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Abstract

Partial quasiary predicates are used in programming for rep-
resenting program semantics and in logic for formalizing predi-
cates over partial variable assignments. Such predicates do not
have fixed arity therefore they may be treated as mappings over
partial data. Obtained logics are not expressive enough to con-
struct sound axiomatic systems of Floyd—Hoare type. To increase
expressibility of such logics, oriented on quasiary predicates, we
extend their language with the complement operation (composi-
tion). In the paper we define one of such logics called first-order
logic of partial quasiary predicates with the complement com-
position. For this logic a special consequence relation called ir-
refutability consequence relation under undefinedness conditions
is introduced. We study its properties, construct a sequent calcu-
lus for it and prove soundness and completeness of this calculus.

Keywords: partial predicate, quasiary predicate, program
logic, predicate logic, soundness and completeness.

1 Introduction

Extensive usage of formal methods in Computer Science, Artificial In-
telligence, and Software Engineering [1] leads to new logics that al-
low more adequate investigation of applied domains. Logic of partial
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quasiary predicates is one of such logics oriented on software verifica-
tion. The class of partial quasiary predicates also appears in a natural
way in other domains, in particular, in logic where it can be used for
formalization of predicates defined over partial variable assignments.
Algebras of such predicates serve as semantic base of logics of applied
domains. An important question concerns expressibility of logic lan-
guages. It often happens that a chosen language is not expressive
enough for effective usage. This question also concerns logics of partial
quasiary predicates.

In our previous works [2]-[4] we studied logics with traditional com-
positions of disjunction, negation, renomination, and existential quan-
tification. Application of such logics to software verification, in partic-
ular, to Floyd-Hoare program logic [5],[6], demonstrated that the logics
are not expressive enough to construct a sound axiomatic system. This
problem appeared due to necessity of introducing partial pre- and post-
conditions into Floyd-Hoare logic. Initially, this logic treats pre- and
postconditions as total predicates, but being extended on class of par-
tial predicates the logic becomes unsound [7]. There are different meth-
ods to solve this problem, in particular, a sound axiomatic system can
be constructed for the logic language extended with the complement
composition (discussion of the topic is presented in [8]-[10]). Intro-
duction of this composition permits to modify rules of Floyd-Hoare
logic in such a way that they become sound, but a negative side of
this proposal is that the logic becomes more complicated. In this case,
undefinedness conditions for predicates should be taken into account.

In [11]-[13] we constructed sound and complete sequent calculi for
logics of propositional and renominative (quantifier-free) levels. Here
we generalize the obtained results for the first-order logic of partial
quasiary predicates extended with the complement composition. We
additionally study semantic properties of quantifier elimination, of vari-
able assignment composition (predicate), of a ternary consequence re-
lation with undefinedness conditions. We define a sequent calculus for
this logic and prove its soundness and completeness.

This paper is a refined and extended version of [14]. In particular,
new simpler system of sequent forms and simpler sequent closeness
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conditions are defined and investigated.
Obtained results can be applied for software verification.

We use the following notations: S—- S’ (SL> S’ is the class of
partial (total) mappings from S to S’; p(d)] (p(d)T) means that p is
defined (undefined) on d. The terms and notations, not defined here,
are treated in the sense of [3], [4].

2 First-order Logic of Partial Quasiary Predi-
cates with the Complement Composition

We treat a logic L as a tuple (A, F'r,Z, =, F) [2], where

— Ais a class of algebras of some signature X,

— Fris a language (based on the algebra signature ZA);

— T is a class of interpretations;

— = is a consequence relation;

—Fis an inference relation based on some calculus.

Here we define only pure (without functions) logic LYFC. This logic
is the next step of our construction of series of first-order logics of par-
tial quasiary predicates. Earlier, we started with a basic logic L9 with
compositions of disjunction V, negation —, renomination RY, and exis-
tential quantification Jx [2]-[4]. This logic was not expressive enough
to prove its completeness, therefore a logic L9F was constructed as an
extension of L% with the null-ary parametric composition (predicate)
Ez of variable assignment [3]. (Also, variable unassignment predicate
£z can be used.) But again, logic L®” was not expressive enough to
construct sound program logics of Floyd-Hoare type, therefore L9F is
extended to a new logic L2FC by adding the composition of predicate
complement ~ (discussion on the topic is presented in [9], [10]).

2.1 Predicate Algebras with the Complement Composi-
tion

Let V and A be sets of variables (names) and values respectively. The
class of nominative sets (partial assignments, partial data) is defined
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as the class of all partial mappings from V to A, thus, YA = V-25 A.

The main operation for nominative sets is a total unary parametric
renomination T3t Vgt VA, where vy, ..., 0y, %1, ..., T, are vari-
ables, and vy, ..., v, are distinct [2]-[4]. Intuitively, given a nominative
set d this operation yields a new nominative set changing the values of
v1, ..., Un to the values of x1, ..., z, respectively. For this operation we
also use simpler notation rY; r€v means that x is a variable from v;
v U T is the set of variables that occur in v and Z; asn(d) is the set of
assigned variables (names) in d.

Notation dVaxr>a defines a nominative set obtained from d by
changing a value of z to a (or adding to d variable x with the value a).

The set PT’X = YA-2, Bool is called the set of partial quasiary
predicates. For a partial quasiary predicate pEPrX its truth, falsity, and
undefinedness domains are denoted T'(p), F(p), and L(p) respectively.
These domains are formally defined by the following formulas:

T(p) = {de"A | p(d)] = T}, F(p) = {de"A | p(d)| = F},
L(p) = {de"A | p(d)1}.

For a partial quasiary predicate p we have that T'(p)NF(p) = () and
1(p) ="A\ (T(p) U F(p)). Thus, p is defined only by T(p) and F(p).

A predicate p is

— irrefutable (partially valid) if F(p) = (;

— satisfiable if T'(p) # 0.

A name (variable) z is unessential for pePrX, if for any devA the
value of p does not depend on the value of z in d [3], [4].

Operations over PTX are called compositions. Basic compositions of
first-order level of partial quasiary predicates are disjunction V, nega-
tion —, renomination RY, and existential quantification 3.

