulted in introduc-
ing more molecular structure descriptors, in particular Topostructural
descriptors (Wiener index, Hosoya Z index, Zagreb indices, Mohar in-
dices, and many more). In [6] Gutman and Trinajstić observed that
the total π-electron energy depended on the molecular structure. So
some expressions were deduced for the π-electron energy containing
these two terms:

M1 =
∑

vertices

(du)
2

and
M2 =

∑

edges

du · dv.
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It was observed that both the terms reflect the extent of branching
of a molecular structure and hence were responsible for decreasing the
total π-electron energy with increasing branches. Later M1 and M2

were renamed as first Zagreb index and second Zagreb index respec-
tively [12]. Numerous results are obtained by mathematicians on M1

and M2 [1], [7], [9], [15], [16].

The degree sum matrix for a graph was defined by [13] and the char-
acteristic polynomial of the degree sum matrix for a graph in terms of
its adjacency polynomial was also obtained. In the first part of this pa-
per, we discuss the bounds for the DSA-spectral radius and bounds for
the partial sum of the DSA-eigenvalues in terms of the Zagreb indices.
In the later part, we obtain the bounds for the energy of a degree sum
adjacency matrix in terms of the Zagreb indices.

The degree sum adjacency matrix DSA(G) of a graph G is defined
as

DSA(G) = [dsij ] =

{

di + dj , if there is an edge between vi and vj ;

0, otherwise.

The characteristic polynomial of DSA(G) is defined as

PDSA(G) = βn + a1β
n−1 + a2β

n−2 + · · ·+ an.

As DSA(G) matrix is a real and symmetric, its eigenvalues are real and
can be arranged as β1 ≥ β2 ≥ · · · ≥ βn. The largest DSA eigenvalue is
known as the DSA spectral radius of a graph G.

The first and the second Zagreb indices introduced in the year 1972
by I. Gutman [6] are

Zg1 = Zg1(G) = M1(G) =

n
∑

i=1

d2i =
∑

edge e=ij

(di + dj).

Zg2 = Zg2(G) = M2(G) =
∑

edge e=ij

didj .
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Lemma 1. Let G be a simple n-ordered graph, with every vertex vi
having the degree di, i = 1, 2, . . . , n. Let DSA(G) be the degree sum
adjacency matrix of G, then

n
∑

i=1

βi = 0; (1)

n
∑

i=1

β2
i = 2

∑

1≤i<j≤n

(di + dj)
2. (2)

Lemma 2. Let G be a simple n-ordered graph, with every vertex vi
having the degree di, i = 1, 2, . . . , n. Let DSA(G) be the degree sum ad-
jacency matrix of G with β1, β2, . . . , βn as its eigenvalues. Let Zg1(G)
and Zg2(G) be the Zagreb indices. Then,

n
∑

i=1

β2
i = 2

∑

1≤i<j≤n

(di + dj)
2 = 2

∑

1≤i<j≤n

(d2i + d2j + 2didj)

= 2





n
∑

i=1

di(di)
2 + 2

∑

edge e=ij

didj





= 2





∑

edge e=ij

(di + dj) +

n
∑

i=1

d2i (di − 1) + 2
∑

edge e=ij

didj





= 2

[

Zg1(G) +

n
∑

i=1

d2i (di − 1) + 2Zg2(G)

]

. (3)

Lemma 3. If (c1, c2, . . . , cn) and (d1, d2, . . . , dn) be n vectors, then by
Cauchy-Schwartz inequality [14]:

(

n
∑

i=1

cidi

)2

≤
(

n
∑

i=1

c2i

)(

n
∑

i=1

d2i

)

. (4)

Lemma 4. Let G be a graph having n vertices and m edges, with
adjacency eigenvalues as λ1 ≥ λ2 ≥ · · · ≥ λn. Let H be another graph
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with n vertices having d1, d2, . . . , dn as its vertex degrees and let the
degree sum adjacency eigenvalues of H be β1 ≥ β2 ≥ · · · ≥ βn. Then

n
∑

i=1

(λiβi) ≤

√

√

√

√4m[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)]. (5)

Proof. By using Lemma 2 and Lemma 3 we have,

n
∑

i=1

(λiβi)
2 ≤

(

n
∑

i=1

λ2

)(

n
∑

i=1

β2

)

= 2m(2[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)])

= 4m[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)]

n
∑

i=1

λiβi ≤

√

√

√

√4m[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)].

