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Abstract

A parameterized algebraic theory of instruction sequences,
objects that represent the behaviours produced by instruction
sequences under execution, and objects that represent the be-
haviours exhibited by the components of the execution environ-
ment of instruction sequences is the basis of a line of research in
which issues relating to a wide variety of subjects from computer
science have been rigorously investigated thinking in terms of in-
struction sequences. In various papers that belong to this line of
research, use is made of an instantiation of this theory in which
the basic instructions are instructions to read out and alter the
content of Boolean registers and the components of the execu-
tion environment are Boolean registers. In this paper, we give
a simplified presentation of the most general such instantiated
theory.
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1 Introduction

We are carrying out a line of research in which issues relating to a wide
variety of subjects from computer science are rigorously investigated
thinking in terms of instruction sequences (see e.g. [1]). The ground-
work for this line of research is the combination of an algebraic theory
of single-pass instruction sequences, called program algebra, and an al-
gebraic theory of mathematical objects that represent the behaviours
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produced by instruction sequences under execution, called basic thread
algebra, extended to deal with the interaction between instruction se-
quences under execution and components of their execution environ-
ment (see e.g. [2]). This groundwork is parameterized by a set of basic
instructions and a set of objects that represent the behaviours exhibited
by the components of the execution environment.

In various papers that have resulted from this line of research, use
is made of an instantiation of this theory in which certain instructions
to read out and alter the content of Boolean registers are taken as
basic instructions and Boolean registers are taken as the components
of the execution environment (see [3]-[8]). In the current paper, we
give a simplified presentation of the instantiation in which all possible
instructions to read out and alter the content of Boolean registers are
taken as basic instructions.

In the papers referred to above, the rationale for taking certain
instructions to read out and alter the content of Boolean registers as
basic instructions is that the instructions concerned are sufficient to
compute each function on bit strings of any fixed length by a finite
instruction sequence. However, shorter instruction sequences may be
possible if certain additional instructions to read out and alter the
content of Boolean registers are taken as basic instructions (see [9]).
That is why we opted for the most general instantiation.

Both program algebra and basic thread algebra were first presented
in [10].1 An extension of basic thread algebra to deal with the inter-
action between instruction sequences under execution and components
of their execution environment, called services, was presented for the
first time in [11]. A substantial re-design of this extension was first pre-
sented in [12]. The presentation of both extensions is rather involved
because they are parameterized and owing to this cover a generic set of
basic instructions and a generic set of services. In the current paper, a
much less involved presentation is obtained by covering only the case
where the basic instructions are instructions to read out and alter the
content of Boolean registers and the services are Boolean registers.

'In that paper and the first subsequent papers, basic thread algebra was intro-
duced under the name basic polarized process algebra.
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This paper is organized as follows. First, we introduce program
algebra (Section 2) and basic thread algebra (Section 3) and extend
their combination to make precise which behaviours are produced by
instruction sequences under execution (Section 4). Next, we present the
instantiation of the resulting theory in which all possible instructions
to read out and alter Boolean registers are taken as basic instructions
(Section 5), introduce an algebraic theory of Boolean register families
(Section 6), and extend the combination of the theories presented in the
two preceding sections to deal with the interaction between instruction
sequences under execution and Boolean registers (Section 7). Then,
we formalize in the setting of the resulting theory what it means that
a given instruction sequence computes a given partial function from
B" to B™ (n,m € N) (Section 8) and give a survey of uses for the
resulting theory (Section 9). Finally, we make some concluding remarks
(Section 10).

The following should be mentioned in advance. The set B is a set
with two elements whose intended interpretations are the truth values
false and true. As is common practice, we represent the elements of B
by the bits 0 and 1. In line with generally accepted conventions, we
use terminology based on identification of the elements of B with their
representation where appropriate. For example, the elements of B™ are
loosely called bit strings of length n.

In this paper, some familiarity with algebraic specification is as-
sumed. The relevant notions are explained in handbook chapters and
books on algebraic specification, e.g. [13]-[16].

This paper is to a large extent a compilation of material from several
earlier publications. Various examples, various explanatory remarks,
and the axioms from Section 7 do not occur in earlier publications.

2 Program Algebra

In this section, we present PGA (ProGram Algebra). The starting-
point of PGA is the perception of a program as a single-pass instruction
sequence, i.e. a possibly infinite sequence of instructions of which each
instruction is executed at most once and can be dropped after it has
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been executed or jumped over. The concepts underlying the primitives
of program algebra are common in programming, but the particular
form of the primitives is not common. The predominant concern in the
design of PGA has been to achieve simple syntax and semantics, while
maintaining the expressive power of arbitrary finite control.

It is assumed that a fixed but arbitrary set A of basic instructions
has been given. A is the basis for the set of instructions that may
occur in the instruction sequences considered in PGA. The intuition is
that the execution of a basic instruction may modify a state and must
produce the Boolean value 0 or 1 as reply at its completion. The actual
reply may be state-dependent.

In applications of PGA, the instructions taken as basic instruc-
tions vary, in effect, from instructions relating to unbounded coun-
ters, unbounded stacks or Turing tapes through instructions relating
to Boolean registers or natural number registers to machine language
instructions of actual computers.

The set of instructions of which the instruction sequences considered
in PGA are composed is the set that consists of the following elements:

e for each a € A, a plain basic instruction a;

e for each a € A, a positive test instruction +a;
e for each a € A, a negative test instruction —a;
e for each | € N, a forward jump instruction #l;
e a termination instruction !.

We write Z for this set. The elements from this set are called primitive
nstructions.

Primitive instructions are the elements of the instruction sequences
considered in PGA. On execution of such an instruction sequence,
these primitive instructions have the following effects:

e the effect of a positive test instruction +a is that basic instruc-
tion a is executed and execution proceeds with the next primitive
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instruction if 1 is produced and otherwise the next primitive in-
struction is skipped and execution proceeds with the primitive
instruction following the skipped one — if there is no primitive
instruction to proceed with, inaction occurs;

e the effect of a negative test instruction —a is the same as the
effect of +a, but with the role of the value produced reversed;

e the effect of a plain basic instruction a is the same as the effect
of 4+a, but execution always proceeds as if 1 is produced;

e the effect of a forward jump instruction #I is that execution pro-
ceeds with the [th next primitive instruction — if [ equals 0 or
there is no primitive instruction to proceed with, inaction occurs;

e the effect of the termination instruction ! is that execution ter-
minates.

