Computer Science Journal of Moldova, vol.29, no.1(85), 2021

Connected Domination Number and a New
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Three
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Abstract

Adding a connected dominating set of vertices to a graph G
increases its number of Hadwiger h(G). Based on this obvious
property in [2] we introduced a new invariant 7(G) for which
n(G) < h(G). We continue to study its property. For a graph
G with independence number three without induced chordless
cycles C7 and with n(G) vertices, n(G) > n(G)/4.
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1 Introduction

All graphs considered in this paper are undirected, simple and finite.
Let G be a graph with vertex set V(G). We denote |V (G)| by n(G).
Let X C V(G), X is connected if the subgraph G[X] induced by X is
connected. Further, G—X = G[V(G)—X]. X is dominating in a graph
G if every vertex of G is in X or has a neighbor in X. We will write
v ~ u (v » u) when vertices v and u are (are not) adjacent. If every pair
of vertices in X are adjacent, then G[X] is a complete subgraph or a
clique K, where n = | X|. The clique number w(G) of a graph G is the
number of vertices in a maximum clique in GG. The degree of a vertex
v is deg(v), the number of edges that are incident to the vertex. The
maximum degree A(G) and the minimum degree §(G) of a graph G are
the maximum and the minimum degree of its vertices. A k-colouring
of GG is a function that assigns one of k colours to each vertex of G such
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that adjacent vertices receive distinct colours. The chromatic number
X(@G) is the minimum integer k such that G is k-colourable. A graph H
is a minor of the graph G if H can be formed from G by deleting edges
and vertices and by contacting edges. The Hadwiger number h(G) is
the maximum integer n such that the complete graph K, is a minor of
G. Further, a cycle C), = (v1,v9,...,v;) is a chordless cycle of length
n, and any dominating set is a connected dominating set.

In [2] we introduced a new invariant n = 7(G) of a graph G as a
maximum length of a sequence of subsets of its vertices Vi, Vo, Vs, ...,
where V; NV; = @ (i # j) and Vj is a dominating set in a graph
GViUVaU...UV], k=1,2,...,n. In the mentioned paper we have
proved some properties of n(G):

(i) w(G) <n(G) < hG),

(ii) If D is any dominating set in G, then n(G) > n(G — D) + 1,
(i) 7(G) < A(G) + 1,
(iv) n(G) > X(G) if x(G) <4,

and we have posed the stronger than Hadwiger’s conjecture:

Conjecture 1. For all graphs G, x(G) < n(G).

2 Vertex cut sets and one more property of the
new invariant

We say that a graph G is n-critical if n(G) = n and n(H) < n for
every proper subgraph H of G. It is obvious that any n-critical graph
is connected. 2-critical graph is an edge, 3-critical graph is a cycle.
It’s clear that if graph G is n-critical, n(G — D) =n— 1 and D is a
dominating set in G, then G — D is (n — 1)-critical.

A vertex cut set of a connected graph G is a subset S C V(G))
such that G — S has more than one connected component. A subgraph
induced by a vertex cut set is a cut subgraph.

Let S be a vertex cut set of a connected graph G, and the com-
ponents of G — S have vertex sets Uy,Us,..., Uy, m > 2. Denote
G, =G [UZ U S]
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Theorem 1. Let G[S] be complete, then for all G; and for each its
induced subgraph G, the following is true: if D C V(G) — V(G}) and
D is a dominating set in a graph G[D UV (G,)], then there exists D;
such that D; C D, D; C V(G;) and D; is a dominating set in a graph
G[D; UV (GS)].

Proof. D = AUS;UB, where A C U; S; C S, BNV(G;) = @.
Since G[S;] is complete, then G[A U S;] is connected and all vertices of
subgraph G are joined with at least one vertex of the set AU S;. So
we can take D; = AU S;. B

Theorem 2. If S is a vertex cut set of a connected graph G and G[S]
is complete, then n(G) = maxi<i<mn(G).