We define them via their definedness domains (p, qEPTK):

~T(pVaq)=T({p)UT(q),F(pVq)=F(p)NF(q):

—T(-p) = F(p), F(-p) = T(p);

~ T(RY(p)) = {de"A | r2(d)eT(p)},

F(R3(p)) = {de"A | r}(d)eF(p)};

~ T3z p) = {deVA | dVx—acT(p) for some acA} =

=Uuea{d | dVz—a€T(p)} = U,ea{d | p(dVz—a)l =T},
F(3x p) = {deVA | dVzr>acF(p) for all acA} =

165



Mykola Nikitchenko, et al.

= Naeald | dVz—a€F(p)} = Nyeald | p(dVar—a)l = F}.
For underfinedness domains we have:
Lgp \/)Q) = ((L)( p) N L(q) U (L(p) N F(q)) U ((F(p) N L(g));
1 D);
L(RZ(p)) ={d | r3(d)eL(p)};
L(Fz p) = Nseald | p(dVa—a) # T} NUea{d | p(dVz—a)th.

Lemma 1. (3z p)(d)t < p(dVa—b)T for some be A and it is not
possible (3z p)(d)| =T.
Proof follows directly from composition definitions. O

Please note that definitions of disjunction and negation are similar
to strong Kleene’s connectives; their properties are described in [15].
Also we use variable assignment predicate Ez defined as follows:

T(Ez) ={d | d(2)|} = {deVA | z€asn(d)},

F(Ez) ={d | d(2)1} = {deVA | z¢asn(d)}.

Predicate Ez is total, thus L(Ez) = (). For any z # z variable x is
unessential for Ez.

At last, the complement composition is defined in the following way:

T(~p) = L(p), F(~p)=0.

From this follows that L(~ p) = T'(p) U F(p). Therefore

T(-~p)=F(~p) F(=~p)=T(~p); L(=~p)=L(~Dp)

We consider ~ as a composition of propositional level. This compo-
sition differs from traditional compositions. The main difference lies in
the fact that traditional compositions are applicative compositions [16].
Applicativity of composition C' means that given predicates p1, ..., pn
the value of C(p1,...,pn) on some data is evaluated upon values of
P1, ..., pn on data from their definedness domains. The complement
composition is not applicative because the value of ~ p on some d may
depend upon undefinedness domain of p. This fact complicates logics
with such composition because the undefinedness domains should be
explicitly involved in the definitions of consequence relations. Note,
that applicative compositions are monotone with respect to predicate
graph inclusion; but composition ~ is not.

A tuple AQEC(V, A) =< PrY;V,—, RY, 3z, Bz, ~> is called a first-
order complemented algebra of partial quasiary predicates.
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A class of such algebras (with different A) forms a semantic base
for logic LRFC,

Now we describe the main properties of A9FC (V] A).

We are interested in properties of the following types:

— equivalent transformation and simplification;

— properties based on truth tables of composition evaluations.

Equivalence properties induce three similar sequent rules, describ-
ing cases when a formula is true, false, or undefined.

Properties based on evaluation cases induce special rule for each
case. For example, evaluation of ~ ® leads to three cases:

— ~ @ is true if ® is undefined;

— ~ @ is false. This case is not possible;

— ~ & is undefined if ® is defined (® or = is true).

The first and third cases lead to rules F~ and L ~, the second rule
defines the closeness condition C'L..4 (Section 3).

For the renomination compositions we identify the following prop-
erties [2]-[4].

Lemma 2. For any p, qGPrX we have:

RV) R3(pV q) = Ri(p) V R3(q);

R=) RY(~p) = ~Ri(p);

RR) RE(Ry(p)) = Rioy (p);

R3) R”(Elyp) = 32R%(RY(p)), 2¢v U {y}, z is unessential for p;

RE) RggEz) Ez, z¢v;

RE,) Ry, (Ez) = Ey;

R) R(p) = p;

RI) R23(p) = R3(p);

RU) R;g(p) = RY(p), z is unessential for p;

R~) RE(~ p) =~ Ri(p).

Proof. All properties are proved in the same manner, therefore we
restrict ourselves by the property R~ only, which involves the comple-
ment composition.

To prove this property we should prove two equalities:

T(RY(~ p)) = T(~ RY(p)) and F(RY(~ p)) = F(~ R2(p)).

By the definitions of renomination and complement compositions

we get for the first equality that
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T(Ry(~ p)) = {de"A | r}(d)€T(~ p)} = {d€"A | ri(d)e L(p)} =

= {de"A | de L(R}(p)(d))} = {de"A | deT(~ RY(p)(d))} =

— T(~ RY(p)).

In the similar way the second equality is proved. O

For the complement composition we identify the following proper-
ties.

Lemma 3. For any pEPrX we have:

Sl el Rl e A i R e R s Aoy 2

Proof follows directly from composition definitions.O

In L9FC quantifier elimination is based on properties inherited from
basic logic L% [3]:

T3) T(Ry(P))NT(Ey) € T3z P);

F3) F(3x P)NT(Ey) C F(R;(P)).

The properties presented in this subsection substantiate properties
of the consequence relation and sequent rules for our logic.

2.2 Language (signature and formulas) of L%F¢

Let V be an infinite set of variables (names) and Viy be an infinite
subset of V' called a set of unessential variables [3],[4]. Let Ps be a set
of predicate symbols. A tuple X9FC = (V,Vy; v, -, RY, 3z, Bz, ~; Ps)
is called the language signature.

For simplicity, we use the same notation for symbols of compositions
and compositions themselves.

Given X9FC we define inductively the language of L9FC — the set
of formulas denoted Fr(L2FC) or simply Fr:

—if P€Ps, then PeF'r;

— EzeFr;

—if &, WeFr, then &V U, =®, RY(P), Jz®, ~ PcFr.

Formulas of the forms P and Ez are called atomic (P€Ps, z€V);
formulas of the form RY(P) are called primitive. Parentheses can be
used to clarify formula structure.