Inaction occurs if no more basic instructions are executed, but execu-
tion does not terminate.

A plain basic instruction a is generally used in the case of a basic
instruction a that modifies a state and a positive test instruction +a
or a negative test instruction —a is generally used in the case of a basic
instruction a that does not modify a state. However, there are no rules
prescribing such use.

PGA has one sort: the sort IS of instruction sequences. We make
this sort explicit to anticipate the need for many-sortedness later on. To
build terms of sort IS, PGA has the following constants and operators:

e for each u € Z, the instruction constant u:— IS;
e the binary concatenation operator _; _: IS x IS — IS;
e the unary repetition operator _“ : IS — IS.

Terms of sort IS are built as usual in the one-sorted case. We assume
that there are infinitely many variables of sort IS, including X,Y, Z.
We use infix notation for concatenation and postfix notation for repe-
tition. Taking these notational conventions into account, the syntax of
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closed PGA terms (of sort IS) can be defined in Backus-Naur style as
follows:

CTis = a ‘ “+a ‘ —a ‘ #l ‘ ! ‘ (CTIS ; CTls) ‘ (CTISW) s

where a € A and | € N.2

Throughout the paper, we generally omit grouping parentheses if
they can be unambiguously added or they are unnecessary because it
is axiomatized that the operator concerned stands for an associative
operation.

A PGA term in which the repetition operator does not occur is
called a repetition-free PGA term. A PGA term that is not repetition-
free is said to be a PGA term that has a repeating part.

One way of thinking about closed PGA terms is that they represent
non-empty, possibly infinite sequences of primitive instructions with
finitely many distinct suffixes. The instruction sequence represented by
a closed term of the form ¢;¢’ is the instruction sequence represented by
t concatenated with the instruction sequence represented by t'.3 The
instruction sequence represented by a closed term of the form ¢* is
the instruction sequence represented by ¢ concatenated infinitely many
times with itself. A closed PGA term represents a finite instruction
sequence if and only if it is a closed repetition-free PGA term.

A simple example of a closed PGA term is

(—a; (#3503 ) .

On execution of the infinite instruction sequence denoted by this term,
first the basic instruction a is executed repeatedly until its execution
produces the reply 1, next the basic instruction b is executed, and after
that execution terminates. Because (X;Y);Z = X ;(Y;Z) is an axiom
of PGA (see below), we could have written (—a; #3;b;!)“ instead of
(—a; (#3;(bs!)))” above.

The axioms of PGA are given in Table 1. In this table, u, uy, ..., ug

We use CTs, where S is a sort, as nonterminal standing for closed terms of
sort S.

3The concatenation of an infinite sequence with a finite or infinite sequence yields
the former sequence.
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Table 1. Axioms of PGA

(X;Y);Z2=X;(Y;2) PGA1
(X" = X PGA2
X@ .Y = Xv PGA3
(X;Y)=X;(Y; X))~ PGA4

H#k+1uy ;. suk; #F0=#0;u1 ;... ;ug; #0 PGA5
Hh+15ur ;. s up ;s #l = #l+k+1ur ;. ur s # PGA6

(Fl+k+15ur ;5. up)? = (F#lur ;.. ug)® PGAT
HlIkAE 25015 s ug; (v o )Y =
Hlk+1ur ;.o ug s (v V)Y PGAS8
and vy, ..., v 41 stand for arbitrary primitive instructions from Z, k,

k', and [ stand for arbitrary natural numbers from N, and n stands for
an arbitrary natural number from N;.* For each n € Ny, the term ¢7,
where ¢ is a PGA term, is defined by induction on n as follows: t' = t,
and "1 = ¢ ¢t".

Some simple examples of equations derivable from the axioms of
PGA are

(a;b)*;c=a;(b;a),
+a;(b;(—c;#2; D)) =+a;b; (—c;#2; ).

Closed PGA terms ¢ and t’ represent the same instruction sequence
iff t =t is derivable from PGA1-PGA4. In this case, we say that the
represented instruction sequences are instruction sequence congruent.
We write PGA™ for the algebraic theory whose sorts, constants and
operators are those of PGA, but whose axioms are PGA1-PGA4.

The informal explanation of closed PGA terms as sequences of prim-
itive instructions given above can be looked upon as a sketch of the in-

*We write Ny for the set {n € N | n > 1} of positive natural numbers.
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tended model of the axioms of PGA™®. This model, which is described
in detail in, for example, [2], is an initial model of the axioms of PGAS,

The unfolding equation X = X ; X% is derivable from the axioms
of PGA™¢ by first taking the instance of PGA2 in which n = 2, then
applying PGA4, and finally applying the instance of PGA2 in which
n = 2 again.

A closed PGA term is in first canonical form if it is of the form
tort;t'” wheret and t' are closed repetition-free PGA terms. The
following proposition, proved in [2], relates PGA!*® and first canonical
forms.

Proposition 1. For all closed PGA terms t, there exists a closed PGA
term t' that is in first canonical form such that t =t is derivable from
the axioms of PGA™C.

The examples given above of equations derivable from the axioms
of PGA are derivable from the axioms of PGAS only. Their left-hand
sides are not in first canonical form and their right-hand sides are in
first canonical form. Simple examples of equations derivable from the
axioms of PGA and not derivable from the axioms of PGA¢ are

—a; ##2; (+b; #2)¥ = —a; #0; (+b; #0)*
+a; #6505 (—c; #9)Y = +a; #2;0; (—c; #1)V .

Closed PGA terms ¢ and t’ represent the same instruction sequence
after changing all chained jumps into single jumps and making all jumps
as short as possible iff ¢t = ¢’ is derivable from PGA1-PGAS. In this
case, we say that the represented instruction sequences are structurally
congruent.

A closed PGA term t has chained jumps if there exists a closed PGA
term t' such that t = ¢’ is derivable from the axioms of PGA® and t/
contains a subterm of the form #n+1;uq;...;uy; #l. A closed PGA
term ¢ of the form wuy;...;up;(v1;...;0,)Y has shortest possible jumps
if: (i) for each i € [1,m] for which u; is of the form #I, | < k +m — i;
(i) for each j € [1, k] for which v; is of the form #1, I < k—1. A closed
PGA term is in second canonical form if it is in first canonical form,
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does not have chained jumps, and has shortest possible jumps if it has
a repeating part. The following proposition, proved in [2], relates PGA
and second canonical forms.

