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Computing the Pareto-Nash equilibrium set in
finite multi-objective mixed-strategy games
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Abstract

The Pareto-Nash equilibrium set (PNES) is described as in-
tersection of graphs of efficient response mappings. The prob-
lem of PNES computing in finite multi-objective mixed-strategy
games (Pareto-Nash games) is considered. A method for PNES
computing is studied.
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1 Introduction

The Pareto-Nash equilibrium set (PNES) may be determined via inter-
section of graphs of efficient response mappings — an approach which
may be considered a generalization of the earlier works [14, 15, 16,
17, 7, 18] and the method initiated by Ungureanu in [16] for Nash
equilibrium set (NES) computing in finite mixed-strategy games. By
applying the same approach, the method of PNES computing in finite
mixed-strategy n-player multi-objective games is constructed.
Consider a finite multi-objective strategic game:

I' = (N, {Sp}pen, {up(s) }pen),

where
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e N ={1,2,...,n} is a set of players;

e Sp ={1,2,...,mp} is a set of strategies of player p € N;

o up(s): S RK, uy(s) = (u;(s),ug(s), etk (s)) is the utility
vector-function of the player p € N;

e s=(s51,52,...,5,) €S = X Sp, where S is the set of profiles;

pPEN

® ky,my, < +oo, pe€ N.

Let us associate with the utility vector-function up(s),p € N, its
matrix representation

]z‘:17...,kp € RKpxm1xmzx-xmp

up(s) = AL = [api seS

S$1892...5n

The pure-strategy multi-criteria game defines in an evident manner
a mixed-strategy multi-criteria game:

"= <N, {Xp}pGNy {fp(x)}p€N>7
where

o Xp={xPeRIP : af +2b + .- + b, = 1} is a set of mixed
strategies of player p € N;

o f5(x): X o R, £, (x) = ( FLX), F2(X), oy S5 (x)) is the utility

vector-function of the player p € N defined on the Cartesian

product X = x X, and
PEN

mi1 mso Mn
7 _ DL 1 .2 n
fp(x) = E g E al g 5 T Toyer Ty -

s1=1s2=1 Sn=1

Remark that each player has to solve solely the multi-criteria paramet-
ric optimization problem, where the parameters are strategic choices
of the other players.
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Definition 1. Strategy xP € X_, is "better” than yP € X_p if
fo(xP,x7P) > f,(yP,xP),Vx PeX_,

and there exist an index i € {1, ..., k,} and a joint strategy x P € X_p
for which

Fo(xP.x7P) > fi(yP,x7P).
The defined relationship is denoted xP > yP.
Player problem. The player p selects from his set of strategies the

strategy XP € Xp, p € N, for which every component of the utility
vector-function f,(xP,%7P) has a maximum possible value.

2 Pareto optimality

Definition 2. Strategy XP is named efficient (optimal in the sense
of Pareto [11]), if there does not exist other strategy xP € Xy, so that
xP = xP.

Let us denote the set of efficient strategies (solutions) of the player
p by ef X,. Any two efficient strategies are equivalent or incomparable.

Theorem 1. If the sets X, C Rke, p =1, n, are compact and the cost
functions are continuous (fy(x) € C(Xp), i = I,my, p = 1,n), then
the sets ef Xp, p = 1,n, are non empty.

The proof follows from the known results [4].

Theorem 2. Every element X = (£1,22,...,2") € ef X = x ef X, is

pPeEN
efficient.
The proof follows from the definition of efficient strategy.
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3 Pareto-Nash equilibrium

Definition 3. The outcome X € X of the game is Pareto-Nash equi-
librium [1, 2, 12] if

£, (xP, % P) < £,(XP, % P),VxP € X,,,Vp € N,

where
A—p _ (sl A2 ap—1 ap+l n
XP = (2,25, ...,2P 2P L"),

X PeX =Xy xXgx .. xXp_1 X Xpj1 X ... X Xy,
o P || o-P _ (P o-P\ _ (sl A2 p—1 ~p ~p+l “n
Xx=%P||xP =P, xP)=(2",2%..,2P 2P, 2P, .. ") e X.

It is well known that not all the games in pure strategies have
PNE, but all the extended games I have PNE. The proof based
on scalarization technique is presented below. The same scalarization
technique may serve as a bases for diverse alternative formulations of
a PNE, as well as for NE: as a fixed point of the efficient response
correspondence, as a fixed point of a synthesis sum of functions, as
a solution of a nonlinear complementarity problem, as a solution of a
stationary point problem, as a maximum of a synthesis sum of functions
on a polytope, as a semi-algebraic set. The PNES may be considered
as well as an intersection of graphs of efficient response multi-valued
mappings [17, 7]:

Argef max f,(xP,x P): X_, = Xp,p=1,n:
xPeXp

PNE(T') = () Grep,
pPeN

x PeX_p,
Grep = (xP,x"P) € X: xP ¢ Argefmax fy(xP,x7P) (-

xPeXp

The problem of PNES determination in the mixed extension of
two-person game was studied in [7]. In this paper a method for
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PNES computing in two-matrix mixed extended games and multi-
matrix mixed extended games is analysed and the method for its com-
puting is proposed.

