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Abstract

A signed Italian dominating function on a graph G = (V, E)
is a function f:V — {—1,1,2} satisfying the condition that for
every vertex u, f[u] > 1. The weight of signed Italian dominat-
ing function is the value f(V) =3 . f(u). The signed Italian
domination number of a graph G, denoted by 7,7(G), is the min-
imum weight of a signed Italian dominating function on a graph
G. In this paper, we determine the signed Italian domination
number of some classes of graphs. We also present several lower
bounds on the signed Italian domination number of a graph. In
particular, for a graph G without isolated vertex we show that
Ys1(G) = 3254 and characterize all graphs attaining equality in
this bound. We show that if G is a graph of order n > 2, then
vs1(G) > 3\/§ — n and this bound is sharp.

Keywords: Domination, Signed Italian Dominating Func-
tion, Signed Italian Domination Number.
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1 Introduction

Throughout this paper we consider (non trivial) simple graphs, that
are finite and undirected graphs without loops or multiple edges.

Let G = (V, E) be a graph of order n and size m. For every vertex
v € V, the open neighborhood of v is defined by Ng(v) ={u eV |uv €
E(GQ)}. Also the closed neighborhood of v is defined by Ng[v] = Ng(v)U
{v}. For a subset S C V we denoted the number of neighbors of a
vertex v € S by dg(v). In particular, d(v) = degg(v) = |N(v)|. The
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minimum and mazimum degree among the vertices of G are denoted
by 6 and A, respectively.

A graph G is k-colorable if there exists the function f : V(G) —
{1,2,...,k} such that f(u) # f(v) for any edge wv € FE(QG).
The minimum positive integer k for which G is k-colorable is the
Chromatic number of G and is denoted by x(G).

A set S C V in a graph G is called a dominating set if every vertex
of G is either in S or adjacent to a vertex of S. The domination number
(@) equals the minimum cardinality of a dominating set on G.

For a subset T' C Z, the weight of function f : V — T is denoted
by w(f) and defined by w(f) = >, cy f(v). For S C V, we set f(S) =
> ves f(v).

A signed dominating function (SDF) on a graph G = (V,E) is a
function f : V' — {—1, 1} such that f(N[v]) > 1 for every vertex v € V.

The signed domination number, denoted by 75(G), is the minimum
weight of a SDF on G that is, v5(G) = min{w(f) | f is a SDF on G}.

Recently, Ahangar et al. [1] defined a signed Roman dominating
function (SRDF) on a graph G = (V,E) as a function f : V —
{—1,1,2} such that f(N[v]) > 1 for every vertex v € V(G) and every
vertex u with f(u) = —1 is adjacent to a vertex v with f(v) = 2. The
signed domination number, denoted by vsz(G), is the minimum weight
of a SRDF on Gj that is, v5(G) = min{w(f) | f is a SRDF on G}.

Mustapha Chellali et al. (2016) [4] defined an Italian dominating
function (IDF) on a graph G = (V,E) to be a function f : V —
{0,1,2} with the property that for every vertex v € V(G) with
flw) = 0, f(N[v]) > 2. The Italian domination number denoted
by 77(G), is the minimum weight of a IDF on graph G; that is,
v1(G) = min{w(f) | f is a IDF on G}. For further results on Italian
domination see [7] and [6].

A signed Italian dominating function (SIDF) on a graph G = (V, E)
is a function f : V — {—1,1,2} with the property that for every
vertex v € V, f(N]v]) > 1. Thus a signed Italian dominating function
combines the properties of both an Italian dominating function and
a signed dominating function. The signed Italian domination number,
denoted by 7,7(G), is the minimum weight of a SIDF on G; that is,
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vs1(G) = min{w(f) | f is a SIDF on G}. A SIDF of weight ~,;(G)
is called a v57(G)-function. For a vertex v € V | we denote f(N]v])
by f[v] for notational convenience. For a SIDF f on G, let V; = {v €
V(G) | f(v) =i} for i = —1,1,2. Since this partition determines f, we
can equivalently write f = (V_q1, V1, V3).

Firstly note that if f = (V_q1,V1,V3) is a SIDF on a graph G of
order n, then
(@) Vol + Wil + [Va| = n,
(1) w(f) = Vil +2[Va| = [V_4l,
(791) V1 U Va is a dominating set of G.

A function f : V(G) — {-1,1,2,3} is a signed double Roman
dominating function (SDRDF) on graph G if (i) every vertex v with

flv) = —1 is adjacent to at least two vertices assigned a 2 or
to at least one vertex w with f(w) = 3, (ii) every vertex v with
f(v) = 1 is adjacent to at least one vertex w with f(w) > 2 and

(ili) flv] = > uenpy f(u) = 1 holds for any vertex v. The signed dou-
ble Roman domination number vysqr(G) is the minimum weight of a
SIDF on G. The signed double Roman domination was introduced by
Ahangar et al. [2]

A cycle on n vertices is denoted by C,,, while a path on n vertices is
denoted by P,,. We denoted by K, the complete graph on n vertices and
K, m the complete bipartite graph with one partite set of cardinality n
and the other of cardinality m. A star is a complete bipartite graph of
the form S, = K1 ,-1. A double star with respectively p and ¢ leaves
attached at each support vertex is denoted by DS, ,. The distance
dg(u,v) between two vertices u and v in a connected graph G is the
length of a shortest u—wv path in G. The diameter of a graph GG, denoted
by diam(G), is the greatest distance between two vertices of G. The
corona product of two graphs GG1 and Go, denoted by G = G1 ® Go, is
a graph obtained by taking one copy of G and |V(G1)| copies of Go
and joining the i*"-vertex of G with all the vertices of the i**-copy of
Go.