Proof. From definition n(G) > maxi<i<mn(Gi). Let n = n(G) and
Vi,Va,...,V; be a longest sequence of the sets of vertices in the defi-
nition of n(G). If n = |S|, then n(G;) > n for all i, and the theorem
is true. If n > |S], then at least one set V} contains vertices from set
V(G) — S. Let Vj, be the first such set from the sequence and let Vj,
contains vertices from U;,. By Theorem 1, there exists a dominating set
V!, V! CVj, containing only vertices of the set V;,. Therefore, there

Jo’ " Jo
exists a sequence Vi,..., Vi1, Vi, Vi ..., V) of dominating sets of
vertices of the graph G;, = G[U;,US| and therefore, n(Gi,) > n = n(G).

Corollary 1. If G is n-critical, then G does not contain complete cut
subgraphs.

Proof. Let G be n-critical, G[S] is complete. If we suppose that
graph G — S has components with not empty vertex sets Uy, Us and
n(G1) > n(Ge), where G; = G[Uy U S] and G2 = G[U; U S], then, by
Theopem 2, n(G) = n(G)) and therefore, G is not n-critical.

In [2] we proved that n(G) > 4 for graphs G with §(G) > 3. Using
Theorem 2, we can slightly strengthen this result.

Corollary 2. If degrees of all vertices of a graph G are at least three,
except maybe one case from three: (a) one vertex of degree one, (b)
one vertex of degree two, (c¢) two adjacent vertices of degree two, then
n(G) > 4.
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Proof. (a) Let in graph G deg(v) = 1, v ~ u and graph G’ is isomor-
phic to G. Let in graph G’ deg(v') = 1, v' ~ «’. From disjoint union
of G and G’ we form a new graph H by identifying v and v/, u and v'.
Since 6(H) > 3, n(H) > 4 and by Theorem 2, n(G) = n(H).

(b) Let in graph G deg(v) = 2, G’ is isomorphic to G and in graph
G’ deg(v') = 2. We form a new graph H by identifying v and v’. Since
6(H) = 3, n(G) =n(H) = 4.

(¢) Let in graph G deg(v) = deg(u) = 2, v ~ v and G’ is isomorphic
to G. Let in graph G’ deg(v') = deg(u') = 2 and v/ ~ /. We form
a new graph H by identifying v and v, u and «’. Since 6(H) > 3,
n(G) =n(H) > 4.

3 Domination and independence number

We need to introduce more notations. In a graph G, the independence
number (@) is the maximum cardinality of an independent set. The
connected domination number v.(G) is the number of vertices in the
minimum connected dominating set. The neighborhood of vertex v €
V (@), denoted by N(v), is a set of all vertices adjacent to v. The closed
neighborhood of v is N[v] = N(v) Uw. A simplicial vertex of a graph
G is a vertex v for which G[N(v)] is complete.

Duchet and Meyniel [3] proved that v.(G) < 2a(G) — 1 for any
graph G. It is clear that a(Cyy1) = I, 7.(Cyy1) = 20 — 1, and for
these graphs v.(Co4+1) = 2a(Cqy1) — 1. Other upper bounds include
additional graph parameters or conditions (see [1, 4, 5]). Plummer,
Stiebitz and Toft [6] proved for any connected graph G that if a(G) = 2
and G does not contain Cj, then for any non-simplicial vertex v graph
G contains a dominating edge vu.

A claw K 3 is a graph with four vertices for which one vertex has
three pairwise nonadjacent neighbors. It is clear that if a(G) = 3 and
graph G has a claw K3 as an induced subgraph, then V(K 3) is a
dominating set.

Theorem 3. If graph G is connected, claw-free, a(G) = 3, and G does
not contain an induced C7, then for any non-simplicial vertex v there
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exists connected dominating set D, such that v € D and n(D) < 4.

Proof. Let v ~ v1,v ~ v9,v1 = vo. Denote by V; the set of neighbors
of v1 which are not neighbors of vy, by V5 — the set of neighbors of vy
which are not neighbors of v1 and by Vi — the set of vertices adjacent
to both v; and ve. Denote by G’ subgraph G — N[v] and by V{, — the
set of vertices V(G') — (V1 U Vi U V,). Since a(G) = 3, a(G’) < 2, and
subgraph G[V/,] is complete or V{, = @.

If V/, = @, then D = v,vy,v9. If V{y # @ and Vi U Vo U Vig = &,
then D = v,a,b, where a is any vertex adjacent to v and to vertex
beVly Let V/y # @ and Vi UVo U Vg # @. Since G is claw-free,
induced subgraphs G[Vi U Vi3] and G[Va U Vio| are complete (one of
them can be null graph), and if vertex u € Vjo, then u does not have
neighbors in G[V{,].