2 Bounds for spectra of DSA(G)

There are various bounds obtained for largest eigenvalue of an adja-
cency matrix in literature. In [5], [11] various bounds on the other
eigenvalues of signless Laplacian and adjacency matrices are given.
If G is a simple graph of order n having e edges with adjacency eigen-
values λ1 ≥ λ2 ≥ . . . ≥ λn, then for 1 ≤ p ≤ n,

√

(n− p)2e

np
≥ λp ≥ −

√

(p− 1)2e

n(n− p+ 1)
. (6)

For a adjacency matrix we have
∑n

i=1 λ
2
i = 2e. Here, in degree sum

adjacency matrix, the term 2[Zg1(G)+2Zg2(G)+
∑n

i=1 d
2
i (di−1)] plays

the same role. So the direct consequence of Eq.(6) will be Eq.(7).
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Theorem 1. For a graph G, with degree sum adjacency eigenvalues
β1 ≥ β2 ≥ · · · ≥ βn and for 1 ≤ p ≤ n

√

(n− p)2M

np
≥ βp ≥ −

√

(p− 1)2M

n(n− p+ 1)
, (7)

where M = [Zg1(G) + 2Zg2(G) +
∑n

i=1 d
2
i (di − 1)].

Theorem 2. Let G be a simple n-ordered graph. Let β1 be the spectral
radius of DSA(G) and Zg1(G) be the first Zagreb index. Then

β1 ≥ 2

n
Zg1(G). (8)

Proof. Let G be a simple connected graph with n vertices with every
vertex vi having the degree di respectively. By the definition ofDSA(G)
we observe that the sum of all the entries of DSA(G) is

∑

i 6=j dsij =
∑

i 6=j(di + dj). Let x = [1, 1, . . . , 1] be the all one vector. Then by
Rayleigh principle we have:

β1 ≥ xDSAx
T

xxT
=

1

n

∑

i 6=j

(di + dj)

=
1

n
2
∑

i<j

(di + dj)

≥ 2

n
Zg1(G).

If G is a r-regular graph, then Zg1(G) = nr2.

β1 =
2

n
nr2 = 2r2.

Hence the equality holds for regular graph.

Theorem 3. Let G be a graph with n vertices and m edges, with
d1, d2, . . . , dn as its vertex degrees and the degree sum adjacency eigen-
values be β1 ≥ β2 ≥ · · · ≥ βn. Then

β1 ≤

√

√

√

√

2p

p− 1
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] +
1

p− 1

p
∑

i=2

βn−p+i.

(9)
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Proof. Let β1, β2, . . . , βn−p+1, βn−p+2, . . . , βn be the degree sum adja-
cency eigenvalues of G. Let H = Kp∪Kn−p. The adjacency eigenvalues
of H are

λi =











p− 1, 1 time;

0, (n − p) times;

−1, (p − 1) times;

and the number of edges of H is m =
p(p− 1)

2
. Using Lemma 4 we get

n
∑

i=1

(λiβi) ≤

√

√

√

√4m[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)] ;

(p− 1)β1 + (0)

n−p−1
∑

i=2

βi −
n
∑

i=n−p+2

βi

≤

√

√

√

√4
p(p− 1)

2
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] ;

(p− 1)β1 ≤

√

√

√

√2p(p− 1)[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)] +
n
∑

i=n−p+2

βi ;

β1 ≤

√

√

√

√

2p

(p− 1)
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] +
1

p− 1

p
∑

i=2

βn−p+i .