The complexity of the problem of PNES may be established on the
bases of the problem of NE computing. Let us remember that accord-
ing to [13]: "The computational complexity of finding one equilibrium
is unclear... Gilboa and Zemel [5] show that finding an equilibrium of a
bi-matriz game with maximum payoff sum is NP-hard, so for this prob-
lem no efficient algorithm is likely to exist. The same holds for other
problems that amount essentially to examining all equilibria, like find-
ing an equilibrium with mazimum support”. Consequently, the problem
of Pareto-Nash equilibria set computing has at least such complexity
as the problem of NE computing. Recently, in [3] the fact that the
problem of NE computing in two-player game is PPAD-complete was
established(PPAD is an abbreviation for Polynomial Parity Argument
for Directed graphs [10]). The hardness of the problem of computing
Nash equilibria in a two-player normal form (bimatrix) game was es-
tablished in [6], too, from the perspective of parameterized complexity.
These facts enforce conclusion that the problem of computing
PNES is computationally very hard (unless P = NP).

As it is easy to see, the algorithm for PNES computing in
multi-matrix mixed-strategy games solves, particularly, the problem
of PNES computing in m X n mixed-strategy games. But, two-matrix
game has peculiar features that permits to give a more expedient algo-
rithm. Examples have to give the reader the opportunity to easy and
prompt grasp of the paper.

4 Scalarization Technique

The solution of multi-criteria problem may be found by applying the
scalarization technique (weighted sum method), which may interpret
the weighted sum of the player utility functions as the unique utility
(synthesis) function of the player p (p = 1,n):
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P V4 pl 2 n
p(X, AP) = A E g E a5 sy s, 81 Tgyeolg + ot

S1= 152 1 Spn=1

p pkp 2 n
S D I L RN

s1=1s9=1 sp=1

xP e X,,

/\P:()\p,/\p,...,)\ip) € Ap,

MAXN A+ + X =1, }
P

A, =< \P € Rke _
P { M >0,i =1,k

p=1,n.
Theorem 3. Let x P € X_p.

1. If XP is the solution of mono-criterion problem max F,(x,AP),
xPeXp

for some AP € Ay, AP > 0, then XP is the efficient point for player
p € N for the fized x7P.

2. The solution XP of problem max Fp(x,AP), with \P >0, pe N
xPe P
is efficient point for player p € N, if it is unique.

Theorem’s proof follows from the sufficient Pareto condition with
linear synthesis function [4].
Let us define the mono-criteria game

LA A%, A7) = (N {Xp e {Fp(x, AP)}pen),
where
e \Pe A, peN,
o Xp={xPeRIP : af +2b + - - +ah,, =1} is a set of mixed

strategies of player p € N;
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e [,(x,\P) : X — RKr is the utility synthesis function of the
player p € N, described above, defined on X and Ap.

For simplicity, let us introduce the notations:
I7(\) =T\ 02,0,

A=ALAZ ) e A=A1 X Ay X ... X Ay,

Evidently, the game I'"(\) represents a multi-matrix mixed-strategy
mono-criterion game for a fixed A € A. It’s very well known that such
a game has NE [9]. Consequently, from this well known result and from
the precedent theorem the next theorems follow.

Theorem 4. The outcome X € X is a PNE in I if and only if there
exists such a A € A,\ > 0,p € N for which X € X is a NE in T"()).

Theorem 5. PNES(I') = | ] NES(I"()) #0.
AEA >0

Let us denote the graphs of best response mappings

Arg max F,(xP,x P AP): X_, — Xp,p=1,n,
xPeXp

by

x PeX_p,
Grp(A?) =¢ (xP,xP) € X: xP cArgmax F,(xP,x"P AP) ¢
xPeXp

Grp= |J Grp(WP).

APEAL AP0

From the above, we are able to establish the truth of the next theorem,
which permits us to compute the PNES in I".

