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Strong stability measures for multicriteria
quadratic integer programming problem of
finding extremum solutions
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Abstract

We consider a wide class of quadratic optimization problems
with integer and Boolean variables. In this paper, the lower
and upper bounds on the strong stability radius of the set of
extremum solutions are obtained in the situation where solu-
tion space and criterion space are endowed with various Holder’s
norms.
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1 Problem formulation and basic definitions

Let A = [a;j1] be a n x n x m-matrix with corresponding cuts A; €
R™™ ke N, ={1,2,...,m}, m > 1. Let also X C Z2",2 < |X| <
00, be a set of feasible solutions (integer vectors) x = (x1,za,...,2,)"
n > 2.

We define a vector criterion

f(@, A) = (fi(z, Ar), fo(m, A2), ..., fm(@, Ar)) — gél)t{l,

)

with partial criteria being quadratic functions
fe(x, Ay) = 2T Ay, k € Ny,

In decision making theory, along with the well-known Pareto op-
timality principle (see e.g. [1]), various choice functions are consid-
ered [2]-[5]. In this paper, under m-criteria quadratic problem Z,,(A)
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we understand the problem of finding the set of extremum solutions
defined in traditional way (see e.g. [2]-[4]):

Cn(A)={ze€X: Is€N,, Vo' € X (gs(z,2', 4;) <0)},
where
98(5177117/7 AS) = f8($a AS) - fs(ﬂfla AS) = (33 - x,)TAS($ - 517/)-

Thus, the choice of extremum solutions can be interpreted as finding
best solutions for each of m criteria, and then combining them into one
set. In other words, the set of extremum solutions contains all the
individual minimizers of each objective. Obviously, C;(A), A € R™*"
is the set of optimal solutions for scalar problem Z;(A) with A € R™*".

Taking into account that X is finite, the following formulae below
are true:

where P,,(A) denotes the Pareto set [6], S,,(A) denotes the Slater
set [7], and L,,(A) denotes the lexicographic set (see e.g. [1],[8]). Below
we define all the three sets in a traditional way (see e.g. [9]-[11]):

Pu(4) = {r € X : X(z,4) =0},
Sm(A) = {:17 €X: J"e X VkeN, (gi(z,2° Ax) > 0)},

Lu(4) = |J L(47),

w€llm,

L(A,m) = {a; eX:VdeX (g(m,x',A) <r O(m))},
X(:EvA) = {:E/ €X: g($7$/7A) > O(m) & g(ﬂj‘,l‘,,A) 7& O(m)}a
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g(m,x/,A) = (91(33,33/,141),92(!17,!17/,Ag),. e 7gm($7$/714m))7
O(m) = (0,0,...,0) e R™.

Here II,, is the set of all m! permutations of numbers 1,2,...,m;
m = (71,72, ....; ) € I,; and the binary relation of lexicographic
order between two vectors y = (y1,92,...,ym) € R™ and ¢y =
(Y, vh, - yh,) € R™ is defined as follows

Yy <.y =

(v=o) v (3k € N Vie Neor (yn, < b, & ym, =0, ):

where Ny = (. Obviously all the sets, P,,(A),Smn(A), Ly, (A) and
Cn(A), are non-empty for any matrix A = [a;;,] € R™"™*™ due to
the finite number of alternatives in X.

We will perturb the elements of matrix A € R™ ™ ™ by adding
elements of the perturbing matrix A’ € R™*™*™_ Thus the perturbed
problem Z,,(A + A’) of finding extremum solutions has the following
form

/ .
flz, A+ A" — mip.

In the solution space R™, we define an arbitrary Holder’s norm
lp, p € [1,00], i.e. under norm of vector a = (ay,as,...,a,)’ € R" we
understand the number

1/p
(Z ]aj]p> if 1<p<oo,
lall, = JENn

max{|aj|: j € N,} if p=oc.

Thus, for any matrix A, € R™*"™, the norm of the matrix is defined
as a norm of vector composed of all the matrix elements.

