
Computer Science Journal of Moldova, vol.28, no.1(82), 2020

Computation of general Randić polynomial and

general Randić energy of some graphs

Harishchandra S. Ramane, Gouramma A. Gudodagi

Abstract

The general Randić matrix of a graph G, denoted by GR(G)
is an n × n matrix whose (i, j)-th entry is (didj)

α, α ∈ R if the
vertices vi and vj are adjacent and 0 otherwise, where di is the
degree of a vertex vi and n is the order of G. The general Randić
energy EGR(G) of G is the sum of the absolute values of the
eigenvalues of GR(G). In this paper, we compute the general
Randić polynomial and the general Randić energy of path, cycle,
complete graph, complete bipartite graph, friendship graph and
Dutch windmill graph.
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ergy, Randić index, degree of a vertex.
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1 Introduction

Topological indices are the numerical quantities of a graph which are
invariant under graph isomorphism. The interest in topological in-
dices is mainly related to their use in quantitative structure-property
relationship (QSPR) and quantitative structure-activity relationship
(QSAR) [16].

Throughout the paper we consider only simple finite graphs, with-
out directed, multiple or weighted edges and without loops. Let G be
a simple graph with n vertices and m edges. Let the vertex set of G be
V (G) = {v1, v2, . . . , vn} . If two vertices vi and vj of G are adjacent,
then we write vi ∼ vj. For vi ∈ V (G), the degree of the vertex vi,
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denoted by di, is the number of vertices adjacent to vi.

The general Randić (GR) matrix of a graph G is a square matrix
GR(G) = (dij)n×n in which

dij =

{

(didj)
α if vi ∼ vj

0 otherwise,

where α ∈ R.
If α = −1/2, then the above definition reduces to the Randić ma-

trix, which was invented by Milan Randić [23] in 1975 as a molecular
structure descriptor. In 1998, Bollobás and Erdös [2] generalized this
index as Rα = Rα(G) =

∑

vi∼vj
(didj)

α, called general Randić index.
The Randić index concept suggests that it is a purposeful to associate
to the graph G a symmetric square matrix R(G). The Randić ma-
trix [3], [4], [9], [13] is denoted by R(G) = (rij)n×n, where

rij =

{ 1√
didj

if vi ∼ vj

0 otherwise.

Denote the eigenvalues of the GR matrix of G by λ1, λ2, . . . , λn and
order them in nonincreasing order. Similar to the characteristic poly-
nomial of a matrix, we consider the general Randić (GR) polynomial
of G as det(λI −GR(G)) = φGR(G,λ), where I is the identity matrix

of order n. The general Randić energy is defined as EGR(G) =
n
∑

i=1
|λi|.

The EGR(G) is defined in analogous to the ordinary graph energy
defined as the sum of the absolute values of the eigenvalues of the ad-
jacency matrix [15]. The ordinary graph energy is closely related to
the total π-electron energy of a non-saturated hydrocarbons as cal-
culated with the Huckel molecular orbital (HMO) method in chem-
istry [11]. Detail information about the graph energy can be found
in [12], [14], [20]. There are many other kinds of graph energies, such
as incidence energy [5], [6], distance energy [18], Laplacian energy [17],
matching energy [7], [19], [21], Randić energy [23] and skew energy [22].
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In this paper we obtain the GR-polynomial and GR-energy of some
specific graphs. These results generalise the results obtained in paper
[1].

Remark 1. Given graph G, its general Randić energy EGR(G), is di-
rectly obtained from its general Randić polynomial φGR(G) by :

(a) finding the solutions, λi’s, (which are eigenvalues) for the equa-
tion

φGR(G) = 0,

(b) and computing EGR(G) =
n
∑

i=1
|λi|.

2 GR-polynomial and GR-energy:

Let Pn, Cn, Kn, Kp,q, and Sn = K1,n−1 denote the path, the cycle, the
complete graph, complete bipartite graph and star graph respectively
on n vertices.