Corollary 1. Let G be a graph on n vertices and m edges, with
d1, d2, . . . , dn as its vertex degrees. Then,

β1 ≤

√

√

√

√

2(n − 1)

n
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)]. (10)
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Proof. Putting p = n in (9) and using Eq.(1) we get,

β1 ≤

√

√

√

√

2n

(n− 1)
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] +
1

n− 1

n
∑

i=2

βi ;

β1 ≤

√

√

√

√

2n

(n− 1)
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] +
1

n− 1
(−β1) ;

β1 ≤

√

√

√

√

2(n − 1)

n
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)].

Remark 1. The equality in (10) is satisfied for complete graphs.
As Zg1(G) = nr2 = n(n − 1)2,

∑n
i=1 d

2
i (di − 1) = n(n − 2)(n − 1)2,

Zg2(G) = mr2 =
n(n− 1)3

2
, substituting this in (10) we get

β1 = 2(n − 1)2.

Corollary 2. The spectral radius of DSA(G) is bounded by

2

n
Zg1(G) ≤ β1 ≤

√

√

√

√

2(n− 1)

n
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)].

(11)

Proof. Combining Eq.(8) and Eq.(10), we get the bounds for the DSA

spectral radius of graph G.

Remark 2. The equality in (11) holds for complete graphs.

Theorem 4. Let G be an n-ordered graph with vertex degrees d1, d2, . . . ,
dn and its degree sum adjacency eigenvalues as β1 ≥ β2 ≥ · · · ≥ βn.
Then,
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k
∑

i=1

βi ≤

√

√

√

√

2k(p− 1)

p
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] ,

1 ≤ k ≤ n. (12)

Proof. Let β1, β2, . . . , βk, βk+1, . . . , βn be the degree sum adjacency
eigenvalues of G. Let H be the union of k copies of complete graph
Kp, that is H = ∪kKp, where kp = n. The adjacency eigenvalues of H
are

λi =

{

p− 1, k times;

−1, (n − k) times.

Then the number of vertices of H is n = pk, and therefore its edges

are
kp(p− 1)

2
. Using Lemma 4,

(p− 1)
k

∑

i=1

βi −

n
∑

i=k+1

βi ≤

√

√

√

√

4kp(p− 1)

p
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2
i
(di − 1)];

p

k
∑

i=1

βi −

n
∑

i=1

βi ≤

√

√

√

√2kp(p− 1)[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2
i
(di − 1)];

p

k
∑

i=1

βi ≤

√

√

√

√2kp(p− 1)[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2
i
(di − 1)];

k
∑

i=1

βi ≤

√

√

√

√

2k(p− 1)

p
[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2
i
(di − 1)].

Thus we have obtained the bound for the sum of k, DSA eigenvalues
of a graph G. If k = 1, we observe that the Eq.(12) get reduced to
Eq.(10).

Theorem 5. Let G be a graph on n vertices and m edges, with
d1, d2, . . . , dn as its vertex degrees and degree sum adjacency eigenvalues
β1 ≥ β2 ≥ · · · ≥ βn. Then,
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k
∑

i=1

(βi − βn−k+i) ≤

√

√

√

√4k[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)]. (13)

Proof. Let β1, β2, . . . , βk, βk+1, . . . , βn−k, βn−k+1, . . . , βn be the degree
sum adjacency eigenvalues of G. Let H be the union of k copies of Kp,q

a complete bipartite graph, that is H = ∪kKp,q, where kp = n. The
adjacency eigenvalues of H are

λi =











√
pq, k times;

0, (n − 2k) times;

−√
pq, k times.