Theorem 6. PNES = PNES(I') = () Grp.
p=1
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5 PNES in two-player mixed-strategy games

Consider a two-player m X n game I' with matrices:

AT = (agj)vBr = (b:])az =1m,j=1n

Let A% i =1,m,q = 1,k denote the lines of matrices A9, q = 1, k;,
b, j =1,n,r = 1, ko, denote the columns of matrices B",r = 1, ko,

X:{X€R§3$1+x2+"'+xm:1}a

Y={yeRL:yi+uyp+ - +y.=1}

As above, we consider the mixed-strategy game I and the game
(A1, A2) with synthesis functions of the players:

m n m n
k
i=1 j=1 =1 j=1

- [(/\%A“ LAy /\,1€1A1’“1) y] 214t

+[(dAm 4 A2 4 AL ATy

i=1 j=1 i=1 j=1
[ () s

X7 (A" 4+ 23672 - 4 AL )|

M AN+ A, =LA >0,g=1,.. ki,

)\%4_/\%4_...4_)\22 :1)320,7“:1,...,/@.
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The game I = (X, Y; Fy, Fb) is a scalarization of the mixed-strategy
multi-criteria two-player game I".

If the strategy of the second player is fixed, then the first player
has to solve a linear programming parametric problem:

Fl(x’yaAl) —>mam,xEX, (1)

where A\' € Aj andy € Y.
Analogically, the second player has to solve the linear programming
parametric problem:

F2(X7Y7 Az) — mazx,y € Y? (2)

with the parameter-vector A2 € Ay and x € X.

Denote ex! = (1,...,1) € R™ ey! = (1,...,1) € R™. The so-
lution of linear programming problem is realized on the vertices of
polytopes of feasible solutions. In the problems (1) and (2) the sets
X and Y have m and, respectively, n vertices — the axis unit vec-
tors €t € R™,i = 1,m and €% € R™,j = 1,n. Thus, in accordance
with the simplex method and its optimality criterion, in the parametric
problem (1) the parameter set Y is partitioned in such m subsets

( Ky '
oAl - A4 | y <o,
q=1
VIO =< yeR»: k=1m, Ji=1,m,
M+X 4+, =1, A >0,
eyly =1,
y > 0.

for which one of the optimal solution of the linear programming prob-
lem (1) is e — the corresponding z; axis unit vector.

Let U = {ie€{1,2,...,m}: Y'(A\') #£0}. In conformity with the
optimality criterion of the simplex method Vi € U and VI € 2U\# all
the points of

ex'x =1,

Conv{e™ kelIU{i}} =< xeR™: x>0,
zp =0,k ¢ TU{i}
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are optimal for parameters

k1
D oA(AR = AT )y =0,k €1,
q=1

k1
yeYIO) = yeRn: D A\(AM A7) |y <0,k ¢ TU{d},

q=1

A+ X4+, =1, A1 >0,
eyly =1,

y > 0.

Evidently Y?(A1) = Y¥(A1). Hence,

Gri(\) = |J Conv{e™ kelu{i}} x Y7\
iU, 12U\ i}
Gri= |J Gri(\).
AMecA1,21>0

In the parametric problem (2) the parameter set X is partitioned in
such n subsets

ko
DN V) | x<0,k=T.n,

(12 Syt =
XJ()\): XERm-)\%+)\%+...+)\%2:1,)\2>0, J=1Ln,
T
ex'x =1,
x > 0.

for which one of the optimal solution of the linear programming prob-
lem (2) is €% — the corresponding y; axis unit vector.

Let V = {j € {1,2,...,n}: X9(\?) # 0}. In conformity with the
optimality criterion of the simplex method Vj € V and VJ € 2V \i} all
the points of

ey'y =1,
Conv{e’ ke JU{j}} =< yeR": y >0,
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are optimal for parameters
(

ko
(Z AZ(pPr — bjr)> x=0keJ
r=1

k2
xerJ(/\2): xeRm:<Z)\2(ka—bjT))XSO,k%JU{j},
r=1

MAN+ -+, =1,02 >0,

ex'x =1,

x > 0.

Evidently X7?(\2) = X7()\2). Hence,

Gra(A%) = | J  X77()?) x Conv{e, ke JU{j}}.
jev,Je2V\iit
Gra= | Grz(\?)
A2cA2,22>0
Finally,

PNE(I'") = Gr1( |Gra =

= U U X (%) < Vb,
MeA, AN1>0 ieUTe20M3
NeALN2>0 jeV,Je2"\U}

where Xf}J(Az) X Yﬁ()\l) is a convex component of PNES,
X37(\?) = Conv{e™, k € TU{i}} N X7/ ()\?),
Y/7(AY) = Conv{e’, k€ JU{j}} nY" (),

4 ko
(Z AZ(pFr — bf’“)> x=0,keJ,
r=1

ko
X7 (A% ={xeRm; (Z AZ(bkT — b?r)) x <0,k ¢ JU{j},
r=1

M4+ AL =1,A2 >0,
ex'x=1,x>0,
xkzo,k¢IU{i}
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is a set of strategies x € X with support from {i} U I and for which
points of Conv{e% ke JU{j}},

,

k1
S oajAk— Ay |y =0,k e,
q=1

k1
VO =y e R [ YA - A |y <0k g UG,
qg=1

AM+X 4+, =1, A1 >0,
eyly =1,y >0,

is a set of strategies y € Y with support from {j} U J and for which
points of Conv{e”* k € I U{i}} are optimal.