In this paper, we present various bounds on the signed Italian dom-
ination number of graph. In addition, we determine the signed Italian
domination number for special classes of graphs including complete
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graphs, cycles, paths and complete bipartite graphs.

2 Special Classes Of Graphs

In this section we determine the signed Italian domination number for
complete graphs, cycles, paths and complete bipartite graphs.

Lemma 1. Let G be a graph of order n such that v(G) = 1. Then
’YsI(G) > 1.

Proof. Let v be a vertex of G with deg(v) = n — 1 and f be a vs-
function of G. Hence vs1(G) = w(f) = flv] > 1. O

Proposition 1. Forn > 1, vy (K,) = 1.

Proof. Let f be a ~yg-function on K,. Since v(K,) = 1, hence
vs1(Ky) > 1 by Lemma 1.
Now define the functions f: V(K,) — {—1, 1,2} as following:

If n is even, then let f(vi) = 2, f(v;) = —1 for 2 < i < 22 and
f(v;) =1 for B2 < i < n. If nis odd, then let f(v;) = 1 for 1 <
7 < ”TH and f(v;) = —1 for ”T+3 < i < n. It is clear that in any case
we have defined a SIDF on K, of weight 1. Hence ~,;(K,) < 1 and
consequently, vs7(K,) = 1. O

Proposition 2. Forn > 3,

1+1 ifn=0or2 (mod3),

S
VSI(Pn)_{ [2] ifn=1 (mod 3).

wISwI3

Proof. Let P,, = v1vs ... v,. Define the function f : V(P,) — {—1,1,2}
as follows:

If n = 0(mod 3), then let f(vsi11) = —1for 0 < i < (n§3)7 f(ve) = 2,
f(vg)) = 1for 1 <4 < % and f(vzige) =1 for 1 <4 < @ If n=
1(mod 3), then let f(vs;) = —1for 0 <i < (ngl), flv1) = f(vp—2) =2,
f(vgige) =1 for 0 <i < ng7) and f(vgiy1) =1for 1 <i < ("§4). If
n = 2(mod 3), then let f(vsi11) = —1for 0 < < ("g5), flo,) = —1,
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fve) = f(vn—1) =2, f(vg;) =1 for 1 < z(" 2 and f(vsiy2) = 1 for
1<i< (" 5. Clearly, f is a SIDF of P, and thus vs7(P,) < [5] if
n=1 (m0d3) and vs7(P,) < [§] +1 when n # 1 (mod 3).

To prove the inverse inequality, let f be a vs7-function on P,. First,
assume that n = 0(mod 3). If f(v1) + f(va) > 2, then f(v1) > 1 and
we have

(n=3)

n
Yor(Po) = f(v1) + Y flosirs] > 1+ 3
=0
Hence we assume that f(v1) + f(v2) = 1. Then we must have f(v1)
—1, f(v2) = 2 and to Italian dominate vy, we must have f(v3)
and so f[ve] > 2. Therefore

1,

(n=3)
’YSI(Pn):f['UQ]—I— z_; f[v3i+2] >94 (ngg) :1+§

By the same argument, the result is obtained in cases n = 1,2 (mod 3).
O

Proposition 3. Forn > 3,

(3] if n = 3t,
vs1(Cp) = H: +1 if n=3t+1,
f"+41—t+2 ifn =3t +2.

Proof. Let C), = v1vs...v,v1 and let f be a v4;-function on C,,.
Assume first that n = 3¢ with an integer t > 1. We deduce from
the fact f(’Ugi_g) + f(’Ugi_l) + f(’Ugi) >1for 1 <i<tthat

t
Ya1(Cn) = 7s1(Car) = Y f(vsi—2) + f(vsio1) + f(vsi) > .
i=1
Now define the function f : V(Cs) — {—1,1,2} by f(vzi—1) = —1
and f(vsi—2) = f(vs;) = 1 for 1 <4 < t. Then flv;] > 1 for each
0 < j < 3t —1 and therefore f is a SIDF on C3; of weight ¢. Thus
vs1(C3¢) < w(f) = t. Consequently, vs1(C3) =t = [5].
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Assume next that n = 3t + 1 with an integer ¢ > 1. If f(v;) > 1
for all 1 < i < n, then ~v5;(Cp) > n > [g] Hence assume now that
f(v1) = —1. By definition v; must have a neighbor with label 2 or two
neighbors with label 1. Let v; have a neighbor with label 2, say v3s41.
Since f[v1] > 1, then we must have f(ve) > 1. It follows that

t

Ys1(Cn) = Ys1(Car1) = Y flosica] + f(vsegr) > t+2>t+1.

i=1
Let v; have two neighbors with label 1, i.e f(vs;11) = f(v2) = 1. Since
flvsi+1] > 1 and flva] > 1, we must have f(vs) > 1 and f(vs) > 1. It
follows that
t—1
Va1 (Cn) = Y51 (Cae11) = floa] + Y flvsiva) + fvsegr) > t+ 1.
i=1

On the other hand define f : V(Cs+1) — {—1,1,2} by f(vsi—1) =
—1, f(vy) = f(vsi—a) = 1 for 1 < i < t and f(vsi+1) = 1. Then
flv;] > 1 for each 1 < j < 3t + 1 and therefore f is a SIDF on Cz4q
of weight ¢t + 1. Thus vs7(Cs+1) < w(f) = t+ 1. Consequently,
Vs1(Car1) = [3] =t + 1.