Proposition 2. For all closed PGA termst, there exists a closed PGA
term t' that is in second canonical form such that t = t' is derivable
from the axioms of PGA.

The examples given above of equations derivable from the axioms
of PGA and not derivable from the axioms of PGA® have left-hand
sides that are not in second canonical form and right-hand sides that
are in second canonical form.

Henceforth, the instruction sequences of the kind considered in
PGA are called PGA instruction sequences.

In Section 7, we will use the notation ;?:1 t;. For each ¢ € Ny, let
t; be PGA terms. Then, for each n € Ny, the term vy L 18 defined by

induction on n as follows: ;}:1 t; = t1 and ;?:Jrll t; = ;?:1 ti sty

3 Basic Thread Algebra for Finite and Infinite
Threads

In this section, we present BTA (Basic Thread Algebra) and an exten-
sion of BTA that reflects the idea that infinite threads are identical if
their approximations up to any finite depth are identical.

BTA is concerned with mathematical objects that model in a direct
way the behaviours produced by PGA instruction sequences under ex-
ecution. The objects in question are called threads. A thread models
a behaviour that consists of performing basic actions in a sequential
fashion. Upon performing a basic action, a reply from an execution en-
vironment determines how the behaviour proceeds subsequently. The
possible replies are the Boolean values 0 and 1.

The basic instructions from A are taken as basic actions. Besides,
tau is taken as a special basic action. It is assumed that tau ¢ A. We
write A,y for AU {tau}.
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BTA has one sort: the sort T of threads. We make this sort explicit
to anticipate the need for many-sortedness later on. To build terms of
sort T, BTA has the following constants and operators:

e the inaction constant D :— T;
e the termination constant S:— T;

e for each o € Aiay, the binary postconditional composition opera-
tor _<dal>_:TxT—T.

Terms of sort T are built as usual in the one-sorted case. We assume
that there are infinitely many variables of sort T, including z,v, z.
We use infix notation for postconditional composition. Taking this
notational convention into account, the syntax of closed BTA terms (of
sort T') can be defined in Backus-Naur style as follows:

CTt =D ! S ‘ (CTt Qal> CTrt),

where a € Aia,. We introduce basic action prefixing as an abbreviation:
aot, where o € Ay, and ¢ is a BTA term, abbreviates t<ta >t. We treat
an expression of the form « ot and the BTA term that it abbreviates
as syntactically the same.

Closed BTA terms are considered to represent threads. The thread
represented by a closed term of the form ¢ <« ># models the behaviour
that first performs «, and then proceeds as the behaviour modeled by
the thread represented by t if the reply from the execution environment
is 1 and proceeds as the behaviour modeled by the thread represented
by t’ if the reply from the execution environment is 0. Performing tau,
which is considered performing an internal action, always leads to the
reply 1. The thread represented by S models the behaviour that does
nothing else but terminate and the thread represented by D models the
behaviour that is inactive, i.e. it performs no more basic actions and it
does not terminate.

A simple example of a closed BTA term is

(boS)<dal>D.
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Table 2. Axioms of BTA

r<taul y =2 Jtaubz T1

This term denotes the thread that first performs basic action a, if the
reply from the execution environment on performing a is 1, it next per-
forms the basic action b and then terminates, and if the reply from the
execution environment on performing a is 0, it next becomes inactive.

BTA has only one axiom. This axiom is given in Table 2. Using
the abbreviation introduced above, it can also be written as follows:
r <taul> y =tauoux.

Each closed BTA term represents a finite thread, i.e. a thread with
a finite upper bound to the number of basic actions that it can perform.
Infinite threads, i.e. threads without a finite upper bound to the number
of basic actions that it can perform, can be defined by means of a set
of recursion equations (see e.g. [12]).

A simple example of a set of recursion equations that consists of a
single equation is

x=(boS)dalux

Its solution is the thread that first repeatedly performs basic action a
until the reply from the execution environment on performing a is 1,
next performs the basic action b and then terminates.

A regular thread is a finite or infinite thread that can be defined
by means of a finite set of recursion equations. The behaviours pro-
duced by PGA instruction sequences under execution are exactly the
behaviours modeled by regular threads.

Two infinite threads are considered identical if their approximations
up to any finite depth are identical. The approximation up to depth n
of a thread models the behaviour that differs from the behaviour mod-
eled by the thread in that it will become inactive after it has performed
n actions unless it would terminate at this point. AIP (Approxima-
tion Induction Principle) is a conditional equation that formalizes the
above-mentioned view on infinite threads. In AIP, the approximation
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Table 3. Axioms for the projection operators and AIP

mo(x) =D PR1
s1(D) =D PR2
Tn+1 (S) =S PR3

7Tn+1(1' Jdab y) = Wn(x) Jdab Wn(y) PR4

/\nZO m(r) =m(y) = =y AIP

up to depth n is phrased in terms of the unary projection operator
7y T — T.

The axioms for the projection operators and AIP are given in Ta-
ble 3. In this table, « stands for an arbitrary basic action from As,, and
n stands for an arbitrary natural number from N. We write BTA® for
BTA extended with the projection operators, the axioms for the pro-
jection operators, and AIP.

By AIP, we have to deal in BTA® with conditional equational for-
mulas with a countably infinite number of premises. Therefore, infini-
tary conditional equational logic is used in deriving equations from the
axioms of BTA®. A complete inference system for infinitary condi-
tional equational logic can be found in, for example, [17].

For a simple example of the use of the axioms for the projection
operators and AIP, we consider the (recursion) equations z = a o x
and y = aoaoy. With these equations as hypotheses, the following
equations are derivable from the axioms for the projection operators:

Hence, the conditional equation t = aox Ay =aocaoy = x =y is
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derivable from the axioms for the projection operators and AIP. This
conditional equation tells us that the recursion equations z = aox and
y = a o a oy have the same solution.

4 Thread Extraction and Behavioural Congru-
ence

In this section, we make precise in the setting of BTA® which be-
haviours are produced by PGA instruction sequences under execution
and introduce the notion of behavioural congruence on PGA instruc-
tion sequences.