Theorem 7. PNE(I'”) = Gr1 [\ Grz =

jJ i
= U U X7 (W) x YT (AY).
MecAL, M >0ieUTe2V\M
N EAL, N2 >05€eV,Je2V\i}
The proof of the theorem is performed above.

Theorem 8. If Xf?()?) =0, then X7 (A2) =0 for all J € 2V

For the proof it is sufficient to maintain that X7/()\2) C Xg?(/\z)
for J # 0.

Theorem 9. If Y)(\') =0, then Y/I(A') =0 for all T € 2V,
From the above the algorithm for PNES computing follows:

PNE=0; U={ic{1,2,..m}:Y'\)#0}; UX=U;
V={je{1,2,...n}: XI(\%) £ 0};
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for 1€ U do

{
UX =UX\{i};
for T €2VX do

{
VY =V;
for jeV do
{ _
if (XZ,JI@(/\z) =) break;
VY = VY \ {j};
for JE?V‘Y do
if (Y/7(\') #0) . .
PNE = PNE U (X} (A2) x Y/7(A1));

}

Algorithm executes the interior if no more then

2m—1(2n—1+2n—2+."_'_21+20)+2m—2(2n—1+2n—2+_”_|_21_’_20)+

+21(2n71+2n72+_“+21_’_20)_,'_20(27171+2n72+.__+21+20):
=2"-1)(2"-1)

times. So, the following theorem is true.

Theorem 10. The algorithm examines no more than (2™ —1)(2" — 1)
polytopes of the XZIJ(V) X Yj"}()\l) type.

If all the players’ strategies are equivalent, then PNES consists of
(2™ —1)(2™ — 1) polytopes.

Evidently, for practical reasons algorithm may be improved by iden-
tifying equivalent, dominant and dominated strategies in pure game
[4, 14, 15, 16] with the following pure and extended game simplifica-
tion, but the difficulty is connected with multi-criteria nature of the
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initial game. ”In a nondegenerate game, both players use the same
number of pure strategies in equilibrium, so only supports of equal
cardinality need to be examined” [13]. This property may be used
to minimize essentially the number of components XijIJ(Az) X Yﬁ()\l)
examined in nondegenerate game.

Example 1. Matrices of the two person game are

1,0 0,2 4,1 [o0,1 23 33
A_{og 2,1 3,3]’3_[6,4 5,1 3,0}

The exterior cycle in the above algorithm is executed for the valuei = 1.
As

(202 4+ 203)x1 + (=22 — 3A\3)z2 < 0,
. (3X2 +22A§)x1 ; (=32 —4X\3)x9 <0
Xj(A*) =4 xeR?: A%+)\2:i,/\ >0, =0,
T+ 22 = 1,
I Z O,ZCQ =0.

then the cycle for j =1 is omitted.

Since
(—2XF — 2X3)z1 + (A + 3M3)z2 <0,
)\%:I,‘l + (—2)\% — /\%)ZBQ <0,
XA =3 xeR?: M +AI=1,1%>0, £ 0,

T+ 29 =1,
1‘120,332:0.

(=M + 220Dy + A — A)ye+
+(=A1 4 203)y3 <0,
YO ={ yeR3: M+ =11 >0, £ 0,
y1+y2 +y3 =1,
y1 =0,y2 > 0,y3 = 0.

the point (1,0) x (0,1,0) is a Pareto-Nash equilibrium for which (0, 2)
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and (2,3).
(=222 — 22321 + (A} + 3A3)z2 <0,
Nxy + (=203 = A)z2 = 0,
X0 ={xeRZ: N+ A3 =1, A2 >0, £ 0,

1+ 29 =1,
x1 > 0,290 =0.

(=M 4+ 2\ )y + (A1 — AD)ya+
+(=A1 +2X3)y3 <0,
Yl =<{ yeR3: M+a=1,M >0, A0,
y1+y2 +y3 =1,
y1 =0,y2 > 0,y3 > 0.

1 0 1 0
the set <0>>< 0§y2§% ,<0>>< %gyggl
F<ys<1 0<ys<3
is PNE.
Since
(=3X\2 —2X\3)21 + (3M\2 + 4Md)xp < 0,
—N221 4+ (202 + \3)z2 <0,
XBOH) =49 xeR2: AP+ M3 =1,22>0, # 0,

x1+x2 =1,
Tl 20,1'2:0.