Theorem 2.1 For n ≥ 5 and α ∈ R, the GR polynomial of the path
Pn is

φGR(Pn, λ) = λ2Λn−2 − 2(4)αλΛn−3 + (16)αΛn−4 , where for every
k ≥ 3, Λk = λΛk−1 − (16)αΛk−2 with Λ1 = λ and Λ2 = λ2 − (16)α.

Proof. For every k ≥ 3, consider

Bk =



























λ −4α 0 0 . . . 0 0 0
−4α λ −4α 0 . . . 0 0 0
0 −4α λ −4α . . . 0 0 0
0 0 −4α λ . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . λ −4α 0
0 0 0 0 . . . −4α λ −4α

0 0 0 0 . . . 0 −4α λ



























k×k ,
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and let Λk = det(Bk). It is easy to see that Λk = λΛk−1−(16)αΛk−2.

Therefore

φGR(Pn, λ) = det(λI −GR(Pn))

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −2α 0 0 . . . 0 0 0
−2α λ −4α 0 . . . 0 0 0
0 −4α λ −4α . . . 0 0 0
0 0 −4α λ . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . λ −4α 0
0 0 0 0 . . . −4α λ −2α

0 0 0 0 . . . 0 −2α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n×n .

φGR(Pn, λ) = λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α 0 . . . 0 0 0
−4α λ −4α . . . 0 0 0
0 −4α λ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . λ −4α 0
0 0 0 . . . −4α λ −2α

0 0 0 . . . 0 −2α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ 2α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−2α 0 0 . . . 0 0 0
−4α λ −4α . . . 0 0 0
0 −4α λ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . λ −4α 0
0 0 0 . . . −4α λ −2α

0 0 0 . . . 0 −2α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Further,
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φGR(Pn, λ) = λ



















λΛ(n−2) + 2α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α 0 . . . 0 0
−4α λ −4α . . . 0 0
0 −4α λ . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . λ 0
0 0 0 . . . 0 −2α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣



















−(4)α















λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α . . . 0 0
(−4)α λ . . . 0 0

...
...

. . .
...

...
0 0 . . . λ −4α

0 0 . . . −4α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+ 2α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α . . . 0 0
−4α λ . . . 0 0
...

...
. . .

...
...

0 0 . . . λ 0
0 0 . . . −4α −2α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣















.

Hence,

φGR(Pn, λ) = λ2Λn−2 − 4αλΛn−3 − 4αλΛn−3 + 16αΛn−4.

= λ2Λn−2 − 2(4)αλΛn−3 + 16αΛn−4.

Theorem 2.2 For n ≥ 3 and α ∈ R, the GR polynomial of the cycle
Cn is

φGR(Cn, λ) = λΛn−1 − 2(16)αΛn−2 − (4)αn2,

where for every k ≥ 3, Λk = λΛk−1 − (16)αΛk−2 with Λ1 = λ and
Λ2 = λ2 − (16)α.

Proof. Similar to the proof of Theorem 2.1, for every k ≥ 3, we consider
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Bk =



























λ −4α 0 0 . . . 0 0 0
−4α λ −4α 0 . . . 0 0 0
0 −4α λ −4α . . . 0 0 0
0 0 −4α λ . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . λ −4α 0
0 0 0 0 . . . −4α λ −4α

0 0 0 0 . . . 0 −4α λ



























k×k ,

and let Λk = det(Bk). It is easy to see that Λk = λΛk−1−(16)αΛk−2.

Therefore

φGR(Cn, λ) = det(λI −GR(Cn))

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α 0 0 . . . 0 0 −4α

−4α λ −4α 0 . . . 0 0 0
0 −4α λ −4α . . . 0 0 0
0 0 −4α λ . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . λ −4α 0
0 0 0 0 . . . −4α λ −4α

−4α 0 0 0 . . . 0 −4α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n×n .
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φGR(Cn, λ) =

= λΛ(n−1) + 4α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−4α 0 0 . . . 0 0 −4α

−4α λ −4α . . . 0 0 0
0 −4α λ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . λ −4α 0
0 0 0 . . . −4α λ −4α

0 0 0 . . . 0 −4α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(n−1)×(n−1)

+(−1)(n+1)[−(4)α]

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−4α 0 0 . . . 0 0 −4α

λ −4α 0 . . . 0 0 0
−4α λ −4α . . . 0 0 0
0 −4α λ . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . λ −4α 0
0 0 0 . . . −4α λ −4α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(n−1)×(n−1).