Finally, assume that n = 3t + 2 with an integer ¢ > 1. The result
holds if f(v) > 1 for all v € V(C342). Thus without loss of generality,
assume that f(v1) = —1. By definition v; must have a neighbor with
label 2 or two neighbors with label 1. Let v; have a neighbor with label
2, say vy. Since flve] > 1 and f[vgi42] > 1, we must have f(vs) > 1. It
follows that

3 t—1
Ys1(Cstt2) = Z f(vi) +Z flosiva] + flvseee] 2 2+ -1)+1 =t +2.
i=1 i=1

Let v; have two neighbors with label 1, i.e f(vsi12) = f(v2) = 1. Since
flvst2] > 1 and flvg] > 1, we must have f(vse41) > 1 and f(vs) > 1.
It follows that

t—1
vs1(Csi42) = flva] + Z flusiva] + f(vsi1) + f(v3eg2) >
i1
> 14+ (t—1)+2=t—2. (1)
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Now define the function f: V(Cs42) — {—1,1,2} by f(vs;) = —1,
f(vsi—1) = f(usi—2) = 1foreach 1 <i <tand f(vs+1) = f(vs42) = 1.
Then flv;] > 1 for each 1 < j < 3t 4+ 2 and therefore f is a SIDF on
Cst49 of weight t + 2. Thus vs7(Csp42) < w(f) =t + 2.

Thus the proof is complete. O

Proposition 4. Forn > 2,

1 if n is even,
Vs1(K1n—1) = { 2 if nis odd.

Proposition 5. For 2 <m <n,

2 ifm=2andn>2,
Ys1(Kmn) =14 3 ifm=3andn >3,
4 ifn,m > 4.

Proof. Let X = {x1,29,...,2n} and Y = {y1,92,...,yn} be the bi-
partite sets of Ky, .

First assume that m = 2. For n = 2, 3 the result is obvious. Assume
that n > 4. Let f be a 7g-function on Ky ,. If f(z1) = —1, then
f(yi) > 0 for any y; € Y. In addition f(z2) > 0. Hence w(f)
flz1] + f(xz2) > 2. Now assume that f(z1), f(z2) > 0. If f(z1) =
then 37", f(y;) > —1 and hence w(f) = flz1] + f(22) > 2. If f(xl)
Flas) = 1, then Y0, f(yi) = 0, and so w(f) = flaa] + f(wz) >
Since we have discussed all possible cases, we obtain vs7(K2,) > 2.

To prove 757(Kap) < 2, define the function f : V(Ka,) —
{—1,1,2} by f(x1) = f(x2) =1 and f(y;) = (—1) for 1 <i < n when
n is even, and by f(z1) = f(z2) = 1, fy1) = 2, f(y) — Flys) = —1
and f(y;) = (=1)! for 4 < i < n when n is odd. It is clear that
f is a SIDF on Ky, of weight 2, and so ~vs/(Ks2,) < 2. Therefore
’YSI(KZn) =2

Now assume that m = 3. Let f be a 7,-function on Kjz,,. If for
any z; € X, f(z;) > 0, then we have w(f) = S0 " f(2) + flam] >
(m—1)41 > 3. Hence we assume that there are z; € X and y; € Y such
that f(x;) = f(y;) = —1. It follows from f[z;] > 1 and f[y;] > 1 that

‘\’IINII
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Sty f(x) > 2and Y. f(yi) > 2. Therefore w(f) = > i f(xi) +
S Fi) 2 4. T any case, or(Kan) 2 3.

To prove 757(Ks3,) < 3, define the function f : V(K3,) —
{-1,1,2} as follows:
If n = 3, then let f(z1) = f(z2) = f(z3) = 1, f(y1) = 2 and

fly) =2, fly2) = flys) = =1 and f(yi) = (=1)""" for 4 <i < n. If
n > 3 is even, then f(x1) = f(z2) = f(x3) =1 and f(y;) = (—1)" for
1 <4 < n. Itis clear that f is a SIDF on K3, of weight 3, and so
vs1(K3,n) < 3. Therefore v57(K3,) = 3.

Finally, assume that m > 4. Let f be a ~y,7-function on K, ,,. If for
any z; € X, f(z;) > 0 (the case f(y;) > 0, for any y; € Y is similar),
then we have w(f) = 77" f(2;) + flam] > (m—1)+1 > 4. Hence we
assume that there are x; € X and y; € Y such that f(z;) = f(y;) = —1.
It follows from flz;] > 1 and f[y;] > 1 that > ", f(z;) > 2 and
oy f(yi) > 2. Therefore w(f) = >0, fz) + >0y f(yi) > 4. In
any case, Ys1(Kmn) > 4 when m > 4.

