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Abstract

A sigma coloring of a non-trivial connected graph G is a col-
oring ¢ : V(G) — N such that o(u) # o(v) for every two adjacent
vertices u,v € V(G), where o(v) is the sum of the colors of the
vertices in the open neighborhood N (v) of v € V(G). The min-
imum number of colors required in a sigma coloring of a graph
G is called the sigma chromatic number of G, denoted o(G). A
coloring ¢ : V(G) — {1,2,--- ,k} is said to be a magic sigma
coloring of G if the sum of colors of all the vertices in the open
neighborhood of each vertex of G is the same. In this paper, we
study some of the properties of magic sigma coloring of a graph.
Further, we define the magic sigma chromatic number of a graph
and determine it for some known families of graphs.

Keywords: Sigma Coloring, open neighborhood sum, magic
sigma coloring, sigma chromatic number.
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1 Introduction and preliminaries

Graph coloring is a very important branch of graph theory which has
been studied by various authors. While the most commonly studied
type of vertex coloring is proper coloring, several of its variations have
been introduced and extensively studied. For related work on graph
coloring, we refer [11]-[13]. Many of these colorings have been in-
troduced so as to ensure vertex-distinguishing, edge-distinguishing or
neighbor-distinguishing properties in a graph. One such coloring is a
neighbor-distinguishing coloring, named the sigma coloring of a graph.
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As introduced by Chartrand et al. in the year 2010, a k-vertex
coloring ¢ : V(G) — N of a non-trivial graph G is said to be sigma
coloring of G if o.(u) # o.(v) for every two adjacent vertices u,v €
V(G), where o.(v) = > c(w), called the open neighborhood sum of

weN (v

v, is the sum of the colors(o)f all the vertices in the open neighborhood
N(v) of v € V(G). The sigma chromatic number of a graph G, denoted
0(G), is the minimum number of colors required in a sigma coloring of
G. In the paper, it has been proved that the sigma chromatic number
of a graph G is bounded by its chromatic number x(G). Also, many
characterizations of the sigma chromatic number have been established.
It is worth mentioning here that the sigma coloring of a graph has been
independently studied as lucky labeling by Czerwinski et al. [3] and
additive labeling of a graph by Bartnicki et al. [1].

Since its introduction, several studies on the sigma chromatic num-
ber have been carried out. In particular, the complexity of sigma par-
titioning and sigma chromatic number has been discussed by Dehghan
et al. [4],[5]. Further, the sigma chromatic number of some particular
families of graphs has been obtained by various authors [6], [7].

One interesting question pertaining to graphs G that are not sigma
colorable is whether there exists a coloring ¢ of G such that all its ver-
tices receive the same open neighborhood sum, i.e., o.(u) = o.(v) for
all u,v € V(G). We introduce the notion of magic sigma coloring to
answer this question. Further, we study some of its properties and iden-
tify certain families of graphs that admit magic sigma coloring. Also,
we obtain the magic sigma chromatic number of some such families of
graphs. For standard graph related terminologies, we refer [2],[8], [9].

Definition 1. Given a simple connected graph G = (V, E), a coloring
c:V(G) = {1,2,--- ,k} is said to be a magic sigma coloring of G if
oc(u) = oc(v) for all u,v € (G). Further, a graph G which admits a
magic sigma coloring is said to be magic sigma colorable and o.(G) =
oc(v),v € V(G), is called the open neighborhood sum of G w. r. t. the
coloring c. Further, a disconnected graph G is said to be magic sigma
colorable if each of its components is magic sigma colorable.

Here, it has to be noted that the magic sigma coloring of a graph
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need not be surjective. That is, all the elements in the co-domain, called
colors, need not be used in a magic sigma coloring.

