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Graphs with Large Hop Roman Domination
Number
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Abstract

A subset S of vertices of a graph G is a hop dominating set if
every vertex outside S is at distance two from a vertex of S. A
Roman dominating function on a graph G = (V, F) is a function
f:V(G) — {0,1, 2} satisfying the condition that every vertex
u for which f(u) = 0 is adjacent to at least one vertex v for
which f(v) = 2. A hop Roman dominating function (HRDF) of
G is a function f : V(G) — {0,1,2} having the property that
for every vertex v € V with f(v) = 0 there is a vertex u with
f(u) = 2 and d(u,v) = 2. The weight of a HRDF f is the sum
f(V) =3 ,cy f(v). The minimum weight of a HRDF on G is
called the hop Roman domination number of G and is denoted
by vnr(G). In this paper we characterize all graphs G of order n
with y,r(G) =n or ypr(G) =n — 1.

Keywords: Domination, Roman domination, Hop Roman
domination.
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1 Introduction

For notation and graph theory terminology not given here, we refer
to [7]. Let G = (V,E) be a graph with vertex set V = V(G) and
edge set E = E(G). The order of G is n(G) = |V(G)|. The open
neighborhood of a vertex v is Ng(v) = {u € V(G) |uww € E(G)}. The
degree of v, denoted by deg(v), is |Ng(v)|. The open neighborhood of a
subset S C V', is Ng(S) = U,cg Na(v), and the closed neighborhood of
S is the set Ng[S] = N¢(S) U S. The distance between two vertices u
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and v in G, denoted by d(u,v), is the minimum length of a (u,v)-path
in G. The diameter, diam(G), of G is the maximum distance among
all pairs of vertices in G. If S is a subset of vertices in a graph G, then
we denote by G[S] the subgraph of G induced by S. For an integer
k > 1, the set of all vertices at distance k from v is denoted by N (v).
Also we denote Ni[v] = Ni(v) U {v}.

A subset of vertices of a graph G is a dominating set of G if every
vertex in V(G)—S has a neighbor in S. The domination number, v(G),
is the minimum cardinality of a dominating set of G. Ayyaswamy and
Natarajan [4] introduced the concept of hop domination in graphs. A
subset S of vertices of a graph G is a hop dominating set (HDS) if
every vertex outside S is at distance two from a vertex of S. The hop
domination number, v,(G), of G is the minimum cardinality of a hop
dominating set of G. A HDS of G of minimum cardinality is referred
as a v, (G)-set. Farhadi et al. [6] generalized hope dominating sets and
studied k-hop dominating sets for every integer k£ > 2. The concept
of hop domination was further studied, for example, in [3], [8],[9]. We
define the hop-degree of a vertex v in a graph G, denoted deg,(v), to
be the number of vertices at distance 2 from v in G. The maximum
hop-degree among the vertices of G is denoted by Ap(G).

A function f : V(G) — {0,1,2} having the property that for
every vertex v € V with f(v) = 0, there exists a vertex u € N(v) with
f(u) =2, is called a Roman dominating function or just an RDF. The
weight of an RDF f is the sum f(V) = Y .y f(v). The minimum
weight of an RDF on G is called the Roman domination number of
G and is denoted by vg(G). The mathematical concept of Roman
domination was defined and discussed by Stewart [13], and ReVelle
and Rosing [11], and subsequently developed by Cockayne et al. [5].

Roman dominating functions with further properties were consid-
ered by several authors, see for example, [1],[2],[10]. For any RDF f
on a graph G, it is clear that {v € V(G) : f(v) # 0} is a dominating
set for G. It is an interesting question to study those RDF f such
that the set {v € V(G) : f(v) # 0} is a hop dominating set for G.
Shabani [12] considered Roman dominating functions with the above
property and introduced the concept of hop Roman dominating func-
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tions. A hop Roman dominating function (HRDF) on a graph G is
a function f : V(G) — {0,1,2} having the property that for every
vertex v € V with f(v) = 0 there is a vertex u with f(u) = 2 and
d(u,v) = 2. The weight of a HRDF f is the sum f(V) = > oy f(v).
The minimum weight of a HRDF on G is called the Hop Roman dom-
ination number of G and is denoted v, r(G). A HRDF with minimum
weight is referred as a vy,r(G)-function. For a HRDF f in a graph
G, we denote by V; (or Vif to refer to f) the set of all vertices of G
with label ¢ under f. Thus a HRDF f can be represented by a triple
(Vo, V1, Va), and we can use the notation f = (Vp, V1, V2). Among other
results, Shabani et al. [12] obtained the following.

Proposition 1 (Shabani [12]) For any graph G of order n and with

2n
AR(G) > 1, G) > ———.
n(G) =1, mr(G) = AG) T 1
Proposition 2 (Shabani [12]) For any graph G of order n and with
Ap(G) 2 1, mr(G) < n—Ap(G) + 1.

In this paper, we characterize graphs with large hop Roman dom-
ination number. In Section 2, we characterize all graphs G of order n
with v,r(G) = n. In Section 3, we characterize all graphs G of order
n with v4r(G) =n — 1.

2 Graphs G with y,z(G) =n

In this section we characterize all graphs G of order n with v,z(G) = n.
For this purpose, we define a family of graphs as follows. Let G be
the family of graphs G such that G can be obtained from a sequence
Go,G1,...,Gk, (k > 1), of graphs, where G is a complete graph or
Go = Ko, G = Gy and, if k > 1, then G, can be obtained recursively
from G; by the following operation, for : =0,1,....k — 1.

Operation O. Add two new vertices and join each new vertex to
every vertex of Gj;.

Theorem 3 Let G be a connected graph of order n. Then y,r(G) =n
if and only if G € GU{Py, K, }.
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Proof. (=) The proof is by an induction on the order n of a graph
G with y,r(G) = n. If n < 2 then clearly G is a complete graph. Thus
assume that n > 3. Assume that the result is true for all graphs of
order less than n and let G be a graph of order n with v,z(G) = n.
From Proposition 2, we obtain that Ay (G) < 1. Thus diam(G) < 3. If
diam(G) = 1, then G is a complete graph, as desired.

