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Abstract
In the paper we analyze the set of nominative sets, which can
be considered as some mathematical model for data used in computing systems, under assumption that the set of names is linearly ordered. We design algorithms, implemented for execution of
basic set-theoretic operations on this set of nominative sets under
assumption that nominative sets are presented by doubly linked
lists with the order of names in increasing strength. The worstcase time complexity under logarithmic weight for the designed
algorithms is investigated in detail. Applications of presented results for table algebras, which are mathematical models, intended
for developing and theoretic analysis of relational databases, as
well as of associated query languages, are proposed. The obtained
results can be used in formal software development.
Keywords: nominative set, nominative data, linear ordering,
set-theoretic operations, time complexity of algorithms.

1

Introduction

It’s well known that research of deep internal links ”between the theory
of programming and the products of software engineering practice” [1]
is one of the main challenges of the 21st century. The significance
and complexity of this problem is caused by variety of theoretical and
application-oriented approaches, that are hardly comparable with each
other [2–11].
We deal with composition-nominative approach to program formalization [12–14]. Informally speaking, any software is regarded as some
data processor. Mathematical model intended to present different data
structures, used in computing systems (arrays, lists, tables, trees, etc.),
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in a unified form is a nominative set. This model is based on the notion
of a name-value relation. The cost of this universality is high complexity in elaboration of formal theory for nominative sets, intended to
automate software design, starting with creation of formal specifications, and finishing with resolving problems of verification and testing.
The main reason of this complexity is caused by the factor that it is
necessary to deal with algebraic structures, which significantly differ
from the classic ones.
This situation has been illustrated accurately in [15], where the
most general case, arising under the assumption that the sets of names
and data are abstract ones, has been investigated. Indeed, it has been
established that for algebraic system in which the carrier is any fixed set
of all nominative sets, and the set of operations is the set of set-theoretic
operations over these nominative sets, there exist the following different
types of subalgebras: commutative and non-commutative semigroups,
non-commutative non-associative magma, and semi-rings. Also it has
been established that any fixed partially ordered set of all nominative
sets is the union of the set of overlapping isomorphic maximal closed
intervals. The mappings that define isomorphism between two intervals
differ significantly from each other, and the family of these mappings
has sufficiently complicated structure.
The present paper is further development of investigations, that
has been started in [15]. We study any fixed set of all nominative sets
under assumption that the set of names is linearly ordered. The paper
is organized as follows: in Section 2 we recall necessary notions and
definitions; in Section 3 we investigate time complexity of set-theoretic
operations on any fixed set of all nominative sets; in Section 4 we
illustrate how results, established in Section 3 can be applied in table
algebras; in Section 5 we give conclusions.

2

Basic notions

Let V (|V | ≥ 2) and A (|A| ≥ 2) be finite sets of names and data,
respectively. The set FV,A of all (possibly, partial) mappings from V
to A is called the set of nominative sets. Basic set-theoretic operations
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on the set FV,A are defined as follows:
f1 ∩ f2 = f ⇔ graph(f1 ) ∩ graph(f2 ) = graph(f ),

(1)

f1 \ f2 = f ⇔ graph(f1 )\graph(f2 ) = graph(f ),

(2)

f1 ∪ f2 = f ⇔ graph(f1 ) ∪ graph(f2 ) = graph(f ),

(3)

f1 ⊕ f2 = f ⇔ graph(f1 ) ⊕ graph(f2 ) = graph(f ),

(4)

f1 ⊲ f2 = f ⇔ graph(f1 ) ∪ graph(f2 |Domf2 \Domf1 ) = graph(f ),

(5)

f1 ⊞ f2 = f ⇔
⇔ graph(f1 |Domf1 \Domf2 ) ∪ graph(f2 |Domf2 \Domf1 ) = graph(f ). (6)
We recall that ∪ and ⊕ are partial operations on the set FV,A .
It is supposed that some linearly ordering relation <V is fixed on
the set of the names V (this is true, for example, when the set V
reflects different types of memory addressing, such as real, physical,
flat, or absolute addressing). Thus, we get the possibility to present
any nominative set f = {(vi , ai )|i = 1, . . . , k} ∈ FV,A (k = 0, 1, . . . , |V |)
by such doubly linked list Lf :
previous name data
i1
∗
vr1
ar 1
i2 
i
v
ar 2
1
r
2

... 
...
...
...


ik−1
ik−2
vrk−1 ark−1
ik
ik−1
vr k
ar k


next

i2
i3 

... 
,
ik 
∗

that the inequalities vr1 <V vr2 <V . . . <V vrk−1 <V vrk hold.
In the next section we will show that for basic set-theoretic operations on the set FV,A the order of names in increasing strength also
remains in the resulting doubly linked list.
For doubly linked list Lf we set:


if j = 1
(∗, vr1 , ar1 , i2 ),
Lf (ij ) = (ij−1 , vrj , arj , ij+1 ), if j = 2, . . . , k − 1


(ik−1 , vrk , ark , ∗),
if j = k
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and length(Lf ) = k. The last equality implies that
length(Lf ) ≤ |V |

(7)

for any nominative set f ∈ FV,A .