To prove the inverse inequality, define the function f : V(K ) —
{-1,1,2} as follows:
If n = m and n is even, then let f(z;) = f(y;) =1for 1 <i < §+1
and f(x;) = f(y;)) = —1for § +2 <i <n. If n =m and n is odd,
then let f(z1) = f(y1) = 2, f(x:) = f(yi) = 1 for 2 <@ < 251 41
and f(z;) = f(y;) = —1 for 2L +2 < i < n. If m # n and m,n are
odd, then let f(z1) = f(y1) = 2, f(z;) = (—=1)"*! for 2 < i < m and
flyi) = (1) for 2 < i < n. If m # n and m,n are even, then let
f(x1) = f(x2) =2, f(y1) = f(y2) = 2, f(x3) = f(wa) = =1, fly3) =
flys) = =1, f(x;) = (=1)"*! for 5 < i < m and f(y;) = (—1)"*! for
5 <i<mn. If m#mn, miseven and n is odd (the case when m is
odd and n is even is similar), then let f(z1) = f(x2) = f(y1) = 2,
fly) = (1) flas) = f(za) = =1 and f(a;) = (=1)"*! for 5 <
i < n. It is clear that in any case we have defined a SIDF of weight
4, and thus 7 (Ky,n) < 4. Therefore v57(Kp, ) = 4 and the proof is
complete. O
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3 Preliminary Results And Some Bounds

In this section we present basic properties of the signed Italian dom-
inating functions, the signed Italian domination numbers and bounds
on the signed Italian domination number.

In Proposition 6 we show that some bounds for SIDF are based on
A and 0.

Proposition 6. Let f = (V_1,V1,V2) be a SIDF on a graph G of order
n, then

(1) A+ 1)|Va| + AVA[ = (6 + 2)[V_4],

(i) (2A + 6+ 3)|Va| + (A + 5 +2)|Vi| > (0 + 2)n,

(7it) (A+04+2w(f) > (0 —A+2)n+ (6 — A)|Vs,

. §—2A+1)n
(iv) w(f) = ﬁ + [Val.
In addition aoll inequalities are sharp.

Proof. (i) We have that
no= Vo] + Vil + Vol <37 o] = Y (d(w) + 1) f(v)

veV veV
=3 20dw) + 1)+ Y (dw) + 1)~ Y (dw) + 1)
vEVR veEVL vEV_1

L2A+1D)|Va| + (A4 1)|Vi] — (6 + 1)|V_4].

and the desired result follows.

(¢4) This follows immediately from Part (i) by substituting |V_;| =

n — |V1| - |V2|

(iii) Since w(f) = [Vi| +2|Va| — [Voa| and [Voi| + [Vi] 4 [V2| = n, we

have that

(A+0+2w(f) = (A+0d+2) (N +Va]) —n+[Va])

>2(0+2)n —2(A+ 1)[Va| + (A +6 +2)(|Va] —n)
=0 —-—A+2)n+ (6 —A)|Val.

(iv) From the proof of Part (i) we have

n<2(A+1)|[ViUVa|— (6 +1)[V_y]
=(2A+6+3)ViUVs| — (6 + 1)n,
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and so (6+2)
n(o +
Viuvs|l > —————— 2 |
ViU Vel 2 (2A 40 + 3)
Therefore
(0—=2A+1)n

w(f) =2[ViUVa| —n+ Vo] > + |Va.

2A +6 +3)

If G = K,, or G = Cs;, where t > 1, then Parts (i), (i¢) and (iii) are
sharp and also if G = nKy, where n > 1, then Part (iv) is sharp. O

As an immediate consequence of Proposition 6, we obtain a lower
bound on the signed Italian domination number of graphs.

Corollary 1. If G is a graph of order n such that § < A, then

@) > (—2A2+2A5+A+25+3>
P =\ TTAA T D)(2A + 6+ 3)

Proof. Multiplying both sides of the inequality in Proposition 6 (iv),
by A —¢ and adding the resulting inequality to the inequality in Propo-
sition 6 (iii), we yield the desired result. O

Proposition 7. Forr > 1, if G is an r-regular graph of order n, then

Ys1(G) > m

Proof. Let f = (V_1,V1,V3) be a SIDF on G. We have that

n< Y flol=0+1)Y flo) =+ Dw(f).

veV veV
Hence ~,1(G) > Ik
If G = (K,), then v57(K,) = 1 and the equality holds. O

Theorem 1. If G is a graph of order n such that § > 1, then

Ys1(G) > 2+ A —n.
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Proof. Let u € V(G) be a vertex of degree A and let f be a v57(G)-
function. Then the definitions imply that

Y@= Y fla)= Y f@+ > fl@

zeV(G) 2EN[u] 2€V(G)—Nu]
>1+ Y f@=1-(n—(A+1)
2€V(G)—N[u]
=24+A—n.

Note that the inequality of Theorem 1, is sharp for G = K,,.

In the following result we present a relation between Chromatic
number and signed Italian domination.

Corollary 2. Let G be a connected graph. If G is not an odd cycle
or a complete graph, then vsi(G) > 2+ x(G) — n, otherwise v51(G) >
1+ x(G) —n.