Assume that diam(G) = 2. Let vjvaus be a diametrical path in
G. Assume that there exists a vertex v € N(vp) such that v ¢ N(v3).
Since diam(G) = 2, we have v € Na(v3). Then degy,(v3) > 2, a contra-
diction. Thus N(v1) € N(v3), and similarly N(v3) C N(v1). Conse-
quently, N(v;) = N(v3). If there are three vertices a,b,c € N(v;) such
that a ¢ N(b) U N(c), then deg,(a) > 2, a contradiction. Thus any
vertex of N(vy) is adjacent to at least |N(vq)| — 2 vertices of N(v1),
and so 0(G[N(v1)]) > |N(v1)| — 2. If 6(G[N(v1)]) = |[N(v1)| — 1, then
G[N (v1)] is a complete graph. Thus G is obtained from G[N (v;)] by us-
ing Operation O, and so G € G. Therefore assume that §(G[N(v1)]) =
IN(v1)] — 2. Let G’ = G[N(v1)]. If [V(G")] = 2, then G' = K>, and
so G is obtained from K5 by using Operation O and so G € G. Now,
let |[V(G')| > 3. Suppose that v,r(G') < |[V(G')] — 1. Let f be a
Yhr(G')-function. Then g = (VOf,Vlf U {v1,vs}, V2f) is a HRDF of G
with g(V) < |[V(G")| + 1. Therefore, v4,r(G) < n — 1, a contradiction.
Therefore, v,r(G’) = |V (G')|. By the inductive hypothesis, G’ € G or
G' € {Py,K,,}. Since 6(G') = |[V(G")| — 2 we have G' € G. Therefore,
G is obtained from G’ € G by using Operation O and so G € G.

It remains to assume that diam(G) = 3. Let P : vivauzvy be a
diametrical path in G. Suppose that G # Py. Let v € V(G) — V(P).
Clearly, v is not adjacent to both v; and v4. Without loss of generality,
assume that v; € N(v). Since diam(G) = 3 and G is connected,
we have N(v) N {vo,v3} # 0. If vo € N(v), then deg,(vi) > 2, a
contradiction. Thus, v3 € N(v), and so degy,(v2) > 2, a contradiction.
Thus V(G) — V(P) = (). Consequently, G = Py.

(<) Let G € GU{Py, K,,}. We show that y4z(G) =n. If G = K,
or G = Py, then we can easily see that v,r(G) = n. Now suppose that
G € G. There is a sequence of graphs Gy, G1, ...Gk, (k > 1), where Gy is
a complete graph or Gy = Ky, G = G}, and, if k£ > 1, then G4 can be
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obtained recursively from G; by using Operation O for ¢ =0, ...,k — 1.
We use an induction on k to show that §(G) = |[V(G)| -2 =n—2. If
k =1, then G = C4 or GG is obtained from the complete graph K, o
and we can easily see that §(G) = n—2. This establishes the basic step.
Suppose now that k > 2 and the result is true for all graphs G € G
that can be constructed from a sequence of length at most £ — 1, and
let G' = Gj_1. By the induction hypothesis, 6(G') = [V(G')| — 2. By
construction, G is obtained from G’ by using Operation ©. Let z and
y be two vertices joined to any vertex of G’ according to the Operation
O. Then, clearly d(x,y) = 2 and deg(z) = deg(y) = |[V(G')| = n — 2.
Now let ' € V(G') be a vertex with deg (') =8(G") = V(G| — 2.
Then degi(z') = 0(G') +2 = |[V(G')| = n — 2. We conclude that
)(G)=n-—2.

Now suppose, to the contrary, that v,r(G) < n — 1. From Propo-
sition 2 we have Ay (G) < 2. If Ap(G) = 2, then there exists a vertex
w € V(G) such that deg,(w) = 2 and so deg(w) < n — 3, a contradic-
tion with §(G) = n — 2. Thus A,(G) = 1. By Propositions 1 and 2 we
have v,r(G) = n, a contradiction. We conclude y,z(G) =n. =

3 Graphs G with v,z(G) =n—1

In this section we characterize connected graphs G of order n with
Ywr(G) = n — 1. For this purpose, we define a family of graphs as
follows. Let G be the family of graphs described in Section 2. Let G*
be the family of graphs G that can be obtained from a graph G’, where
G’ is a complete graph or G’ € G, by one of the following operations:

Operation O;: Add three vertices and join each of them to every
vertex of G.

Operation O,: Add a path P : vivs and a vertex v, join v to
every vertex of G’ and join any vertex of V(P2) to at least |[V(G')| —1
vertices of G/, such that |V (G')| > 2 and if G’ € G and z and y are two
vertices of G’ with d(z,y) = 2, then the following conditions hold.

(i) {2y} € N(v1) UN(v).

(ii) If x ¢ N(v1) N N(vg) or y ¢ N(vy) N N(vy), then vy and vy are
adjacent to any vertex of N/ (x).
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Lemma 4 If G € G*, then v4r(G) = |V(G)| — 1.

Proof. Let G € G*. We have the following cases.

Case 1. G is obtained from G’ by using Operation @;. Let G be
obtained from G’ by joining three vertices x,y, z to any vertex of G .
Clearly the distance between any pair of vertices of {z,y,z} is two.
Let f be a v,z(G')—function. By Theorem 3, f (V) = |[V(G')|. Then
g defined by g(z) = 2, g(y) = g(z) = 0, and g(u) = f (u) otherwise,
is a HRDF for G of weight f (V) + 2. Thus v4r(G) < f' (V) +2 =
V(G| +2 = |[V(G)] — 1. On the other hand, let f be a y,z(G)-
function. Then f(x)+ f(y)+ f(z) > 2 (otherwise, at least two vertices
of {x,y, 2z} are not hop Roman dominated by f, a contradiction). Then
clearly f[y (g is a HRDF for G'. Then ZueV(G/) fuw) > vr(G") =
[V(G")|. Then y,r(G) = w(f) > |V(G)| +2 = |V(G)| — 1. Therefore,
Wmr(G) = [V(G)] - 1. ,

Case 2. (G is obtained from G' by using Operation Oy. Let v be the
added vertex and v1v9 be the added P»-path according to the Operation
O,. Clearly the distance between any vertex of V(%) and the vertex
v is equal to two. Let f be a y,r(G )—function. By Theorem 3,
f'(V)=|V(G")|. Then g defined by g(v) = 2, g(v1) = g(v2) = 0 and
g(z) = f'(2) otherwise, is a HRDF for G with weight f (V) 4+ 2. Thus
Mmr(G) < f(V)+2=V(G)|+2=|V(G) - 1.