To make precise which behaviours are produced by PGA instruc-
tion sequences under execution, we introduce an operator ]_\ meant for
extracting from each PGA instruction sequence the thread that models
the behaviour produced by it under execution. For each closed PGA
term ¢, |t| represents the thread that models the behaviour produced
by the instruction sequence represented by ¢ under execution.

Formally, we combine PGA with BTA® and extend the combina-
tion with the thread extraction operator |_| : IS — T and the axioms
given in Table 4. In this table, a stands for an arbitrary basic in-
struction from A, u stands for an arbitrary primitive instruction from
Z, and [ stands for an arbitrary natural number from N. We write

Table 4. Axioms for the thread extraction operator

la] =aoD TE1 |#l| =D TE7
la; X|=ao|X] TE2 |#0; X| =D TES
|[+a| =aoD TE3 |#1; X| = |X]| TE9
|[+a; X| = |X|<al |#2;X| TE4 |#l+2;ul =D TE10
|—a|=aoD TE5 |[#l+2;u; X|=|#1+1; X| TE1l
|—a; X|=|#2; X|<a> |X| TE6 'l=S TE12

I'; X|=S TE13
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PGA/BTA® for the combination of PGA and BTA™ extended with
the thread extraction operator and the axioms for the thread extrac-
tion operator. The syntax of closed PGA/BTA terms of sort T can
be defined in Backus-Naur style as follows:

CTp==D|S|(CTh <a> CTh) | |CTs|,

where o € Ayyy. CThs is defined in Section 2.
A simple example of thread extraction is

[+a;#2;#3;0;![ = (boS) daD.

In the case of infinite instruction sequences, thread extraction yields
threads definable by means of a set of recursion equations. For example,

[(+a;#2;#3;b; 1)

is the solution of the set of recursion equations that consists of the
single equation
x=(boS)dalz.

If a closed PGA term ¢ represents an instruction sequence that
starts with an infinite chain of forward jumps, then TE9 and TE11
can be applied to |¢| infinitely often without ever showing that a basic
action is performed. In this case, we have to do with inaction and,
being consistent with that, |[t| = D is derivable from the axioms of
PGA and TE1-TE13. By contrast, |t| = D is not derivable from the
axioms of PGA™® and TE1-TE13. However, if closed PGA terms ¢ and
t’ represent instruction sequences in which no infinite chains of forward
jumps occur, then ¢ = t' is derivable from the axioms of PGA only if
|t| = |t/| is derivable from the axioms of PGA™® and TE1-TE13.

If a closed PGA term t represents an infinite instruction sequence,
then we can extract the approximations of the thread modeling the
behaviour produced by that instruction sequence under execution up
to every finite depth: for each n € N, there exists a closed BTA term
t” such that m,([t|) = ¢” is derivable from the axioms of PGA, TE1-
TE13, the axioms of BTA, and PR1-PR4. If closed PGA terms t
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and t’' represent infinite instruction sequences that produce the same
behaviour under execution, then this can be proved using the following
instance of AIP: A <, m(|t]) = ma(|t']) = [t| = |t'|.

PGA instruction sequences are behaviourally equivalent if they pro-
duce the same behaviour under execution. Behavioural equivalence is
not a congruence. Instruction sequences are behaviourally congruent
if they produce the same behaviour irrespective of the way they are
entered and the way they are left.

Let t and ' be closed PGA terms. Then:

e ¢t and t’ are behaviourally equivalent, written t = t', if |t| = |t|
is derivable from the axioms of PGA/BTA.

e t and t' are behaviourally congruent, written t =y t/, if, for each
IneN, #l:t; "=y 41t/ ;1"5

Some simple examples of behavioural equivalence are
a3 #2540 =pe a5 #2; +cs !,
(Fa; #2; #3505 )% =pe (—a; #3505 )% .
We cannot lift these examples to behavioural congruence, i.e.
a; #2540 PFoc as #2;+c5 !,
(fas #2435 2o (—a; #350;1)“.

A simple example of behavioural congruence is

(+a; #3;#2; b)Y Zpe (—a; #3;#2;b) .

It is proved in [2] that each closed PGA term is behaviourally equiv-
alent to a term of the form ¢, where t is a closed repetition-free PGA
term.

Proposition 3. For all closed PGA terms t, there exists a closed
repetition-free PGA term t' such that t =g t'*.

®We use the convention that ¢ ; 'Y stands for ¢.
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Behavioural congruence is the largest congruence contained in be-
havioural equivalence. Moreover, structural congruence implies be-
havioural congruence.

Proposition 4. For all closed PGA termst and t', t = t' is derivable
from the azxioms of PGA only if t Zp t'.

Proof. The proof is basically the proof of Proposition 2.2 from [2]. In
that proof use is made of the uniqueness of solutions of sets of recursion
equations where each right-hand side is a BTA term of the form D, S or
s<dal>s with BTA terms s and s’ that contain only variables occurring
as one of the right-hand sides. This uniqueness follows from AIP (see
also Corollary 2.1 from [2]). O

Conversely, behavioural congruence does not imply structural con-
gruence. For example, +a;!;! 2y —a;!; !, but +a;!;!=—a;!;!is
not derivable from the axioms of PGA.

In [18], we present an equational axiom system for behavioural con-
gruence that is sound for closed PGA terms and complete for closed
repetition-free PGA terms.

The following proposition, proved in [2], puts the expressiveness of

PGA in terms of producible behaviours.

Proposition 5. Let M be a model of PGA/BTA>. Then, for each
element p from the domain associated with the sort T in M, there
exists a closed PGA term t such that p is the interpretation of |t| in M
iff p is a component of the solution of a finite set of recursion equations
{V.=ty | V €V}, where V is a set of variables of sort T and each
ty is a BTA term that is not a variable and contains only variables
from V.

More results on the expressiveness of PGA can be found in [2].

5 The Case of Instructions for Boolean Regis-
ters

In this section, we present the instantiation of PGA in which all possible
instructions to read out and alter Boolean registers are taken as basic
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instructions.

In this instantiation, it is assumed that a fixed but arbitrary set F
of foci has been given. Foci serve as names of Boolean registers.

The set of basic instructions used in this instantiation consists of
the following:

e for each f € F and p,q:B — B, a basic Boolean register instruc-
tion f.p/q.

We write Ay, for this set.