3

Time complexity of set-theoretic operations
on the set FV,A

We will investigate time complexity of set-theoretic operations (1)-(6)
on the set FV,A under the following assumptions:
1) initial nominative sets f1 , f2 ∈ FV,A are presented by the doubly
linked lists, respectively Lf1 and Lf2 ;
2) the result of operation f1 ⋄f2 (⋄ ∈ {∩, \, ∪, ⊕, ⊲, ⊞}) is the doubly
linked list Lf1 ⋄f2 ;
3) the address parameter is denoted:
(1)
– by ij (j = 1, . . . , length(Lf1 )), for doubly linked list Lf1 ;
(2)

– by ij

(j = 1, . . . , length(Lf2 )), for doubly linked list Lf2 ;

(3)
ij

(j = 1, . . . , length(Lf1 ⋄f2 )), for doubly linked list Lf1 ⋄f2 .
– by
Analyzing time complexity of set-theoretic operations on the set
FV,A , we deal with asymptotic worst-case time complexity of algorithms
under logarithmic weight [16]. The last factor implies that:
1) time T = O(log |V |) (|V | → ∞) is needed to check for any names
v1 , v2 ∈ V , what of formulae, either v1 = v2 , v1 6= v2 , or v1 <V v2 , holds;
2) time T = O(log |A|) (|A| → ∞) is needed to check for any data
a1 , a2 ∈ A, what of formulae, either a1 = a2 , or a1 6= a2 , holds;
3) time T = O(log length(Lf )) (length(Lf ) → ∞) is needed for
transition (if it is possible) from any current element of any doubly
linked list Lf , either to its previous element, or to its next element.
If initial nominative sets f1 , f2 ∈ FV,A are presented by doubly
linked lists, then the idea of how to compute the result of operation
f1 ⋄ f2 (⋄ ∈ {∩, \, ∪, ⊕, ⊲, ⊞}), is rather simple: sequentially moving
through the doubly linked lists Lf1 and Lf2 , from their beginnings to
their ends, we create the doubly linked list Lf1 ⋄f2 . However, despite
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transparency of this idea, there are many subtle aspects in case of its
implementation. For this reason, we will design appropriate algorithms
in an explicit form.
The operation ∩ on the set FV,A can be implemented as follows.
Algorithm 1.
Input: doubly linked lists Lf1 and Lf2 .
Output: doubly linked list Lf1 ∩f2 .
Step 1. Lf1 ∩f2 := ∅, j3 := 0.
Step 2. If length(Lf1 ) = 0 or length(Lf2 ) = 0,
then HALT, else j1 := 1, j2 := 1.
(1)
(2)
Step 3. u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ).
Step 4. If pr2 u1 = pr2 u2 , then go to step 7.
Step 5. If pr2 u1 <V pr2 u2 , then r := 1, else r := 2.
Step 6. Call Procedure1.1 (r).
Step 7. If pr3 u1 = pr3 u2 , then Call Procedure1.2
Step 8. If pr4 u1 = ∗ or pr4 u2 = ∗,
then HALT, else j1 := j1 + 1, j2 := j2 + 1,
and go to step 3.
Procedure1.1 (r)
begin;
If pr4 ur = ∗, then HALT,
(r)
else jr := jr + 1, ur := Lfr (ijr ), and go to step 4;
end;
Procedure1.2
begin;
If j3 6= 0, then go to M1;
(3)
j3 := j3 + 1, Lf1 ∩f2 (ij3 ) := (∗, pr2 u1 , pr3 u1 , ∗),
go to step 8;
(3)
M1: pr4 Lf1 ∩f2 (ij3 ) := j3 + 1,
(3)

Lf1 ∩f2 (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1,
go to step 8;
end;
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Correctness of algorithm 1 is justified by the following two factors.
Firstly, algorithm 1 always halts. Secondly, the list Lf1 ∩f2 consists of
those and only those pairs (v, a) ∈ V × A, which are elements of the
set graph(f1 ∩ f2 ).
Theorem 1. For any nominative sets f1 , f2 ∈ FV,A time complexity of
algorithm 1 is
T = O((length(Lf1 ) + length(Lf2 ))(log |V | + log |A|)) (|V | → ∞). (8)
Proof. Let us estimate time complexity of steps of algorithm 1 under
the assumption that we are shifting through the doubly linked lists Lf1
and Lf2 , from their beginnings to their ends, no more, than on one line
item.
Time complexity for each of steps 1, and 2 is
T = O(1) (|V | → ∞).

