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Abstract

The concept of maximum deficiency matrix My (G) of a sim-
ple graph G is introduced in this paper. Let G = (V,E) be
a simple graph of order n and let df(v;) be the deficiency of a
vertex v;, © = 1,2,...,n, then the maximum deficiency matrix

Mas(G) = [fijlnxn is defined as:

fim {maw{df(v»,df(vj)}, if w0, € B(G)

0 , otherwise.

Further, some coefficients of the characteristic polynomial
@(G;v) of the maximum deficiency matrix of G are obtained.
The maximum deficiency energy EMgr(G) of a graph G is also
introduced. The bounds for EMys(G) are established. Moreover,
maximum deficiency energy of some standard graphs is shown,
and if the maximum deficiency energy of a graph is rational, then
it must be an even integer.

Keywords: Deficiency, maximum deficiency matrix, maxi-
mum deficiency eigenvalues, maximum deficiency energy.

MSC 2020: 05C50.

1 Introduction

In this paper, it is assumed that all graphs are simple, finite and undi-
rected. Let vy, vo,...,v, be vertices of graph G, then number of edges
incident to vertex v is called the degree and denoted by d(v). The set
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of vertices adjacent to v is called neighbourhood of v and denoted by
N(v).

Let G be a graph with maximum degree r and vertex set V(G) =
{v1,v9,...,v,}. Then deficiency is df (v;) = r — d(v;). We define the
following two measures, o and f;, that will be used throughout the
paper:

oy = [{u € N(vy) : df () < df(v;), 1< j <n}]

Bj = Huk € N(vj),k > j: df (ug) = df (v;), 1 <j < n}l.

I. Gutman [5] proposed, for the first time, that the energy of a
graph G is defined as £(G) = Y77 |vj|, where 71,72,..., 7, are the
eigenvalues of the adjacency matrix of G. The theory of energy emerges
from chemical sciences. In theoretical chemistry, the m-electron energy
FE in Huckel theory is the sum of the energies of all electrons in a
molecule. Now-a-days the concept of graph energy is much studied in
the mathematics literature ( [7], [2], [11], [10], [6], [1], [9]).

Let G be a graph with vertices vy, ve,...,v, and let d(v;) be the
degree of v;, then the maximum degree matrix M(G) = [dijlnxn is
defined as

o {maﬂc{dm),d(vj)}, if viv; € E(Q)
ij —

0 , otherwise.

Now, the maximum degree energy of a graph G is defined as
EM(G) = Z;L:l]’yj\, where ~v1,72,...,7, are the eigenvalues of the
maximum degree matrix of G.

Let G be a graph with vertices vy,vs,...,v, and let e(v;) be the
eccentricity of v;, which is the maximum number of edges required to
connect v; to other vertices (or infinity in a disconnected graph), then
the maximum eccentricity matrix M.(G) = [€i;|nxn is defined as

ei; = {maw{e(vi)ae(vj)}, if viv; € E(G)

0 , otherwise.

The maximum eccentricity energy of a graph G is defined as EM,(G) =
Z;L:l]’yj\, where v1,72, ... ,7, are the eigenvalues of the maximum ec-
centricity matrix of G.
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Got motivated by the maximum degree energy [1] and maximum
eccentricity energy [9], the concept of maximum deficiency energy has
been introduced and studied in the following sections.

2 The maximum deficiency energy of graphs

It is assumed that G = (V| F) is a simple graph with vertex set V =
{v1,v9,...,v,}, and let df (v;) be the deficiency of a vertex v;. Then,
the maximum deficiency matrix Mgy (G) = [fijlnxn is defined as:

fo= {max{df(v,-),df(vj)}, if viv; € E(Q)
ij =

0 , otherwise.

The characteristic polynomial of the maximum deficiency matix

Mdf(G) will be
P(Gs) = det(v] — My (G))
="+ cw"_l + 627"_2 + o+,

where [ is the identity matrix of order n. Suppose v1,72,..., 7, are
roots of ¢(G;~) = 0 which have been presumed to be in non-increasing
order. These roots are the eigenvalues of the given matrix Mg (G) and
termed as the maximum deficiency eigenvalues of G.

The maximum deficiency energy of a graph G is defined as

EMy(G) = Z”Yj\-
=1

The above formulation suggests that My (G) is a real and symmet-
ric matrix with trace zero, and its eigenvalues are real numbers with
sum equal to zero.