Note that properties presented by Lemma 2 allow transforming any
formula to special normal form in which renomination occurs only in
primitive formulas.
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2.3 LPFCinterpretations

Let ACPC(V, A) =< PrY;Vv,—, RY, 3z, Ez,~> be a first-order comple-
mented algebra of partial quasiary predicates of a signature L9OFC =
(V.Vy;V, =, RY, J, Bz, ~; Ps); [53 = Ps—5 PTK be an interpretation
mapping of predicate symbols that respects the set Vi; of unessen-
tial variables. Then a pair J(X9FC) = (AYFC(V, A),Igs) is called
an LOFC interpretation. Note that this definition of interpretation is
quite natural because the algebra A2FC(V, A) defines interpretations of
composition symbols (logical symbols) and [53 defines interpretations
of predicate symbols (descriptive symbols).

We simplify notation for LOFC-interpretation J(X9FY) omitting
LRFC and RQFC,

For a given interpretation J and a formula ®, we can define by
induction on the structure of ® its value in J. Obtained predicate is
denoted P ;.

Formula @ is irrefutable in J (denoted J |= @), if predicate @ is
irrefutable. Formula @ is irrefutable (denoted = @), if J = @ for any
interpretation J. Irrefutability may be treated as partial validity.

Formula ® is satisfiable in J (denoted J |~®), if predicate @ is
satisfiable. Formula ® is satisfiable (denoted |~®), if J|~® for some
interpretation J.

Variable x is unessential for ®, if for any J variable x is unessential
for ® ;. Variable x is unessential for I' C F'r, if for any J variable z is
unessential for any formula ®€I'.

The set of all variables (names) that occur in ® is denoted nm(®).
The set fu(®) = Vi \ nm(®) is called the set of fresh unessential
variables for ®.

For any I' C Fr we define

nm(I") = Uper nm(®) and fu(T) = Nger fu(P).

We generalize notation fu(I') on sequences of formulas and sets of

formulas.

Lemma 4. Let x€V,®cFr,I' C Fr. Then
1) @ is unessential for ® if z€ fu(P);
2) x is unessential for I' if z€ fu(T").
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Proof. Induction on the structure of .0

2.4 Irrefutability Consequence Relation

Logic L9FC is a logic of partial predicates, therefore the most natural
consequence relation for this logic is the irrefutability relation, because
it reflects partial validity.

Let ¥ C Fr and J be an interpretation. We denote:

Noes T(P) as T7(X) and Ngey F () as F7(X).

Let T, U, A C Fr. Then A is called an irrefutable consequence of T’
in interpretation J (denoted I'y =rr A) if

T THNF(Ay) =0.

A is logical irrefutable consequence of T' (denoted T' Erp A), if
'y Err A for any interpretation J.

The basic properties of =7z were presented in [3],[4]. They allow
decomposition of complex formulas up to atomic or primitive formulas.
In our case it is not always possible to make decomposition of formulas
with the complement composition, therefore we need to define a new
consequence relation ):ILR which takes into consideration undefinedness
domains.

In the sequel &, Ve Fr, U,I', A, ¥ C Fr, formulas may be signed or
unsigned; variables (maybe with indexes) v,y, z,t belong to V; J is an
interpretation.

2.5 Irrefutability Consequence Relation under Condi-
tions of Undefinedness

Irrefutability consequence relation is a binary relation. In our case,
introduction of composition ~ requires more complicated ternary con-
sequence relation, because formulas, treated as undefined, should be ex-
plicitly taken into consideration. Here we introduce such consequence
relation denoted =75 between three sets of formulas. The first set is
called the set of underfinedness conditions (| -conditions, | -formulas);
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the second set is called the set of truth formulas (--formulas); and the
third set is called the set of falsity formulas (4-formulas).

Relation ’:}'R will generalize the binary irrefutability relation. To
define =75 we additionally denote (ges, L(®) as L7 ().

Let U T,A C Fr. Then A is called an irrefutable consequence
of T under undefinedness conditions U in interpretation J (denoted
UL, bt A) it

TO(FJ) N J_O(UJ) N FO(AJ) = 0.
A is logical irrefutable consequence of T' under undefinedness conditions
U (denoted U/T =15 A), if U/T; =75 A for any interpretation J.

We get traditional logical irrefutability T Ejr A when U = 0.
Other consequence relations are studied in [4],[17], [18].

Relation =75 is monotone in the following sense:

M) Let I' CA, U C W, and A C X; then

Ul Eipg A= W/AER S

Let us introduce on F'r the binary relation ~ of logical strong equal-
ity. Namely, ® ~ ¥ if & ; = ¥ ; for any interpretation .J.

Theorem 1. Let & ~ W, then:

U/®TERAeU/VT = A

U /T bty A @ UJT iy A0

U ®T =1 AU YT Ei; A

Proof. Proof is based on the fact that ® ~ ¥ means &; = ¥ ; for
any J. O

Let us formulate the properties that guarantee validity of the con-
sequence relation ):ILR .

Theorem 2. For any U, I', A C Fr, ®cFr we have:
Ci) UJ®,T e A, 0

Cir) U, /@, T i A

CJ_—|) U, @/F ’:,JT_R A7 P

Crq) UIT =i A~ @;

Cp1) U, Ey/T ):%R

Proof. Property Ci follows from equality T'(® ;) N F(® ;) = 0.
Property C follows from equality L(® ;) NT(®;) = 0.
Property C . follows from equality L(®;) N F(®;) = 0.
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Property C. holds because F(~ ®;) = ().
Property C holds because L(Ey) = (. O