(9)

Time complexity for each of steps 3, 6, and 7 is
T = O(log |V | + log |A|) (|V | → ∞).

(10)

Time complexity for each of steps 4, 5, and 8 is
T = O(log |V |) (|V | → ∞).

(11)

The number of cycles via operation of algorithm 1 doesn’t exceed
the value
length(Lf1 ) + length(Lf2 )
(12)
Formulae (9)-(12) imply that formula (8) holds.
Corollary 1.1. For any nominative sets f1 , f2 ∈ FV,A the following
estimation for time complexity of algorithm 1 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).
Proof. Substituting (7) in (8), we get that formula (13) holds.
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Corollary 1.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for algorithm 1 is true
T = O(|V | log |V |) (|V | → ∞).

(14)

Proof. Suppose, that |V | → ∞. Substituting either |A| = o(|V |) , or
|A| = O(|V |) in (13), we get that formula (14) holds.
Corollary 1.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation for
time complexity of algorithm 1 is true
T = O(|A| log |V |) (|V | → ∞).

(15)

Proof. Suppose, that |V | → ∞. Substituting either |V | = o(|A|), or
|V | = O(|A|) in (14), we get that formula (15) holds.
The operation \ on the set FV,A can be implemented as follows.
Algorithm 2.
Input: doubly linked lists Lf1 and Lf2 .
Output: doubly linked list Lf1 \f2 .
Step 1. Lf1 \f2 := ∅, j3 := 0.
Step 2. If length(Lf1 ) = 0 , then HALT.
Step 3. If length(Lf2 ) = 0 , then Lf1 \f2 := Lf1 , and HALT.
(1)

(2)

Step 4. j1 := 1, j2 := 1, u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ).
Step 5. If pr2 u1 = pr2 u2 , then go to step 9.
Step 6. If pr2 u1 <V pr2 u2 ,
then r := 0, and Call Procedure2.1 (r).
Step 7. If pr4 u2 = ∗, then r := 1, and Call Procedure2.1 (r).
(2)
Step 8. j2 := j2 + 1, u2 := Lf2 (ij2 ), and go to step 5.
Step 9. If pr3 u1 6= pr3 u2 ,
then r := 0, and Call Procedure2.1 (r).
Step 10. If pr4 u1 = ∗, then HALT,
(1)
else j1 := j1 + 1, u1 := Lf1 (ij1 ),
and go to step 7.
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Procedure2.1 (r)
begin;
M3: If j3 = 0,
(3)
then j3 := j3 + 1, Lf1 \f2 (ij3 ) := (∗, pr2 u1 , pr3 u1 , ∗),
and go to M1;
(3)
M2: pr4 Lf1 \f2 (ij3 ) := j3 + 1,
(3)

Lf1 \f2 (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1;
M1: If pr4 u1 = ∗, then HALT,
(1)
else j1 := j1 + 1, u1 := Lf1 (ij1 );
If r = 0, then go to step 7, else go to M3;
end;
Correctness of algorithm 2 is justified by the following two factors.
Firstly, algorithm 2 always halts. Secondly, the list Lf1 \f2 consists of
those and only those pairs (v, a) ∈ V × A, which are elements of the
set graph(f1 \ f2 ).
Theorem 2. For any nominative sets f1 , f2 ∈ FV,A time complexity of
algorithm 2 is
T = O((length(Lf1 )+length(Lf2 ))(log |V |+log |A|)) (|V | → ∞). (16)
Proof is similar to proof of theorem 1.
Corollary 2.1. For any nominative sets f1 , f2 ∈ FV,A the following
estimation for time complexity of algorithm 2 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).

(17)

Proof is similar to proof of corollary 1.1.
Corollary 2.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for algorithm 2 is true
T = O(|V | log |V |) (|V | → ∞).
Proof is similar to proof of corollary 1.2.
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Corollary 2.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation for
time complexity of algorithm 2 is true
T = O(|A| log |V |) (|V | → ∞).