Remark 2.1. The adjacency energy E(G), mazimum degree energy
EM(G), mazimum eccentricity energy EM.(G), and maximum defi-
ciency energy EMg(G) are all well-defined for unlabeled graphs.

Theorem 2.2. Let G be a regular graph, then maximum deficiency
energy EMg (G) is zero.
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Proof. Let G be a r-regular graph. We know that deficiency of every
vertex in regular graph is always zero. Therefore, the maximum defi-
ciency matrix is zero matrix and each eigen value of the matrix Mg (G)
is zero. Hence, maximum deficiency energy EMgy (G) is zero. U

Example 2.3. If Gy is a graph in Figure 1,

Vi V.
p 2

V3

Vs \

Figure 1. Graph G

then the mazrimum deficiency matriz of Gy is

My (G1) =

_ o O = O
SO O = O =
O = O = O
—_ o = O O
O = O O =

The characteristic polynomial of Mar(Gy) is
¢(G1;7) = det(v] — Mg (Gr))

v =1 0 0 -1
-1~ -1 0 O
=0 -1 ~ =1 0
0O 0 -1 ~ -1
-1 0 0 -1 ¥

=" —5v° + 5y —2.

Then the maximum deficiency eigenvalues of G are
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v1 =2 = —1.618034, 3 = 4 = 0.618034, v5 = 2.
Therefore,

Mazimum deficiency energy EMg(G1) = 6.472136.
Adjacency energy E(G1) = 6.340172.

Mazimum degree energy EM(G1) = 18.288101.
Mazimum eccentricity energy EM.(G1) = 12.68034.

Example 2.4. Suppose the graph in Figure 2 is G,

Vi \

< [ ]

\Z V3

Figure 2. Graph Go

then the mazximum deficiency matriz of the graph Gy is

02120
2.0 20 0
My(Gy)=]1 2 0 2 3
2020 0
00300

The characteristic polynomial of Mar(Ga) is

¢(Gasy) = det(v] — Myr(G2))

vy =2 -1 =2 0
-2 ~v =2 0 0

=|-1 -2 ~ -2 -3
-2 0 -2 v 0
0 0 -3 0
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= 75 — 2673 — 1672 + 727.

Then the maximum deficiency eigenvalues of Go are

v1 = —4.2821879, vo = —2.2862586,v3 = 0,74 = 1.4317057,
s = 5.1367409.

Therefore,

Mazimum deficiency energy EMg(G2) = 13.1368931.
Adjacency energy E(G2) = 6.040894.

Mazimum degree energy EM(Gy) = 21.92652.

Mazimum eccentricity energy EM.(G2) = 12.081788.

G, G, G; G,
[ ]

G Gg G, Gg

G Gy Gy

Figure 3. 11 Isomorphism classes of graphs of order 4
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Table 1. Energies of isomorphism classes of graphs of order 4 as shown

in Figure 3
E(G) EM(G) EM.(G) EMg(G)
G 0 0 Not defined 0
Gy 2 2 Not defined 0
G 2.828427 5.656854 Not defined 2.828427
Gy 4 4 Not defined 0
Gs 4.472398 8.944796 12.649111 4
Gsg 4 8 Not defined 0
Gr 3.464101 10.392303 6.928202 6.928202
Gg |4 8 8 0
Gy | 4.962388 13.2915026 9.92477 6.646804
Gio | 5.123105 15.369315 9.06226 4
Gi1 | 6 18 6 0

We analyze from Table 1, in the connected graphs of order 4, the
complete graph has the largest adjacency energy and the maximum
degree energy, the path graph has the largest maximum eccentricity
energy, while the star graph has the largest maximum deficiency en-
ergy. The maximum deficiency energy is not just complementary to
maximum degree energy, since the non-regular graphs with smallest
non-zero maximum deficiency energy do not always have large maxi-
mum degree energy.

3 Properties of maximum deficiency energy

In this section, the explicit expression for the coefficient ¢; of y"~*
(1 =0,1,2,3) in the characteristic polynomial ¢(G;~) of the maximum
deficiency matrix Mgr(G) has been rendered. In addition to this, some
properties of maximum deficiency eigenvalues of a graph G have been
investigated.