Claim 1. There is a vy,r(G)—function, say as f, such that f(v) +
F(01) + F(v2) > 2 and also 3, ey ) F(u) = [V(G)).

Proof of Claim 1: Suppose that at least one vertex of V(P)
is adjacent to any vertex of G'. Let ¢ be a Yhr(G)—function. Then
g(v) + g(v1) + g(ve) > 2 (otherwise, at least one vertex of {v,vy,va}
is not hop Roman dominated by g, a contradiction). If two vertices vy
and vy are adjacent to any vertex of G, then clearly g|V(G/) is a HRDF

for G'. Then 2uev(c)9(w) 2 Yhr(G') = [V(G')|. Thus, without loss

of generality suppose that vy is adjacent to any vertex of G and v, is
adjacent to |V(G')| — 1 vertices of G'. Let a be a vertex of G' such
that a ¢ N(vz). Clearly a € Na(v2). If g(a) # 0, then clearly gy ¢

is a HRDF for G'. Thus ZueV(G/)g(u) > yr(G) = |V(G")|. Now

8



Graphs with Large Hop Roman Domination Number

suppose that g(a) = 0. Note that in this case either a is hop Roman
dominate by a vertex of V(G') — {a} or a is hop Roman dominate by
vy. If a is hop Roman dominate by a vertex of V(G')—{a}, then clearly
9ly ey is a HRDF for G'. Thus > uevic 9w = hr(G) = [V(G)).
Next suppose that a is hop Roman dominate by vo. Note that in this
case g(ve) = 2, g(v) = 0, g(v1) = 1. Then we can change g(v) to 2,
g(a) to 1, g(v) and g(vs) to 0 to obtain a ~j,z(G)—function, g , such
that ¢ (v) + ¢ (v1) + ¢ (v2) > 2 and g/|V(G/) be a HRDF for G'. Then

ZuEV(G’) gl(u) > hr(G') = \V(Gl)"

Next suppose that any vertex of V(P») is adjacent to exactly
[V(G')| — 1 vertices of G. First suppose that a be a vertex of G’ such
that a ¢ N(v1)UN (vg). Clearly d(a,v1) = d(a,v2) = 2. Then from Op-
eration Oy, we conclude that a is adjacent to any vertex of V(G')—{a}.
Let g be a y,r(G)—function. If g(v) + g(v1) + g(v2) < 1, then clearly
g(v) = 1 and two vertices v; and vy are hop Roman dominated by a.
Thus, g(a) = 2. Then we can change g(a) to 1 and g(v) to 2 to obtain a
vhr(G)—function, ¢, with ¢ (v)+¢ (vl) +¢ (v2) > 2 such that g/|V(G/)
be a HRDF for G'. Then ZuEV ¥ "(u) > wmr(G) = V(G|

Now suppose that a, b be two vertices of V(Gl) such that a # b and
a ¢ N(v1), b ¢ N(vg). Clearly, d(a,v1) = d(b,v2) = 2. Note that in
this case, from Operation 05, we conclude that a and b are adjacent to
any vertex of V(G') — {a,b} and note that in this case 1 < d(a,b) < 2.
Let g be a y,z(G)—function. If g(v) + g(v1) 4+ g(v2) < 1, then clearly
g(v) = 1 and g(a) = g(b) = 2. Then we can change g(a) and ¢g(b)
to 1 and g(v) to 2, to obtain a HRDF for G with weight less than
g, a contradiction. Thus g(v) + g(v1) + g(v2) > 2. Now suppose that
ZuEV(G') g(u) < |[V(G")|. Then, thereis u € V(G'), such that g(u) =0
and u is hop Roman dominated just by one vertex of {v1,v2}. Note that
in this case u = a or u = b. If g(a) = g(b) = 0, then g(v1) = g(vy) = 2
and clearly g(v) = 0. Then we can change g(v) to 2, g(v1) and g(ve)
to 0, and also g(a) and g(b ) to 1, to obtain a Yhr(G)—function, ¢,
such that ¢ (v) + ¢ (v1) + ¢ (v2) > 2 and also g |V(G be a HRDF for

G'. Then ZueV(GI)g’(u) > r(G') = |[V(G')]. Now suppose that
g(a) =0 and g(b) # 0. Then, clearly g(v1) = 2 and g(v) = 0. Suppose
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that g(vy) = 0, then g(b) = 2. Thus we can change g(v) to 2, g(v1) and
g(v2) to 0, and also g( ) and g(b) to 1, to obtain a Yrhr(G)—function,
g , such that ¢ (v) +g¢ (vl) + ¢ (v2) > 2 and also g ]V ) be a HRDF

for G'. Then > uevic 9 (u "(u) > (G = V(G Next suppose that
g(v2) # 0. Note that in this case g(v2) = 1. Then we can change g(v) to
2, g(v1) and g(v3) to 0, and also g( ) to 1, to obtain a Yrhr(G)—function,
g, such that ¢ (v) + ¢ (v1) + ¢ (v2) > 2 and also g |V ) be a HRDF

for G'. Then 3,y 9 (u) = mr(G) = [V(G)]. ¢

Now from Claim 1 we conclude that |V(G)] —1 = 2 + [V(G)] <
Yr(G). Therefore, vr(G) = |V(G)|—1. =

Let F be the family of graphs illustrated in Figure 1. We are now
ready to state the main result of this section.

— <X <] <N

Q<
TN E
Ve

Ge
Gy Gho G Gi2
G13 Ga

2

<

Figure 1. All graphs in the family F
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Theorem 5 If G is a connected graph of order n, then y,r(G) =n—1
if and only if G € G* UF U {Ps}.

Proof. (=) Let G be a connected graph of order n with v,r(G) =
n — 1. If Ap(G) > 3, then Proposition 2 leads to y,r(G) < n —2, a
contradiction. Thus Ay (G) < 2. If A(G) = 1, then Propositions 1
and 2 imply that v,z(G) = n, a contradiction. Thus Ap(G) = 2. Let
v be a vertex of G with degy(v) = Ap(G) = 2 and Na(v) = {v1,v2}
and let G’ = G[N(v)]. We proceed with two claims namely Claim 1
and Claim 2.

Claim 1. If degy,(z) = degy,(w) = 2 for two distinct vertices z and
w of G, then Ny(z) N No(w) # 0.