(19)

Proof is similar to proof of corollary 1.3.
The operation ∪ on the set FV,A can be implemented as follows.
Algorithm 3.
Input: doubly linked lists Lf1 and Lf2 .
Output: α ∈ {0, 1}, where α = 0, if operation ∪ is not defined for
f1 , f2 ∈ FV,A , and α = 1, if doubly linked list Lf1 ∪f2 is computed.
Step 1. Lf1 ∪f2 := ∅, α := 0, j3 := 0.
Step 2. If length(Lf1 ) = 0 ,
then Lf1 ∪f2 := Lf2 , α := 1, and HALT.
Step 3. If length(Lf2 ) = 0 ,
then Lf1 ∪f2 := Lf1 , α := 1, and HALT.
(1)
(2)
Step 4. j1 := 1, j2 := 1, u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ).
Step 5. If pr2 u1 <V pr2 u2 ,
then r := 1, and Call Procedure3.1 (r).
Step 6. If pr2 u2 <V pr2 u1 ,
then r := 2, and Call Procedure3.1 (r).
Step 7. If pr3 u1 6= pr3 u2 , then α := 0, and HALT.
Step 8. If j3 = 0, then j3 := j3 + 1,
(3)
Lf1 ∪f2 (ij3 ) := (∗, pr2 u1 , pr3 u1 , ∗),
and go to step 10.
(3)
Step 9. pr4 Lf1 ∪f2 (ij3 ) := j3 + 1,
(3)

Step
Step
Step
Step

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1.
10. If pr4 u1 = ∗ and pr4 u2 = ∗, then α := 1, and HALT.
11. If pr4 u1 = ∗ and pr4 u2 6= ∗, then go to step 14.
12. If pr4 u1 6= ∗ and pr4 u2 = ∗, then go to step 16.
13. j1 := j1 + 1, j2 := j2 + 1,
(1)
(2)
u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ), and go to step 5.
(2)

(3)

Step 14. j2 := j2 + 1, u2 := Lf2 (ij2 ), pr4 Lf1 ∪f2 (ij3 ) := j3 + 1,
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(3)

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 u2 , pr3 u2 , ∗), j3 := j3 + 1.
Step 15. If pr4 u2 = ∗, then α := 1, and HALT, else go to step 14.
(1)
(3)
Step 16. j1 := j1 + 1, u1 := Lf1 (ij1 ), pr4 Lf1 ∪f2 (ij3 ) := j3 + 1,
(3)

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1.
Step 17. If pr4 u1 = ∗, then α := 1, and HALT, else go to step 16.
Procedure3.1 (r)
begin;
If j3 = 0,
(3)
then j3 := j3 + 1, Lf1 ∪f2 (ij3 ) := (∗, pr2 ur , pr3 ur , ∗),
and go to M1;
(3)
pr4 Lf1 ∪f2 (ij3 ) := j3 + 1,
(3)

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 ur , pr3 ur , ∗), j3 := j3 + 1;
M1: If pr4 ur 6= ∗,
(r)
then jr := jr + 1, ur := Lfr (ijr ), and go to step 5.
(3)

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 u3−r , pr3 u3−r , ∗), j3 := j3 + 1;
M2: If pr4 u3−r = ∗, then α := 1, and HALT;
(3−r)
(3)
j3−r := j3−r + 1, u3−r := Lf3−r (ij3−r ), pr4 Lf1 ∪f2 (ij3 ) := j3 + 1,
(3)

Lf1 ∪f2 (ij3 +1 ) := (j3 , pr2 u3−r , pr3 u3−r , ∗), j3 := j3 +1, go to M2;
end;
Correctness of algorithm 3 is justified by the following two factors.
Firstly, algorithm 3 always halts. Secondly, α = 1 if and only if operation ∪ is defined for f1 , f2 ∈ FV,A , and doubly linked list Lf1 ∪f2 is
computed.
Theorem 3. For any nominative sets f1 , f2 ∈ FV,A time complexity of
algorithm 3 is
T = O((length(Lf1 )+length(Lf2 ))(log |V |+log |A|)) (|V | → ∞). (20)
Proof is similar to proof of theorem 1.
Corollary 3.1. For any nominative sets f1 , f2 ∈ FV,A the following
estimation for time complexity of algorithm 3 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).
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Proof is similar to proof of corollary 1.1.
Corollary 3.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for algorithm 3 is true
T = O(|V | log |V |) (|V | → ∞).