Each basic Boolean register instruction consists of two parts sepa-
rated by a dot. The part on the left-hand side of the dot plays the role
of the name of a Boolean register and the part on the right-hand side
of the dot plays the role of an operation to be carried out on the named
Boolean register when the instruction is executed. The intuition is ba-
sically that carrying out the operation concerned modifies the content
of the named Boolean register and produces as a reply a Boolean value
that depends on the content of the named Boolean register. More pre-
cisely, the execution of a basic Boolean register instruction f.p/q has
the following effects:

e if the content of the Boolean register named f is b when the exe-
cution of f.p/q starts, then its content is ¢(b) when the execution
of f.p/q terminates;

e if the content of the Boolean register named f is b when the
execution of f.p/q starts, then the reply produced on termination
of the execution of f.p/q is p(b).

The execution of f.p/q has no effect on the content of Boolean registers
other than the one named f.

B — B, the set of all unary Boolean functions, consists of the
following four functions:

e the function 0, satisfying 0(0) = 0 and 0(1) = 0;

e the function 1, satisfying 1(0) =1 and 1(1) = 1,
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e the function i, satisfying i(0) =0 and i(1) = 1;
e the function c, satisfying ¢(0) = 1 and ¢(1) = 0.

In [3]-[5],[7],[8], we actually used the operations 0/0, 1/1, and i/1i, but
denoted them by set:0, set:1 and get, respectively. In [6], we actually
used, in addition to these operations, the operation c¢/c, but denoted it
by com. Two examples of peculiar operations are 0/1 and 1/i. Carry-
ing out one of these operations on a Boolean register does not modify
the content of the Boolean register and produces as a reply, irrespective
of the content of the Boolean register, always the same Boolean value.

We write [PGA/BTA>®](Ay,) for PGA/BTA* with A instantiated
by Ap;. Notice that [PGA/BTA®|(Ap;) is itself parameterized by a
set of foci.

In the papers just mentioned, F is instantiated by

{ini |t e Ny} U {out:i | i € Ny} U {auxii | i € Ny}

if the computation of functions from B” to B with m > 1 is in order
and

{ini | 1 € Ny} U {out} U {aux:i|ie N}

if only the computation of functions from B" to B is in order. These
foci are employed as follows:

e the foci of the form in:i serve as names of Boolean registers that
are used as input registers in instruction sequences;

e the foci of the form out:i and out serve as names of Boolean reg-
isters that are used as output registers in instruction sequences;

e the foci of the form aux:i serve as names of Boolean registers that
are used as auxiliary registers in instruction sequences.

The above sets of foci are just examples of sets by which F may be
instantiated. In the algebraic theories presented in Sections 6 and 7,
F is not instantiated.
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6 Boolean Register Families

PGA instruction sequences under execution may interact with the
named Boolean registers from a family of Boolean registers provided by
their execution environment. In this section, we introduce an algebraic
theory of Boolean register families called BRFA (Boolean Register Fam-
ily Algebra). Boolean register families are reminiscent of the Boolean
register files found in the central processing unit of a computer (see
e.g. [19]).

In BRFA, as in [PGA/BTA](Ay,), it is assumed that a fixed but
arbitrary set F of foci has been given.

BRFA has one sort: the sort BRF of Boolean register families.
To build terms of sort BRF, BRFA has the following constants and
operators:

e the empty Boolean register family constant () : — BRF;

e for each f € F and b € B U {x}, the singleton Boolean register
family constant f.br(b) : — BRF;

e the binary Boolean register family composition operator _ @ _
BRF x BRF — BRF;

e for each F C F, the unary encapsulation operator Or : BRF —
BRF.

We assume that there are infinitely many variables of sort BRF, in-
cluding u, v, w. We use infix notation for the Boolean register family
composition operator. Taking this notational convention into account,
the syntax of closed BRFA terms (of sort BRF) can be defined in
Backus-Naur style as follows:

CTgrr == 0| f.br(b) | (CTerr © CTBRF) | 9r(CTBRF) ,

where f € F, b€ BU{x}, and FF C F.
The Boolean register family denoted by ) is the empty Boolean
register family. The Boolean register family denoted by a closed term
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of the form f.br(b), where b € B, consists of one named Boolean register
only, the Boolean register concerned is an operative Boolean register
named f whose content is b. The Boolean register family denoted by a
closed term of the form f.br(x) consists of one named Boolean register
only, the Boolean register concerned is an inoperative Boolean register
named f. The Boolean register family denoted by a closed term of
the form t & ¢’ consists of all named Boolean registers that belong to
either the Boolean register family denoted by t or the Boolean register
family denoted by . In the case where a named Boolean register
from the Boolean register family denoted by ¢ and a named Boolean
register from the Boolean register family denoted by ' have the same
name, they collapse to an inoperative Boolean register with the name
concerned. The Boolean register family denoted by a closed term of
the form Op(t) consists of all named Boolean registers with a name not
in F' that belong to the Boolean register family denoted by ¢.
A simple example of a Boolean register family is

aux:8.br(1) @ aux:7.br(1) @ aux:6.br(0) @& aux:5.br(0)
@ aux:4.br(1) @ aux:3.br(1) & aux:2.br(1) & aux:1.br(0) .

This Boolean register family can be seen as a storage cell whose content
is the bit string 01110011. Taking the content of such storage cells
for binary representations of natural numbers, the functions on bit
strings of length 8 that model addition, subtraction, and multiplication
modulo 2% of natural numbers less than 2% can be computed using the
instructions for Boolean registers introduced in Section 5.

An inoperative Boolean register can be viewed as a Boolean reg-
ister whose content is unavailable. Carrying out an operation on an
inoperative Boolean register is impossible.

The axioms of BRFA are given in Table 5. In this table, f stands
for an arbitrary focus from F, F' stands for an arbitrary subset of F,
and b and V' stand for arbitrary values from B U {*}. These axioms
simply formalize the informal explanation given above.

The following two propositions, proved in [2], concern an elimina-
tion result and a representation result for closed BRFA terms.

218



A Short Introduction to Program Algebra with ...

Table 5. Axioms of BRFA

udh=u BRFC1 Or(0) =0 BRFE1
uEv=0vdu BRFC2 Op(f.br(b)) = if f ¢ F BRFE2
(udv)Dw=ud(vdw) BRFC3 9p(f.br(b)) = br(b) if f¢ F BRFE3
f.br(b) @ f.br(b') = f.br(x) BRFC4 Op(u®v) = dp(u) ®dr(v) BRFE4

Proposition 6. For all closed BRFA terms t, there exists a closed
BRFA term t' in which encapsulation operators do mot occur such that
t =t is derivable from the axioms of BRFA.