φGR(Cn, λ) = λΛ(n−1) − 16αΛ(n−2) +

+(−1)n(−16α)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−4α λ −4α . . . 0 0
0 −4α λ . . . 0 0
0 0 −4α . . . 0 0
...

...
. . .

...
...

0 0 0 . . . −4α λ
0 0 0 . . . 0 −4α

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(n−2)×(n−2)

+(−1)(n+1)[−(4)α]













(−4)α

∣

∣

∣

∣

∣

∣

∣

∣

∣

−4α 0 . . . 0
λ −4α . . . 0
...

...
. . .

...
0 0 . . . −4α

∣

∣

∣

∣

∣

∣

∣

∣

∣

(n−2)×(n−2)

+(−1)n[−4α]Λn−2



 .
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Therefore,

φGR(Cn, λ) = λΛn−1 − 16αΛn−2 + (−1)n(−16α)[−(4)α]n−2

+ (−1)n+1[−(4)α]n + (−1)2n+1(16)αΛn−2

= λΛn−1 − 2(16α)Λn−2 − (2)4(αn).

Lemma 2.3 [8] If M is a nonsingular square matrix, then

det

(

M N
P Q

)

= det(M) det(Q − PM−1N).

Theorem 2.4 For n ≥ 2 and α ∈ R,

(i) the GR polynomial of the complete graph Kn is

φGR(Kn, λ) = (λ− (n− 1)2α+1)(λ+ (n− 1)2α)(n−1),

(ii) the GRE of Kn is

EGR(Kn) = 2(n − 1)2α+1.

Proof. It is easy to see that the GR matrix of Kn is
(n − 1)2α(Jn − I), where Jn is a matrix whose all entries are equal to
one and I is an identity matrix. Therefore

φGR(Kn, λ) =
∣

∣λI − (n− 1)2αJn + (n − 1)2αI
∣

∣

=
∣

∣(λ+ (n− 1)2α)I − (n− 1)2αJn
∣

∣ .

Since the eigenvalues of Jn are n (once) and 0 (n − 1 times), the
eigenvalues of (n− 1)2αJn are n(n− 1)2α (once) and 0 (n− 1 times).

Hence

φGR(Kn, λ) = (λ− (n− 1)2α+1)(λ+ (n− 1)2α)(n−1).

(ii) It follows from Remark 1.
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Theorem 2.5 For any positive integers p, q ≥ 1 and α ∈ R,

(i) The GR polynomial of complete bipartite graph Kp,q is

φGR(Kp,q, λ) = λp+q−2(λ2 − (pq)2α+1),

(ii) EGR(Kp,q) = 2
√

(pq)2α+1.

Proof. It is easy to see that the GR matrix of Kp,q is

GR(Kp,q) = (pq)α
(

Op×p Jp×q

Jq×p Oq×q

)

.

Therefore,

φGR(Kp,q, λ) =

∣

∣

∣

∣

∣

∣

λIp −(pq)αJp×q

−(pq)αJq×p λIq

∣

∣

∣

∣

∣

∣

.

Using Lemma 2.3 we have

φGR(Kp,q, λ) = |λIp|
∣

∣

∣

∣

λIq − (−pq)αJq×p

Ip
λ

(−pq)αJp×q

∣

∣

∣

∣

= λp−q
∣

∣λ2Iq − p (pq)2αJq
∣

∣ since Jq×pJp×q = pJq.

