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Abstract

A multiobjective problem of integer linear programming with
parametric optimality is addressed. The parameterization is in-
troduced by dividing a set of objectives into a family of disjoint
subsets, within each Pareto optimality is used to establish dom-
inance between alternatives. The introduction of this principle
allows us to connect such classical optimality sets as extreme and
Pareto. The admissible perturbation in such problem is formed
by a set of additive matrices, with arbitrary Holder’s norms spec-
ified in the solution and criterion spaces. The lower and upper
bounds for the radius of strong stability are obtained with some
important corollaries concerning previously known results.

Keywords: Multiobjective problem, integer programming,
Pareto set, a set of extreme solutions, stability radius, Holder’s
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1 Introduction

Under certain restrictions on the type of space and the properties of the
norm, it may turn out that an efficient solution of a specific optimiza-
tion problem is preserved as a solution for all problems within some
nonzero neighborhood in a metric space. Such conservation can be in-
terpreted as the stability of the solution, and the non-existence of such
a nonzero neighborhood can be considered as its instability. Quanti-
tative characteristic of such a neighborhood can be called the stability
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radius. The widespread use of discrete optimization models has at-
tracted the attention of many experts to the study of various aspects
of stability, as well as the problems of parametric and post-optimal
analysis of both scalar (single-criterion) and vector (multicriteria) dis-
crete optimization problems (see, for example, the monograph [1], the
review [2] as well as the bibliography therein).

The main purpose of works based on the qualitative approach is to
obtain conditions guaranteeing the problem possesses some beforehand
given property of stability to small changes of the initial data. In the
framework of the qualitative direction, the authors focus on identifying
various types of stability of the problem [3, 4, 5, 6, 7, 8, 9], establishing
a relationship between different types of stability [10], as well as on
searching and describing the stability region of the optimal solution
[11]. In some recent papers [12, 13], the proximity of some approaches
is analyzed at the level of both problem statements and interpreting
the common results.

The quantitative direction, described in sufficient detail in [12] (see
also, [2] and [13]), is associated with obtaining estimates of permissible
changes in the initial data of the problem, preserving a certain prede-
termined property of optimal solutions. For multiobjective problems
this direction is developed in series of papers of V. Emelichev et. al
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. Attempts to elaborate
algorithms for calculating (and approximating) such estimates have
been made in [26, 27, 28]. The need for such researches is caused by
two basic reasons. First, for checking correctness of a concrete opti-
mization model it is important to know borders of change of the input
parameters, for which the solution of an optimization problem is not
misrepresented. Secondly, there is an opportunity to build algorithms
for solving discrete optimization problems, which are based on proce-
dures of finding a stability radius. For example, such procedures can
be useful for constructing algorithms solving a sequence of problems of
similar type with initial data varying insignificantly.

The concept of stability radius was introduced and investigated for
the first time by V. Leontev [29, 30] for the linear scalar trajectory
problem, i.e. for the problem on a system of subsets of a finite set with
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the linear objective function. Obviously, the most discrete optimization
problems may be formulated as a particular case of integer linear pro-
gramming. Therefore, the concept of stability radius naturally arises
therein. Stability radius of integer linear programming problem is de-
fined as the limiting level of independent perturbations of the vector
criterion parameters for which new efficient solutions do not appear.
Relaxing the demand of nonappearance of new efficient solutions we
come to the concept of the strong stability introduced earlier for some
scalar and vector discrete optimization problem [2; 3, 16]. This type
of stability is understood as existence of a small neighborhood of prob-
lem parameters such that for any perturbation there exists an efficient
solution preserving its Pareto optimality, although appearance of new
efficient optima is not prohibited.

The paper is organized as follows. In Section 2, we formulate para-
metric optimality and introduce basic concepts. Section 3 contains
some auxiliary statements about norms and several lemmas used later
for the proof of the main result. In Section 4, we formulate and prove
the main result regarding the lower and upper bounds for the strong
stability radius. Section 5 lists most important corollaries.