In the criterion space R™, we define another Holder’s norm [, ¢ €
[1,00], i.e. under norm of matrix A € R™ "™ ™ we understand the
number

[Allpg = AL, [[A2]lp, - - [[Amllp)llg;
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It is easy to see that
[Akllp < | Allpg, & € Nin. (1)

Let ¢ be either p or g. It is well-known that /s norm, defined in
R", induces conjugated [¢s+ norm in (R™)*. For ¢ and (*, the following

relations hold 1 1
c + % 1, 1< (¢ <oo0.
In addition, if ( = 1, then (* = co. Obviously, if (* = 1, then { = cc.
Also notice that ¢ and ¢* belong to the same range [1, 00]. We also set
% =0if ( = c0.
For any two vectors a and b of the same dimension, the following
Holder’s inequalities are well-known (see e.g. [12])

¢ (2)

To any vector x = (z1,29,...,x,)" € Z", we assign a vector T
composed of all the possible products z;x;, i.e.

|a”t] < flall¢lb

T

~ T n?
T = (11201, 0129, .. ., TpTp—_1, TnTy) € Z".

Taking into account Hélder’s inequalities (2), we can see that for
any z,r’ € Z" and k € Ny, the following inequalities hold

|fu(@, Ap)| = |27 Apz| = [AgzaT| < || Agllp 2],

|9 (2,2, Ap)| < || Akllpl|F — /|lp- (3)
It is easy to see that for any vector a = (ay,as,...,a,)’ € R" with
condition |a;| = o, j € Ny, and any matrix A = [a;;,] € R™*" with
condition |a;jr| = o, (i,7) € Ny X Ny, the following inequalities are
valid )
lall, = an?, (4)
2
[Akllp = ane. (5)

Given € > 0, let

Qpg(e) = { A/ € R Ay <<
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be the set of perturbing matrices A" with cuts Aj, € R" ", k € Ny,
and [|A’q is the norm of A" = [a};;] € R™*™™. Denote

Zpg = {a >0: VA €Qe) (CulA+A)NCr(A) £ @)}.
Following [10] and [13], the number

sup =y, if Epp # 0,
pm(p,q) =
0 if Z,0=10

is called the strong stability (in terminology of [14] and [15] T}-stability)
radius of problem Z,,(A), m € N, with Hélder’s norms [, and [, in the
spaces R™ and R respectively. Thus, the strong stability radius of
problem Z,,(A) defines the extreme level of independent perturbations
of the elements of matrix A in the space R™*™*™ not leading to the
situation where new extremum solutions appear.

2 Main result

Given p, q € [1,00], for problem Z,,(A), m € N, we set

_ . . gr(z, 2’ Ag)
¢m(p) = min min max —————=,
SCQC’,,L(A) kENm, Z"EX\{Z‘} Hj} _ :1;/ P
A
Ym(p) = max max min w7
@'€Cm(A) kENm azgCm(A) ||T — a!||p=
s Ik (.Z', .Z'/, Ak)

=nrmd min max max = .
Ym(P:4) 2#Crm(A) KENm o'€Cm(A) |7 — /||

It is evident that if C,,(A) = X, the inequality
Con(A+ANYNCr(A) #0

holds for any perturbing matrix A" € Q,4(¢) with ¢ > 0. So, the
stability radius is infinite when C,,(A) = X. The problem Z,,(A) that
satisfies C),(A) # X is called non-trivial.
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Theorem 1. Given p,q € [1,00] and m € N, for the strong stability
radius pm(p,q) of non-trivial problem Z,,(A), the following lower bound
1$ valid

pm(p, @) = max{dm(p), ¥m(p)} > 0.

In addition,

Y (D, @) = pm(p; @) = max{¢m (p), ¥m(p)} >0 (6)
if Z™(A) is a problem with Boolean variables, i.e. if X C E™.
Proof. Since the formula
Vo & Cp(A) Vk €N, 3a° € X (gr(z,2% Ay) > 0),

is true, the inequality ¢,,(p) > 0 tells us that the lower bound on the
strong stability radius as well as the strong stability radius itself are
always positive.

First, we prove that pp,(p,q) > ¢m(p). Let A" € Qpu(dm(p)) be
a perturbing matrix with cuts A) € R"*", k € N,,. Then according
to the definition of the number ¢,,(p), for any index k € N,,, and any

solution = & C,,(A) there exists a solution 2° € X\ {x} such that
gk(‘ra ‘Toa Ak)
# > (bm(p) > ”A,Hpq 2 HA;CHI”
12 — 2| p-

due to (1). Using (3) we conclude that for any k € N, there exists
20 # 2 such that

gk(%xOyAk + A;g) - gk(x7x07Ak) + gk(‘raxoa A;g) Z

gu(,2°%, A) = |43 llp]1Z — 20 >0,

ie. x & Cp(A+ A'). Thus, any solution that is not extremum in the
problem Z,,(A), so stays in the problem Z,,(A+ A’). Then we conclude
that for any perturbing matrix A" € Qp,(¢m(p)) the inclusion holds
0 # Cp(A+ A) C Cp(A). Tt implies that Cy, (A + A') N Cp(A) £ 0
for any A" € Q,q(ém(p)), and hence py,(p, q) > dm(p).
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Further, we prove that p.,(p,q) > ¥ (p). Since the formula
J2’ € Cpp(A) Jk € Ny, Vo & Cp(A) (Cr(x —2') > 0)

is true, the inequality 1, (p) > 0 is also evident.