Since the eigenvalues of Jn are n (once) and 0 (n − 1 times), the
eigenvalues of p(pq)2αJq are (pq)

2α+1 (once) and 0 (q−1 times). There-
fore

φGR(Kp,q, λ) = λp+q−2(λ2 − (pq)2α+1).

(ii) It follows from Remark 1.

Corollary 2.6 For n ≥ 2 and α ∈ R,
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(i) the GR polynomial of the star Sn = K1,n−1 is

φGR(Sn, λ) = λ(n−2)(λ2 − (n− 1)2α+1),

(ii) the GRE of Sn is

EGR(Sn) = 2
√

(n− 1)2α+1.

Figure 1. Friendship graphs F2, F3 and Fn respectively

Let n be any positive integer and Fn be a friendship graph with
2n + 1 vertices and 3n edges. In other words, the friendship graph Fn

is a graph that can be constructed by coalescence n copies of the cycle
C3 of length 3 with common vertex. The Friendship theorem of Erdös
et al. [10], states that graphs with the property that every two ver-
tices have exactly one neighbour in common are exactly the friendship
graphs. The Fig. 1 shows some examples of friendship graphs. Here
we compute the GRE of friendship graphs.

Theorem 2.7 For n ≥ 2 and α ∈ R,

(i) the GR polynomial of friendship graph Fn is

φGR(Fn, λ) = (λ2
− 42α)n−1(λ+ 4α)

(

λ−
[

22α−1 + 22α−1
√

1 + 8n2α+1
])

(

λ−
[

22α−1
− 22α−1

√

1 + 8n2α+1
])

,
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(ii) the GR energy of friendship graph Fn is

EGR(Fn) =

{

4α(2n− 1) + 22α if n2α+1 ≤ 0

4α(2n− 1) + 22α
√
1 + 8n2α+1 if n2α+1 > 0.

Proof. The GR matrix of Fn is

GR(Fn) =



















0 (4n)α (4n)α . . . (4n)α (4n)α

(4n)α 0 4α . . . 0 0
(4n)α 4α 0 . . . 0 0

...
...

...
. . .

...
...

(4n)α 0 0 . . . 0 4α

(4n)α 0 0 . . . 4α 0



















(2n+1)×(2n+1) .

Now, for computing |λI −GR(Fn)|, we consider its first row. The
cofactor of the first array in this row is

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −4α . . . 0 0
−4α λ . . . 0 0
...

...
. . .

...
...

0 0 . . . λ −4α

0 0 . . . −4α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2n)×(2n)

and the cofactor of another arrays in the first row are similar to

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−(4n)α −4α . . . 0 0
−(4n)α λ . . . 0 0

...
...

. . .
...

...
−(4n)α 0 . . . λ −4α

−(4n)α 0 . . . −4α λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2n)×(2n) .
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Now solving the above two determinants, we get

φGR(Fn, λ) = λ(λ2
− 42α)n + (4n)α2n

[

(−(4n)αλ− (4n)α4α)(λ2
− 42α)(n−1)

]

= (λ2
− 42α)n−1(λ+ 4α)

(

λ−
[

22α−1 + 22α−1
√

1 + 8n2α+1
])

(

λ−
[

22α−1
− 22α−1

√

1 + 8n2α+1
])

.

(ii) It follows from Remark 1.

Figure 2. Dutch Windmill graph D2
4 , D3

4 and Dn
4 respectively

Let n be any positive integer and Dn
4 be Dutch Windmill graph

with 3n + 1 vertices and 4n edges. In other words, the graph Dn
4 is a

graph that can be constructed by coalescing n copies of the cycle C4

of length 4 with a common vertex. Figure 2 shows some examples of
Dutch Windmill graphs. Here we compute the GRE of Dutch Wind-
mill graphs.

Theorem 2.8 For n ≥ 2 and α ∈ R,

(i) the GR polynomial of Dutch Windmill graph Dn
4 is

φGR(D
n
4 , λ) = λn+1(λ2 − (2)42α)n−1[λ2 − (2)42α − 2n(4n)(2α)],
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(ii) EGR(D
n
4 ) = 2

√
2 4α(n− 1) + 22α+1

√

2(1 + n2α+1).