Let us consider properties of lz}R induced by propositional compo-
sitions V, -, and ~:
Theorem 3. For any U, I'; A C Fr, &, Ve Fr the following prop-
erties of =75 hold:
Vo) U/e vy, T ):ILR A=U/®,T ):ILR Aand U /¥, T lz}R A;
vy) U/T lz}R APVY < U/T ):ILR A, O, U
V1)U ®VIT =1, As U@ U/T 1y A and
U,®/T lz}R U, A and U, ¥ /T lz}R D, A;
F) U/_'(I)vr ':}_R Ae U/P ):%R A, @
D UIT ey A= & U/@.T =, A
1) U~/ o A & U.®/T [y A:
DU/ ~@.T oy A & U8/ oy A
~)U~®TER AU/ T Efy Aand U /T =y A, 9.
Proof. The properties are proved in the same manner, therefore
we demonstrate it proving V, =1, ~ |, and ~ only.
For property V| we have that U, ® v ¥/I'; ):ILR A means that
T ) N (LU N L@ V)N F(Ay) =0.
By definition of V we get that
L(@sVv¥y) = (L(2s)NL(Y)))U(L(Ps)NF(Ts)U(F(®s)NL(Y)).
Substituting the right-hand side of this formula into the previous
one we obtain that T7(T' ;) N L™ (U;) N ((L(®y) N L(T,)) U (L(Ps)N
F(U))U(F(®s)NL(L,) N (Ay) =0.
Transformation of this formula gives that
TT,) N L(U) N (L(2y) N L(T,)) N F(A)U
uT™(Ty) N L (Us) N (L(2y) N F(Ty)) N EFT (AU
UTN(Ty) N LU N(F(@)NL(Tp)NEFT(Ay) =0.
Union of sets is empty, therefore each set is empty too. Thus,
T(T) N LU N (L(@y) N L(Ty) N F(Ay) =0
UT™(Ty) N L Us) N (L(@))NF(P,)) N F(Ay) = 0;
UTN(Cy) N LU N(F(@y)NL(Ty))NEFT(Ay) =0.
This means that
U ®,¥/T; =1z Aand U, ®/T; =13 U, A and U, U /T =1, ©, A,

J

]

2
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So, property V| holds because it holds for any interpretation .J.

Property =, holds due to equality L(—®;) = L(P).

Property ~ holds due to equality L(~ ®;) =T (®;) U F(®;).

Property ~ holds due to equality T'(~ ® ;) = L(®;). O

Let us consider properties of relation lz}R for renomination com-
position. Each of the properties RV, R—, RR, R4, R, RI, RU, R~
(Lemma 2) induces three corresponding properties for ):}R, depending
on the position of a formula (in the left side of =75, in the right side of
=15, or in the undefinedness conditions of =1). Such properties are
formulated in a similar way. Properties RE and REr induce two cases
because predicate Ex is a total predicate.

Theorem 4. For any U, I'y) A C Fr,®, Ve Fr renomination com-

position induces the following properties of }:ILR:
RV.) U/RY(®V V), 1 A & U/RYP) V RY(D),T =15 A;
Rvy) U/T ):ILR RY(®V V), A& U/T |:ILR RY(®) V RY(W), A;
V1) U RY(® V)T =1 A & U, RY(D) V RY(V)/T F=pp A
_'l—) U/Rg(_'q>)’r ’:.JT_R A U/_'Rg(q))vr ):%R A;
=) U/T g R(=®), A & U/T |=1p ~RY(®), A;
—1) U, RY(=2)/T Fyp A & U, ~RL(®)/T Epp A
Ro) U / RYRY(®)T i A & U/REof (2),T [Frp A
RH)U/T ):}R A,R}%(Rg(@)) < U/l ):}R A, RY og (P);
R1) U, R3(Ry(®)/T g A & U, Ry of (2)/T g A;
R3L) if z€ fu(RY(Jy®P)) then

U/RL(3y®),T E1p A & U/3FzRYURY(P)), T E=1x A;
R3Y) if z€ fu(RY(Jy®)) then

U/T =1 RU(3y®), A & U/T =1, J2RYURL(D)), A;
R3)) if z€ fu(RY(Jy®)) then

U, R3(3y®)/T Fip A & U, 32R(RL(®))/T Fip A;
R) U/R(®),T iy A & U/®,T =1 A;
Ry) U/T =1 R(®),A < U/T i @, A;
R)) U ,R(®)/T ):ILR A=U,®/T ):ILR A;
RI) U/RZ3(®).T Frp A & U/RY(®).T Frp A
RIY) U/T |1 RIG(®),A & UJT Eip RY(®), A;
RIL) U,RZ5(®)/T Eip A & U, RY(®)/T Eqp A;

i=vll~v =i~y i~y
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RUV) if z€ fu(®) then

U/Ry:(®).T Eip A & U/RY®),T =i A;
RUY) if z€ fu(®) then

U/T Eir By5(®),A & U/T =g RY(®), A;
RU) if z€ fu(®) then

U, Ry2(®)/T Eip A & U, RY(®)/T =i A;
R) U/RY(~ ®),T ety A& U/ ~ RE(®),T gy A;
RY) UJT b4y A RY(~ ®) & U/T A, ~ RY(®);
RT) U, RY(~ ®)/T ety A & U,~ RY(®)/T i A;
RE.) if z ¢v then U/RY(Ez2),T iy A & U/Ez T Eip A;
RE.) if z ¢v then U/T =15 A, RYU(Ez) & U/T =1 A, Ez;
REr) U/R};(E2),T iy A < U/Ey,T Eip A;
REry) UJT 1 ARy (Ez) < U/T =1 A, Ey.
Proof. All properties hold due to Lemma 2. O

We add one more property RN that permits to substitute one unas-
signed variable by another unassigned variable. This allows to establish
equivalence of formulas with unassigned variables.

Theorem 5. For any U, ', A C Fr,®€Fr,y,teV the renomination
composition induces the following substitution properties of unassigned
variables:

RN.)U/RYY(®),T |1 Bz, Bt, A < U/RYZ(9),T =y Bz, Bt A;

RN UJT =1 RYY(®), Bz, Et, A < U/T =1, RYZ (), Bz, Bt A;

RN, )U,RYY(®)/T =1 Ez, Et, A < U, R} (®)/T 1y Ez, Bt A.

Proof is based on the fact that F(Ey) = F(Et) in the case when
both y and ¢ are not assigned. O

The following theorem describes properties that will induce the
quantifier elimination rules.