2 Main definitions and problem formulation

Consider a multicriteria integer linear programming problem (ILP) in
the following formulation. Let C'=[c;;] € R™*" be a matrix whose
rows are denoted by C;= (¢i1,¢i2,y ..y cin) € R™, 1 € Np={1,2,...,m},
m > 1. Let = (xl,xg,...,xn)T € X C Z" n > 2, and the number
of elements of the set X is finite and greater than one. On the set of
(admissible) solutions X, we define a vector linear criterion

Ca= (Ciz,Chz, ... Cpz)’ — Hél)l(l (1)

In the space RF of arbitrary dimension k£ € NN, we introduce a
binary relation that generates the Pareto optimality principle [31]:

y-y e y>y & y#vy,
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where Y= (y17y27 "'7yk)T € Rk7 y,: (yllvy/% "'7y/k)T € Rk
The symbol >, as usual, denotes the negation of the relation >.

Let 0 # I C Ny, |I| =v, and let C; denote the submatrix of the
matrix C' € R"™*" consisting of rows of this matrix with the numbers
of the subset I, i.e.

Cr=(Ciy, Ciyy oy Ci )V, I={in, g, ..y iy},

1 <i1<io< ... <ty <m, Cf€ RY*™,

Let s € Ny, and let N, =Ugen, I, be a partition of the set N,, into s
nonempty sets, i.e. I # 0, k € Ny, and i # j = I; N1;=0. For this par-
tition, we introduce a set of (I, Ia, ..., I)-efficient solutions according
to the formula:

Gm(C, [1,[2,...,]8) :{x e X: Jdk e Ng Vo' e X (kaa; - C]kx/)}.

(2)
Sometimes for brevity we denote this set by G™(C).
Obviously, any N-efficient solution x € G™(C,N,,) (s=1) is
Pareto optimal, i.e. efficient solution to problem (1). Therefore, the
set G™(C, Ny,) is the Pareto set [31]:

PMC)={z e X: Vi'e X (Cz*= C2')}.
We also use the following set:
X(z,0)={2' € X : Cx = Cx'},

which is a set of solutions 2’ € X such that 2’ dominates x in Pareto
sense in problem (1). Therefore,

P™(C) ={z € X : X(z,C) =0}.

In the other extreme case, when s=m, G™(C,{1},{2},....{m}) is a set
of extreme solutions (see e.g. [32]). This set is denoted by E™(C).
Thereby, we have:

E"C)={z€X: JkeE N, Vo' € X (Cro > Crpz')}=
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{reX: JkeN,, Vi' e X (Crx < Cpa)}.

It is easy to see that the set of extreme solutions is composed of
the best solutions for each of the m criteria. So, in this context, the
parameterization of the optimality principle refers to the introduction
of such a characteristic of the binary preference relation that allows us
to connect the well-known choice functions, parameterizing them from
the Pareto to the extreme.

Denoted by Z™(C,Iy,Is,...,I), the multicriteria ILP problem
consists in finding the set G™(C, I, Is,...,Is). Sometimes, for the
sake of brevity, we use the notation Z™(C') for this problem.

It is easy to see that the set P'(C) =E'(C) is the set of optimal
solutions to the scalar (single-criterion) problem Z!(C, Ny), where C' €
R™.

For any nonempty subset I C N,,, we introduce the notation

P(C]) :{a; eX:VieX (C]x - ijl)},
X(z,Cr)={2' € X : Cixz = Cra)},

i.e.
PCy) ={ze X : X(z,Cf) :@}
Then, by virtue of (2), we obtain

G"(C, I, Iy,...,I;) ={z e X : Fke Ny, (x€P(Cr))}. (3)
Therefore, we have

Gm(cv 117[27“‘718) :kGUN P(Clk)v Nm:kEUN I

It is obvious that all the sets given here are nonempty for any matrix
C e R™™

In the space of solutions R", we define an arbitrary Holder’s norm
lp, p € [1,00], i.e. by the norm of a vector a= (ay,az, ..., an)T e R" we
mean the number

1/p ]
Hallp={ (ZjENn !%’V’) if 1< p<oo,

max{|a;| : j € N,} if p=oc.
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In the space of criteria R, we define an arbitrary Hélder’s norm I,
q € [1,00], and I, # l,. By the norm of the matrix C' € R™*" with the
rows C;, i € N,,, we mean the norm of a vector whose components
are the norms of the rows of the matrix. By that, we have

11 =lIUCCalls - - Comllp) -

Obviously,
1Cill, < [IC1ll,q < [IC]

pPq —

i€l C Ny, (4)

pq’

So, it is easy to see that for any a= (a1, as,...,a,)" € R" with
|aj| =, j € Ny,
the following equality holds
lal,=an'/? (5)

for any p € [1,00].