Definition 2. Let G be a graph with ¢ being a magic sigma coloring
of G. The c-color sum of G, denoted S.(G), is the sum of the colors of

all the vertices in G, i.e., Sc(G) = > ¢(v).
veV(Q)

\Ji 5
V2 V3 Vy Vs 2 4 2 1 2 4 2 1
of [ [l [o
The graph K 4 A coloring ¢y of K 4 A coloring ¢; of K 4

Figure 1. The graph K4 and its two colorings

To illustrate, consider the graph K4 and its two colorings ¢; and
co in Fig. 1. Since ¢, (v1) =9 # 5 = 0¢,(v4), 1 is not a magic sigma
coloring of K 4. However, co is a magic sigma coloring of K 4 as the
open neighborhood sum of each vertex w. r. t. ¢o is the same.

It is easy to observe that some graphs are magic sigma colorable and
some others are not. For instance, consider the path P; with V(Py) =
{v1,v2,v3,v4} and E(Py) = {vjva,v9v3,v304}. Further, for a coloring
¢ to be a magic sigma coloring of Py, we must have N.(v1) = N.(v3) =
Nc(vs3) = Ne(vg). However, N.(v1) = ¢(v2) and Ne(vs) = c(va) + c(vy).
Consequently, we need to have c(ve) + ¢(vy) = c(v2), ie., c(vy) = 0.
This is not feasible as each color in a magic sigma coloring has to be
positive. Thus, Py is not magic sigma colorable.
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2 Magic colorable graphs

We begin this section with some fundamental results pertaining to the
magic sigma colorability of a graph. Further, we discuss about some
particular families of graphs which are/are not magic sigma colorable.

Lemma 1. If a graph G has two vertices such that the open neighbor-
hood of one vertex is a proper subset of the other, then G is not magic
sigma colorable.

Proof. Let G be a graph having two vertices, say u and v, such that
N(u) C N(v). Then, o.(u) < o.(v) in any coloring ¢ of G. Hence, G
is not magic sigma colorable. ]

Remark 1. The converse of the above lemma is not true. That is, it
is not necessary that, if the graph is not magic sigma colorable, then
there exist two of its vertices such that the open neighborhood of one
vertex is a proper subset of the other.

Proof. Consider the graph G in Figure 2. Suppose G is magic sigma

p q

t K

Figure 2. The graph G4

colorable. Then, there exists a magic sigma coloring, say c of G so that
o¢(v) to be the same for all v € V(G1). In particular, o.(w) = o.(p) =
oc(q) = 0c(s) = o.(t) implies ¢(q) = ¢(r) = ¢(s) and ¢(p) = ¢(t) = c(u).

Similarly, o.(u) = o.(r) gives c(p) + c(t) = c(q) + ¢(s) so that
c(q) = c(r) = c(s) = c(p) = c(t) = c(u).
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Now, o.(u) = oc.(w) gives c(t) + ¢(w) = ¢(r) which implies that
c(w) = 0, a contradiction since each color in a magic sigma coloring is
positive. Hence, (G; is not magic sigma colorable.

However, it is easy to observe that no two vertices of GG; are such
that the open neighborhood of one vertex is a proper subset of the
other. O

Theorem 2. The star graph Ky ,,n > 1, is magic sigma colorable.

Proof. Consider a star graph K ,, with V(K ) = {vo,v1,- -+ ,vn} such
that vg is the central vertex. Define a coloring ¢ : V(K ) — {1,n} as

c(vi):{ n ifi=0

1 otherwise °

It is easy to observe that o.(vg) = oc(v1) = -+ = 0¢(v,) = n. Hence,
K1, is magic sigma colorable. O

Lemma 2. A graph with a pendant vertex has a path of length three if
and only if it is not magic sigma colorable.

Proof. Consider a graph G with a pendant vertex v. Suppose G has a
path of length three. Since GG is connected, there is a path of length
three starting from v. Let the path be v — w — x — u. Then, we have
N(v) C N(z). Therefore, by Lemma 1, G is not magic sigma colorable.

In order to prove the converse, we use the method of contraposition.
Suppose G has no path of length three. Then, diam(G) < 2. Further,
G has no cycle. This implies that G is isomorphic to the star graph
K1 ,,n > 1 so that it is magic sigma colorable from Theorem 2. O

Corollary 3. A graph G with diam(G) > 3 and having a pendant
vertex is not magic sigma colorable.