(=ML + 20 D)y + (221 = AD)ya+
+(=A1 +203)ys <0,
VPO ={ yeR3: M4 =1,A1>0, 29,
y1+y2+ys=1,
y1 =0,y2 =0,y3 > 0.

the point (1,0) x (0,0,1) is a Pareto-Nash equilibrium for which (4, 1)
and (3,3).
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Since
( (202 +2X3)21 + (=2 —3A3)z2 <0, )
(3AF +2X\3)z1 + (—3A2 — 4)3)xy <0,
Xl (W) = ¢ x €eRZAT+ A3 =1, A2 >0, # 0,
T+ a2 = 17
\ r1 2 071"2 > 0.
(=M1 4 2205)y1 + (2A] — A3)ya+
+H(=AL+2X3)y3 = 0,
i) ={ yeR3¥: M+A =10 >0, # 0,
Y1 + Y2 + Y3 = 17
\ y1 > 0,52 =0,y3 =0.

the set {(0 <z < %,% <o < 1) X (1,0,0)} is a Pareto-Nash equilib-
rium.

Since
( (202 4+ 2X3) 71 + (=22 = 3M\)29 =0, )
o) 2 , (32)\% +22A§)x1 j (=3A\2 — 4)3)x2 <0,
Xl{g}(A): x€RZ N+ A5=1,2%2>0, £ 0,
r1+x9 =1,
L x1 > 0,29 > 0.
(=Ml + 2001 + (AL — D)yt
+H(=A1 +2M)ys =0,
Yf{{j}}(xl) ={ yeR3: M+Al=12A1>0, £ 0,
y1ty2+tys=1
y1 = 0,92 > 0,y3 = 0. J
theset {(§ <21 <2,2<2,<2)x(0<y1 <5, 2<yp<1,0)}U
{Gsm<di<m<] s

% Y2
(% <y <1,0<yp < %,0)} is a Pareto-
Nash equilibrium. Xlli[g}()\2 =

2} 1{2}
Since
(—2XF — 2X3)z1 + (A + 3M3)z2 <0,
20 ) )\%.7)1 + (—2)\% — )\%).%2 <0,
Xl Oh = | X ERT A+ =LA >0, A0,
T T2 =1,

x1 > 0,22 > 0.
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(=M1 +2X0)y1 + (2A] — AY)ya+
+(=AL+20)y3 =0,
ltoh ={ yeR3: Al+ A =1,A1>0, £,
yi+y2+ys=1,
y1 =0,y2 > 0,y3 = 0.

the set {(g <z < %,% < z9 < %) x (0, 1,0)} 1s a Pareto-Nash equilib-
rium.
Since
(=203 — 2X\3)x1 + (A + 3)A3)z2 <0,
X2{3} o , )\im +2(:2)\% ; )\%)CI}‘Q = 0,
03 ={xeR? N+ =1, 12 >0, £,

1+ 29 =1,
x1 > 0,22 > 0.

(=M + 220D u1 + A = AD)ye+
(=1 +203)y3 =0,
Vil =< yeR: Al+a =101 >0, £,
yity2+tys=1,
y1 = 0,72 > 0,y3 > 0.

the set {(3 <21 <1,0<2, < 1) x (0,05 <5, 2<ys<1)}U
{(3<2:<1,0<2,< 1) x (0,53 <y <1,0<y3< %)} is a Pareto-
Nash equilibrium.
( (—3A2 — 2A2)z; + (3A2 + 4A3)aq < 0,
—)\%xl + (2)\% + )\%)I‘Q <0,
Xy (W) = dx e R+ A3 =1, 72 >0, £ 0,
T+ 12 =1,
z1 20,22 > 0. )
( (A +20)y1 + (A = M)yt )
H(=AL+2205)ys =0,
Yt =4 yeR3: AL+ A =1, >0, £,
y1+y2+tys=1,
Y1 =0,y2=0,y3 = 0.
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the set {(% <1 <1,0< 25 < %) x (0,0, 1)} is a Pareto-Nash equilib-
TIUM.
The exterior cycle is executed for the value i = 2.

(2)\% + 2)\%)$1 + (—/\% — 3)\%)$2 <0,
. (BA2 +203)z1 + (—3)2 —4)2)x <0,
X,)(A*) =4 xeR2: A%+>\§:Ell,/\2>0, £ ()
1+ 22 = 1,
xr1 = O,CCQ Z 0.

(AT = 2X8)y1 + (=2A\] + ADya+
+(AL = 2A\5)ys <0,
YA ={ yeR3: M+Al=1,A1>0, # ()
y1+y2+ys=1,
Y1 2 07?/2 - 0793 =0.
the point (0,1) x (1,0,0) is a Pareto-Nash equilibrium for which (0, 2)
and (6,4). X307 (02) =0, X, (02) =0, ;¥ (\2) = 0.
Because
(=207 — 2X\%)21 + (A 4+ 3M\3)z2 <0,
Mz + (=202 — M\)xy <0,
XBOH) =3 xeR?: M +A=11%>0, =0,
T+ a9 =1,
Tr1 = 0, i) 2 0.

the cycle for j = 2 is omitted.