Proposition 7. For all closed BRFA terms t, for all f € F, either
t = Ogp(t) is derivable from the axioms of BRFA or there exists a
b€ BU{*} such thatt = f.br(b) ® 95 (t) is derivable from the azioms
of BRFA.

In Section 8, we will use the notation (p;_, ¢;. For each i € Ny, let
t; be a term of sort BRF. Then, for each n € Ny, the term ., ¢;
is defined by induction on n as follows: @;_,t; = t; and P t; =
Diq i @ tpy.

7 Interaction of Threads with Boolean Regis-
ters

A PGA instruction sequence under execution may interact with the
named Boolean registers from the family of Boolean registers provided
by its execution environment. In line with this kind of interaction, a
thread may perform a basic action basically for the purpose of mod-
ifying the content of a named Boolean register or receiving a reply
value that depends on the content of a named Boolean register. In this
section, we introduce related operators.

We combine PGA/BTA>(Ay,) with BRFA and extend the com-
bination with the following operators for interaction of threads with
Boolean registers:
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e the binary use operator _ / _: T x BRF — T;
e the binary apply operator _e _: T x BRF — BRF;
e the unary abstraction operator 7y, : T — T;

and the axioms given in Tables 6.5 In these tables, f stands for an
arbitrary focus from F, p and ¢ stand for arbitrary Boolean functions
from B — B, b stands for an arbitrary Boolean value from B, n stands
for an arbitrary natural number from N, and ¢ and s stand for arbi-
trary terms of sort BRF. We use infix notation for the use and apply
operators. We write [PGA/BTA>](Ay,)/BRI for the combination of
[PGA/BTA](Ay,) and BRFA extended with the use operator, the
apply operator, the abstraction operator, and the axioms for these op-
erators. The syntax of closed [PGA/BTA*](Ay,)/BRI terms of sort T
and BRF can be defined in Backus-Naur style as follows:

CThp ==D|S|(CTp <a> CTh) | |CTs|
| (CT%/ CTRE) | Teau(CT7)

CTgry =10 ‘ f.br(b) | (CTgrr ® CTBRF) ‘ Or(CTRY)
| (CTLJ/? b CT;?»RF) )

where a € Ay, U {tau}, f € F,be BU{x}, F C F. CTig is defined in
Section 2.

Axioms U1-U7 and A1-A7 formalize the informal explanation of
the use operator and the apply operator given below and in addi-
tion stipulate what is the result of apply if an unavailable focus is
involved (A4) and what is the result of use and apply if an inoper-
ative Boolean register is involved (U7 and A7). Axioms U8 and A8
allow of reasoning about infinite threads, and therefore about the be-
haviour produced by infinite instruction sequences under execution, in
the context of use and apply, respectively.

On interaction between a thread and a Boolean register, the thread
affects the Boolean register and the Boolean register affects the thread.

“We write t[t’/z] for the result of substituting term ¢’ for variable z in term t¢.
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Table 6. Axioms for the use, apply and abstraction operator

S/u=S Ul
D/u=D U2
(tauox) /u=tauo (z /u) U3
(D fp/ay) [ Orpy(u) = (x/ Oy (w)) L fp/a= (y / Dgpy(w)) U4
(z df.p/a=y) / (f.br(b) & Igpy(u)) = tauo (x / (f.br(q(b)) & D5y (u)))

if p(b) =1 U5
(0 20/ y) | (Fbr(8) @ Dypy () = tau o (y / (Fbr(a(®)) & Bypy (w)

if p(b) =0 U6
(29 £p/a% ) / (Fbr(x) ® Dggy(u) = D ur
Tn(x [ u) =7 (x) [ u Us
Seu=u Al
Deu=10 A2
(tauoz)eu=tauo (zeu) A3
(D fp/a=y)edip(u) =0 Ad
(2 f.p/qBy) e (fbr(b) ©Oypy(u)) = x e (fbr(g(b)) ® Igpy(u))

if p(b) =1 A5
(29 £p/a® y) o (F-br(b) © Oy 1y () = o (£.br(a(b) @ Oy, (u)

if p(b) =0 A6
(@ D fp/a=y) e (fbr(x) ® s (u) =0 AT
Nizn tlme(@)/2] = slmi(y) /2] = tlz/2] = s[y/z] A8
Tiau(S) = C1
Trau(D) = C2
Tiau(tau o :1:) = Trau() C3
Tau(® Lf.p/q> ) = Trau(2) L fP/q2 Teau (y) C4
Ao Tau(Tn (%)) = Trau(mn(y)) = Trau(®) = Trau(y) G5
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The use operator concerns the effects of Boolean registers on threads
and the apply operator concerns the effects of threads on Boolean reg-
isters. The thread denoted by a closed term of the form ¢ /¢’ and the
Boolean register family denoted by a closed term of the form ¢ e t’ are
the thread and Boolean register family, respectively, that result from
carrying out the operation that is part of each basic action performed
by the thread denoted by ¢ on the Boolean register in the Boolean reg-
ister family denoted by ¢ with the focus that is part of the basic action
as its name. When the operation that is part of a basic action per-
formed by a thread is carried out on a Boolean register, the content of
the Boolean register is modified according to the operation concerned
and the thread is affected as follows: the basic action turns into the
internal action tau and the two ways to proceed reduce to one on the
basis of the reply value produced according to the operation concerned.

With the use operator the internal action tau is left as a trace
of each basic action that has led to carrying out an operation on a
Boolean register. The abstraction operator serves to abstract fully
from such internal activity by concealing tau. Axioms C1-C4 formalize
the concealment of tau. Axiom C5 allows of reasoning about infinite
threads in the context of abstraction.

