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Vertex weighted Laplacian Energy of union of
graphs
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Abstract

The vertex weighted Laplacian energy with respect to the
vertex weight w of a graph G with n vertices is defined as
n

LE,(G) = > |u; — w|, where pq, o, ..., it, are the Laplacian
i=1

eigenvalues of G and w is the average value of the weight w. In
this paper, we derive upper and lower bounds of weighted Lap-
lacian energy of union of k-number of connected disjoint graphs
G1, Ga,...,Gy and hence consider some particular cases.

Keywords: Eigenvalue, Energy (of graph), Laplacian energy,
Topological index.
AMS Subject Classification: 05C05

1 Introduction

Let G be a non empty graph with vertex set V(G) = {vy,va,..., v, }.
The degree of a vertex v; € V(G) is the number of vertices adjacent with
that vertex and is denoted by dg(v;) for i = 1,2,...,n. Let A = [a;;]
be the adjacency matrix of G. Let the eigenvalues of A be denoted by
A, A2, ..., A, which are the eigenvalues of the graph G. Ivan Gutman
in 1978 [1] introduced the energy of a graph which is defined as the
sum of the absolute values of its eigenvalues and is denoted by E(G),
so that

n

E@G) =) Al

1=1
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Let D(G) = [d;j] be the diagonal matrix associated with the graph G,
where dj; = dg(v;) and di; = 0 if i # j. Define L(G) = D(G) — A(G),
where L(G) is called the Laplacian matrix of G. Let u/y, 1y, ..., 1/,
be the Laplacian eigenvalues of G. Then the Laplacian energy of G is
defined as [2]

- 2m

LE(G) = Z s — 7|-

i=1
Till date a very extensive study on graph energy and Laplacian graph
energy can be found in literature. The interested reader can refer to
the survey [3],[4], recent papers [5]-[11], and references cited therein.
Sharafdini et al. in [12] introduced vertex weighted Laplacian energy of
a graph with respect to a vertex weight w. For example, a vertex weight
of a graph can be considered as degree of the vertices or eccentricity of
the vertices. A graph is called w-regular if for any u,v € V(G), w(v) =
w(u). Let us consider a diagonal matrix of order n with respect to
the weight w, D,,(G) = diag{w(vi),w(ve),...,w(v,)}. The adjacency
matrix of G is denoted by A(G) = [a;], where a;; = 1 if and only
if the vertices v; and v; are adjacent. Then, the matrix L, (G) =
D, (G) — A(G) is the weighted Laplacian matrix of G with respect to
the vertex weight w. It is clear that, if the vertex weight is considered
as degree of the vertices of G, then the matrix L,,(G) is called Laplacian
matrix of G. Similarly, if the vertex weight is equal to the eccentricity
of the vertices, then we get the eccentricity version of the Laplacian
energy introduced by the present author in [13]. Let w1 po,..., un be
the eigenvalues of the weighted Laplacian matrix L,,(G) with respect to
some arbitrary vertex weight w. Then, the weighted Laplacian energy
LE,(G) of G with respect to the vertex weight w is defined as

LE(G) =) |ui —wl,
i=1

n n
where @ =1 > w(v;). Clearly, 21 i = nw.
=1 =
Ramane et. al in [14] derived the bounds of Laplacian energy of
union of two graphs where they generalized the result derived in [2]. In
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this paper, we further generalized the result derived in [14] by calcula-
ting upper and lower bounds of weighted Laplacian energy of union of
k-number of connected disjoint graphs with respect to some particular
vertex weight w.

2 Main Results

Let G1, Go,...,G be k-number of connected and disjoint graphs. Now
let the vertex and edge sets of G; for ¢ = 1,2,....,k be respectively
denoted by V; and E;. Also, let |V;| = n; and |E;| = m; for i =
1,2,...,k. Then the union of k-number of graphs G1, Gs,...,G} denoted
by G1JG2U ...l Gy is a graph with vertex set V4 (JValJ... | Vi and
edge set By |JE2 ... Ex. Thus G1 G2 ... Gk has in total nq +
ns + ... + ny vertices and my + mo + ... + my number of edges. Let us

k
denote G1 UG2UJ...lUGk by U G;.
i=1

Theorem 1. Let Gy, Gs,...,G be k-connected disjoint graphs, then

k k
k Z g Z nj’sz‘ - ij’
— e
ZLEw(Gi) K J 1’]7&2
i=1 S,
i=1
k
< LE,(JG)
i=1
k k
k doni Y. njloe —wg,

i=1  j=1,j#1
< S LE(G)+ =

Proof. From definition, the vertex weighted Laplacian energy of
union of k-number of graphs G, Go,...,Gy is given by

k =1 k
LEw(U G;) = Z |#2(U Gi)—w, |,
i=1 i=1 i=1 U G
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k
where the average of the vertex weight of |J G; is given by
i=1