Proof of Claim 1: Assume that z,w be two distinct vertices of
G such that deg;(z) = deg,(w) = 2. Suppose to the contrary that
No(2) N No(w) = 0. Then f defined by f(z) = f(w) = 2, f(z) =0
for x € Na(z) U No(w), and f(u) = 1 otherwise, is a HRDF for G with
weight n — 2. Thus v,r(G) < n — 2, a contradiction. ¢

Claim 2. §(G") > |[V(G")| — 2.

Proof of Claim 2: If there are three vertices a,b,c € V(G’) such
that a € N(b)UN(c), then degy, (a) > 2. Thus degy,(a) = 2 and Na(a) =
{b, c}. Since degy,(a) = deg;,(v) = 2 and Na(a) N Na(v) = (), then Claim
1 leads to a contradiction. Therefore, any vertex of G’ is adjacent to
at least |V(G')| — 2 vertices of G'. Therefore, 6(G’) > |V(G')| — 2. 4

Note that diam(G) > 2, since y,r(G) = n — 1. Suppose that
diam(G) > 5. Let P : ujususuqusug...ug be diametrical path in G.
Then wuy,us € Nao(uz) and ug,ug € Na(uyg). Since Ap(G) = 2, thus
degy, (u3) = degy, (ug) = 2. This contradicts Claim 1. Thus diam(G) <
4. Therefore, we conclude that 2 < diam(G) < 4. We consider the
following cases.

Case 1. diam(G) = 2. Clearly V(G) — (N2(v) UN[v]) = 0. Ac-
cording to the Claim 2, we consider two following subcases.

Subcase 1.1. §(G’) = |[V(G’)| — 1. Then G’ is a complete graph.
Assume that vivy ¢ E(G). Note that d(vi,ve) = 2. If |V(G)| = 1,
then any vertex of Na(v) is adjacent to the vertex of G', and so G is
obtained from G’ by Operation @;. Thus assume that |[V(G')| > 2. If
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at least a vertex of Na(v) is adjacent to at most |V (G’)| — 1 vertices
of G, then A,(G) = 2 leads to a contradiction. Thus both vertices vy
and vy are adjacent to any vertex of V(G’). Hence G is obtained from
G’ by Operation ;. Next assume that vivy € E(G). If [V(G')] = 1,
then vy and vy are adjacent to the vertex of G'. SoG =G, € F. Thus
assume that |V(G’)| > 2. Then we can see that there exists at most
one vertex in N(v), such as x, such that d(vy,z) = 2. Also there exists
at most one vertex in N(v), such as y, such that d(ve,y) = 2. Thus vy
and vy are adjacent to at least |V(G’)| — 1 vertices of G'. Therefore, G
is obtained from G’ by Operation Q. Therefore, G € G*.

Subcase 1.2. §(G') = |V(G")| — 2. Clearly |[V(G’)| > 2. Suppose
that |V(G’)| > 3. First we show that G’ € G. Suppose to the contrary,
that v,r(G") < |V(G')| — 1. Let f be a y,r(G’)-function. Then we
can define g with g(v) = 2, g(v1) = g(v2) = 0 and g(z) = f(z) oth-
erwise, to obtain a HRDF for graph G with weight ¢(V) = f(V) + 2.
Thus vhr(G) < f(V)+2 < |[V(G')| —1+2 = |V(G')] + 1. Since
[V(GQ)| = |V(G")| + 3, therefore we have v,r(G) < |[V(G)| —2=n—2,
a contradiction. Therefore, v,r(G’) = |V(G’')| and by Theorem 3,
G € GU{Py, K, _3}. Since 6(G") = |[V(G")| — 2, thus G' # P, and
G’ # K,,_3. Therefore, G’ € G. Assume that vivy ¢ E(G). Then there
exists at most one vertex in N(v) U{va} at distance two from v; (since
otherwise degy, (v1) > 2, a contradiction). Since diam(G) = 2, we have
d(vy,v2) = 2. Then we conclude that v; is adjacent to any vertex of G
Similarly v is adjacent to any vertex of G'. Therefore, G is obtained
from G’ by using Operation Q. Therefore, G € G*. Now suppose that
v1vy € FE(G). Note that in this case, if there is z € V(G'), such that
z ¢ N(v1), then d(z,v1) = 2. Similarly if z ¢ N(ve), then d(z,v2) = 2.
Thus v and vy are adjacent to at least |V (G')| — 1 vertices of G'. Let
u € V(G') be a vertex with dege(u) = 0(G") = |[V(G')| — 2 and let w
be the vertex of G’ such that w ¢ N(u). Clearly d/(u,w) = 2. Then
u,w € N(v1) U N(v2) (since in the otherwise, if u ¢ N(v;) U N(v2) or
w ¢ N(v1)UN (v2), then degy, (u) > 2 or degy, (w) > 2, a contradiction).
Now suppose that u ¢ N(v1) N N(v2). Then since u € N(v1) U N(v2),
so either uw € N(v1) or u € N(vz). Without loss of generality, assume
that u € N(v1) and u ¢ N(ve). Note that in this case vy is adjacent
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to any vertex of N (u) (since otherwise, degy(vi) = deg,(u) = 2,
Na(v1) N No(u) = (), and Claim 1 leads to contradiction). Also vy is
adjacent to any vertex of N (u), since otherwise degy,(v2) > 2, a con-
tradiction. Therefore, G is obtained from G € G by operation Os.
Therefore, G € G*.

Now suppose that [V (G)| = 2. Then G = K. If vjvy ¢ E(G),
then v; and ve are adjacent to any vertex of G’, since otherwise there
exist two vertices at distance three or four from each other, a contra-
diction with diam(G) = 2. Thus G = G2 € F. Thus assume that
vivg € E(G). Note that in this case any vertex of V(G') is adjacent to
at least one vertex of Na(v), since otherwise there exist two vertices in
G at distance three from each other, a contradiction with diam(G) = 2.
On the other hand any vertex of Na(v) is adjacent to at least one vertex
of V(G'). We conclude that G € {G3,Gy4,G5}. Consequently, G € F.

Case 2. diam(G) = 3. According to the Claim 2, we consider two
following subcases.