Theorem 6. For any U, I'; A C F'r and ®€Fr we have:
3) if zefu(U, T, A, JzP), then
U/32®,T =15 A & U/RE(®), B2, T g A;
34) U/T, By =1 320, A & U/T, By =15 30®, RE(D), A;
3)) if ze fu(U,T, A, Jz®), then
U,32®/T =15 A & U, 32®, RE(®)/Ez,T 15 A.
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Proof. We prove 3, only, because other properties can be proved
in the same manner.
By M we have U, 32® /T =15 A = U, 32®, R2(®)/E2,T =15 A.
It is left to prove (R) = (L), where
(L)is L"(U;) N L(Zz®)y N T T ) NEFY(Ay) =0 and (R) is
LU N L(Fz®)y N L(RE(®) ;)N T(Ez)NTNTy) NFY(Ay) =0.
Assume that (R) holds, but (L) does not hold. From this follows
that there exists d€VA such that de L™ (U;) N L((Fz®),) N T () N
F"(Ay), therefore de L((3z®);) and d e L"™(U,;) NT™(Ty) N F(Ay).
From del((3z®);) we have that for some a€A there should be
dVaz—a€ L (). But z€ fu(U,T, A, Jx®), therefore dVz—ac L™(U;)N
1((Fz®@)y) N T(Ty) N F(Ay) and dVz—aVz—ael (®y). From
this we obtain dVz—ac L(RZ(®);). By definition of Ez we have
dVz—a€T(Ez), therefore dV z—ae L™ (U;)NL((Fz®);)NL(RE(P) )N
T(Ez)NT™(Ty) N F7(Ay). But this contradicts (R).O

Having 4, we obtain the special property that guarantees ):}R:
for any U, I'; A C Fr and ®F'r
C51) U, 3a®/RL(®), By, T 13 A.
So, we proved the following properties that guarantee ):ILR :
Cra, Cip, C14, Cq, Cgy, and C3.

Theorem 7. For any U, I'; A C Fr,yeV the variable assignment
predicate induces the following insertion property :

E-YU/T By A U/Ey,T i A and U/T =1 A, Ey.

Proof. Let J be an interpretation. Then U/I'; 75 A means
that 77(I';) N L"(U;) N FY(Ay) = 0. Further, U/Ey,T =15 A and
U/T 1 A, By means that (T7(T)NT(Ey,)NL(U)NF(Ay) =0
and T(T ;) N L(Uy) N (F(Eyy) N F(Ay)) = 0 respectively. Since
T(Eyy) U F(Ey;) = YA, we obtain T(I';) N L7(U;) N F(Ay) = 0.
This proves the theorem because J was arbitrary interpretation.O

3 Sequent Calculus for L@E¢

Usually, an inference relation F is defined by some axiomatic system
(calculus). We present here system C?FC that adequately formalizes
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logical consequence relation ):ILR between sets of formulas. Such sys-
tems are called sequent calculi.

The main objects of this calculus are sequents. Here we consider
only the case with finite sequents. We treat them as sets of formu-
las signed by symbols 1,4, and | . Sequents are denoted I' | U4A, in
abbreviated form 3.

A sequent calculus is defined by sequent forms (sequent rules) and
closeness conditions of sequents.

Sequent forms are syntactical analogs of the semantic properties
of the logical consequence relation. Closed sequents are axioms of the
sequent calculus.

A closed sequent is specified in such a way that the following con-
dition should hold:

if sequent -I') U4A is closed, then U / T lz}R A.

The following conditions are induced by the properties Ci, C',
Ci14, Coy, Cg1, and C3] respectively:

C'Ly4) there is ® such that @€l and PeA;

CL,) there is ® such that ®€U and ®el’;

CL, ) there is ® such that €U and PeA;

CL..4) there is ® such that ~ ®€A;

CLp,) there is Ey such that EyeU;

CLs,) there are 3r® and y such that Jz@eU, R} (®)el’, Eyel.

For CQFC we take the following closeness condition: sequent
v USA is closed if CL-qV CL NV CL 4V CL 4V CLEg, VCL3,
holds.

Theorem 8. If sequent | I') U4A is closed, then U/T lz}R A.
Proof follows directly from Theorem 2.0

Sequent forms are obtained directly from properties of ):ILR pre-
sented by Theorems 3—-7. The labels of the sequent forms are obtained
from the labels of the corresponding properties by putting formula signs
in front of the labels. Forms may have additional constraints.

Introduction of undefinedness conditions may lead to new sequent
forms with three premises (rule | V).

The sequent forms for propositional compositions V,—,~ are in-
duced by the properties Vi, V4,V 1, =, 24, 1, ~ 1, ~p:

176



Completeness of the First-Order Logic ...

LDy LT, Y

—|q)7—|\1j72 .
VT evey 0 YVieve, s
J_q>7J_®7E J_q>7—|®72 —|q>7l@72 .
LV VO, ’
4{)72 . l—q)yz . J_(I)7E .
[ |__|¢,E Y -4 _|_|¢,E Y 1 J_ﬁ@,z Y
J_q>72

FNFNq))E?

I r Y

LD,y 3, %

The sequent forms for renomination composition are induced by the

properties presented in Theorems 4 and 5:

Ri@vw)y :

Ry

Ly T RN @ vy
+-RY(D),% 4-RY(®), % 1-RY(®),%
Hs L RY(-@), % A RV(-@), L= Ry (-@),
+RY og’ (®),% . iy og’ (®),% . L RY og’ (®),% '
FRE TRr(RE(@)),x T PR DRI (RE(@)), 2 T LR RY(RD(9)), %
-3zRY(RY(®)), %

1 € fu(RE(Fyd));
4E|ZR:TE}(R2(®))7Z 5
2 RY(Jyd)):
- AR%(HZ/(I)),E ,ZGf’LL( :c( Yy ))a
lEIzRg(Rg((I))),E 5
€L J_R@(qu)) 3 7Z€fu(R9‘c(E|y(I)))a
I—q)72 . 4@,2 J_(I)7E
YL R(D), Y Y LR(D), Y L R(®), %
FRY(D), X 4RY(®), % LRY(®),%
BE R@), st B RTe) s B REN@) s
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FEZ,E ¢_' 4EZ,2 ¢_'
FRE TRv(Ez) sy 0 CFY ARE TRipyy w0 FEY
I—E‘yvE . —|Ey72 .
-RET FR:TE}:Z(EZ)7E 7 +RET 4R%Z(EZ),E ’
FRYZ(®),4B(2), 4 B(1), % ARY(®),4E(2),4E(t),S
RN CRVL@), (E(2), 4B, s T N RVN(@), L E(2), (E(t), T
LRg%)((I)),4E(Z),4E(t),E
BN RYY(@), (E(2),4E(t), D

Sequent forms of quantifier elimination are induced by truth cases

for quantifiers:
-RI(®), By, %

431'@7 FEyu 4R5(®)7 % .