Proof. Since G is a connected graph, then by Brooks’ Theorem [3]
X(G) < A(G) if G is not an odd cycle or a complete graph. Now
by applying Theorem 3.4, we conclude that vs7(G) > 2 + x(G) — n,
otherwise v57(G) > 1+ x(G) — n. O

A set S C V(G) is a 2-packing of the graph G if N[u] N N[v] = ()
for any two distinct vertices u,v € S. The 2-packing number p(G) of
G is defined by

p(G) = maz{|S| : S is a2 —packing of G}.
Clearly, for all graphs G, p(G) < v(G).
Theorem 2. Let G be a graph of order n such that 6 > 1. Then
v51(G) > p(G)(2 4+ 6) —n.
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Proof. Let {v1,v2,...,v,@)} be a 2-packing of G and let f be a v,-
function on G. If we define the set A = ufﬁ)N [vi], then since

{v1,v2, ..., v, } is a 2-packing, we have that
p(G)
Al = (d(vi) + 1) > p(G)(5(G) + 1).
i=1

Now we have

p(G)
Ys1(G) = f@)=> " fll+ > f
zeV(GQ) =1 zeV(G)—A
> p(G) = (n = |A]) = p(G) = n+ p(G)(3(G) +1)
= p(G)(2+6) —n.

O

Example 1. Now we show that the bound in Theorem 2, is sharp. Let
F be an arbitrary graph of order t > 1. Let G be a graph of order st,
where s > 2 is obtained as follows:

For every vertex v € V(F) add a vertex-disjoint copy of a complete
graph K, and identify the vertex v with one vertex of added complete
graph. Let G1,Go,...,Gy be the added copies of Ky and let v; be the
verter of G; for 1 < i < t that is identified with a vertex of F. Let
fi : V(G;) = {—1,1,2} be the SIDF on the complete graph G; = K
defined as in Proposition 1. We note that the function f; assigns to
at least one vertex of G; the value 2 or 1 respectively when |G;| is
even or |G;| is odd. We choose v; be one such vertex of G;, and so
if |G| is even, then f(v;) = 2, otherwise f(v;) = 1. As shown in
Proposition 1, we have w(f;) = 1. Now we define the function f :
V(G) — {-1,1,2} by f(v) = fi(v) for each vertex v € V(G;). If
v =w; for 1 < i < t, then flv] > fi[v] with strict inequality if the
vertex corresponding to v; is not isolated in F'. If v # v; for 1 <i <t,
then flv] = fi[v]. Therefore the function f = Ul_, f; is a SIDF on G,
and so vs1(G) < w(f) = S.'_, fi = t. On the other hand, by Theorem
2, and noting that here 6(G) = s — 1, p(G) = t and n(G) = st we
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have vs1(G) > p(G)(2 4+ §(G)) — n(G) = t. Consequently, vs;(G) =
p(G)(246(G)) —n(G) =t.

Corollary 3. Let G be a graph of order n such that § > 1. Then

Y51(G) > <1 + LWJ) (24 06) —n.

Proof. We assume that diam(G) = 3t + r is such that ¢ > 0 and
0 <r <2 Let zgxy...z, be a diametral path and define the set
A = {xg,x3,...,x3}. Then A is a 2-packing set of G such that |A| =
1+ LM?’(G)J Since p(G) > |A|, by Theorem 2, we have

vs1(G) > p(G)(2+6) —n > <1 + L%(G)O (246) —n.

O

Now in the following we find bounds for signed Italian domination
for cubic graph.

Theorem 3. Let G be a connected cubic graph of order n. Then

T <7(0) < %"
Proof. The lower bound follows from Proposition 7. Now we prove the
theorem for the upper bound. Let G be the Petersen graph. Consider
the labeling of the Petersen graph in Figure 1. Then f is a SIDF on
G of weight w(f) =5 = 22 which implies that v,/(G) < % < 2. Now
assume that G is not a Petersen graph. Since every signed dominating
function is a signed Italian dominating function, then by Theorem 2 [5]
the proof is complete. O

Example 2. To see that the lower bound presented in Theorem 3 is
sharp, consider a cycle Csp : vivy...v3v1, where t > 1, add t new
vertices T1,%a,...,T: and join x; to the vs;_o,v3;_1,v3 for 1 < i < t.
Let G denote the resulting cubic graph of order n = 4t. Define the
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Figure 1. A labeling of the Petersen graph

function f:V(G) = {=1,1,2} by f(z;) =1 for 1 <i <t, f(vsi—2) =
flus)) =—=1 for 1 <i<tand f(vsi—1) =2 for 1 <i<t. Then f is a
SIDF on G of weight t, and so vs1(G) < t. By Proposition 7, we have
that vs1(G) > t. Consequently, vs1(G) =t = %.

Remark 1. If f is a signed Italian dominating function on G and
u € V(G), then there exists a signed Italian dominating function g on
G, with g(u) > 0 and w(g) —w(f) < 2.

Lemma 2. Let G be a graph of order n. If uv € E(G), then
Vs1(G\ uv) — 4 < 751 (G) < 751(G \ wv) + 2.

Proof. For the upper bound we assume that f is a ysr-function on
(G'\ wv). It follows from Remark 1, that there exists a signed Italian
dominating function g on (G '\ uv), with g(u) > 0 and w(g) —w(f) < 2.
Now we define the function h : V(G) — {—1,1,2} such that h(z) =
g(z) for each z € V(G).