Subcase 2.1. §(G') = |[V(G")| — 1. Then G’ is a complete graph.
Assume that |V (G’)| > 3. We can easily see that v; and ve are adjacent
to at least |V(G')| — 1 vertices of G’ and N(v1) N N(vg) # (). Let
vivy ¢ E(G), then d(vi,ve) = 2. If there is z € N(v) such that
z ¢ N(v1), then z € Ny(vy). Thus degy(v1) > 3, a contradiction.
Therefore, vy is adjacent to any vertex of N(v). Similarly we can show
that vo is adjacent to any vertex of N (v). In this case, distance between
any two vertices of N[v] U Na(v) is at most two. Since diam(G) = 3,
thus we may suppose that V(G) — (N[v] U Na(v)) # (. Note that
in this case there is a vertex z in V(G) — (N[v] U Na(v)) such that
z € N(v1) U N(v2). Then clearly degy,(z) > 3, a contradiction. Next
suppose that v1v9 € E(G). Note that in this case v; and vy are adjacent
to at least |V (G')| — 1 vertices of G'. Thus distance between any two
vertices of N[v]UN3(v) is at most two. Since diam(G) = 3, thus we may
suppose that V(G)— (N[v]UN2(v)) # 0. Note that in this case there is
a vertex z in V(G) — (N[v]U Nz (v)) such that z € N(v1)UN (v3). Then
clearly by Claim 1 or this fact that A, (G) = 2, we have a contradiction.
Hence, we conclude that |V (G")| < 2.

Suppose that |V(G')| = 1. Let V(G') = {w}. Then v; and vy
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are adjacent to w and distance between any two vertices of N[v] U
N3 (v) is at most two. Since diam(G) = 3, thus we may suppose that
V(G) — (N[v] U Na(v)) # 0. Let z be a vertex of V(G) — (N[v] U
N3(v)) such that z € N(v1) U N(v2). Then suppose that there is a
vertex 2z € V(G) — (N[v] U No(v)) such that 2" # 2. If 2 € N(v)U
N(v3), then z,z" € Ny(w) and by this fact that Ap(G) = 2 we have
deg,(w) = 2. Then Claim 1 leads to a contradiction. Hence, z' €
N(z) — {v1,v2}. Then clearly d(v,z') = 4, a contradiction. Thus
|[V(G) — (N[v] U Na(v))| < 1. Since diam(G) = 3, we conclude that
|[V(G) — (N]v] U Na(v))| = 1. Now suppose that vivy ¢ E(G), then
we can easily see that G € {Gs,G7} and if vive € E(G), then we can
easily see that G € {Gs,Go}. Therefore, G € F.

Next suppose that |[V(G')] = 2. Then G’ = K. Suppose that
vivg & E(G). If a vertex of Na(v) is adjacent to both vertices of G,
then the other vertex of Ny(v) is also adjacent to both vertices of G’
(otherwise this fact that Ap(G) = 2 leads to contradiction). Note
that in this case for any pair a,b € N[v] U Na(v), d(a,b) < 2. Since
diam(G) = 3, thus we may suppose that V(G) — (N[v] U Na(v)) # 0.
Let z be a vertex of V(G)— (N[v]UNz(v)) such that z € N(v;)UN (v2).
Then degy(z) > 2. Since Ap(G) = 2, we have deg,(z) = 2. Note that
Njy(z) = N(v), that Claim 1 leads to a contradiction. Hence any vertex
of Na(v) is adjacent to one vertex of G'. If Ny (v1) NN (va) # 0, then
degy, (v1) = degy,(v2) > 2, a contradiction. Thus N (v1) NNy (v2) =0
and d(v,ve) = 3. If V(G) — (N[v] U Na(v)) # 0, then Claim 1 or this
fact that diam(G) = 3, leads to contradiction. Therefore, we conclude
that V(G) — (N[v] U Na(v)) = 0. Therefore, G = Gg € F.

Now suppose that vivy € E(G). If at least one vertex of Na(v) is
adjacent to both vertices of N (v), then for any pair a,b € N[v]UNz(v),
d(a,b) < 2. Since diam(G) = 3, thus we may suppose that V(G) —
(N[v] U Na(v)) # (. Let z be a vertex of V(G) — (N[v] U Na(v)) such
that z € N(v1) UN(vz). Then degy,(z) > 2. Since A, (G) = 2, we have
degj,(z) = 2. Note that in this case, Claim 1 leads to contradiction.
Hence each vertex of Ny(v) is adjacent to one vertex of V(G'). If
N (v1)NNgr (v2) = 0, then for any pair a,b € N[v]UN3(v), d(a,b) < 2.
Thus we may suppose that V(G)—(N[v]JUN3(v)) # 0. Let 2 be a vertex
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of V(G) — (N[v] U Na(v)) such that z € N(v1) U N(vz). Then clearly
degy,(z) = 2 and we can see that Claim 1 leads to a contradiction.
Hence N (v1) N Ny (v2) # 0. Let {x} = N (v1) N Ny (v2). Clearly
for any pair a,b € N[v] U Na(v), d(a,b) < 2. Since diam(G) = 3,
thus we may suppose that V(G) — (N[v] U Na(v)) # 0. Let z be a
vertex of V(G) — (N[v]U Na(v)) such that z € N(v1)UN(vg). Suppose
that there is 2 € V(G) — (N[v] U Ny(v)), such that z # 2. If 2’ €
N(v1)UN (vp), then degy,(z) = 2 and Na(x) N Na(v) = (), and so Claim
1 leads to contradiction. Hence we shall have 2" € N(z) — {v1, v}, that
in this case clearly d(z',v) = 4, a contradiction. Thus |V (G) — (N[v] U
No(v))| < 1. If z is adjacent to only one vertex of Ny(v), without loss
of generality, suppose that z be only adjacent to vq, then degy, (ve) = 3,
a contradiction. Hence z € N(v1) N N(v2) and G = Gy € F.