Let A" € Q,4(¥m(p)) be a perturbing matrix with cuts Aj € R™*",
k € Ny,. Then according to the definition of the number v, (p), there
exist index s € N,,, and solution 2° € C,,(A) such that for any solution
x & Cp(A) we have

gs(w, 20, Ay)

—— > P (p) > 1A |pg > 1 A5l
0
17 — = ”p*

due to (1). Using (3), we conclude that for any = ¢ C),(A) and any
A" € Quq(Ym(p)) the following inequalities hold

gs(x7x07AS + A;) = gs(:E?:EO’AS) + gs(ﬂj‘,ﬂj‘o, A;) 2

gs (w2, Ag) = [ ALl & — 20|+ > 0.
Therefore,

(X\cm(A)) NC (20, Ay + AL) =0,
where

Co(a, Ay + A ={z € X1 go(2 2, A, + AL) > 0}.

Thus, any solution that is not extremum in the problem Z,,(A) so stays
in the problem Z,,(A+ A’). Then we conclude that for any perturbing
matrix A" € Qp, (1, (p)) the following inequality holds

Crn(A+ A") N Cru(A) # 0,

and hence pp(p, q) = Y (p)-
Further we will consider the problem Z,,(A) with Boolean variables
(X C E™). And we demonstrate that v,,,(p, q) > pm(p,q). According to

the definition of number 7,,(p, ¢), there exists a Boolean solution x° =
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(29,29,...,2%) € C,(A) € E" such that for any extremum solution
x € Cpp(A) and any index k € N,, we get

~ 2 1
’7m(pa Q)‘|$0 - jul > npmqgk(xo’x’Ak)' (7)

Setting € > Yn(p,q), we define the elements agjk of any cut Ag,
k € N,,, of the perturbing matrix A° according to the formula

-6 if x?x? =1,
0
Yijk =\ 5 if x?x? =0,
where ,
Ym (P, q) < dnrme <e. (8)

Then according to (4) and (5), we get
1431}, = on>.

1A% lpq = SnFm,
A € Q,(e).

In addition, due to the construction of matrix A%, for any solution
x # 20 we have

(2”2, AY) = (° — )T AR (2" — 2) =

>3 ap(ada — wiwy) = —0l|20 — &1 (9)

1ENp JEN,

Using (7), (8) and (9), we continue
g (2%, 2, A + AY) = ge(a°, 2, Ag) + g (2, 2, A}) <
2 1 —1 ’“0 ~
(3 (p, ) (mrm1) ™ = 8) 120 — &y < 0.
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Thus, z & Cy, (A + A°) when x € C,,(A). Summarizing, for any ¢ >
Ym (P, q), we can guarantee the existence of the perturbing matrix A° €
Qpq(e) such that

Cr(A+ AN C(A) =0,

ie. pm(p.q) < e for any number € > ~,,(p,q). So, inequality (6)
holds. O

From the Theorem we get the following result.

Corollary 1 If Z,,(A), A € R™*"  is a non-trivial problem with
Boolean variables, i.e. if Cy,(A) # X C E™, then for any m € N.

0 < max{p, ¥} < pp(00,00) < 7,
where

— i gk(x7 .Z'/, Ak)
= min m ma ELASE Rl A
SCQC’,,L(A) kENm, Z"EX\{Z‘} ”i' _ x/”l

B o gr(w, 2, Ay)
= max max min ————=
2'€Cm(A) kENm 2¢Cm(4) |7 — 2/|1

- . gk(aja xla Ak)
Y= min max max T ——
2@Cm(A) kENm 2/€Cm(A) |7 — 2|1

Corollary 2 If Z;(A), A € R", is a scalar non-trivial problem with
Boolean variables (X C E™), then the following formula holds

. gla,a', A)
p1(00,q) = min max 21—~
zgCi(A) z’eX\{z} ||gj — g;’”l

Finally, we notice that Corollary 2 proves the attainability of ¢,,(p)
and v, (p,q) when m =1 and p = oc.
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