(=3M] = 2A3)z1 + (BA] + 4A3)z2 <0,
—)\%xl + (2)\% + )\%)%2 <0,
XA =4 xeR2: )\%+)\§:},)\2>0, = 0.
r1 +x2 =1,
T = 0,.752 > 0.

Thus, the PNES consists of nine elements — three pure and siz mized
Pareto-Nash equilibria.

Let us add one more utility function in the above example for each
player.
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Example 2. Matrices of the two person game are

A= 0,2,1 2,1,0 3,3,1 6,4,5 5,1,3 3,0,1 |~

_[1,0,2 0,21 41,3 } B [ 0,1,0 2,3,1 3,3,2
Algorithm ervamines (22 — 1)(23 — 1) = 21 cases for this game. The
PNES consists of eleven components. The set of Pareto-Nash equi-
libria is expanded comparatively with the first example and it coincides
with the graph of best response mapping of the second player.

Corollary. Number of criteria increases the total number of arith-
metic operations, but the number of investigated cases remains intact.

Example 3. Let us examine the game with matrices:

2,0 1,2 6,—1 1,2 0,1 3,2
A= 35 20 -1,2|,B=]| -1,3 1,-1 -2,0
1,3 2,3 1,1 2,0 -1,3 2.1

The algorithm will examine (23—1)(23—1) = 49 of polyhedra Xf}J(Az) X
Yﬁ (A\Y). In th.is game thirty-seven components XZ-JIJ()\z) and eighteen
components lef()\l) are nonempty. The PNES consists of twenty-
three elements.

6 PNES in n-player m; x mg X -+ X m,, mixed-
strategy games

Consider a n-player mj; X mo X - -+ X m, mixed-strategy game
I"(A) = (N, {Xp }pen, {Fp(%, AP) bpen),

formulated in Section 4. The utility synthesis functions of the player p
are linear if the strategies of the remaining players are fixed:
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P pl
Fp(x,AP) = (A S a, T =2 +-+

5-pES—p q=1,n,q#p
P } : Pkp H q \,.P
)\kp a1||57p xsq)xl
s-pES—p q=1,n,q#p

Z ampus_,, H x5, ot

_pes_p q=1,n,q#p

p § q p
)\kp amp”S—p H xsq)xmf”

5—pES—p q=1,n,q#p

N XM+ A =1 A > 0,0 =1k,

Thus, the player p has to solve a linear parametric problem with pa-
rameter vectors x P € X_j, and AP € Ap:

Fp(xP,x"P,AP) — max, xP € Xp, AP € Ap,p=1,n. (3)

The solution of this problem is realized on the vertices of polytope Xp
that has m,, vertices — x axis unit vectors e” € R™, i = 1,m,. Thus,
in accordance with the simplex method and its optimality criterion, the
parameter set X_p, is partitioned in the such m,, subsets X_,(ip)(AP):

)
P _ P q
2 | X Nk, —ay ) ) I et <o,
5-—p€S—p \i=Lk, q=1,n,q#p
k=T1,mp, X[+ XN +---+ X =1, AP >0, ’
-

af + a5+ +ah, =1,9=1,n,9 #p,

( x P >0.

for x™P € R™™™p, 4, = 1, m,, for which one of the optimal solution of
the linear programming problem (3) is %% .
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Let U, = {i, € {1,2,...,mp} : X_,(ip)(\P) # 0}, ep? =
(1,...,1) € R™p. In conformity with the optimality criterion of the
simplex method Vi, € U, and VI, € 2U»\lin} all the points of

ep'xP =1,
p
Conv{e"r ke I,U{i,}} =¢ xe€R™r: xP >0,
ﬂ’fi =0,k ¢ I, U {ip}

are optimal for parameters x P € X_,(ipl,)(AP) C R™™ ™, where
X_p(iplp)(AP) is a set of solutions of the system:

Z Z Af(azz”s_p o a?:Hs_p) H l’gq =0,k e IP’

5—p€S—p \i=Lk, q=1,n,q#p
D D _ D q .
Z Z Ai (ak”s_p %pHS_p) H z, <0,k ¢ I, U {ip},
5—p€S—p \i=Lk, q=1,n,q#p

N X+ X =1, AP >0,
er’x" =1,r=1,n,r#p,
x'>0,r=1,n,r #p.