1=

W = [ZwG1(U2) +ZwG2(U2) + +Zka(U2)]
Z.L:Jl Gi Z n; i=1 i=1 i=1
i=1
1 _ _ _
= — [n1wg, + newg, + ... + NG, ]
>N
i=1
k
> it
=1
o k
>
i=1
k
Now, since the weighted Laplacian spectrum of |J G; is the union of
i=1

the weighted Laplacian spectra of G1, Go,...,G\, we have

k
k = k i WG,
LES(JG) = Y (G - =—
i=1 =1 i=1 Z n;
i=1
k k
ni k Z n,Wa, ni+na k Z n,Wa,
= > mlJe) - =—I+ > lmlJG) - =—
=1

k
i=1 S ny i=l+n  i=1 S

=1 =1
k k
e k > niwg,
=1
+ot > (G - =—
i=ng+1  i=1 S ng
=1
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k k
£ o £ oo
Z“MGI _k |+Z|MG2 _k |
> i Z
i=1 i=1
ng Z niwe,
i=1
Foot > |i(Gr) = S|
i=1 S ng
i=1
k
ni Z nwa
= > |w(Gh) — W, + W, — ———|
i=1
k
n2 Z nlei
_ _ =1
+Z‘Ni(G2)_wG2 +wa, — : L ’
— Z n;
i=1
k
> g,
i=1
Tt Z |1i(Gay.) WGy, + WG, Z k | (1)
> i
i=1
To find upper bound, we can write from (1)
k ni Z nini
_ _ i=1
LE(JG) = Y l(Gr) - ey + milwa, — F—
=1 =1 Z n;
Z nsz

no
+ 3 |1i(Ga) — @, | + nalwg, — Zkil
' Z
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k
ng E nwe,
to Y i Gr) — @, |+ nilog, — =—|
i—1 S
i=1
k k
k an Z nj‘wGi _ij‘
=M
= Y LE,(G) + T . 2)
=1

k
R
=1

Similarly, to obtain lower bound, from (1) using the similar arguments,
we have

k
k - > njwg,
_ _ =1
LEw(U Gi) > Z 1i(G1) — We, | — m|we, — ———]|
i=1 i=1 S ng

~.

M L

ng nini
F D@ — i | — mali, — S
i=1 Z n;
i=1

k
Z n;Wga,
i=1

ny
+eo Z l1i(Gr) — wa, | — nklwg, —
=1

i=1
ko k
k > ni Y, njlia, — g,
= Y LE.(G) - T (3)
i=1

Combining, (2) and (3) we get the desired result as in Theorem 1. [
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Next, as a special case we derive some additional relations for weig-
hted Laplacian energy union of two graphs.

If G; (i=1,2,...,k) is w;-regular graph with respect to the parameter
w, then wg,(vj) = w; for i = 1,2,..,k and j =1,2,...,n;. Thus we
can write,

1
wg, Zniw(;i (vj) = —nw; = w;, fori=1,2,.. k.

1
n; n;
Zj:l 7

Therefore, using Theorem 1, we have the following result:

Corollary 1. Let, G; (i=1,2,....k) be w;-regular graph with respect
to the parameter w, then wg,(vj) = w; fori = 1,2,..,k and j =
1,2,...,n;, then

‘ k
i=1 Z n;

Corollary 2. Let, G; (i=1,2,...,k) be w; regular graph with respect to

the parameter w, so that wi = wy = ... = wy, then
k k
LE,(|JGi) =) LE.(G))
=1 i=1

The above result can be considered for two regular graphs G; and
Gy as follows:
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Corollary 3. Let Gy and Gy be wy and ws -reqular graph with respect
to parameter w, then

277,1712
LE,, LE, — —
(G1) + LEw(G2) E— lwi — ws
< LEw(Gl U GQ)
2711712
< LE, LE, — .
< (Gl) + (G2) + 1 + 1o |ZU1 ZU2|

Next, if the vertex weight is considered as degree of vertices, then
we get the similar results as in [14] from the above result.

Corollary 4. Let Gy and Go be two connected graphs with ny, no
number of vertices and mq and my number of edges, then if 27% > 27%,
we have

4(m1n2 — 7712711)
ni + ng

LE(G1)+ LE(G3) —

< LEw(Gl U Gg)
ming — maony )
n1 +no

< LE(Gh)+ LE(G2)+ A

We know that, the eccentricity of a vertex in GG is the largest dis-
tance from that vertex to any other vertex of G. Let, ((G) denote the
sum of eccentricities of all the vertices of GG, so that @ is the average
vertex eccentricity of G. Then the eccentricity version of Laplacian

energy of G is given by [13].

1E(G) = i - 49,

n
1=1

In the following, we derive eccentricity version of Laplacian energy
of union of two connected graphs (G; and G5 using Theorem 1.

Corollary 5. Let Gy and G be two connected graphs with ny, no
number of vertices and my and msy number of edges, then if C(nill) >
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we have

4(n2C(G1) — n1((G2))

n1 + n2

LE.(G1)+ LE(G>) —
LEa(Gl U Gg)

IN

< LE&(G1) + LEE(GQ) + 4(712C(G7111)—;71121C(G2)) '

3 Conclusion

In this paper, we study weighted Laplacian energy of union of k-number
of connected graphs Gy, G, ... G to find upper and lower bounds of
these. This is a generalization of Laplacian energy of union of graphs
when the degree of a vertex is considered as vertex weight. Different
other bounds and results are also derived from the general results as a
special case.
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