Subcase 2.2. §(G') = |V(G')| — 2. Clearly |V (G’)| > 2. Suppose
that |V(G')| > 4. Let x be a vertex of G such that deg./(z) =
[V(G')| — 2 and let y be the other vertex of G such that y ¢ Ngi ().
We can see that d(z,y) = 2 and N/ () = N (y). We show that if
there is a vertex a € V(G') such that a ¢ N(v;), then d(a,v;) = 2. If
a = x, then at least one vertex of N (z) is adjacent to the vertex vy,
since in the otherwise, deg, (v1) > 2, a contradiction. Thus we deduce
that d(a,v1) = 2. Next suppose that a € N (x). If {z,y} NN (v1) = 0,
then degy,(v1) > 2, a contradiction. Thus {z,y} N N(v1) # 0, and so
d(a,v1) = 2. If there are two vertices a,b € V(G') such that a,b ¢
N(v1). Then, degy(v1) > 2, a contradiction. Therefore, we conclude
that v1 and vy are adjacent to at least |V(G’)| — 1 vertices of G’ and
clearly N/ (vi) N Ngy(v2) # 0. Note that, we have d(vy,v2) < 2.
Then clearly distance between any two vertices of N[v] U Na(v) is at
most two. Since diam(G) = 3, thus we may suppose that V(G) —
(N[v] U Na(v)) # (0. Let z be a vertex of V(G) — (N[v] U Na(v)) such
that z € N(v1) U N(v2). Then clearly deg,(z) > 2, a contradiction.
Consequently, |V (G")| < 3.

Now suppose that |V (G’)| = 2. Then G’ = Ks. Let V(G') = {z,y}.
Let v1ve ¢ E(G). If v1 and v are adjacent to both vertices of V(G'),
then distance between any two vertices of N[v] U Na(v) is at most two.
Since diam(G) = 3, thus we may suppose that V(G)— (N[v]UN3(v)) #
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(. Let z be a vertex of V(G) — (N[v] U Na(v)) such that z € N(v) U
N(vg). Then clearly deg,(z) = 2 and N2(z) N Na(v) = 0. By Claim 1
we have a contradiction. Thus there exists at least one vertex in Ny (v)
such that is adjacent to only one vertex of G’. If vy is adjacent to both
vertices of V(G’) and vy be adjacent to only one vertex of V(G’), then
d(vg,x) = 3 or d(ve,y) = 3. We show that V(G) — (N[v] U Na(v)) = 0.
Suppose to contrary that there is z € V(G) — (N[v] U Na(v)) such that
z € N(v1) U N(ve). Then we can see that Claim 1 or diam(G) = 3
leads to contradiction. Therefore, we conclude that G = Gy € F.
Now suppose that each vertex of Ny(v) is adjacent to one vertex of G'.
If v is adjacent to x and vy be adjacent to y, then d(vi,ve) = 4, a
contradiction. Hence, both vertices of Na(v) are adjacent to precisely
one vertex of G, without loss of generality, suppose that v; and vy are
adjacent to x. Clearly d(y,v1) = d(y,v2) = 3. Then we can easily see
that V(G) — (N[v] U Na(v)) = 0. Thus we deduce that G = Gg € F.

Now suppose that vive € E(G). If there is at least a vertex in Na(v)
such that is adjacent to both vertices of G’, then distance between any
two vertices of N[v] U Na(v) is at most two. Since diam(G) = 3, we
may suppose that V(G) — (N[v] U Na(v)) # (. Let z be a vertex
of V(G) — (N[v] U N2(v)) such that z € N(v1) U N(vz). Then clearly
degy,(z) = 2 and Claim 1 leads to contradiction. Therefore, we conclude
that each vertex of Ny(v) is adjacent to one vertex of G'. If vy is
adjacent to = and vy be adjacent to y, then distance between any two
vertices of N[v] U Na(v) is at most two and we can easily see that
V(G) — (N[v] U Na(v)) = 0. Thus both v; and vy are adjacent to
precisely one vertex of G’. In this case, there exist two vertices in
N[v] U Na(v)) such that distance between them is equal to three and
also we can easily see that V(G) — (N[v] U Na(v)) = 0. Therefore
G=Gy €F.

Next Suppose that |V(G’)| = 3. Then G’ is a path of length two.
Let G’ be the path P : zyu. Assume that vivy ¢ E(G). If one of the
vertices Na(v) is adjacent to all vertices of G, then clearly the other
vertex of Ny(v) is also adjacent to all vertices of G'. Now suppose
that both vertices of Ny(v) are adjacent to any vertex of V(G'), then
distance between any two vertices of N[v]UNz(v) is at most two. Since
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diam(G) = 3, thus we may suppose that V(G) — (N[v] U Na(v)) # 0.
Let z be a vertex of V(G) — (N[v]UN2(v)) such that z € N(v1)UN (v2).
Then clearly degy(z) > 2, a contradiction. Thus each vertex of Na(v)
is adjacent to at most two vertices of G'. If each vertex of Na(v) is
adjacent to two vertices of G’, then clearly N (v1) N Ny (v2) # 0 and
so d(v1,v9) = 2. Thus hop-degree of each vertex of No(v) is more than
two, a contradiction. Thus at least one vertex of Ny(v) is adjacent to
only one vertex of G’. Suppose that both vertices of Ny(v) are adjacent
to one vertex of G’, then we can easily see that y ¢ N(v1) U N(vg),
and also Ng/(v1) N Ngr(vg) = (0. Thus if v; is adjacent to x, then vy is
adjacent to u. Then d(vq,v2) = 4, a contradiction with diam(G) = 3.
Thus one vertex of Na(v) is adjacent to one vertex of G’ and the other
vertex is adjacent to two vertices of G’. Without loss of generality
suppose that vy is adjacent to two vertices of G’ and v is adjacent to
only one vertex of G'. Then clearly N/ (v1) N N (v2) = 0, and as
before, we observe that vs is not adjacent to y. Note that in this case
d(vi,v9) = 3 and we can easily see that V(G) — (N[v] U Na(v)) = 0.
Therefore, we conclude that G = G2 € F.