Case 1. G’ is connected.

1.1 G’ contains C5 = (uq,ug, us, ug, us).

Sets Vi U Vi, Vo U Vig, VY, contain at most two consecutive vertices of
(5, and V75 contains at most one. Since G is claw-free, if V75 does not
contain vertex of Cs, then V7 and V5 contain two vertices each. There
are two possible cases:

1.1.1 ug € Vi, ug € Via, ug € Va, {ug,us} C V{,. See Figure 1.

1.1.2 {ul,’LLg} cWw, {U3,U4} € Vo, us C V1/2.

Since «(G’) = 2, any pair of nonadjacent vertices from V; and Vs
is adjacent to all vertices from V/,. If uy is connected to all vertices
V5, then D = {v,v1,v9,us}. If u € V{5 and uy » u, then ug ~ u. See
Figure 2.

1.2 G’ does not contain Cs.

1.2.1 G’ is complete.
In this case there exists a dominating set D = {v,a, b}, where a is any
vertex such that a ~ v, a ~ b, where b is any vertex from V(G’).

1.2.2 G’ is not complete.

In subgraph G’ for any non-simplicial vertex b € V(G’) there exists
an edge bc dominating in G’ (see [6]). If b is adjacent to a € N(v),
then D = {v,a,b,c}. Now let all vertices of G', which are connected
to N(v), be simplicial.
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v

Figure 2. C7 = (v, va, uy4, us, u, ug, v1)
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1.2.2.1 V1o # @.

In this case subgraph G[V; U V5 U V35| is complete and, since G’
is connected, there exists an edge ab, where b € V/;, and a € V; (or
a € V3). Therefore, D = {v,v1,a,b} (or D = {v,va,a,b}).

1.2.2.2 Vo = @.

Since all vertices of the sets Vi and V5 are simplicial, G[V; U V5] is
complete (and we have the same dominating set as in case 1.2.2.1) or V}
does not have neighbors in V5. In the last case any two vertices u; € V4
and ug € Vs are adjacent to all vertices V5. If one of these two vertices
is adjacent to all V{5, then D = {v,v1,v9,u1} or D = {v,v1,v9,us}.
Otherwise, there exist two vertices us, us € V{y such that uy = us and
ug » uyg. See Figure 3.

—

V2
A
Uy Uy
v L

v

Figure 3. 07 - (U,Ul,Ul,U4,U3,U277}2)

Case 2. G’ is not connected.

Since V1 UVo U Vg # @, Vi, # &, a(G’) = 2, subgraph G’ is a disjoint
union of two complete subgraphs G} = G[V1UVLUVi5] and G, = G[V{,].
Since G is claw-free, any vertex a € N(v) is adjacent to at least one
vertex vy or ve, and if a has neighbors in G, then a is adjacent to
exactly one. Since a(G) = 3, if a has neighbors in G%, a ~ v1, a * va,
then a is adjacent to all vertices Vi, or V4 = @. If a is adjacent to all
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vertices Vy, then we can take D = {a,v,ve,b}, where b € V5 U Vi3 or
D ={a,v,v1} if VoUViy =@. If V| =&, then D = {vy,v,a,c}, where
c~aandceV/, A

Remark 1. The graph G shown in Figure J does not contain C7,a(G) =
3, and the set of vertices {a, vy, vs,b} induced a claw. In this graph any
connected dominating set with vertex v, contains at least five vertices.

Figure 4. v is a non-simplicial vertex, {a, vy, vs,b} is a vertex set of a
claw

Corollary 3. Let G be a graph with o(G) = 3. If G does not contain
an induced C7, then h(G) > n(G)/4.

Proof. We proceed by induction on n = n(G). For n < 4, the result
is clear. Suppose n > 5 and suppose the result is true for all graphs
with fewer than n vertices and let G be a graph with n vertices. If G
contains a claw, then the set D of vertices of this claw is dominating
in G, if not, by Theorem 3, we can build a dominating set D with
n(D) < 4. In both cases

n(G — D)

MG) 2 WG~ D) +1> ="~ >
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