Evidently X_,(i,0)(AP) = X_,(i,)(AP). Hence,

Grp(\P) = U Conv{emz, ke l,U{ipt} x X_,(iply)(AP).
ip€Up,Ipe2Up\in}
Grp= |J Grpy(\?).
APEAL, AP>0
Finally,

PNE(I"()\)) = (] Grp,
p=1
Gr= U U X(irIy .. indn)(N),
p=1 AEA, >0 i1 € Ulall c 2U1\{i1}
in € Up, I, € 2Un\lin}
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where X (i1l ...ip1n)(A) = PNE(i111 .. .i,1,)()\) is a set of solutions
of the system:

Z Z A;(a27i|s,r - a;:HS,T) H $gq = 07 ke IT7

s—r€S-r \i=Lk, q=Ln,q#r
(T 0 q .
> > Nlaghe, —aii )| T 24 <0k ¢ LU,
s—r€S—r \i=Tk, q=T,n,q#r

MAXN A+, =1L, A>0,r=1n,
er’x" =1,x*>0,r=1,n,
(2, =0,k ¢ I, U{i},r=1,n.

Theorem 11. PNE(I'())) = ﬂ Grp,
p=1

NGrp= U U X(irDy .. .inLy)(N).
p=1 AEA, >0 7;1 e Ulall c 2U1\{i1}
in € Uy, I, € 2Un\lin}

The Theorem 11 is an extension of Theorem 7 to n-player game.
The proof is performed above.
The following theorem is a corollary of Theorem 11.

Theorem 12. PNE(I"”()\)) consists of no more then
(2m —1)(2m —1)...(2™ - 1)
components of the type X (i11y .. .1,15)(N).

In game for which all the players have equivalent strategies PNES
is partitioned in maximal number (27! — 1)(2™2 —1)...(2™" — 1) of
components.

Generally, the components X (i1]; . ..4,1,)(\) are non-convex in n-
player game (n > 3).
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An exponential algorithm for PNES computing in n-player game
simply follows from the expression in Theorem 11. The algorithm re-
quires to solve (2™ —1)(2™2 —1)... (2™ — 1) finite systems of multi-
linear (n—1-linear) and linear equations and inequalities in m variables.
The last problem is itself a difficult one.

Example 4. It is considered a three-player extended 2 x 2 x 2 (dyadic
bi-criteria) game with matrices:

Lo _[96 007 00 34
=100 32" 93 00|’

,_[8300], _[00 43
10,0 4,6 |7 18,6 0,0 |’

~[12,6 0,0 _[0,0 6,6
Gl =00 2,4 72T [ 4,2 0,0 |

Fi(x,y,z,AY) = (M) + 6X3)y121 + (BA] + 2X3)y222) 21+

+((9M 4 3AD)yaz1 + (BA] 4 4A])y122) 2o,
By(x,y,2,2%) = ((8A] + 3A\5)z121 + (4A] + 6)3)z220)y1 +
+((8/\% + 6)\%)%‘221 + (4/\% + 3)\%)%122)]42,

F3(%,y,2,A%) = (120 + 6A3)z191 + (23 + 4X3)22y0) 21+
+((4)\? + 2)\%)132?;1 + (6)\:1S + 6)\%)1’1242)22.

By applying substitutions: A\ = A1 > 0 and Ay = 1 — )\ > 0,
M=X>0and 3=1-)X>0, A =X3>0and \j =1— X3 >0,
we obtain:
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Fi(x,y,2, A1) = ((6 + 3A\1)y121 + (2 + A1)y222) 21+
+((3+ 6A1)y221 + (4 — A1)y122) 22,
FQ(X, Yy, Z, )\2) = ((3 + 5)\2).%’121 + (6 — 2/\2).%222)y1+

+((6 4+ 2X2)x221 + (3 + A2)z122)Y2,

F3(x,y,2,A3) = ((6 + 6A3)z1y1 + (4 — 2X3)22%2) 21+
+((2 4 2X3)x2y1 + 621Y2)22.

Totally, we have to consider (22 — 1)(22 — 1)(2%2 — 1) = 27 com-
ponents.  Further, we will enumerate only monempty components.
Thus, PNE(101010)(\) = (1,0) x (1,0) x (1,0) (for which the gains
(9,6), (8,3),(12,6) ) is the solution of the system:

( (3 + 6)\1)3/221 + (4 — )\1)3/122 — (6 + 3)\1)3/121 — (2 + )\1)y222 <0,
(6 + 2/\2)(13221 + (3 + /\2)33122 — (3 + 5)\2)1‘12’1 - (6 — 2)\2)1‘222 < 0,
(24 2X3)m2y1 + 6212 — (6 4 6A3)z1y1 — (4 — 2A3) 2212 < 0,

A1, A2, A3 € (0, 1),

r1+x9=1,21 > 0,29 =0,

it+y2=1y1 20,2 =0,

z1+22=1,21 > 0,20 =0.