Theorem 3.1. If G is a simple graph of order n and ¢(G;vy) =
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coy” + ey oy 2 + ... + ¢, is the characteristic polynomial of
the maximum deficiency matriz of G, then,

(i) cy) = 1.
(ii) ¢ = 0.
(ifl) co = =2 7_ (o + By)df*(vy).

(IV) c3 = —22 Avivjvg df2(?]k)df(?)])
df (vi) <df (v;) <df (vr.)

Proof. The proof is similar to Theorem 2.1 in [1]. O

Remark 3.2. (a) The sum Y%, (a;+ B;) represents the total num-
ber of edges in the graph G.

(b) The total number of terms in the sum

> df* (v df (v;)
Avjv vy
df (vi) <df (v;) <df (v,
1s equal to the number of triangles in the graph G.
(¢) e3 =0 if and only if the graph is a triangle-free graph.
(d) ¢, =0 if and only if Mg (G) is singular.

Example 3.3. For the graph Gy in Figure 1, the coefficient co of v3
in ¢(G1;7) is equal to

5
- Z(%’ + B))df* (v))

J=1

= —[(1+ )12+ (0+1)0> + (24 0)1% + (0 + 0)0% + (1 + 0)1?]
= 5.
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Example 3.4. For the graph Gy in Figure 2, the coefficient ca of 73
in ¢(Ga;7y) is equal to

5
Z a; + Bj) df (vj)
7j=1

—[(1 4+ 0)1% + (24 0)2% + (0 + 0)0* + (2 + 0)2% + (1 + 0)3?]
—~[1+8+8+9

= —26.

Theorem 3.5. Let G be a graph of order n and ~v1,7%v2,73,...,7n be
the mazimum deficiency eigenvalues of Mg (G). Then

(ii) Z?:l 7]2 = —2cp.

(i) Y7, v = —3es.

Proof. The proof is based on the outcomes of Newton’s identity [8] and
Theorem 3.1. O

Remark 3.6. The sum of the cubes of maximum deficiency eigenvalues
1s zero if and only if the graph is triangle free.

Theorem 3.7. If G is the complete bipartite graph Ky, n, 71,72,73, - -
Ymin 07€ its maximum deficiency eigenvalues and m < n, then

) S 2 = 2mn(n — m)?
(i) Y7 y% =o0.

Proof. (i) Consider K,, , be the complete bipartite graph with ver-
tices w1, U, . . .y Uy, V1, V2, . . . Up.
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By Theorem 3.5,

> =2 (o + B))df*(v)).
j=1 j=1

For the graph K, ,

ajzo,Vuj,j:1,2,...,m,

aj =m,Vvj,j=1,2,...,n,

Bj =0,Vu;,j =1,2,...,m,

Bj=0,Yv;,j =1,2,...,n,
df (uj) = 0,Vu;,j =1,2,...,m,

df(vj) =n—m,Yv;,j =1,2,...,n,

Then,

m-+n

Z ,sz_ = 2mn(n —m)%
j=1

(ii) Since K,y is a triangle free graph, then

m+n

> =0

J=1
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Theorem 3.8. Let G be a graph of order n, in which df (v) = df (u) = f
and N(v) —u = N(u) —v. Then X is a mazimum deficiency eigenvalue
of G, where

N {—f, if uwv € E(G)

0, otherwise.

Proof. The proof is similar to Theorem 2.5 in [1]. O

Theorem 3.9. For a graph G, the maximum deficiency energy of G
must be an even integer, if it is rational.

Proof. We know that the characteristic polynomial of maximum de-
ficiency matrix of a graph G is monic polynomial with integer coef-
ficients. Therefore, roots of the characteristic polynomial are either
integers or irrational numbers. Thus, the maximum deficiency energy
of GG is also either integer or an irrational number. Now, we know that
the maximum deficiency energy of G is two times sum of positive max-
imum deficiency eigenvalues of G. Hence, if the maximum deficiency
energy of (G is rational, then it is always an even integer. O

4 The maximum deficiency energy of some
classes of graphs

This section briefs about how the exact values of maximum deficiency
eigenvalues and maximum deficiency energies of some well known
graphs were obtained.

Theorem 4.1. Let G be the star graph Ky ,_1 of order r > 3, then
mazimum deficiency eigenvalues of G are 0, (r — 2)\/(r —1) and
—(r = 2)\/(r — 1) with multiplicity (r —2), 1 and 1, respectively and
EMdf(Kl,r—l) = 2(7‘ - 2)\/ (7‘ - 1).