In the solution space R"™ along with the norm l,, p € [1,00], we will
use the conjugate norm [,«, where the numbers p and p* are connected,
as usual, by the equality

p p
assuming p*= 1 if p=co, and p*=o0 if p= 1. Therefore, we further sup-
pose that the range of variation of the numbers p and p* is the closed
interval [1,00], and the numbers themselves are connected by the above
conditions.

Further we use the well-known Hélder’s inequality

P (6)

)7 e R™ and

|a” 8] < fall, b

that is true for any two vectors a= (al, ag,...,0an
b= (by,bs,...,by)" € R™ and for any p € [1,00].

Perturbation of the elements of the matrix C' is imposed by adding
matrices C’ from R™*™ to it. Thus, the perturbed problem Z™(C'+C")
has the form

(C + C")x — min,
reX
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and the set of its (I3, I, ..., Iy )-efficient solutions is G™(C+C', I, I, . . .,
Iy).
For an arbitrary number e> 0, we define the set of perturbing matrices

Qg () = {C" € R™": |IC') <}

with rows C/, i € Np,.

Following [16, 34], the strong stability radius of the ILP problem
Z™(C, 11,1y, ..., 1), m € N, (called Ti-stability radius in the termi-
nology of [1, 2, 8, 9]) is the number

0,
-0,

m sup= if
p=p3"(p, q)z{ 0 "

[11 [1]

where
E:{€> 0: VC € Qyle)  (G™(C)NG™(C + C")#0) }

Thus, the strong stability radius of the problem Z"(C') determines
the limit level of perturbations of the elements of the matrix C that
preserve optimality of at least one (not necessarily the same) solution of
the set G™(C') of the original problem. For any C” € Q,, (¢) and > 0,
it is obvious that G™(C)NG™(C + C")#0 if G™(C) = X. Therefore,
the problem Z™(C) with G™(C) = G™(C)\X = 0 is called non-trivial.

The problem Z™(C') is called degenerated if the following formula
holds

Vo ¢ G™(C) Ya € R 3z° € G™(O) (aT (z — 2°) > 0).
If the negation of the formula above is true, i.e.
320 ¢ G™(C) Ja € R Vz € G™(C) (al (2° — z) < 0), (7)

then the problem Z™(C) is called non-degenerated.

It is easy to see that non-trivial problem is also non-degenerated if
and only if there exists a solution 2 ¢ G™(C) such that a system con-
taining |G™(C')| strict inequalities with n variables has a solution. In
particular, as we show later (see the proof of Theorem 1), the Boolean
problem Z7(C') has solutions.
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3 Lemmas

Before formulating the main result regarding the strong stability ra-
dius bounds in the next section, we need to prove five supplementary
statements presented in this section as lemmas.

Lemma 1. A solution x ¢ G™ (C, I1,1s, ..., 1) if and only if for any
index k € N the solution x ¢ P(CT,).

Hereinafter, a™ is a projection of a vector a= (ay,as,...,ax) € R”
on a positive orthant, i.e. o™= [a]T= (af,a7,... ,a;), where super-

script + implies positive cut of vector a. That is, we have
a = [a;]T= max{0,a;}, i € Ny.

7

Lemma 2. Given p,q € [1,00], 2° € G™(C,I1,1I5,..., 1), k € N
and ¢ > 0 such that for any x & G™ (C), the inequality

|t = a7 2ella—2°l,. >0 5)

holds. Then the following formula is true:
VadG"(C) VC'€Qylp) (2 ¢ X% C+Cr)). (9

Proof. Assume there exists a solution ¢ G™ (C) and a perturbing
matrix C' € Qpq(p) such that

e X(aY, Cr, + é’}k)
Then for any index i € I}, the following inequality is true:

Hence, we have

Ci(xo—i*)zCi(xo—i), iGIk.

From the above we derive
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Taking into consideration Holder’s inequality (6), we obtain

ICi,I1E — 2l,- > [Cs (2 —2°)]", i€

Due to inequalities (4), we get a contradiction with (8):
0

p* 2 ||C’Ik||qu'fi7 - xo

('IDHj_xOHp* > ||0Hpq||j_x p* 2

> |[[en (=)

)

q
so formula (9) is valid. O

Lemma 3. For any non-degenerated ILP problem Z™(C), there exists
a non-zero matriz C* € R™*™ such that

G™(C)NG™(C*)=0.