Proof. The GR matrix of Dn
4 is



























0 (4n)α (4n)α 0 . . . (4n)α (4n)α 0
(4n)α 0 0 4α . . . 0 0 0
(4n)α 0 0 4α . . . 0 0 0
0 4α 4α 0 . . . 0 0 0
...

...
...

...
. . .

...
...

...
(4n)α 0 0 0 . . . 0 0 4α

(4n)α 0 0 0 . . . 0 0 4α

0 0 0 0 . . . 4α 4α 0



























(3n+1)×(3n+1) .

Let A =





λ 0 −4α

0 λ −4α

−4α −4α λ



 , B =





−(4n)α 0 0
−(4n)α 0 0

0 0 0



 and

C =





−(4n)α 0 −4α

−(4n)α λ −4α

0 −4α λ



 .

Then

φGR(D
n
4 , λ) = det(λI −GR(Dn

4 ))

= λ(det(A))n + 2n(4n)αdet















C O O . . . O

B A O . . . O

B O A . . . O
...

...
...

. . .
...

B O O . . . A















(3n)×(3n) .

Now, by the straightforward computation we have the result.

(ii) It follows from Remark 1.

Let n be any positive integer and Dn
5 be Dutch Windmill graph

with 4n + 1 vertices and 5n edges. In other words, the graph Dn
5 is a

graph that can be constructed by coalescing n copies of the cycle C5
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Figure 3. Dutch Windmill graph D2
5, D

3
5 and Dn

5 respectively

of length 5 with a common vertex. Figure 3 shows some examples of
Dutch Windmill graphs.

Theorem 2.9 For n ≥ 2 and α ∈ R, the GR polynomial of Dutch
Windmill graph Dn

5 is

φGR(D
n
5 , λ) = (λ4 − 3λ242α + 44α)(n−1) (λ5 − 3λ342α + λ44α −

−2nλ3(4n)(2α) + 4nλ(4n)(2α)42α − 2n(4n)(2α)43α).

Proof. The GR matrix of Dn
5 is



































0 (4n)α (4n)α 0 0 . . . (4n)α (4n)α 0 0
(4n)α 0 0 0 4α . . . 0 0 0 0
(4n)α 0 0 4α 0 . . . 0 0 0 0

0 0 4α 0 4α . . . 0 0 0 0
0 4α 0 4α 0 . . . 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
(4n)α 0 0 0 0 . . . 0 0 0 4α

(4n)α 0 0 0 0 . . . 0 0 4α 0
0 0 0 0 0 . . . 0 4α 0 4α

0 0 0 0 0 . . . 4α 0 4α 0



































(3n+1)×(3n+1).

Let
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A =









λ 0 0 −4α

0 λ −4α 0
0 −4α λ −4α

−4α 0 −4α λ









, B =





−(4n)α 0 0 0
−(4n)α 0 0 0

0 0 0 0





and C =









−(4n)α 0 0 −4α

−(4n)α λ −4α 0
0 −4α λ −4α

0 0 −4α λ









.

Then

φGR(D
n
5 , λ) = det(λI −GR(Dn

5 ))

= λ(det(A))n + 2n(4n)αdet



















C O O O . . . O
B A O O . . . O
B O A O . . . O
B O O A . . . O
...

...
...

...
. . .

...
B O O O . . . A



















(4n)×(4n) .

Now, by the straightforward computation we have the result.

Figure 4. K4-Windmill graph K2
4 , K

3
4 and Kn

4 respectively
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Let n be any positive integer and Kn
4 be K4-Windmill graph with

4n+1 vertices and 6n edges. In other words, the graph Kn
4 is a graph

that can be constructed by coalescing n copies of the complete graphK4

with a common vertex. Figure 4 shows some examples of K4-Windmill
graphs.