A simple example of use and apply is

;le(—aux:z'.i/i ; #3 ;5 aux:i.0/0 ;!5 aux:i.1/1))|
/ aux:4.br(1) @ aux:3.br(1) @ aux:2.br(1) @& aux:1.br(0)

—tauotauotauotauoS$S,

;le(—aux:z'.i/i ; #3 5 aux:i.0/0 ;!5 aux:i.1/1))]
e aux:4.br(1) @ aux:3.br(1) @ aux:2.br(1) @& aux:1.br(0)

= aux:4.br(1) & aux:3.br(1) & aux:2.br(0) & aux:1.br(1) .
In this example, the behaviour of the instructions sequence under ex-
ecution affects the Boolean registers from the Boolean register family

such that it corresponds to decrement by one on the natural number
represented by the combined content of the Boolean registers. The
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equations show that, if the combined content of the Boolean registers
represents 14, (a) the Boolean registers reduce the behaviour of the
instruction sequence under execution to termination after four internal
actions and (b) the behaviour of the instruction sequence under exe-
cution modifies the combined content of the Boolean registers to the
binary representation of 13.

The following two propositions are about elimination results for
closed [PGA/BTA>](Ay,;)/BRI terms.

Proposition 8. For all closed [PGA/BTA>]|(Ay,)/BRI termst of sort
T in which all subterms of sort IS are repetition-free, there exists a
closed [PGA/BTA>®](Ay;) term t' of sort T such thatt = t' is derivable
from the azioms of [PGA/BTA>](Ay,)/BRI.

Proof. 1t is easy to prove by structural induction that, for all closed rep-
etition-free [PGA /BTA](A},) terms s of sort IS, there exists a closed
[PGA/BTA](Ay,) term s of sort T such that |s| = s’ is derivable
from the axioms of [PGA/BTA>|(Ap;). Therefore, it is sufficient to
prove the proposition for all closed [PGA/BTA>](Ay,)/BRI terms t of
sort T in which no subterms of sort IS occur. This is proved similarly
to part (1) of Theorem 3.1 from [2]. O

Proposition 9. For all closed [PGA/BTA®](Ay,)/BRI termst of sort
BRF in which all subterms of sort IS are repetition-free, there exists
a closed [PGA/BTA®](Ay,) term t' of sort BRF such that t = t' is
derivable from the azioms of [PGA/BTA>](Ay,)/BRI.

Proof. As in the proof of Proposition 8, it is sufficient to prove the
proposition for all closed [PGA/BTA>](Ay,)/BRI terms ¢ of sort BRF
in which no subterms of sort IS occur. This is proved similarly to
part (2) of Theorem 3.1 from [2]. O

8 Computing Partial Functions from B" to B™

In this section, we make precise in the setting of the algebraic the-
ory [PGA/BTA*](Ap;)/BRI what it means that a given instruction
sequence computes a given partial function from B™ to B™ (n,m € N).
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For each n,m € N, we define the following set:
Fom={ini |1 <i<n}U{auxi|i>1}U{out:d |1 <i<m}.

We use the instantiation of [PGA/BTA*](Ap;)/BRI in which the
set of foci is Un,meN ]-"glr’m. We write Fp, for this set and we write
[[PGA/BTA®](Ay,)/BRI|(Fy,) for [PGA/BTA®](Ap,)/BRI with F
instantiated by Fp,.

Let n,m € N, let F:B"” - B™,7 and let t be a closed repetition-free
[[PGA/BTA>](Ay,)/BRI](Fp) term of sort IS in which only foci from
]-"l?r’m occur. Then t computes F' if there exists a k € N such that:

e forall by,..., by, b1, ..., 0, € Bwith F(by,...,b,) =b,...,b,:
(It] / (@7, in:i.br(b;)) & (DY, aux:i.br(0)))) e (BT, out:i.br(0))
= (P, out:i.br(b}) ;

e for all by,...,b, € B with f(by,...,b,) undefined:

(It / (D, ini-br(by)) @ (PF_, auxi.br(0)))) e (P, out:i.br(0))
=0.

With this definition, we can establish whether an instruction se-
quence of the kind considered in [[PGA/BTA*](Ay,)/BRI](Fp) com-
putes a given partial function from B" to B™ (n,m € N) by equational
reasoning using the axioms of [[PGA/BTA>](Ay,)/BRI](Fpr).

The following proposition tells us that, for each partial function
from B™ to B™, there exists an instruction sequence of the kind con-
sidered here that computes it.

Proposition 10. For all n,m € N, for all F : B" + B™, there exists
a closed repetition-free [[PGA/BTA®]|( Ay, )/BRI|(Fy) term t in which
only basic instructions of the forms f.0/0, f.1/1, and f.i/i with f €

Fo™ occur such that t computes F.

"We write f:B™ + B™ to indicate that f is a partial function from B" to B™.
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Proof. As an immediate corollary of the proof of Theorem 5.6 in [2]
we have the following: for all n,m € N, for all ¥ : B" — B™, there
exists a closed repetition-free [[PGA/BTA>](Ay;)/BRI](Fpr) term ¢
in which only basic instructions of the forms f.0/0, f.1/1, and f.i/i
with f € fl?r’m occur such that ¢ computes F. It is easy to see from
the same proof that this corollary generalizes from total functions to
partial functions. O

The following proposition tells us that an instruction sequence in
which not only basic instructions of the forms f.0/0, f.1/1, and f.i/i
occur can be transformed primitive instruction by primitive instruction
to an at most linearly longer instruction sequence computing the same
function in which only basic instructions of the forms f.0/0, f.1/1, and
f.i/1 occur.

The functional equivalence relation ~f on the set of all closed
repetition-free [[PGA/BTA>](Ap;)/BRIJ(Fpr) terms of sort IS is de-
fined by ¢ ~¢ t’ iff there exist n,m € N such that:

e ¢ and ¢’ are terms in which only foci from F,"™ occur;

e there exists a F': B® -+ B™ such that ¢t computes F and ¢’ com-
putes F.

Proposition 11. There exists a unary function ¢ on the set of all
closed repetition-free [[PGA/BTA®](Ay,)/BRI|(Fy) terms of sort IS
such that:

e ¢ is the homomorphic extension of a function ¢’ from the set of
all [[PGA/BTA>®|(Ay,)/BRI|(Fyr) constants of sort IS to the set
of all closed repetition-free [[PGA/BTA>|(Ay,)/BRI|(Fyy) terms
of sort IS;

o for all closed repetition-free [[PGA/BTA>|(Ay,)/BRIJ(Fir)
terms t of sort IS:

— 1~ ¢(t);
— ¢(t) is a term in which only basic instructions of the forms
£.0/0, f1/1, and f.i/i occur;
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— ¢(t) is at most 3 - p primitive instructions longer than t,
where p is the number of occurrences of basic instructions
in t that are not of the form f.0/0, f.1/1 or f.i/i.