(22)

Proof is similar to proof of corollary 1.2.
Corollary 3.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation for
time complexity of algorithm 3 is true
T = O(|A| log |V |) (|V | → ∞).

(23)

Proof is similar to proof of corollary 1.3.
The operation ⊕ on the set FV,A can be implemented as follows.
Algorithm 4.
Input: doubly linked lists Lf1 and Lf2 .
Output: α ∈ {0, 1}, where α = 0, if operation ⊕ is not defined for
f1 , f2 ∈ FV,A , and α = 1, if doubly linked list Lf1 ⊕f2 is computed.
Step 1. Lf1 ⊕f2 := ∅, α := 0, j3 := 0.
Step 2. If length(Lf1 ) = 0 , then Lf1 ⊕f2 := Lf2 , α := 1, and HALT.
Step 3. If length(Lf2 ) = 0 , then Lf1 ⊕f2 := Lf1 , α := 1, and HALT.
(1)
(2)
Step 4. j1 := 1, j2 := 1, u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ).
Step 5. If pr2 u1 <V pr2 u2 ,
then r := 1, and Call Procedure4.1 (r).
Step 6. If pr2 u2 <V pr2 u1 ,
then r := 2, and Call Procedure4.1 (r).
Step 7. If pr3 u1 6= pr3 u2 , then α := 0, and HALT.
Step 8. If pr4 u1 = ∗ and pr4 u2 = ∗, then α := 1, and HALT.
Step 9. If pr4 u1 = ∗ and pr4 u2 6= ∗,
then r := 2 and Call Procedure4.3 (r).
Step 10. If pr4 u1 6= ∗ and pr4 u2 = ∗,
then r := 1 and Call Procedure4.3 (r).
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Step 11. j1 := j1 + 1, j2 := j2 + 1,
(1)
(2)
u1 := Lf1 (ij1 ), u2 := Lf2 (ij2 ), and go to step 5.
Procedure4.1 (r)
begin;
If j3 = 0, then j3 := j3 + 1,
(3)
Lf1 ⊕f2 (ij3 ) := (∗, pr2 ur , pr3 ur , ∗),
and go to M1;
(3)
pr4 Lf1 ⊕f2 (ij3 ) := j3 + 1,
(3)

Lf1 ⊕f2 (ij3 +1 ) := (j3 , pr2 ur , pr3 ur , ∗), j3 := j3 + 1;
M1: If pr4 ur 6= ∗,
(r)
then j1 := j1 + 1, ur := Lfr (ijr ), and go to step 5;
(3)

Lf1 ⊕f2 (ij3 +1 ) := (j3 , pr2 u3−r , pr3 u3−r , ∗), j3 := j3 + 1;
Call Procedure4.2 (3 − r);
end;
Procedure4.2 (r)
begin;
M1: If pr4 ur = ∗, then α := 1, and HALT;
(r)
jr := jr + 1, ur := Lfr (ijr );
If j3 = 0,
(3)
then j3 := j3 + 1, Lf1 ⊕f2 (ij3 ) := (∗, pr2 ur , pr3 ur , ∗),
and go to M1;
(3)
(3)
pr4 Lf1 ⊕f2 (ij3 ) := j3 + 1, Lf1 ⊕f2 (ij3 +1 ) := (j3 , pr2 ur , pr3 ur , ∗),
j3 := j3 + 1, and go to M1;
end;
Procedure4.3 (r)
begin;
(r)
M1: jr := jr + 1, ur := Lfr (ijr );
If j3 = 0,
(3)
then j3 := j3 + 1, Lf1 ⊕f2 (ij3 ) := (∗, pr2 ur , pr3 ur , ∗),
and go to M2;
(3)
pr4 Lf1 ⊕f2 (ij3 ) := j3 + 1,
(3)

Lf1 ⊕f2 (ij3 +1 ) := (j3 , pr2 ur , pr3 ur , ∗), j3 := j3 + 1;
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M2: If pr4 u2 = ∗, then α := 1, and HALT, else go to M1;
end;
Correctness of algorithm 4 is justified by the following two factors.
Firstly, algorithm 4 always halts. Secondly, α = 1 if and only if operation ⊕ is defined for f1 , f2 ∈ FV,A , and doubly linked list Lf1 ⊕f2 is
computed.
Theorem 4. For any nominative sets f1 , f2 ∈ FV,A time complexity of
algorithm 4 is
T = O((length(Lf1 )+length(Lf2 ))(log |V |+log |A|)) (|V | → ∞). (24)
Proof is similar to proof of theorem 1.
Corollary 4.1. For any nominative sets f1 , f2 ∈ FV,A the following
estimation for time complexity of algorithm 4 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).