As a direct consequence of Lemma 2, we have the following result.

Theorem 4. A non-trivial tree T' is magic sigma colorable if and only
if T = Kyp,n>1.
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Theorem 5. FEvery k-regular graph with k > 1 is magic sigma col-
orable.

Theorem 6. The wheel graph W, is magic sigma colorable.

Proof. Let W,, be wheel on n vertices vy,vs, -+ ,v,, with v; as the
central vertex and the vertices vy —v3 — - -+ — v, — v forming the cycle.
Define a coloring ¢ : V(W,) — {1,n — 3} as

oy = { n B =1
v 1,  otherwise -

It is easy to verify that ¢ is a magic sigma coloring of W,, so that it is
magic sigma colorable. O

Theorem 7. The complete k-partite graph Ky, ns.... n,, k > 2, is magic
stgma colorable, where each n; > 1.

Proof. Consider the complete k-partite graph Ky, p, ... n,, Where each
n; > 1. Without loss in generality, let nqy > no > --+ > ngp_1 >
ng. Let Vi = {vi1,v12,- -+ ,vin, }, Vo = {vo1,v20, -+ ,vm, }, - Vi =
{Vk1, VK2, -+, Vkn,, } De the k-partite sets of V(Ky, ns,...ny)-

Define a coloring ¢ : V(Kp, ny,ooo mp) = {1,2,-+ ,n1+ng+---+ng}
as

-l ifj=m
c(vij) = { 1 otherwise

foreachi=1,2,--- Jkand j =1,2,--- ,n;.
By the definition of ¢, it follows that

foreachi=1,2,--- Jkand j =1,2,--- ,n;.
In particular, we have the following:

262



Magic Sigma Coloring of a Graph

i) For each j =1,2,--- nq,

kK mny
oc(vij) = 122 > c(Vim)

& o1 k

= > c(vim) + > c(vin,)
lz? m=1 . =2

= Sm—=-1)4+>(n1—n+1)
lz? =2

= Z ny = (k — 1)711

N
Il
¥

ii) Foreachi=2,3,--- [kand j =1,2,--- ,ny,

k ny
oc(vig) = > > c(vim)
WA=t 1
k nlfl k
= m+ > cluim) + 2 c(vim,)
A=z i) IGE=2
= m+ > (m—=1)+ > (ni—-n+1)
1A= UFD=2
= ni+ Z ny
(A1) =2

= N —|—(I€—2)TL1 = (k—l)n1

Thus, we see that the open neighborhood sum of all vertices is the same
and is equal to (k—1)n1. As aresult, the complete k-partite graph Ky, n,....
is magic sigma colorable. O

Corollary 8. [10] If a graph G is such that a set consisting of any
two adjacent vertices in G forms a minimal dominating set of G, then
G is magic sigma colorable.

Theorem 9. The k' power graph P,’f of a path on n > 3 wvertices is
magic sigma colorable if and only if k=n—2 orn — 1.

Proof. Consider the graph P with V(P¥) = {v1,v2,--- ,v,}. Since
diam(P,) =n — 1, we have k <n — 1.

We prove the necessary part by the method of contraposition. Sup-
pose k < n — 3. Then, we see that in the graph PF, N(v;) =
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{U27 RPN 7vk‘+l} and N(Uk+2) = {U27 U3y 5y Uk4+1, k43, V44, "
Vogy2} so that N(vi) C N(vpyz). Hence, by Lemma 1, P* is not
magic sigma colorable.

We prove the converse considering two cases as follows.

Case (1): k = n — 1. In this case, P*¥ = K,, so that by Theorem 5,
P! is magic sigma colorable.