Now assume that f is a ysr-function on G. For the lower bound
we define the function g : V(G \ wv) — {—1,1,2} and consider the
following cases:

Case 1. Assume that f(u) = —1 and f(v) = 2 such that f[u] =1 and
flv] > 1. If there is no vertex with value -1 under f such z € NJv ]
where z # v and f[x] = 1, then g(u) =1, g(v) =1 and g(y) = f(y) fo
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any y € V(G \ uv). Thus g is a SIDF on (G \ wv), and so vs7(G \ uv) <
w(g) < vs1(G) + 1, which implies that vs7(G \ uv) — 1 < v57(G).

Case 2. Assume that f(u) = f(v) = 1. If flu], f[v] > 2, then g = f.
If flu] > 1 and f[v] > 2, then g(u) = 2 and g(z) = f(x) for any
x € V(G \ wv), where x # u. If flu], flv] > 1, then g(u) = g(v) = 2
and g(x) = f(x) for any x € V(G \ uv), where x # u,v. Thus g is
a SIDF on (G \ wv), and so v57(G \ wv) < w(g) < 7s1(G) + 2, which
implies that vs7(G \ wv) — 2 < v57(G).

Case 3. Assume that f(u) =1 and f(v) = 2. If flu] =2 and f[v] =1,
then g(u) = 2, g(x) = 1, where x € N[v] assigned a -1 under f and
g(y) = f(y) for any y € V(G \ uv), where y # wu,x. Thus g is a SIDF
on (G \ wv), and so v57(G \ wv) < w(g) < vs1(G) + 3, which implies
that vs7 (G \ wv) — 3 < v57(Q).

Case 4. Assume that f(u) = f(v) = 2. If flu] = flv] =1 or flu] =
flv] = 2, then g(x) = g(y) = 1, where x € N[u], y € N[v] assigned a
-1 under f respectively and g(z) = f(z) for any z € V(G \ uv), where
z # x,y. Thus g is a SIDF on (G \ wv), and so v57(G \ uv) < w(g) <
vs1(G) + 4, which implies that vs7(G \ uwv) —4 < ~v51(G). O

Remark 2. We present several examples of graphs that satisfy the
bounds in Lemma 2. Notice that the edge uv is denoted by — — ——.
1
'Y ®
| . [
1

1 —1 I
2 2

Figure 2. 7,51(G) = 7s1(G \ wv)  Figure 3. v57(G) = v51(G \ uv) — 1

| 1 — —1 — -

1 1 2 2 2

Proposition 8. For every graph G of order n, 2v(G) —n < v, (G) <
Vsr(G).
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Fi 5. vs1(G) = 751 (G —
Figure 4. v4(G) = 751 (G \ uv) — 2 igure 5. v51(G) = 751(G \ wv)

s

Figure 6. 'VSI(G) = ’731(G \ uv) —4

| =k —1 1 —§ <1 i
M >_< —1::_:2 2{—1 —]:>2 2{5—1
| o | = | i . . (|

Figure 7. 'VSI(G) = /731(G \ UU) + 1 Figure 8. ’YSI(G) = ’YSI(G \ UU) +2

Proof. Every signed Roman dominating function is a signed Italian
dominating function, so the upper bound holds. For the lower bound,
assume that f is a ys7-function of G. Since V; U V5 is a dominating set
for G, then

Ys1(G) = w(f) = |Vi| +2[Va| — [V_1| = 2[Vi| + 3|Va| —n
>2ViuVa| —n>2y(G) -

]
Proposition 9. For each graph G of order n, vi(G) —vs1(G) +~(G) <
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n.

Proof. Let f = (V_1,V1,V2) be a y,/-function on G. We have v47(G) =
w(f) = V1| + 2|Va| — |V_1| and 7(G) < |Via| since V1o dominates G.
Define the function g : V(G) — {0,1,2} as g(v) = 0 for any v € V_;
and g(v) = f(v) for any v € V '\ V_1. It is straightforward to check
that g is a IDF on G and hence

1(G) < Vil + 2[Va| = 751 (G) + [V_1 .
This implies that
Y1(G) < 751(G) + (n = [Viz]) < %51(G) +n —4(G).
U
Proposition 10. For any graph G, vsqr(G) < 2751(G) +n — v(G).

Proof. Let f = (V_f 1> Vlf , V2f ) be an arbitrary sr-function on G. Then
the function g = (Vfl, 0, Vlf, V2f) is a SDRDF for G. Hence

Yoar(G) < 3|V | + 2V | — VI, | < 4Vl | + 2V | —2v |+ V7,
= 29,1(G) + V7| € 2951(G) + n = 4(G).
]

Now we present two sharp bounds on the signed Italian domination
number graphs. We introduce some notation for convenience. Let
V, ={veVi|NuwnNVy#0}and V', = V_; — V' ,. For disjoint
subsets U and W of vertices, let [U, W] denote the set of edges between
U and W. Also let Vi = V1 U Vo, [Via| = nie, |Vi] = nq and |Va| = na.
Then nij2 = n; + ng. In addition set n_y = |V_4|, and so n_; =
n — nya. Let G1a = G[Vi2] be the subgraph induced by the set Vo,
and Gz have size mia. For i = 1,2, if V; # 0, then G; = G[Vj]
be the subgraph induced by the set V;, and G; have size m;. Hence
mi2 = mq + Mo + ’[Vl, VQ”

For k > 1, let Lj be a graph obtained from a graph H of order k
by adding 2dy (v) + 1 pendant edges to each vertex v of H. Note that
L1:K2. Let’H:{Lk | k’Zl}
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Theorem 4. Let G be a graph of order n and size m without isolated

vertex. Then vs1(G) > 3"_24’”, with equality holds if and only if G € H.