R RE Pt S o0 SR
J2®, | R*(D), Bz, ¥
1328, LR; (D), - Bz ,z€ fu(X, Jxd).

13 LD
Sequent form for insertion of variable assignment predicates per-
mits to specify a variable as assigned or unassigned:

- FE%,E 4E(£,2

)y
The above-written sequent forms and closeness conditions define

calculus C9EC,
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For sequent rules of C?FC we have the following main properties.

Theorem 9. Let k€{1,2,3} and FFHU“AIF T FAF“U’“A’“ be basic
L U4
sequent form. Then
UT E1p A < Uy T1 1 A1 and .. Uy /Ty, Eip Ay
Proof. For each form the proof follows directly from its corre-
sponding property formulated in Theorems 2-7. O

The derivation in CQFC has the form of a tree, the vertices of
which are sequents. Such trees are called sequent trees. A sequent tree
is closed, if every its leaf is a closed sequent. A sequent X is derivable,
if there is a closed sequent tree with the root X .

During construction of a sequent tree the following cases are possi-
ble:

— construction procedure is completed: all sequents on the leaves
are closed; we have a finite closed tree;

— construction procedure is not completed; we have a finite or infi-
nite unclosed tree. Such tree has at least one path called unclosed, all
vertices of which are unclosed sequents.

We meet the first case while proving soundness and the second one
while proving completeness of CQFC.

Theorem 10 (soundness). Let sequent I'j U4A be derivable in
CY@EC. Then U/T =15 A.

Proof. Indeed, if -T" | U4A is derivable, then a finite closed tree was
constructed. Therefore, for any leaf of this tree its sequent A | Q4K
is closed. Thus, by Theorem 8, /A lz}R K holds. Therefore, by
Theorem 9 for the root of the tree (sequent I'] U4A) we have that
u/r ):ILR A holds. O

4 Completeness of CYFC

Completeness is proved on the basis of theorems of the existence of
a counter-model for the set of formulas of a non-closed path in the
sequent tree. To do this we first define the notion of Hintikka set for
LREC then we prove that a Hintikka set is satisfiable, and at last, we
prove that formulas from a non-closed path form a Hintikka set [19].
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A Hintikka set for L2FC is a set H of signed formulas satisfying
two types of conditions:

1) uncloseness conditions derived from closeness conditions for se-
quents;

2) decomposition conditions derived from decomposition sequent
forms.

Uncloseness conditions for H are the following conditions obtained
by negation of closeness conditions of sequents:

,I_{_|CL) there is no formula ® such that - ®€H and P H;
H_CL) there is no formula ® such that | P€H and | PEH;
fACL) there is no formula ® such that | #€ H and jPeH,;
H_CL) there is no formula ® : 4 ~ ®€H;
glC’L) there is no formula Fy such that | Fye H;
H CL) it is not possible that | 3zr®cH

and - Ry (®)eH for some y€V such that - EyeH.

Decomposition conditions for H are the following conditions:

H\/) rPVVeH = PeH or - VEH,;
) JovVeH = dcH and VcH;
V) 1 ®PVVEeH = | P€H and | VeH or | PeH and 4VEH or
4PeH and | VeEH;

I—m-l-

H-)  ~®eH = PcH;

g—\) 4~®cH = PeH;

f—!) 1~PeH = | PeH;

H) | ~®cH = | PeH,;

EN) L ~®cH = dcH or 4PeH.

" RR) - RYRY(®))H = R off (D)€ H;

"RR) 4RY(RE(®))eH = 4R} o (®)eH;

TRR) | RY(RY(®))eH = | R} oY (®)eH;

HR3) L RY(Jy®)eH = FElzR”(Ry(@))GH for some z€ fu(RY(Jy®P));
AR3) JRY(3y®)eH = 42 RY(RY(®))€H for some z€ fu( RY(Jy®));
HR3) | RY(JyP)eH = | F2RY(RY(®))€H for some z€ fu(R2(IyP));
HR) R(®)eH = | PcH;

AR) JR(®)eH = 4PcH,;

HR) | R(®))eH = | PeH;
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PRI) vRZ3(®)eH = - RY(®)eH;

HRI) \RZY(®)eH = RY(D)eH;

HRI) | RI5(®))€H = | RY(®)eH

ARU) if z€ fu(®) then y Ry 7 (P )GH = RY(®)eH;
HRU) if z€ fu(®) then 4Ry 5(P)eH = 4RY(®)eH;
" RU) if zefu(CIJ) then | R.2(®)€H = | RY(®)EH;

PR ~) - RE(~ GHikNRg( JeH
HR ~) JRE(~ ®)eH = 4 ~ R;(@)GH,
HR ) L RI(~ @)cH = | ~ RE(D)CH;
HRE) if 2¢0 then - RY(Ez) = 1 Ez;
HRE) if 2¢v then (RY(Ez) = 1Ez;
A REr) Ry, (Ez) = + Ey;
HREr) |Ry:(Ez) = Ey;
YRN) - RUZ(®),<Ez, 4 BteH = | R}7(®)eH;
HRN) 4RYY(®), Bz, 4EteH = (R} (D)eH;
TRN) | Ry’ 2(®), 4Bz, 4EteH = | R} (P)€H.
Let W be the set of all assigned variables in H. Now we can define
the following conditions of quantifier elimination:
H3) | Jz®eH = exists yeW such that | Eye H and Ry (®)eH;
EEI) Jx®eH = EyeH and 4R} (®)eH for all yeW;
H3) | JzdeH = exists z€W such that r Ez€H and | R*(®)eH and
there is no yeW such that  EyeH and \ Ry(®)eH.