Now assume that vi1ve € E(G). If any vertex of Na(v) is adjacent
to at least two vertices of G’, then distance between any two vertices
of N[v] U Na(v) is at most two. Since diam(G) = 3, thus we may
suppose that V(G) — (N[v] U Na(v)) # 0. Let 2z be a vertex of V(G) —
(N[v]JUN3(v)) such that z € N(v1)UN (v2). Then degy,(z) > 2, that is a
contradiction. Hence at least one vertex of Na(v) is adjacent to only one
vertex of G'. Note that in this case, any vertex of Na(v) is adjacent to
at most two vertices of G . If both vertices v and vq are adjacent to one
vertex of G', then y ¢ N (v1)UN (vz), since in the otherwise degy, (v1) >
3 and degy, (v2) > 3, a contradiction. Also N (v1)NNg(v2) # 0, in the
otherwise degy, (v1) > 2 and degy, (v2) > 2. Hence vy and vq are adjacent
to precisely one vertex of {x,u} and so G = G19 € F. Now suppose that
a vertex of N2(v) be adjacent to both vertices of G’ and the other vertex
of Ny(v) is adjacent to one vertex of G'. Without loss of generality
suppose that vy is adjacent to one vertex of G'. Then y ¢ N(uvs),
since in the otherwise degy(v2) > 3, a contradiction. Without loss of
generality suppose that v is adjacent to u. If u ¢ N(vq), then {x,y} =
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N/ (v1) and we can see that degy,(v2) > 3, a contradiction. Therefore,
u € N(v1). Next suppose that 2 € N(v;), then we can easily see that
degy, (v2) > 2, a contradiction. Hence, we have N/ (v1) = {y,u} and
N¢r(v2) = {u}. Note that in this case d(z,v2) = 3 and we can see that
V(G) — (N[v] U Na(v)) = . Consequently, we have G = G13 € F.

Case 3. diam(G) = 4. According to the Claim 2, we consider two
following subcases.

Subcase 3.1. §(G’) = |[V(G')| — 1. Then G’ is a complete graph.
Suppose that [V(G')| > 3. Clearly each vertex of Ny(v) is adjacent
to at least |V(G')| — 1 vertices of G'. Also vy is adjacent to at least
[V(G") U {v2}| — 1 vertices of V(G’) U {va}, since in the otherwise if
there exist two vertices a,b € V(G')U{va} such that a,b ¢ N(v1), then
degy,(v1) > 2, a contradiction. Similarly, we can see that vy is adjacent
to at least |V (G")U{v1}|—1 vertices of V(G')U{v;1}. Clearly, in this case
distance between any two vertices of N[v]UNa(v) is at most two. Since
diam(G) = 4, we conclude that V(G) — (N[v]UNy(v)) # 0. Then there
is the vertex z € V(G) — (N[v] U N2(v)) such that z € N(v1) U N (vg).
Note that in this case degj,(z) > 2 and the fact that A, (G) = 2 or Claim
1, lead to contradiction. Therefore, we may assume that |V (G’)| < 2.

We first assume that |V (G’)| = 2, then we can easily see that dis-
tance between any two vertices of N[v] U Na(v) is at most three. Since
diam(G) = 4, we may suppose that V(G) — (N[v] U Na(v)) # 0. Note
that in this case from the fact that A,(G) = 2 or Claim 1 we have a
contradiction.

Hence we can assume that |V(G’)| = 1. Let V(G') = {z}. Then
v1 and vo are adjacent to z and distance between every two vertices
in N[v] U Na(v) is at most two. Since diam(G) = 4, we conclude that
there is a vertex y € V(G) — (N[v] U Na(v)), such that d(y,v;) = 2
or d(y,vy) = 2. In this case, if vjve ¢ E(G), then hop-degree of at
least one vertex of Nj(v) is more than two, a contradiction. Thus
vivg € E(G). Now suppose that y € V(G) — (N[v] U Na(v)) is a vertex
at distance two from vy and let vizy be the path between vy and y. If
x & N(vg), then degy, (x) = degy,(v1) = 2 and No(z)NNo(v1) = (), that is
a contradiction with Claim 1. Thus € N(vg). If there exists a vertex
z € V(G) — (N[v] U Na(v)) such that ' # 2z and = € N(vg) U N(v1),
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then deg,(z) = 2, and N2(z) N No(v) = B, thus Claim 1 leads to
contradiction. Since y € V(G) — (N[v] U Na(v)) and y # x, so we
conclude that y ¢ N(vz) and since diam(G) = 4, so N(y) — {z} =0
and y is a leaf. On the other hand N(z) — Ny(v) = {y}, since in
the otherwise, deg,(vi) > 3 and also degy(v2) > 3, a contradiction.
Thus we conclude that G = G4 € F. Similarly, we can show that if
y € V(G) — (N[v] U Na(v)) is a vertex at distance two from vg, then
G=GyeF.

Subcase 3.2. §(G’) = |V(G")| — 2. Clearly |[V(G’)| > 2. Suppose
that [V(G")] > 4. Let = be a vertex of V(G') such that deg.,(z) =
[V(G')| — 2 and let y be a vertex of G’ such that y ¢ N (z). We can
see that d(z,y) = 2 and N/ (z) = N (y). We show that if there is
a vertex a € V(G') such that a ¢ N(v;), then d(a,v;) = 2. If a = =,
then at least one vertex of N/ (x) is adjacent to the vertex vy, since
in the otherwise, degj,(v1) > 2, a contradiction. Thus we deduce that
d(a,v1) = 2. Next suppose that a € N (x). If {z,y} N N(v1) = 0,
then degy(v1) > 2, a contradiction. Thus {z,y} N N(v1) # 0, and so
d(a,v1) = 2. If there are two vertices a,b € V(G') such that a,b ¢
N(vy1), then degy(v1) > 2, a contradiction. Therefore, we conclude
that v; is adjacent to at least |V (G’)| — 1 vertices of G'. With a similar
argument we can show that vy is adjacent to least |V (G’)| — 1 vertices
of G'. Clearly N/ (v1) N Ny (va) # 0. Then the distance between any
two vertices of N[v]UNa(v) is at most 2. We may suppose that V(G) —
(N[v]UN3(v)) # 0, then there is the vertex z € V(G) — (N[v] U Na(v))
such that z € N(v1)UN (v2). Note that in this case clearly degy,(z) > 2,
a contradiction. Hence, we conclude that V(G) — (N[v] U Na(v)) = 0
and so we may assume that |V (G’)| < 3.