(25)

Proof is similar to proof of corollary 1.1.
Corollary 4.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for algorithm 4 is true
T = O(|V | log |V |) (|V | → ∞).

(26)

Proof is similar to proof of corollary 1.2.
Corollary 4.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation for
time complexity of algorithm 4 is true
T = O(|A| log |V |) (|V | → ∞).

(27)

Proof is similar to proof of corollary 1.3.
It is evident that to compute the result of each of operations, ⊲ and
⊞, defined by formulae (5) and (6), it is needed some algorithm, which
for any given nominative sets f, g ∈ FV,A , presented by doubly linked
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lists Lf and Lg , computes the doubly linked list Lf |Dom f \Dom g . Using
this algorithm, we can apply the algorithm 3 to compute the result of
each of operations ⊲ and ⊞.
An algorithm, which for any given nominative sets f, g ∈ FV,A ,
presented by doubly linked lists Lf and Lg , computes the doubly linked
list Lf |Dom f \Dom g , can be designed as follows.
Algorithm 5.
Input: doubly linked lists Lf and Lg .
Output: doubly linked list Lf |Dom f \Dom g .
Step 1. Lf |Dom f \Dom g := ∅, j3 := 0.
Step 2. If length(Lf ) = 0 , then HALT.
Step 3. If length(Lg ) = 0 , then Lf |Dom f \Dom g := Lf , and HALT.
Step
Step
Step
Step

4.
5.
6.
7.

(1)

(2)

j1 := 1, j2 := 1, u1 := Lf (ij1 ), u2 := Lg (ij2 ).
If pr2 u1 <V pr2 u2 , then Call Procedure5.1.
If pr2 u2 <V pr2 u1 , then Call Procedure5.2.
If pr4 u1 = ∗,
then HALT,
(1)
else j1 := j1 + 1, u1 := Lf (ij1 ), and go to step 5.

Procedure5.1.
begin;
If j3 = 0 then j3 := j3 + 1,
(3)
Lf |Dom f \Dom g (ij3 ) := (∗, pr2 u1 , pr3 u1 , ∗),
and go to M1;
(3)
pr4 Lf |Dom f \Dom g (ij3 ) := j3 + 1,
(3)

Lf |Dom f \Dom g (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1;
M1: If pr4 u1 6= ∗,
(1)
then j1 := j1 + 1, u1 := Lf (ij1 ), and go to step 5,
else HALT;
end;
Procedure5.2.
begin;
If pr4 u2 6= ∗,
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(2)

then j2 := j2 + 1, u2 := Lg (ij2 ), and go to step 5;
M1: If j3 = 0 then j3 := j3 + 1,
(3)
Lf |Dom f \Dom g (ij3 ) := (∗, pr2 u1 , pr3 u1 , ∗),
and go to M2;
(3)
pr4 Lf |Dom f \Dom g (ij3 ) := j3 + 1,
(3)

Lf |Dom f \Dom g (ij3 +1 ) := (j3 , pr2 u1 , pr3 u1 , ∗), j3 := j3 + 1;
M2: If pr4 u1 6= ∗,
(1)
then j1 := j1 + 1, u1 := Lf (ij1 ), and go to M1,
else HALT;
end;
Correctness of algorithm 5 is justified by the following two factors.
Firstly, algorithm 5 always halts. Secondly, the list Lf |Dom f \Dom g consists of those and only those pairs (v, a) ∈ V × A, which are elements
of the set graph(f |Dom f \Dom g ).
Theorem 5. For any nominative sets f, g ∈ FV,A time complexity of
algorithm 5 is
T = O((length(Lf ) + length(Lg ))(log |V | + log |A|)) (|V | → ∞). (28)
Proof is similar to proof of theorem 1.
Corollary 5.1. For any nominative sets f, g ∈ FV,A the following
estimation for time complexity of algorithm 5 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).

(29)

Proof is similar to proof of corollary 1.1.
Corollary 5.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f, g ∈ FV,A the following estimation of
time complexity for algorithm 5 is true
T = O(|V | log |V |) (|V | → ∞).
Proof is similar to proof of corollary 1.2.
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Corollary 5.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f, g ∈ FV,A the following estimation for
time complexity of algorithm 5 is true
T = O(|A| log |V |) (|V | → ∞).