The number of edges of H is kpq. Using Lemma 4, we get:

√
pq

k
∑

i=1

βi + 0
n−k
∑

i=k+1

βi −
√
pq

n
∑

i=k+1

βi

≤

√

√

√

√4kpq[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)] ;

√
pq

k
∑

i=1

βi −
k
∑

i=1

βn−k+i

≤

√

√

√

√4kpq[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)] ;

k
∑

i=1

(βi − βn−k+i)

≤

√

√

√

√4k[Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)].
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3 Bounds for Energy of a DSA matrix

The Energy of a Degree Sum adjacency matrix DSAE(G) can be de-
fined as the sum of the absolute DSA eigenvalues of a graph G, anal-
ogous to the various energy concepts like energy of an adjacency ma-
trix [8] and distance matrix [3]. This energy is also referred to as Zagreb
energy in [10]:

DSAE(G) =
n
∑

i=1

|βi|. (14)

Hyper-Zagreb index was recently introduced in [4], which is defined
as HM(G) =

∑

edge e=ij(di+dj)
2. So using Lemma (2), we can express

hyper-Zagreb index in terms of first two Zagreb indices.

HM = [Zg1(G) + 2Zg2(G) +

n
∑

i=1

d2i (di − 1)]. (15)

In [10], authors have expressed bounds for Zagreb energy in terms of
hyper-zagreb index. So using Eq.(15) we state that bounds for Zargeb
energy can also be expressed in terms of first and second Zagreb indices.

√

√

√

√2[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)] ≤ DSAE(G)

≤

√

√

√

√2n[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)];

DSAE(G)

≥

√

√

√

√2[Zg1(G) + 2Zg2(G) +
n
∑

i=1

d2i (di − 1)] + n(n− 1)|det(DSA(G))|2/n.

Theorem 6. Let G be an r-regular graph with n vertices. Then

DSAE(G) ≥ 4r2. (16)
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Bounds for DSA eigenvalues of a graph in terms of Zagreb indices

Proof. Let G be an r regular graph with n vertices and 2r2, 2rλ2, 2rλ3,

. . . , 2rλn be its DSA eigenvalues in terms of its adjacency eigenvalues.
Then

DSAE(G) = |2r2|+
n
∑

i=2

|2rλi|

≥ 2r2 +

∣

∣

∣

∣

∣

n
∑

i=2

2r(−r)

∣

∣

∣

∣

∣

≥ 2r2 +
∣

∣−2r2
∣

∣

≥ 4r2.
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[6] I. Gutman and N. Trinajstić, “Graph theory and molecular or-
bitals. Total ϕ-electron energy of alternant hydrocarbons,” Chem-
ical Physics Letters, vol. 17, no. 4, pp. 535–538, 1972. DOI:
https://doi.org/10.1016/0009-2614(72)85099-1.

[7] I. Gutman and K. Das, “The first Zagreb index 30 years after,”
MATCH Commun. Math. Comput. Chem, vol. 50, pp. 83–92, 2004.

[8] I. Gutman, “The energy of a graph,” Ber. Math. Stat. Sekt.
Forschungszentrum Graz, vol. 103, 1978, pp. 1–22.

[9] K. Das and I. Gutman, “Some properties of the second Zagreb
index,” MATCH Commun. Math. Comput. Chem, vol. 52, pp.
103–112, 2004.

[10] N. Jafari Rad, A. Jahanbani, and I. Gutman, “Zagreb Energy
and Zagreb Estrada Index of Graphs,” MATCH. Commun. Math.
Comput. Chem, vol. 79, no. 2, pp. 371–386, 2018.

[11] R. C. Brigham and Dutton, “Bounds on the graph spectra,”
J. Combin. Theory, vol. 37, no. 3, pp. 228–234, 1984. DOI:
https://doi.org/10.1016/0095-8956(84)90055-8.

[12] R. Todeschini, V. Consonni, Handbook of Molecular De-
scriptors, Wiley-vch, 2000. Print ISBN: 9783527299133, DOI:
10.1002/9783527613106.

[13] R. K. Zaferani, “A study of some topics in the theory of graphs,”
Ph.D. Dissertation, University of Mysore, Mysore, 2009.

[14] S. Bernard and J. M. Child, Higher Algebra, New Delhi: Macmil-
lan India Ltd., 1994, xiv+585p.
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