Proof. Let Ki,_1 be the star graph with vertices wug,u1,...,un—1,
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where ug is the central vertex. Then we have

0 r—2 r—2 ... r—2
r—2 0 0 0
Mdf(Kl,r—l) = r—2 0 0 0
r—2 0 0 0

The characteristic polynomial of Mg (K1 ,-1) is

v —(r—=2) —(r—=2) ... —(r—-2)
—(r—2) ot 0 0
P(K1r—137) = |—(r —2) 0 ¥ 0
O ) 0 .~

=" = (r=1)(r —2)*"?

=720~ (= ) - 2.

Hence, the maximum deficiency spectrum of Ky ,_1 is
r—2)r—1 0 —(r—2)v/r—1
s - (T 0, o)

Hence, the maximum deficiency energy of K ,_1 is

EMdf(Kl,r—l) = 2(T — 2)\/7‘ —1.

Remark 4.2. In the above theorem, forr =1 andr = 2, the mazimum

deficiency eigenvalues and mazximum deficiency enerqgy is zero.

Theorem 4.3. Let P, be the path graph of order n, then the mazimum
deficiency eigenvalues of P, are 0, 1 and —1 with multiplicity (n — 4),

2 and 2, respectively and EMg(P,) = 4.
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Proof. Let P, be the path graph with vertices vy, vs,...,v,, then we
have

010 ..00
100 ... 00
000 ..00
Mg (P) = : o
000 ...01
00 0 1

The characteristic polynomial of Mg (P,) is

v =10 ... 0 0

1 v~ 0 ... 0 O

0 0 ~ 0 0

o 0o 0 ... v -1

0 0 0 ... -1 ~
:,Yn_2,yn—2_,yn—4
=" - 1)%

Hence, the maximum deficiency spectrum of P, is

0 1 -1
MdeP(Pn):<n_4 ) 2).

Hence, the maximum deficiency energy of P, is

EMy(P,) = 4.

5 Bounds for maximum deficiency energy

The formulation of the lower bound and upper bound for the maximum
deficiency energy of a graph has been detailed in this section.
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Theorem 5.1. Let G be a simple graph of order n > 2. Then

V=262 + n(n — 1)[det(My (G))| 5 < EMy(G) < v—2nez.

Proof. The similar theorem is proved in [1] for maximum degree energy.

We know that )

(EMgy(G)? = | > Il
j=1

n
=Dl + Dol
j=1

i#]

From the arithemetic and geometric mean inequality, we get

1/n(n—1)
1
mZ!vaj\ > H\’Yz’H’Yj’
i#] i#]
By Theorem 3.5 and this inequality, we get
1/n(n—1)

(EMg(G)? > [ D Il* | +n—=1) [ [TIlll
i=1 i#j

n
> (Dl | =Dl
p j=1

2
> —2co +n(n — 1)|det(Mg (G))| .
For the upper bound, consider the cauchy-schwartz inequality

2

n n n
Syl | < (Dol ) [ Do lwl?
j=1 7j=1 j=1
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By choosing z; = 1 and y; = ||, we get

Hence,

V=262 + nn — 1)[det(My (G))| 3 < EMy(G) < v—2nez.
O

Remark 5.2. For the graph shown in Figure 2, co = —26. Thus, from
Theorem 5.1,
V52 < EMg (Ga) < V260

7.211 <13.136 < 16.1245.

Lemma 5.3. [3].
Suppose that xj and y;, 1 < j < n, are non-negative real numbers.

Then
n n n
ny @iy — Y T Yy
j=1

Jj=1 j=1

< a(n)(X —z)(Y —y),

where x, y, X andY are real constants, such that for each j, 1 < j < n,

the conditions x < x; < X and y < y; <Y are satisfied. Further,
1

aln) = n[g] <1 - — {g]) , while [x] denotes integer part of a real
n

number x.

Lemma 5.4. [12]. Suppose that x; and y;, 1 < j < n, are non-
negative real numbers. Then

" " 1 | M7 M: mim (e i
2 2 <= 14V12 1772 o

J]=

where My = 1I£Ja§><n(3:j),M2 = 11%1]a§}<n(yj),m1 = 1I§nj1§nn(3:j) and mg =
in (y;).
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Lemma 5.5. [4].
Suppose that x; and y;, 1 < j < n, are non-negative real numbers.
Then

n n n

Zy?ﬁ—rRZx? <(r+R) Z:Ejyj ,

=1 =1 j=1

where v, R are real constants, such that for each j, 1 < j < n, the
conditions rx; <y; < Rxj are satisfied.