(31)

Proof is similar to proof of corollary 1.3.
The operations ⊲ and ⊞ on the set FV,A can be implemented as
follows.
Algorithm 6.
Input: doubly linked lists Lf1 and Lf2 .
Output: doubly linked list Lf1 ⊲f2 .
Step 1. Applying algorithm 5 to doubly linked lists Lf2 and Lf1 ,
we design doubly linked list Lf2 |Dom f \Dom f .
2
1
Step 2. Applying algorithm 3 to doubly linked lists
Lf1 and Lf2 |Dom f \Dom f , we design doubly linked list Lf1 ⊲f2 .
2

1

Algorithm 7.
Input: doubly linked lists Lf1 and Lf2 .
Output: doubly linked list Lf1 ⊞f2 .
Step 1. Applying algorithm 5 to doubly linked lists Lf1 and Lf2 ,
we design doubly linked list Lf1 |Dom f \Dom f .
1
2
Step 2. Applying algorithm 5 to doubly linked lists Lf2 and Lf1 ,
we design doubly linked list Lf2 |Dom f \Dom f .
2
1
Step 3. Applying algorithm 3 to doubly linked lists
Lf1 |Dom f \Dom f and Lf2 |Dom f \Dom f ,
1
2
2
1
we design doubly linked list Lf1 ⊞f2 .
Estimations for time complexity of algorithms 3 and 5 (i.e. theorems 3 and 5, and corresponding corollaries) imply that the following
estimations for time complexity of algorithms 6 and 7 hold.
Theorem 6. For any nominative sets f1 , f2 ∈ FV,A time complexity
for each of algorithms 6 and 7 is
T = O((length(Lf1 )+length(Lf2 ))(log |V |+log |A|)) (|V | → ∞). (32)
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Corollary 6.1. For any nominative sets f1 , f2 ∈ FV,A the following
estimation of time complexity for each of algorithms 6 and 7 is true
T = O(|V |(log |V | + log |A|)) (|V | → ∞).

(33)

Corollary 6.2. Let |V | → ∞. If either |A| = o(|V |) , or |A| = O(|V |),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for each of algorithms 6 and 7 is true
T = O(|V | log |V |) (|V | → ∞).

(34)

Corollary 6.3. Let |V | → ∞. If either |V | = o(|A|), or |V | = O(|A|),
then for any nominative sets f1 , f2 ∈ FV,A the following estimation of
time complexity for each of algorithms 6 and 7 is true
T = O(|A| log |V |) (|V | → ∞).

(35)

The obtained results justify the factor, that in the case of linear
ordering on the set of names, all basic set-theoretic operations over
nominative sets, presented by doubly linked lists with ordering of names
in increasing strength, can be implemented by fast algorithms. The
same is also true for operations of inserting elements in any nominative
set, and of deleting elements from any nominative set.
Above, it has been investigated the case, when data are elements of
an abstract set. Obviously that these results can be easily elaborated
in detail for any case, when this or that structure is defined on the set
of data. One of such examples will be considered in the next section.