Sequent form for insertion of variable assignment predicates induces
the following condition:

HEE) if xenm(H), then  Ex€H or 4Ex€H.

A set H of signed formulas is called satisfiable, if there exists an
interpretation J = (AQFC(V, A), I 58 ) and §€VA such that for any for-
mula ®:

rPeH = O ;(0)] =T

4®cH = (I)J((S)\l, = F}

1PeH = ®;(0)1.

Theorem 11. Let H be a Hintikka set for LFC. Then H is
satisfiable.

\_/\_/
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Proof. First we define a set A that gives us an algebra AQFC(V, A);
then we construct 6€VA. At last, we specify an interpretation of pred-
icate symbols [53 that gives us an interpretation J.

Let W = { o | . Ex€H} be the set of all assigned variables in H.
Let a set A be such that |A| = |W], i.e. Ais a copy of W. Elements of
A are denoted a,,, where welW.

Nominative set €VA is constructed in the following way:

—if x€W, then a value of z in J is defined and equal to a;

—if x¢W, then a value of z is not defined.

Let us admit that any variable = from nm(H) \ W is unassigned in
H,ie 4ExcH by HEM.

Let us specify values of basic predicate PEPs on § and on the
nominative sets of the form r2(4) :

—PeH = P;(0)| =T;

- 4PeH = P;(0)| = F;

~ 1 PeH = P;(0)1;

L RUP)EH = Py(ri(6))} =T

- LRU(P)eH = Py(ri(6))) = F;

—~ 1 RY(P)eH = P;(rZ(5))1.

Values of P on other data can be chosen in arbitrary way with
respect to unessential variables from V.

No ambiguity arises in these definitions due to uncloseness condi-
tions for H.

Let us note that formulas of the forms Ri’:g@ and R} Pd with
4Ez, 4 Ete H cannot lead to ambiguity either, because RIN-rules specify
for them equal values.

For atomic formulas and formulas of the form RY(p) the statement
of the theorem follows from the definitions of the basic predicates and
variable assignment predicates. The proof of the theorem is then done
by induction on the formula structure.

Let us consider the cases with the complement and quantification
compositions only. Other cases are proved in a similar manner.

Let - ~ ®cH. From fw we have | P€H. In accordance with the
induction hypothesis @ ;(d)T, so, ~ ®;(0)] = T.
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Let | ~ ®cH. From fw we have - ®PcH or 4®cH. In accordance
with the induction hypothesis we have ®;(5), = T or ®;(5)] = F,
therefore @ ;(0)], and ~ ® ;(d)7.

Let 3z®cH. By /3 there exists yeW such that R(®)eH.
In accordance with the induction hypothesis we have Ryj(®);(0)] =
T, whence ®;(6Va—d(y))l = T. So, for ay, = 6(y) we have
P ;(6Va—ay,)|l =T, whence Jx® ;(6)| =T.

Let -Jz®eH. By 13 for all yeW JRZ(®)eH. In accordance with
the induction hypothesis we have Ry (®) ()] = F' for all y€W, whence
®;(8Va—6(y))) = F for all yeW. So, ® ;(0Varra,)) = F for all a,€A,
whence Jx®;(d)) = F.

Let | 3z®cH. By /3 there exists ze€W such that | R%(®)eH and
there is no y€W such that  Eye H and - Ry (®)€H. In accordance with
the induction hypothesis for § we have RZ(®) ()1 for some ze€W and
Ry(®),(6) # T for all yeW, whence ®,;(0Vr—d(2))1 for some zeW
and @ ;(6Va—d(y))#T for all yeW. Therefore ®;(6Varray,)#T for
all ay€A. Thus, Jz®;(0)1.0

Theorem 12. For C9FC there exists a sequent tree construction
procedure such that unclosed paths form Hintikka sets.

Proof. Such procedure for constructing a sequent tree in CQF¢ is
defined in the same way as for other sequent calculi for finite sequents
[20], therefore we will not go into details. In our case of logic of partial
quasiary predicates with the complement composition, this procedure
is more complicated. The reason is that we should take into account 1)
the undefinedness conditions; 2) the assigned and unassigned variables.
These features manifest themselves in various sequent forms, especially
in quantifier elimination forms.O

Theorem 13 (completeness). Let U/T" =75 A holds. Then
sequent I} U4A is derivable in C@FC.

Proof. Let U/T 75 A and I'; USA be not derivable. Then a
sequent tree for 1" U4A is not closed. Thus, an unclosed path exists
in this tree. Let H be the set of all formulas of this path. By Theorem
12, H is a Hintikka set. By Theorem 11, H is satisfiable. It means
that there are an algebra AQFC(V, A), nominative set 6€VA, and an
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interpretation J such that for any formula ®: ®cH = ®;(0)] = T;
41®eH = (I)J(5)\L = F; dcH = @J(é)/]\ Since I') U4JA C H, this
holds for formulas of the sequent I | U4A. Thus, for all @I’ we have
®;(0)) =T, for all DU we have ® ;(9)T, for all PEA we have @ ;(9)] =
F. This contradicts U/T' 4 =15 A.O

5 Conclusion

Extensive usage of logic in Computer Science leads to new logics that
more adequately represent applied domains. Logic of partial quasiary
predicates is one of such logics oriented on proving properties of pro-
grams. In our previous papers we studied logics of propositional and
renominative (quantifier-free) levels. In this paper we have generalized
the obtained results for the first-order logic of partial quasiary pred-
icates extended with the complement composition. For this logic a
special consequence relation called irrefutability consequence relation
under undefinedness conditions has been introduced. We have studied
its properties, constructed a sequent calculus for it and proved sound-
ness and completeness of this calculus.

The obtained results can be useful for software verification; some
steps were made in [21].

References

[1] Handbook of Logic in Computer Science, vol. 1-5, S. Abramsky,
D. Gabbay, and T. Maibaum, Eds. Oxford University Press, 1993~
2000.