Proof. According to the definition of non-degenerated problem
Z™(C), the equation (7) holds, i.e. for all z € G™(C) the inequality

T —2z) <0 (10)

is true for any 20 ¢ G™(C). Obviously, a # 0 = (0,0,...,0)" € R™.
Let rows C, i € N, of the matrix C* € R™*" be defined as:

Cr=dal, ie N, .

7

a

Then taking into account (10), we get
Ci (2 —2) <0, i€ Ny,

Thus for any index k € Ny, the solution z ¢ P(Cy ) if z € G™(C).
Therefore, due to Lemma 1, we have z ¢ G™(C*). The last implies

G™ (C)NG™ (C*)=0. O

Lemma 4. Let z° € G™ (C, 11, 1s,...,1). For any non-trivial ILP
problem Z™(C) and perturbing matriz C' = (C}I,C’}Z,...,C’}S)T €
R™ ™ such that for some index k € Ny, the equality

X(xO,CIk +C}k)ﬂém (C)=0 (11)
holds. Then we have
G™ (C)NG™ (C + C') #0 (12)
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Proof. If 2° € G™ (C + C'), the statement of lemma is obvious.
Assume z° ¢ G™ (C 4 C"). Then according to Lemma 1, for any index
k € Ns we have 2° ¢ P(Cy, + C7,)- Due to the property of external
stability of the Pareto set P(Cy, + C7,) (see e.g., [33]), there exists a
solution z* € P(Cy, + C7,) such that 2* € X (2%, Cy, + Cf ), and due
to (3) * € G™ (C + C’). Using (11), we get z* € G™ (C). Hence, (12)
holds. [J

Lemma 5. If ps(p,q) < oo, then the following formula holds:
Ja € R" Vz € G™(C) 32°(z) ¢ G™(C) (o (2°(z) — z) < 0), (13)
O
Proof. Assume that (13) does not hold. Then we have
Vae R" 32° € G™ (C, I, Iy, ..., 1)

Vo & G (C I, I, 1) (a (z —a°) > 0).

Let C" = (C,,Cls - -, C’}S)T € R"™*™ be any perturbing matrix. Then
for any chosen index k € N; there exists 2° € G™(C') such that for any
x & G™(C) the inequality

(C,'—FCZ{)(a:—a;O)zO, i€l

holds.

Therefore, = ¢ X (2°,Cy, + C’}k) Further, applying Lemma 4, we
get that (12) is valid for any matrix ¢’ € R"™*", i.e. ps(p,q) = oc.
This contradiction ends the proof. [

4 Main result

For the multicriteria non-trivial ILP problem Z™(C, I, Is, ..., Is), m €
N, for any p,q € [1,00] and s € N,,, we define:

Cr.(z — ! +
¢y (p,q)= max max min I k( : )] Hq
z’eGm(C) k€Ns xz¢gGm(C) H$ —

)

p*
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11 Ci(x — 2
V' (p,q)=nPmae  min max  max maxM.
zgGm(C) z'eGm(C) keNs i€l ||z — /||,
We are now ready to formulate the main result.
Theorem 1. For any m € N, p,q € [l,00] and s € N,,, the
strong stability radius of the multicriteria non-trivial ILP problem
Z™(C, 1, Iy, . .., Ig) has the following lower and upper bounds:

<|\|Cllpq, if the problem is non-degenerated;

m < m
0 < ¢ (pa) < pi* (pg) { ~ otherwise.

If the problem is Boolean, i.e. Z™(C) = Z}(C), then

0 <@ (p,q) <P (p,q) < min{Yy (p,q), IO}

Proof. Due to (3), the formula is true:
Va'e G™(C) FkeN, (z'€P(Ch)).

Therefore, due to Lemma 1, for any index k € Ng, we get © &
P (Cr,) if x ¢ G™(C). From there we conclude that the lower bound
is positive, i.e. ¢ (p,q) > 0.

Now we prove that p7* (p,q) > ¢ (p,q). We choose an arbitrary
perturbing matrix ¢’ € R™*" such that it belongs to Q,, (¢ (p, q))-
In order to prove the lower bound for strong stability radius, it suffices
to demonstrate that there exists a solution z* € G™ (C)NG™ (C + C”).
According to the definition of the number ¢ (p, q), there exist a so-
lution 2° € G™ (C) and an index k € N, such that for any solution
x & G™(C) we have:

I[Cr(z — 2", = 2 (0, 9) ll& = 2°]] . > 0.