We first assume that |[V(G’)] = 3. Then G’ is a path of length
two. Let G’ be the path P : zyu. Assume that at least one vertex
of Ny(v) is adjacent to at least two vertices of G’. Without loss of
generality, suppose that vy is adjacent to at least two vertices of G'.
Then clearly the distance between any two vertices of N[v] U Na(v)
is at most 3. Thus we may suppose that there is at least a vertex
z € V(G) — (N]v]UNz(v)) that is adjacent to vq or ve. If z is adjacent
to vy, then degp(z) > 2 and Claim 1 or the fact that Ap(G) = 2
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leads to a contradiction. Thus z is adjacent to vy. Note that in this
case v is adjacent to at least one vertex of G’. Then we can easily
see that Claim 1 or the fact that Ap(G) = 2 leads to a contradiction.
Therefore, each vertex of Ny(v) is adjacent to one vertex of G'. We
can see that y ¢ N(vi) U N(v2). If N (v1) N Ny (v2) # 0, then the
distance between any two vertices of N[v] U Na(v) is at most 3. Thus
we may suppose that there is a vertex z € V(G) — (N]v] U N2(v)) that
is adjacent to vy or vo. Let x € N (v1) N Ny (v2). Then degy(z) = 2
and Na(z) = {u,z}. Thus No(x )ﬂ Ng( ) =10 and so Claim 1 leads
to a contradiction. Thus N/ (vi) N Ny (ve) = 0. If vive € E(G),
then clearly degy(v1) > 2 and degh(vg) > 2, a ontradlctlon Thus
vivg ¢ E(G). Then d(v1,vy) = 4 and clearly V(G)— (N [v]UN2(v)) = 0,
and so we conclude that G = G4 € F.

Next we assume that |[V(G')| = 2, then G' = K,. Let V(G') =
{z,y}. Clearly the vertices v; and vy are adjacent to at least one vertex
of G'. Tf each vertex of Ny(v) is adjacent to both vertices of G’, then
clearly the distance between any two vertices in N[v]U Nz (v) is at most
two. Since diam(G) = 4, we may suppose that V(G)—(N[v]UNy(v)) #
). Then there is the vertex z € V(G) — (N[v] U N2(v)) such that
z € N(v1) U N(vg). Note that in this case deg(z) > 2 and Claim 1 or
the fact that Ap(G) = 2 lead to a contradiction. Thus there is at least
one vertex in Np(v) such that it is adjacent to only one vertex of G'.
Suppose that one vertex of Ny(v) is adjacent to both vertices of V(G')
and the other vertex is adjacent to only one vertex of G’. Then the
distance between any two vertices of N[v]UNa(v) is at most two. Since
diam(G) = 4, we may suppose that V(G) — (N[v] U No(v)) # 0. Then
there is the vertex z € V(G) — (N[v] U Na(v)) such that z € N(vy) U
N(v2). Note that in this case deg,(z) > 2 and Claim 1 or the fact that
Ap(G) = 2 lead to a contradiction. Therefore, any vertex of Ny(v) is
adjacent to only one vertex of G'. Assume that vivy € E(G). Note that
in this case the distance between any two vertices of N[v]U Na(v) is at
most 3. We may suppose that V(G) — (N[v] U Na(v)) # (0. Then there
is the vertex z € V(G) — (N[v] U Na(v)) such that z € N(vy) U N(vg).
Then we can easily see that Claim 1 or the fact that A, (G) = 2 lead to
a contradiction. Hence vivp ¢ E(G). Assume Ny (v1) N Ny (v) # 0,
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then clearly the distance between any two vertices of N[v] U Na(v) is
at most 3. Thus we may suppose that V(G) — (N[v] U Na(v)) # 0.
Then there is the vertex z € V(G) — (N[v] U Na(v)) such that z €
N(v1) U N(v2). Note that in this case we can easily see that Claim
1 leads to a contradiction. Therefore, N (v1) N Ny (v2) = 0, and
d(vi,v9) = 4. Thus we conclude that V(G) — (N[v] U Na(v)) = () and
so G = Ps.

(<) Suppose that G € G* U F U {Ps}. It is obvious that if G = P
or G € F, then v4r(G) = n — 1. Next suppose that G € G*. Then by
Lemma 4, we have 74r(G) =n—1. =

References

[1] M. Adabi, E. Ebrahimi Targhi, N. Jafari Rad, and M. Saied
Moradi, “Properties of independent Roman domination in
graphs,” Australas. J. Combin., vol. 52, pp. 11-18, 2012.

[2] R. A. Beeler, T. W. Haynes, and S. T. Hedetniemi, “Double Ro-
man domination,” Discrete Appl. Math., vol. 211, pp. 23-29, 2016.

[3] S. K. Ayyaswamy, B. Krishnakumari, C. Natarajan, and Y. B.
Venkatakrishnan, “Bounds On The Hop Domination Number Of
a Tree,” Proc. Indian Acad. Sci. (Math. Sci.), vol. 125, no. 4, pp.
449-455, 2015.

[4] S. K. Ayyaswamy and C. Natarajan, Hop Domination in Graphs.

[5] E.J. Cockayane, P.M. Dreyer Jr., S.M. Hedetniemi, and S.T.
Hedetniemi, “On Roman domination in graphs,” Discrete Math.,
vol. 278, pp. 11-22, 2004.

[6] M. Farhadi Jalalvand and N. Jafari Rad, “On the complexity of
k-step and k-hop dominating sets in graphs,” Math. Montisnigri,
vol. 40, pp. 36-41, 2017.

[7] T. W. Haynes, S. T. Hedetniemi, and P. J. Slater, Fundamentals
of Domination in Graphs, New York: Marcel Dekker Inc., 1998.

21



E. Shabani, N. Jafari Rad, A. Poureidi

8]

M. A. Henning and N. Jafari Rad, “On 2-Step and Hop Dominat-
ing Sets in Graphs,” Graphs Combin., vol. 33, no. 4, pp. 913-927,
2017.

C. Natarajan and S. K. Ayyaswamy, “Hop Domination in Graphs-
I1,” An. Stt. Univ. Ovidius Const. vol. 23, no. 2, pp. 187-199, 2015.

N. J. Rad and H. Rahbani, “Bounds on the locating Roman dom-
inating number in trees,” Discuss. Math. Graph Theory, vol. 38,
no. 1, pp. 49-62, 2018.

[11] C.S. ReVelle and K. E. Rosing, “Defendens imperium Romanum:
a classical problem in military strategy,” Amer Math. Monthly,
vol. 107, pp. 585-594, 2000.

[12] E. Shabani, Hop Roman domination in graphs, 2017.

[13] 1. Stewart, “Defend the roman empire!,” Sci. Amer., vol. 281, no.
6, pp. 136-139, 1999.

E. Shabani', N. Jafari Rad', A. Poureidi’, Received September 17, 2018

Revised December 17, 2018

1 School of Mathematical Sciences,
Shahrood University of Technology,
Shahrood, Iran

E-mail: n.jafarirad@gmail.com

22