Theorem 2.10 For n ≥ 2 and α ∈ R,

(i) the GR polynomial of Kn
4 -Windmill graph is

φGR(K
n
4 , λ) = [(λ+ 9α)2(λ− 2(9)α)](n−1)(λ+ 9α)

(

λ−
[

9α + 9α
√

1 + 3n2α+1
])

(

λ−
[

9α − 9α
√

1 + 3n2α+1
])

.

(ii) the GR energy of K4-Windmill graph is

EGR(K
n
4 ) =

{

4n(9)α if n2α+1 ≤ 0

2(9)α[(2n − 1) +
√
1 + 3n2α+1 if n2α+1 > 0.

Proof. The GR matrix of Kn
4 is



























0 (9n)α (9n)α (9n)α . . . (9n)α (9n)α (9n)α

(9n)α 0 9α 9α . . . 0 0 0
(9n)α 9α 0 9α . . . 0 0 0
(9n)α 9α 9α 0 . . . 0 0 0

...
...

...
...

. . .
...

...
...

(9n)α 0 0 0 . . . 0 9α 9α

(9n)α 0 0 0 . . . 9α 0 9α

(9n)α 0 0 0 . . . 9α 9α 0



























(3n+1)×(3n+1) .

Let
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A =





λ −9α −9α

−9α λ −9α

−9α −9α λ



 , B =





−(9n)α 0 0
−(9n)α 0 0
−(9n)α 0 0





and C =





−(9n)α −9α −9α

−(9n)α λ −9α

−(9n)α −9α λ



 .

Then

φGR(K
n
4 , λ) = det(λI −GR(Kn

4 ))

= λ(det(A))n + 3n(9n)αdet















C O O . . . O
B A O . . . O
B O A . . . O
...

...
...

. . .
...

B O O . . . A















(3n)×(3n) .

Now, by the straightforward computation we have the result.

(ii) It follows from Remark 1.

Figure 5. Double star S(3, 3)

For p, q ≥ 1 the double star S(p, q) is the graph on the points
{v0, v1, . . . , vp, w0, w1, . . . , wq} with lines
{(v0, w0), (v0, vi), (w0, wj) : 1 ≤ i ≤ p, 1 ≤ j ≤ q} (see Fig. 5).

Theorem 2.11 For p, q ≥ 1 and α ∈ R,
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(i) the GR polynomial of double star graph S(p, q) is

φGR(S(p, q), λ) = λp+q−4
[

λ4 − λ2
(

(p− 1)p2α + (q − 1)q2α

+(pq)2α
)

+ (p − 1)(q − 1)(pq)2α
]

.

(ii)

EGR(S(p, q)) =
√
2

√

X +
√

X2 − 4(p− 1)(q − 1)(pq)2α

+
√
2

√

X −
√

X2 − 4(p − 1)(q − 1)(pq)2α,

where X = (p − 1) p2α + (q − 1) q2α + (pq)2α.

Proof. The GR polynomial of S(p, q) is

φGR(S(p, q), λ) = det(λI −GR(S(p, q))) =
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ −(pq)α −qα . . . −qα 0 . . . 0
−(pq)α λ 0 . . . 0 −pα . . . −pα

−qα 0 λ . . . 0 0 . . . 0
...

...
...

. . .
...

...
...

...
−qα 0 0 . . . λ 0 . . . 0
0 −pα 0 . . . 0 λ . . . 0
0 −pα 0 . . . 0 0 . . . 0
0 −pα 0 . . . 0 0 . . . λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(p+q)×(p+q).

Using Lemma 2.3,

φGR(S(p, q), λ) = λp+q−4

∣

∣

∣

∣

∣

∣

λ2 − (q − 1)q2α −λ(pq)α

−λ(pq)α λ2 − (p − 1)p2α

∣

∣

∣

∣

∣

∣

.

Now, by the straightforward computation we have the result.

(ii) It follows from Remark 1.
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3 Conclusion

In this paper we obtained the expression for the GR polynomial and
GR energy of some specific graphs. These results generalise the results
obtained in paper [1]. The results in [1] follow from our work by letting
α = −(1/2).
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