From the above, by Lemma 2, we get that the following formula is
true:
Vg Gm(C) VO € Qg (07" (p,q))

Va g Gm(0) YO € Dy (o (p,9) (z ¢ X(2°,Cr +C1)) . (14)

Further, we define a way of selecting a necessary solution

zt e G (C)NG™ (C+C'),
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where C' € Qp, (¢™ (p,q)). If 2° € G™(C + ("), then we select
z* = 2. Otherwise, due to Lemma 1 we have 20 ¢ P(C1, +C7, ). Thus
due to the property of outer stability for the Pareto set P(Cp, + C7, )
(see e.g. [33]), we can chose a solution z* € P(Cy, + Cf, ) such that
z* e X(2° Oy, + C7,). Taking into account the proven formula (14),
x* € G™(C). Since, due to (3), we have z* € G™(C+C"), that involves
s (@) = 5 (p,q).

Further, we prove that inequality pf" (p,q) < [|C|[,, is valid for any
non-degenerated problem Z™(C'). Let e > ||C|| pq- According to Lemma
3, for any such problem, there exists a non-zero matrix C* € R"*"
such that

G™ (C)NnG™ (C™) =0. (15)

We consider a perturbing matrix C € R"™*™ defined as:
c’=¢Cr -,

—[|C . .
where 0 < ¢ <W. Then we easily derive
rq

1C]],,, = 16C™ = Cllyy < ENC [l +IClg < &

pq =
Therefore due to (15) we obtain
Ve > [|C|l,, 3C° € Qpe(e) (G™(C)NG™ (C+C°) =D) .

Thus, pJ* (p,q) < € for any € > ||C||,,. Hence, pi* (p,q) < [|C]],,,-

Further, we show that for degenerate problem Z™(C'), the strong
stability radius is equal to infinity. Assume the opposite, i.e. assume
that degenerated problems have a finite strong stability radius. Then,
according to Lemma 5, formula (13) is valid. Thus letting

z* = argmin{a’ («°(z)) : = € G™(C)},
we get that the following inequality
al (x%(z*) —2) <0
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is true for any x € G™(C). Thus, formula (7) is true, i.e. the problem
Z™(C) is non-degenerated. The obtained contradiction proves that

p<" (p,q) = oo.
Further, we consider non-trivial Boolean problem Z3(C, Iy, I, ...,

I,), Ce R™*" m e N, s e N, X CE"=/{0,1}", n > 2. Clearly,
the lower bounds proven above for ILP problem stay valid in Boolean
case.

First, we prove that p" (p,q) < ¥ (p, q).

According to the definition of number 2" (p, q), there exists a so-
lution 2% = (29,29,...,2%) & G™(C) such that for any solution
x € G™(C) and any index k € Nj the following inequalities hold:

11 )
I (p,q) Ha:o—ajﬂl > nrmaCh (mo—x), 1€ 1. (16)

Let € > ¢™ (p,q). We choose a perturbing matrix C° = [¢)] €
R"™*™ with rows C’ZQ , 1 € Ny, and elements defined as follows:

)

o J —oif ieNmandx?:L
“ T\ sif iENmandx?:Q

where L
YT (p,q) < dnrPma < e. (17)

Therefore, due to (5) we have
Y|, = dnv.ie N,

e, = Snrma,

% ey (e).
Moreover, the following inequalities are obvious:
Ci (2"—2) = —6[]z° — 2|, <0, i € I.

Using (16) and (17), we conclude that the following inequalities
hold for any solution x € G™(C):

(Ci+C)) (a° —2) < <w —5> [2° —z||, <0, i € I.

nrma
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Thus for any index k € Ng we have z € G™(C) and x ¢
P (CJ,c + C'?k>, and hence, due to Lemma 1, z ¢ G™ (C + CO). Sum-
marizing, for any e > ¢ (p,q) there exists the perturbing matrix
C0 € O (g) such that G™ (C)NG™(C + C°) =0, i.e. pI (p,q) < e.
Thus, we have just proven that p* (p,q) < ¥7" (p,q) .