Proof. The proof is by induction on n. The result is obvious for n =
2,3. Suppose that n > 4 and assume that the statement is true for
all graphs of order less than n having no isolated vertices. Let G be
a graph of order n with no isolated vertex and let f = (V_1,V3,V3)
be a vs7-function. If V_1 = ), then v5;(G) > n > 3"_247”, since G has
no isolated vertex. Suppose that V_; # (). We consider the following
cases:

Case 1. V5 # ().
Now, we consider the following subcases:

Subcase 1. V; # 0.
By the definition of a SIDF, each vertex in V_; is adjacent to at least
one vertex in V5 or at least two vertices in V7, and so

I[Vo1, Vio]l = |[Vor, Vall + Vo, Vil > [V + 2V | > Vo] = noy
Furthermore we have

2n_y <2|[Vor, Vol [+ Vo, Vil =2 ) dv, (v) + Y dv, (v).

veVr veW

For each vertex v € V5, we have
1 < fv] = f(v) + 2dv,(v) + dv; (v) — dv_, (v), (*)

and so dy_, (v) < 2dy,(v) + dy, (v) + f(v) — 1 = 2dy, (v) + dy, (v) + 1.
Similarly for each vertex v € Vi, we have that dy ,(v) < 2dy,(v) +
dy, (v). Hence

21 <2 (2dvy (v) + dvy (v) + 1)+ > (2dy, (v) + dy; (v))
vEVR veVr

= (8mg + 2|[V1, Va| + 2n2) + (2|[V1, V2]| + 2m1)
= 8mg + 2m; + 4|[V1,V2]| + 2no.
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Since mia = my + ma + |[V4, V2]|, we have

2n_1 < 8myg — 8my — 8|[V1, Vo]| + 2my + 4|[Vi, Va]| + 2ny
= 8mqy — 6mq — 4|[V1, Vg” + 2ng9.

Therefore
(2n_1 + 6my + 4[[V1, V3| — 2na).

OO|)—‘

mig >

V_1,Vi2]|. Then

—

We have m > mqs + |

(2n_1 + 6my + 4[[V1, Va]| — 2n2) + n 4

3
v

OolHOoIHOol»aooll—t

(107”L 1+ 6my + 4|[V1, Vg” + 2(711 — 7”L12))
(1077, — 10n19 — 2n19 + 2n1 + 6my + 4’[‘/1, VQ”)

(10n — 1212 + 2ny + 6my + 4|[V4, Va]|)
or equivalently,
1
n12 2 5 (10— 8m + 201 + 6ma + 4([V3, V2.

In addition

WSI(G):2n2—|—n1—n 1=3n9+2n1 —n=3n12 —n—nq

(10n—8m+2n1+6m1+4\[V1,V2]\)—n—n1 (1)

»4>|>~4>|

(671—8777,) Z(6m1—|—4][V1,V2]\ —277,1).

If (3my + 2|[V4, V2]| — n1) > 0, then the result is obtained. Suppose
that ¢(n1) = 3(3m1 + 2|[V1,Va]| — n1). If ny = 0, then ¢(n1) = 0,
and we are done. Hence we may suppose that ny > 1. Let v € V7.
If dy,,(v) = 0, then f[v] < 0, since by assumption the graph G has
not isolated vertex. But this is a contradiction, and we conclude that
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dy,,(v) > 0. Therefore

1
2

=2 )+ Y () -

veV] veVy

3 ni 3ny ni n1
> § - — > = = . 2
veEV]

¢(n1) = 5 (3my +2[[V1, Va]| —n1)

And so 7,7 (G) > 2nAm,

Subcase 2. V; = 0.
Since V_1 # (), we conclude that V5 # ). By definition of a SIDF, each
vertex in V_q is adjacent to at least one vertex in V5, and so

Vo1, Vol > [Voal = ng.
Therefore we have

noy < Vo, Vall = Y dv, (v).

vEVS

For each vertex v € V5, we have f(v) + 2dy, (v) — dyv_, (v) = f[v] > 1,
and so dy_, (v) < 2dy,(v) + 1. It follows that

n_q < Z dy_,(v) < Z (2dy, (v) + 1) = 4mg + ngy
veVs veVs

which implies that

Hence

1
m > mg + |[V_1, Va]| > Z(n_1 —ng) +n_q
1

1 1
= 1(571_1 —ng) = Z(SH —bng —ng) = 1(571 — 6ny),
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and so

ng > —(5n — 4m).
Now we have

vs1(G) =2n2 —m_1 =3ns —n

2
Therefore 7,7(G) > 3254m,

Case 2. V5 = 0.
Since V_1 # (), we conclude that V] # ). By definition of a SIDF, each
vertex in V_q is adjacent to at least two vertices in V7, and so

I[V_1,V1]| = 2|V_1| = 2n_1.
Therefore we have

2n_y < |[Voy, Vil = Y dv, (v).
veV]

For each vertex v € Vi, we have f(v) + dy, (v) — dy_,(v) = f[v] > 1,
and so dy_, (v) < dy, (v). It follows that

271_1 < Z dvfl(?}) < Z dV1 (’U) = 2m1.
veV] veVy
We have m > mq + |[V_1, V4]| + m_1, then
m>my +|[Vo1, Vi]| > nog +2n
=3n_1 =3n—3nq,

and so

ny > =(3n —m).