Case (2): k =n — 2. Define a coloring ¢ : V(P¥) — {1,2} as

ooy = { L i=Ln
Y1 2 otherwise °

Since k = n —2 = diam(P,) — 1, vy is adjacent to all the vertices
except v, and vice-versa. Further, each of the other vertices
is adjacent to all the vertices in P*. Thus, we have N(v;) =
N(vy) = {va,v3,++ ,vp—1} so that o.(v1) = oc(vy) = 2(n — 2)
and N(v;) = V(PF) so that o.(v;) =14+2(n—3) +1=2(n —2)
for each i =2,3,--- ;n— 1.

Consequently, P¥ is magic sigma colorable. O

Theorem 10. Two graphs G and H are magic sigma colorable if and
only if G + H is magic sigma colorable.

Proof. Let G and H be magic sigma colorable with ¢; and co be-
ing the magic sigma colorings of G and H respectively. Let k
and m be any non-negative integers such that & (S, (G) — o, (G)) =
m (502(H) - 002(H))’

Let ¢ be a coloring of G + H defined by

| ka(v) ifveV(G)
ofv) = { mclg(v) ifveV(H) "

Then, we have, for any vertex v € V(G + H), the following;:
Case (1): If v € V(G), then o.(v) = ko, (G) + mS.,(H).
Case (2): If v € V(H), then o.(v) = mo,(G) + kS, (G).
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It is easy to verify that the open neighborhood sum of every vertex in
G+ H, w. r. t. ¢, is the same so that G + H is magic sigma colorable.
Conversely, suppose G + H is magic sigma colorable, with ¢ being
a magic sigma coloring of G + H. Then, for two vertices u,v € V(G),
we have o.(u) = o¢(v).
This implies that

zeV(G) yeV(G)
(z,u)eE(GQ) (yv)eE(GQ)
so that Z c(x) = Z c(y)
2eV(Q) yev(G)
(z,u)€E(Q) (y,v)EE(G)

which implies that ac(u)‘G = ac(v)|G.

Thus, G is magic sigma colorable with the coloring ¢ restricted to its
vertices. The magic sigma colorability of H follows similarly. O

Theorem 11. A graph G is magic sigma colorable if and only if its
complement G is magic sigma colorable.

Proof. Suppose G is magic sigma colorable with ¢ being its magic sigma
coloring.

Based on the fact that any graph G or its complement G is connected,
we consider the following cases:

Case (1): Suppose G and G are both connected.
Since G is magic sigma colorable, o.(u) = o.(v) YV u,v € V(G)
so that
Se(Q) —0c(u) = Se(G) — oc(v) Y u,v e V(G).
This implies that c is a magic sigma coloring of G with S.(G) —
0.(G) as its open neighborhood sum. Hence, G is magic sigma
colorable.

Case (2): Suppose G is connected, but G is disconnected.
Let H be an arbitrary component in G. Then, there exists an edge
between every vertex in V(H) and every vertex in V(G) — V(H)
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in G since H is a disconnected component of G.
Let u,v € V(H) be arbitrary.

Then ac(u)| = ac(v)‘G so that S.(G) — ac(u)‘ = S.(G) —

G G

ac(v)‘ o

Choosing a coloring ¢; of H such that o., (v) = S.(G) — ac(v)|G,
for each v € H, ensures that H is magic sigma colorable, which
in turn, implies that G is also magic sigma colorable.

Case (3): Suppose G is disconnected, but G is connected, and Hy, Ha,
-+ Hyp are the components of G. Then, each H; is trivial or
connected and is magic sigma colorable so that, from cases (1)
and (2), its complement H; is magic sigma colorable too. Further,
G = Hy + Hy + --- + Hy, so that, by Theorem 10, G is magic
sigma colorable.

O

3 Magic sigma chromatic number of some
graphs
In this section, we define the magic sigma chromatic number of a graph

which is magic sigma colorable. Further, we determine this parameter
for some classes of graphs.

Definition 3. Suppose a graph G is magic sigma colorable. Then, the
least k for which G admits a magic sigma coloring is called the magic
sigma chromatic number of G, denoted by 0,,(QG).

Observation 12. If a graph G is magic sigma colorable, then o,,(G) >
1.