Theorem 5.6. Suppose G is a graph with n vertices. Let v;, j =
1,2,...,n be the maximum deficiency eigenvalues of G. Let Vmin =
. n 1{n
i (151) and e = g (1) and ao) = n 3] (1212},
while [x] denotes integer part of a real number .

Then

EMdf(G) > \/—27162 - a(n)(’}/ma:c - ’Ymin)2' (1)

Proof. Applying Lemma 5.3 and putting z; = |v;| = yj, £ = Ymin =¥
and X = Ve = Y imply that

n n
n Z "YJP - Z "Yj < a(n)(’}’ma:c - ’Ymin)2'
j=1 j=1
By Theorem 3.5, we get
—2ncy — EMdf(G)2 < a(n)('ymam - ’7min)2-

Hence

EMg(G) > v/—2nca — a(n)(Ymaz — Ymin)?-

O
n2
Corollary 5.7. Since a(n) < T then by Theorem 5.0, we get
n2
EMdf(G) > —2ncg — Z('ymam - 'Vmin)z- (2)
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Remark 5.8.

EMdf(G) > \/_2n02 - a(n)(’}/max - ’Ymin)2 >

n2
>4/ —2ncy — Z(’Ymax - ’7min)2-
Thus, inequality (1) is stronger than inequality (2).

Theorem 5.9. Suppose G is a graph with n vertices. Let vj, j =
1,2,...,n be the maximum deficiency eigenvalues of G. If zero is not
an eigenvalue of Mar(G), then

> 2\/_2n627max7min

EMg (G
df( ) o Ymax + Ymin

, (3)

here Ymin = min (|7;]) and Ymes = 0.
WRETE Ymin 127;,1£n(|’7j|) ana Ymax 121]?2(71(””)

Proof. Using Lemma 5.4 for z; = |v;| and y; = 1, we get

n n 1 ’Y ’Y - 2 n
Sy d (= = (S
7=1 7j=1 7=1

2

Ymin Ymax

1 2\
— —27102 § - (\/’Yma:c + \/’szn) EMdf(G)2
4 Ymin Ymax

Hence
EMdf(G) > 2\/_2n627mam’7min7
Ymazx + Ymin
h i = mi ; d = i)
where Yinin lglgn(lwl) and Ymaz I%agn(lwl)

O

Theorem 5.10. Suppose G is a graph of order n. Let~;,i=1,2,...,n
be the mazimum deficiency eigenvalues of G. Then

, (4)

_262 + NYmaxYmin

EMyg(G) >
df( ) o Ymax + Ymin

h = mi : d — 1.
where Ymin 12"5-1?”('%') and Ymaz @agxn(lwl)
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Proof. Using Lemma 5.5 and setting z; = 1,y; = |v;],7 = Ymin and
R = Yz, We get

n n "
=1 i=1 =

= —2¢2 + MYminYmaz < ('szn + 'Vmam)EMdf(G)

Hence 5
EMdf(G) > —2c + NYmaxYmin :
Ymax + Ymin
h n = min (|y;]) and = . O
WNETE Ymin 121],1271("% ’) and Ymaz 11%1;2(”(‘7] D

Remark 5.11. Using inequality between arithmetic and geometric
means,

_202 + NYmaxYmin > 2\/_2n627max7min

EMdf(G) > >
Ymax + Ymin Ymax + Ymin

Thus, inequality (4) is stronger than inequality (3).

Remark 5.12. There are analogous bounds for the adjacency energy
E(Q), the mazimum degree energy EM(G) and the maximum eccen-
tricity energy EM.(Q)

6 Conclusion

A newly developed matrix of a graph G called maximum deficiency ma-
trix Mg (G) has been introduced in this paper. The underlying graph
along with the deficiency on its vertices are found to be the influenc-
ing factors of it. Some coefficients of the characteristic polynomial of
the maximum deficiency matrix are found. For a graph, the maximum
deficiency energy EMgs(G) has been formulated and the upper and
lower bounds have been obtained. It is possible that the maximum
deficiency energy that we are considering in this paper may have some
applications in chemistry as well as in other areas.
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