Finally, we prove that p{* (p,q) < [|C],, is valid for any Boolean
problem Z%(C,1,1s,...,1s). In order to do this, it suffices to show
that any non-trivial Boolean problem is also non-degenerated. Let
a>0 and 20 = (29,29,...,20) ¢ G™(C). We choose a vector a =

rrn
(a1,as,...,a,)" with elements defined as follows:

- —adf azgzl,
4= aif 29 =0.

J

Then for any z € G™(C) (x # 2°), we have
a’ (2 —z) < 0.

Thus, (7) is true, and hence Z3(C) is non-degenerated. Therefore,
collecting all the proven above, we get p{" (p,q) < ||C]|,,- This ends
the proof of the main result. [J
5 Corollaries
From Theorem 1 we get the following well-known result:

Corollary 1. [16] For any m € N and any p = q = o0, the strong sta-

bility radius of the multicriteria non-trivial ILP problem Z™ (C, Ny,),

C € R"™*" of finding the Pareto set P™ (C) has the following bounds:
0 < ¢7"(00,00) < p* (00, 00).

Moreover,

0 < 7" (00, 00) < pif* (00, 00) < 97" (00, 00),
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if the problem Z™(C, N,,) is Boolean, where

m B . Ci(x — ')
o' (00,00) = max min max ————,
2'ePm(C)  zgPm™(C)  i€Nm [z — 2|

Ci(z — o'
P*(00,00) = min  max  max M
zgPm(C)z'eP™(C) i€Nm ||z — 2’|

The stability radius of an efficient solution 2 € P™(C) of the ILP
problem Z"™(C, N,,), m € N, is called the number

mr 0 [ sup ©pq if Opq #0,
ps (:E 7p7 Q)_{ O lf @pq:(bv

where
Opg = {>0: ¥C'€Qyle) ("€ PUC+C) |

In [35] it was shown that for any m € N and p,q € [1,0], the
stability radius of an efficient solution 2° € P™(C') of the multicriteria
non-trivial ILP problem Z™ (C, N,,) is expressed by the formula:

I[C @ — 2",

min
zeX\{z0} ||z — 20| .

p" (20, p, q) =

It is evident that p7*(p, q) = p™ (2%, p, q) if P"(C) = {2°}. There-
fore, from Theorem 1 we conclude the following result.

Corollary 2. If P™(C) = {2°}, then the strong stability radius of
the multicriteria ILP problem Z™ (C, Ny,), C € R"™*", of finding the
Pareto set P™ (C) is expressed by the formula for any m € N and
p,q € [1,00]:

l[C @ - 2",

min 5
vex\{z0}  |lz — 29,

1t (p,q) = 1" (p,q) =
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In scalar case (single criterion), we have PY(C) = G(C,Ny),
C € R", i.e. the Pareto set constricts to a set of optimal solutions
in Z1(C, Ny). Tt is easy to see that the problem Z!(C, Ny) with condi-
tion P}(C) # X is non-degenerated. Therefore, Theorem 1 transforms
into the following result for m = 1.

Corollary 3. Let z° be an optimal solution for scalar ILP problem

ZY(C,Ny), C € R™. Then for any p,q € [1,00], the strong stability
radius has the following bounds:

< p1(P-q) <[ C llpg -

From Theorem 1, we get the following known results.

Corollary 4. [21] For any m € N, p,q € [1,00|, the strong stabil-
ity radius of the multicriteria non-trivial Boolean problem Zp (C, Np,)
consisting in finding the Pareto set P"™(C') has the following lower and
upper bounds:

: lC@ =", .
0 < max min < p*(p,q) <
a/'eP™(C)  xgPm(C) |z — 2|
11 ) Ci(x — ")
nPme  min  max  max

2@ Pm(C)2'ePm(C) i€Nm ||z — /||,

Corollary 5. [36] For any m € N, p,q € [1,00|, the strong stability
radius of the multicriteria non-trivial Boolean problem Z}, (C,{1}, {2},
...{n}), C € R™™ consisting in finding the extreme set E™(C) has
the following lower and upper bounds:

Ci(x — 2/
0 < max max min M < pm(p,q) <
@/ €EM(C) i€Nm agE™(C) ||z —x Hp*
11 ) Ci(z — ')
nrma min max max

2@ E™(C) /' €E™(C) i€Nm ||z —a'||;
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