Theorem 13. A graph G is reqular if and only if 0, (G) = 1.

Proof. Suppose G is a regular graph. Then, by Theorem 5, G is magic
sigma colorable. Further, the coloring ¢ : V/(G) — {1} is a magic sigma
coloring of G so that 0,,(G) = 1.
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Conversely, let G be a graph with 0,,,(G) = 1. Then, there exists a
magic sigma coloring, say ¢ : V(G) — {1} i. e., every vertex is given
the same color 1 in G. Suppose G is not regular. Then, there exist
at least two vertices, say u and v, such that deg(u) # deg(v). Then,
oc(u) # oc(v), a contradiction to the fact that ¢ is a magic sigma
coloring of GG. Thus, G is a regular graph. O

Lemma 3. For a star graph Ki,,n > 1, 0,,(K1,) =n.

Proof. Let V(K ) = {vo,v1, -+ , v, } such that vg is the central vertex.
By Theorem 2, K , is magic sigma colorable and uses n colors. Thus,
Um(Kl,n) <n.

For n =1, we have K1 = P, so that 0,,,(K;,1) =1 by Theorem 7.
Consider the case n > 2. For a coloring ¢ of K1, to be a magic sigma

coloring, we must have o.(v;) = o.(v;) for all ¢,j = 0,1,--- ,n. Also,
we have o.(vg) = > ¢(v;) and o.(v;) = c(vg) for each i = 1,2,--- ,n.
i=1

n

Thus, c(vg) = Y. ¢(v;) > n since each color is positive. Consequently,
i=1

om(K1,,) > n. Therefore, 0., (K7 ,,) = n. O

Theorem 14. The magic sigma chromatic number of the complete k-
partite graph Ky, ny.... n, with k> 2 andn; >n;pq > 1,0 =1,2,---k—
1, is [2L].

Nk

k

Proof. Consider the complete k-partite graph K, n,..n, with 1 >
n; > nit1,? = 1,2,---k —1. Let V be the vertex set of Ky, ny.... ny
with Vi = {vi1, 012, ,vin, }, Vo = {vor, 022, 02, ), .o, Vi =
{vk1, V2, -+, Ukn, } being its k-partite sets.

By Theorem 7, Ky, n,.... n, is magic sigma colorable. For a coloring
¢ to be a magic sigma coloring of Ky, y, ... n,, we should have o.(u) =
oc(v) for all u,v € V. In particular, o.(u) = o.(v) for all u € V; and
v € Vi. This implies that

el = Y clviy)

v €V (i#1) vi; €V (i#k)
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N ni
Simplifying, we get > c(vg) = > ¢(vim) > n1 since each color is
= m=1
positive. Thus, by the generalized pigeon hole principle, we see that
there exists at least one vertex v € Vi with ¢(v) = [71]. We therefore

conclude that 0., (Kp, ng, ny) = [22].

ng
To prove the reverse inequality, define ¢: V. — {1,2,--- | Z_;ﬂ} as
[z_ﬂ’ ifj=1
S clvim)
e(v — ni— Vim
(vij) 7;’;?7;“ , otherwise

for each i =1,2,--- k.
By the definition of ¢, we see that c(vk1) = [71] = c(vi;) for all i,
ny

so that the greatest color used in c¢ is [n—k] Further, it is easy to

observe that c is a magic sigma coloring of Ky, ,,.... n,. Consequently,
O (Knyna,omy) < (z_,lj
Therefore, oy (Kn; ng, o mp) = [ 2], O

Nk

Conclusion The concept of magic sigma coloring of graphs has
been introduced in this paper. Some families of graphs which are/are
not magic sigma colorable have been identified. Further, the magic
sigma chromatic number of some such graphs have been established. As
a continuation of the work carried out in the paper, one can attempt to
characterize magic sigma colorable graphs. Also, graphs with a specific
magic sigma chromatic number can be constructed. Further, forbidden
graphs pertaining to magic sigma coloring can be identified.
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