Proof. Tt follows immediately from part (3) of Proposition 3.1 in [2]
that the definition of ~¢ given above is a reformulation of the instance
of the definition of ~¢ given in [9], where the set F of foci is instantiated
by Fir. This makes the current proposition a corollary of Proposition 2
and Theorem 3 in [9]. O

The view put forward in this section on what it means in the setting
of [PGA/BTA>](Ay,)/BRI that a given instruction sequence computes
a given partial function from B" to B" (n,m € N) is the view taken
in the work on complexity of computational problems, efficiency of
algorithms, and algorithmic equivalence of programs presented in [3]-
[8]. We remark that Boolean registers cannot only be used to compute
partial functions from B" to B™. For example, it is shown in [20] that
jump instructions are not necessary if use can be made of Boolean
registers.

9 Uses for the Theory

In this section, we give a survey of uses for [PGA/BTA>|(Ay,)/BRI.
It is often said that a program is an instruction sequence and, if
this characterization has any value, it must be the case that it is some-
how easier to understand the concept of an instruction sequence than
to understand the concept of a program. The first objective of the
work on instruction sequences that started with [10], and of which an
enumeration is available at [1], is to understand the concept of a pro-
gram. The basis of all this work is the parameterized algebraic theory
PGA/BTA® extended to deal with the interaction between instruction
sequences under execution and components of their execution environ-
ment. The body of theory developed through this work is such that its
use as a conceptual preparation for programming is practically feasible.
The notion of an instruction sequence appears in the work in ques-
tion as a mathematical abstraction for which the rationale is based on
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the objective mentioned above. In this capacity, instruction sequences
constitute a primary field of investigation in programming comparable
to propositions in logic and rational numbers in arithmetic. The struc-
ture of the mathematical abstraction at issue has been determined in
advance with the hope of applying it in diverse circumstances where in
each case the fit may be less than perfect.

Until now, the work in question has, among other things, yielded
an approach to computational complexity, where program size is used
as complexity measure, a contribution to the conceptual analysis of
the notion of an algorithm, and new insights into such diverse issues as
the halting problem, program parallelization for the purpose of explicit
multi-threading and virus detection.

The work done in the setting of [PGA/BTA>]|(Ay,,)/BRI, which is
just an instantiation of the above-mentioned basis, includes:

e Work yielding an approach to computational complexity in which
algorithmic problems are viewed as families of functions that con-
sist of a function from B" to B for each natural number n and the
complexity of such problems is assessed in terms of the length of
instruction sequences that compute the members of these fami-
lies. Several kinds of non-uniform complexity classes have been
introduced. Ome kind includes a counterpart of the well-known
complexity class P/poly and another kind includes a counterpart
of the well-known complexity class NP /poly (see [4]).

e Work contributing to the conceptual analysis of the notion of an
algorithm. Two equivalence relations on instruction sequences
have been defined, an algorithmic equivalence relation and a com-
putational equivalence relation. The algorithmic equivalence rela-
tion captures to a reasonable degree the intuitive notion that two
instruction sequences express the same algorithm. Any equiva-
lence relation that captures the notion that two instruction se-
quences express the same algorithm to a higher degree must be
finer than the computational equivalence relation (see [5]).

e Work showing that, in the case of computing the parity function
on bit strings of length n, for each natural number n, shorter
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instruction sequences are possible with the use of an auxiliary
Boolean register than without the use of auxiliary Boolean reg-
isters. This result supports, in a setting where programs are in-
struction sequences acting on Boolean registers, a basic intuition
behind the storage of auxiliary data, namely the intuition that
this makes possible a reduction of the size of a program (see [6]).

e Work providing mathematically precise alternatives to the nat-
ural language and pseudo code descriptions of the long multi-
plication algorithm and the Karatsuba multiplication algorithm.
One established result is that the instruction sequence expressing
the latter algorithm is shorter than the instruction sequence ex-
pressing the former algorithm only if the length of the bit strings
involved is greater than 256. Another result is that in a setting
with backward jump instructions the long multiplication algo-
rithm can be expressed by an instruction sequence that is shorter
than both these instruction sequences if the length of the bit
strings involved is greater than 2 (see [7]).

e Work showing that the problem of deciding whether an instruc-
tion sequence computes the function modeling the non-zeroness
test on natural numbers less than 2" with respect to their bi-
nary representation by bit strings of length n, for natural num-
ber n, can only be efficiently solved under the restriction that the
length of the instruction sequence is close to the length of the
shortest possible instruction sequences that compute this func-
tion (see [8]).

10 Concluding Remarks

We have presented the theory underlying a considerable part of the
work done so far in a line of research in which issues relating to a wide
variety of subjects from computer science are rigorously investigated
thinking in terms of instruction sequences. The distinguishing feature
of this presentation is that it is less involved than previous presenta-
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tions. Sections 2, 3, and 4 concern the part of the presented theory that
is relevant to all the work done so far in the line of research referred to.

The restriction to instructions that operate on Boolean registers is
a classical restrictions in computer science. Other such classical restric-
tions are the restriction to instructions that operate on natural number
registers in register machines and the restriction to instructions that
operate on Turing tapes in Turing machines (see e.g. [21]). Adaptation
of Sections 5, 6, and 7 to these restrictions is rather straightforward
(cf. [12]).

Notice that we have fixed in Section 8, for each use of a Boolean
register that must be distinguished to make precise what it means that
a given instruction sequence computes a given partial function from
B™ to B™ (n,m € N), the focus by which the Boolean register for
that use is named. Because of this and the required generality, the
possibility that the same Boolean register is used as both input register
and output register is excluded. Exclusion of possibilities like this
can be circumvented by abandoning the fixed assignment of foci to
register uses and defining “t computes f” relative to an assignment of
foci to register uses. This approach complicates matters, but seems
indispensable to find conclusive answers to open questions like “what
are the shortest instruction sequences that compute the function on bit
strings of length n that models addition modulo 2" on natural numbers
less than 2", for n € Ny77.

The instruction sequences with instructions for Boolean registers
considered in this paper constitute essentially a programming language
in which all variables are Boolean variables. Such programming lan-
guages are actually used in toolkits for software model checking that
make use of the abstract interpretation technique known as predicate
abstraction (see e.g. [22],[23]).
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