4

Applications to table algebra

Relational databases are widely used in modern software systems. It is
well known, that any relational database deals, in essence, with finite
relations, defined on some Cartesian products [17].
Mathematical model, intended for developing and theoretic analysis
of relational databases, as well as of associated query languages, is some
table algebra. It can be characterized as follows.
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For any relation its scheme is defined, which is a set of attributes.
Any line of a relation is defined as a set of ordered pairs (attribute,
value of attribute), where attribute transverses all values according to
the scheme of the relation. A relation itself is defined as a set of lines.
Proceeding from this set-theoretic representation, formal theory of relations can be implemented easily into table algebra. Thus, analysis in
detail of set-theoretic operations over tables is essential for any table
algebra.
Unfortunately, in investigation of table algebras all efforts are bent
on development of descriptive theory, while there are practically no researches devoted to algorithms elaboration and analysis of their complexity.
Due to this factor, it is worth to point the paper [18], where there
have been investigated worst-case and average-case time complexity
of algorithms implemented for execution of three main set-theoretic
operations over tables, namely: intersection, union and difference.
It is worth to note that in [18] time complexity is considered as the
number of elementary steps. As the result, all estimations, established
in [18], are typical estimations, that can be established for set-theoretic
operations on abstract sets.
Let us consider, how the results, established in Section 3, can be applied effectively to the analysis of complexity of set-theoretic operations
in table algebras.
Let A = {Ai |i = 1, . . . , k} be the set of all attributes that are
used in the given table algebra. The active domain of an attribute
Ai (i = 1, . . . , k) is denoted by Dom Ai . It is evident that any set
Dom Ai (i = 1, . . . , k) can be linearly ordered. Due to this factor, we
fix some linear ordering <Ai on each set Dom Ai (i = 1, . . . , k). Thus,
each Cartesian product Di1 ,...,il = Dom Ai1 × · · · × Dom Ail , where
ij ∈ {1, . . . , k} for all j ∈ {1, . . . , l}, is linearly ordered by lexicographic
order ≺i1 ,...,il .
The following two approaches, based on the theory of nominative
sets with linearly ordered set of names, can be applied in table algebras
for implementing set-theoretic operations on the set of relations of the
form ρ ⊆ Di1 ,...,il , where i1 , . . . , il ∈ {1, . . . , k} are fixed integers.
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Approach I. It is supposed that the following two assumptions hold:
1) the set of all nominative sets is FDi1 ,...,i ,{1} ;
l
2) each nominative set fρ ∈ FDi1 ,...,i ,{1} is presented by doubly
l
linked list Lfρ with ordering of names in the increasing strength.
Under these assumptions all algorithms, designed in Chapter 3, can
be applied directly for implementation in table algebras operations ∩,
\, ∪, ⊕, ⊲, and ⊞, defined by formulae (1)-(6). Moreover, the following
theorem holds
Theorem 7. For any nominative sets fρ1 , fρ2 ∈ FDi1 ,...,i ,{1} , presented
l
by doubly linked lists with ordering of names in the increasing strength,
for each of algorithms 1-7, implemented for execution of operations ∩,
\, ∪, ⊕, ⊲, and ⊞, defined by formulae (1)-(6), the worst-case time
complexity under logarithmic weight is
T = O((|ρ1 | + |ρ2 |) log

l
Y

|Dom Aij |) (|V | → ∞).

(36)

j=1

It is worth to point out that in the considered case operations ∪
and ⊕ are usual total set-theoretic operations on the set FDi1 ,...,i ,{1} .
l

Approach II. It is supposed that the following three assumptions
hold:
1) the set of all nominative sets is FV,Di1,...,il , where V is some set
of names, ordered by linear ordering relation <V ;
2) each relation ρ ⊆ Di1 ,...,il is presented by the nominative set
fρ ∈ FV,Di1 ,...,il , such that the following condition holds:
(1)

(2)

(1)

(2)

(v1 , (ai1 , . . . , ail )), (v2 , (ai1 , . . . , ail )) ∈ fρ & v1 <V v2 ⇒
(1)

(2)

(1)

(2)

⇒ (ai1 , . . . , ail )i1 ,...,il (ai1 , . . . , ail ),
i.e. each nominative set fρ ∈ FV,Di1,...,il is a nondecreasing (possibly
partial) mapping from V to Di1 ,...,il ;
3) each nominative set fρ ∈ FV,Di1 ,...,il is presented by doubly linked
list Lfρ with ordering of names in the increasing strength.
Under these assumptions all algorithms, designed in Chapter 3, can
be applied directly for implementation in table algebras operations ∩,
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\, ∪, ⊕, ⊲, and ⊞, defined by formulae (1)-(6). Moreover, the following
theorem holds
Theorem 8. For any nominative sets fρ1 , fρ2 ∈ FV,Di1 ,...,il , presented
by doubly linked lists with ordering of names in the increasing strength,
for each of algorithms 1-7, implemented for execution of operations ∩,
\, ∪, ⊕, ⊲, and ⊞, defined by formulae (1)-(6), the worst-case time
complexity under logarithmic weight is
T = O((|ρ1 | + |ρ2 |)(log |V | + log

l
Y

|Dom Aij |)) (|V | → ∞).

(37)

j=1

It is worth to note that in the considered case operations ∪ and
⊕ are partial operations on the set FV,Di1 ,...,il . For table algebras this
factor means that some of these or the others additional conditions are
associated with the set V of names.
Besides, if we take into account the factor, that each nominative
set fρ ∈ FV,Di1 ,...,il is a nondecreasing (possibly partial) mapping from
V to Di1 ,...,il , then we can speed-up execution of algorithms 1-7.

5

Conclusions

In the given paper it has been formed a strong base, sufficient for
effective implementation of application-oriented algorithms theory in
theory of nominative sets. Developing these results for hierarchical
types of data, multidimensional arrays, lists, trees, algebraic data types,
etc. forms some trend for future research.
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