[2] M. Nikitchenko and S. Shkilniak, Mathematical logic and the-
ory of algorithms, Kyiv: VPC Kyivskyi Universytet, 2008. (In
Ukrainian)

[3] M. Nikitchenko and S. Shkilniak, “Algebras and log-
ics of partial quasiary predicates,”  Algebra and Dis-

184



Completeness of the First-Order Logic ...

[10]

crete  Mathematics, vol. 23, mno. 2, pp. 263-278, 2017.
http://admjournal.luguniv.edu.ua/index.php/adm/article/view /440

M. Nikitchenko, O. Shkilniak, and S. Shkilniak, “Pure first-order
logics of quasiary predicates,” Problems in Programming, no. 2-3,
pp. 73-86, 2016. (In Ukrainian)

C. Hoare, “An axiomatic basis for computer programming,” Com-
mun. ACM, vol. 12, no. 10, pp. 576-580, 1969.

K. Apt, “Ten years of Hoare’s logic: a survey — part 1, ACM
Trans. Program. Lang. Syst., vol. 3, no. 4, pp. 431-483, 1981.

A. Kryvolap, M. Nikitchenko, and W. Schreiner, “Extending
Floyd-Hoare logic for partial pre- and postconditions,” in Infor-
mation and Communication Technologies in Education, Research,
and Industrial Applications. ICTERI 2013 (Communications in
Computer and Information Science, vol. 412), V. Ermolayev, H.C.
Mayr, M. Nikitchenko, A. Spivakovsky, and G. Zholtkevych, Eds.
Springer, Cham, 2013, pp. 355-378.

I. Ivanov and M. Nikitchenko, “On the sequence rule for the Floyd-
Hoare logic with partial pre- and post-conditions,” in Proceedings
of the 14th International Conference on ICT, vol. 2104 of CEUR
Workshop Proc., 2018, pp. 716-724.

M. Nikitchenko, I. Ivanov, A. Kornilowicz, and A. Kryvolap,
“Extended Floyd-Hoare logic over relational nominative data,”
in Information and Communication Technologies in Education,
Research, and Industrial Applications, N. Bassiliades, V. Ermo-
layev, H.G. Fill, V. Yakovyna, H.C. Mayr, M. Nikitchenko, G.
Zholtkevych, and A. Spivakovsky, Eds. Springer International
Publishing, Cham, 2018, pp. 41-64.

I. Ivanov and M. Nikitchenko, “Inference Rules for the Partial
Floyd-Hoare Logic Based on Composition of Predicate Comple-
ment,” in Information and Communication Technologies in Educa-
tion, Research, and Industrial Applications. ICTERI 2018 (Com-

185



Mykola Nikitchenko, et al.

[11]

[14]

munications in Computer and Information Science, vol. 1007),
Springer, Cham, 2019, pp. 71-88.

M. Nikitchenko, O. Shkilniak, S. Shkilniak, and T. Mamedov,
“Propositional logics of partial predicates with composition of
predicate complement,” Problems in Programming, no. 1, pp. 3—
13, 2019. (In Ukrainian)

M. Nikitchenko, O. Shkilniak, and S. Shkilniak, “Program Logics
Based on Algebras with the Composition of Predicate Comple-
ment,” in 9th International Conference on Advanced Computer
Information Technologies (ACIT), (Ceske Budejovice, Czech Re-

public), 2019, pp. 285-288. doi: 10.1109/ACITT.2019.8779947.

M. Nikitchenko, O. Shkilniak, and S. Shkilniak, “Program Logics
of Renominative Level with the Composition of Predicate Com-
plement,” in Proceedings of the 15th International Conference on
ICT. CEUR Workshop, vol. 2393, 2019. http://ceur-ws.org/Vol-
2393 /paper_434.pdf.

M. Nikitchenko, O. Shkilniak, S. Shkilniak, and T. Mamedov,
“Completeness of the Logic of Partial Quasiary Predicates with
the Complement Composition,” in Proceedings of the 5th Confer-
ence on Mathematical Foundations of Informatics, (3-6 July 2019,
lasi, Romania), Daniela Gifu, Bogdan Aman, Adrian Iftene, and
Diana Trandabat. Eds. Tasi: Editura Universitatii ” Al. I. Cuza”,
2019, pp. 187-202.

A. Kornilowicz, I. Ivanov, and M. Nikitchenko, “Kleene algebra of
partial predicates,” Formalized Mathematics, vol. 26, pp. 11-20,
2018.

N.S. Nikitchenko, “Applicative Compositions of Partial Predi-
cates,” Cybernetics and Systems Analysis, vol. 37, no. 2, pp. 161—
174, 2001. https://doi.org/10.1023/A:1016786600489.

186



Completeness of the First-Order Logic ...

[17]

[20]

[21]

O. Shkilniak, “Relations of logical consequence of logics of partial
predicates with composition of predicate complement,” Problems
in Programming, no 3, pp. 11-19, 2019. (in Ukrainian)

S. Shkilniak, “Spectrum of sequent calculi of first-order
composition-nominative logics,” Problems in Programming, no. 3,
pp. 22-37, 2013. (In Ukrainian)

J. Hintikka, “Modality and Quantification,” in Models for Modal-
ities. Synthese Library (Monographs on Epistemology, Logic,
Methodology, Philosophy of Science, Sociology of Science and of
Knowledge, and on the Mathematical Methods of Social and Be-
havioral Sciences, vol. 23), Springer, Dordrecht, 1969, pp. 57-70.

J. Gallier, Logic for computer science: foundations of automatic
theorem proving, 2nd ed., Dover, New York, 2015.

A. Kornilowicz, A. Kryvolap, M. Nikitchenko, and I. Ivanov, “For-
malization of the nominative algorithmic algebra in Mizar,” in
ISAT 2017 (AISC, vol. 656), J. Swiatek, L. Borzemski, and Z.
Wilimowska, Eds., Springer, Cham, 2018, pp. 176-186.

Mykola Nikitchenko, Oksana Shkilniak, Received August 14, 2019
Stepan Shkilniak, Tohrul Mamedov Accepted September 1, 2019

Taras Shevchenko National University of Kyiv, Ukraine
E-mail: mykola.nikitchenko@gmail.com

187