Wl

Now we have

vs1(G) =n1—n_1=2n1 —n
1

1
> §(6n—2m)—n:§(3n—2m). (4)
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Therefore v,;(G) > 1(3n — 2m) implies that v,/(G) > 1(3n — 2m) >
$(3n — 4m), which completes the proof of the lower bound.

Now if 75(G) = 2253 then all the inequalities (1), (2), (3) and (4)
must be equalities. Hence nqy = 0 and no = ni2, and so Vi3 = V5 and
V = V_1UVs. Furthermore m = mo+ |[V_1, Va||+m_1, my = w
and n_; = |[V_1,V2]|. This implies that for each vertex v € V_; we
have dy ,(v) = 0 and dy,(v) = 1, and hence every vertex of V_; is a
leaf in G. Also for every vertex v € V4 we have dy_, (v) = 2dy,(v) + 1.
Therefore G € H.

On the other hand, suppose that G € ‘H. Then G = L for some
k > 1. Thus G is obtained from a graph H of order k by adding
2dp(v) + 1 pendant edges to each vertex v of H. Let G have order n
and size m. Then

n= > (2dy(v)+2)=4m(H) +2n(H)
veV(H)

and
m=m(H)+ Y (2dg(v)+1)=5m(H)+n(H).
veV(H)

Assigning to every vertex of H the weight 2 and to each vertex in
V(G)\V(H) the weight -1 produces a SIDF f of weight w(f)
2n(H) — (4m(H) +n(H)) = n(H) — 4m(H) = 2254 Hence v/ (G)
w(f) = w. Consequently, vs1(G) = w.

RVAN]

Theorem 5. Let G be a graph of order n > 2. Then

vs1(G) > 3\/2 —n.

Proof. Let f = (V_1,V1,V5) be a ~yg-function on G. If V_; = (), then
Ys1(G) > n > 3,/% —n for n > 2. Hence suppose that [V_;| > 1. We
consider the following cases:

Case 1. V5 # ().
Since each vertex of V' is adjacent to at least one vertex in Va. Hence
by the Pigeonhole Principle, we conclude that at least one vertex v of
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’

V5 is adjacent to at least nn—;l vertices of Vll. It follows that 1 < f[v] <

i

2ng +ny — nn—;l and thus

0<2n2+ning—n_; —no. (1)

Likewise, since each vertex in V' is adjacent to at least two vertices
in V7, we deduce that at least one vertex u of V; is adjacent to at least

" "
n_q 2TL71

— vertices of V", As above we have 1 < flu] < 2ny +ny — i
and thus

)

0 < 2ngny +n? —2n" | —ny. (2)

Now by multiplying the inequality (1) by 2 and summing it with the
inequality (2) we obtain

0< 4n§ + 2n1no — 2n/_1 — 2n9 4 2n1n9 + n% — 2n11 —nq.
Since n = n9 + n1 + n_1, we have

0 §4n%—|—4n1n2 —2n—|—n%—|—n1.

Equivalently
9 9 9
0< 9n% + 9ning — §n + Zn% + an
9
< 9n3 4 12n1n9 + 4n3 — 3"

9
= (3712 + 2711)2 — 571

which implies that 3\/§ < (3ng + 2n1). Therefore

’YSI(G) =2n9+n1 —n_q
=3ng+2n; —n

23\/2—71.
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Case 2. V5 = 0.
Since V_1 # ), we conclude that Vi # (. As in Case 1, at least
one vertex u of V7 is adjacent to at least 22—;1 vertices of V_1. Then

1< flu] <ng— 271;1 which implies that

0< n% —ny—2n_1.
Since n = n1 + n_1, we have
0< n% +n1 — 2n.
We have %n% —mny > 0, since n1 > 2. Therefore

1
5671%—271: (n? +ny —2n)+(gn% —ny) >0,

Equivalently

16
0< gn% — 2n,

which implies that 3\/§ < ny. Therefore

vs1(G) =n1 —n_y
= 2711 —n

23\/2—71.

The following example demonstrates that the lower bound in The-
orem 5, is sharp.

O

Example 3. Let k > 1 be an integer and F}, be the graph obtained from
the corona product of two graphs K1 and Kopy1. Assigning to the all
vertices of Kyy1 the weight 2 and to the remaining vertices the weight
-1, produces a SIDF of weight 2(k+1)—(k+1)(2k+1) = (k+1)(1—2k)
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on Fy. Since n(Fy) = (k + 1)(2k + 2), Theorem 5 implies that

n(F)
2

= 3\/(k * 1);% 2 _ (k+1)(2k + 2)

=3(k+1)—(k+1)(2k+2) = (k+1)(1 — 2k).

Vo1 (Fg) >3

—n(Fy)

Therefore vsr(F) =3 @ —n(Fy) = (k+1)(1 — 2k).
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