1—21

Loy < 1o, 2
PNBAOL((2)() = (1,0)x (171 =1 ) (35755 )
1s the solution of the system:

( (3 + 6/\1)y2z1 + (4 — )\1)y12’2 — (6 + 3)\1)y121 — (2 + )\1)3/222 <0,
(6 + 2)\2)$221 + (3 + )\2)$122 - (3 + 5)\2)1‘121 — (6 — 2)\2)$222 =0,
(2 +2X3)x2y1 + 621y2 — (6 + 6A3)T1y1 — (4 — 2)A3) 222 = O,

A, A2, A3 € (0, 1),

v+ =121 > 0,22 =0,

y1+y2=19y1 20,92 >0,

z1+2z2=1,21 20,22 > 0.

PNE(102020)(\) = (1,0) x (0,1) x (0,1) and the gains (3,2), (4, 3),
(6,6) are the solution of the system:
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(3 + 6)\1)y221 + (4 — )\1)1/122 — (6 + 3)\1)3/121 — (2 + )\1)@/22’2 <0,
—(6 4+ 2X\2)x2z1 — (34 A2)x122 + (3 + 5A2)z121 + (6 — 2X2)x222 <0,
— (24 2X3)x2y1 — 621y2 + (6 + 6A3)z1y1 + (4 — 2X3)2212 < 0,

A1, A2, A3 € (0, 1),

r1+x9=1,21 > 0,290 =0,

y1+y2=1y1=0,12 >0,

21+ 22=1,21=0,20 > 0.

sy~ (15570): (1) £257)

1
1s the solution of the system:

(34 6A1)y2z1 + (4 — AM)y12z2 — (6 + 3X1)y121 — (24 Ai)yaze =0,
(6 + 2/\2)%221 + (3 + /\2)%122 - (3 + 5)\2)1‘12’1 — (6 — 2)\2)1‘222 <0,
(24 2A3)T2y1 + 6712 — (6 + 6A3)T1y1 — (4 — 2A3) 7292 = O,

)\1, )\2, )\3 S (0, 1),

r1+x9=1,21 > 0,29 > 0,

y1+y2=1,y1 > 0,92 =0,

21+ 29 = 1,2’1 > 0,22 > 0.

PNE(1{2}1{2}10)(\) = < é?“”fg ) x ( é?ylyfé > % (1,0)

1s the solution of the system:

(B34 6A1)y2z1 + (4 — AM)y1z2 — (6 4+ 3A1)y121 — (2 4+ A)y222 =0,
(6 + 2/\2)(13221 + (3 + /\2)33122 — (3 + 5)\2)1‘12’1 - (6 - 2)\2)1’222 = 0,
(2 4+ 2X3)m2y1 + 621Y2 — (6 4 6A3)w1y1 — (4 — 2X3)22Y2 < O,

)\1, )\2, )\3 S (0, 1),

r1+x9=1,21 > 0,29 >0,

y1+y2 =191 > 0,92 > 0,

zZ1+20=1,21 > 0,29 = 0.

PNE(1{2}1{2}1{2})(A) =
) )< ()M
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1 2 1
U isms5 ) (O0=sm=1) 1< <2 U
1— T 1-— U1 1-— Z1
1 5x1—2
U O§$1§Z % Oéylggii_g % <Zl U
1-— Il 1-— Y1 1-— Z1

2 1 Sx1—2 1 2
U ngISQ « 9§1,3§y1§1 % <Zl<5
1—$1 1—y1 1—21

1s the solution of the system:

( (3 + 6/\1)y2z1 + (4 — )\1)y12’2 — (6 + 3)\1)y1z1 — (2 + )\1)y222 =0,
(6 + 2)\2)55221 + (3 -+ )\2)56122 — (3 -+ 5)\2)1‘121 — (6 — 2)\2)$22’2 =0,
(24 2X3)x2y1 + 6z1y2 — (6 4+ 6A3)z1y1 — (4 — 2A3)z2y2 = 0,

A, Aoy Az € (0, 1),
1 +r2=1,21 20,29 >0,
y1+y2=1y1 > 0,y2 >0,

21+ 20=1,21 > 0,290 > 0.

e =152 (V2701

1s the solution of the system:

(3 + 6)\1)y221 + (4 — )\1)y12’2 — (6 + 3)\1)y121 — (2 + )\1)y222 =0,
(6 + 2)\2)([)221 + (3 + )\2)1‘122 — (3 + 5)\2)1’121 — (6 — 2)\2)1‘222 =0,
—(2 + 2)\3)xgy1 — 6x1y2 + (6 + 6)\3)CL’1y1 + (4 — 2/\3)562y2 <0,

A1, Ao, Az € (0, 1),

1 +x2=1,21 > 0,290 >0,

y1+y2=19y1>0,y2 >0,

21 +22=1,21 =0,20 > 0.

e (57 ) (1) (120
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1s the solution of the system:

(3 + 6)\1)1/221 + (4 — )\1)3/122 — (6 + 3)\1)3/121 — (2 + )\1)3/22’2 =0,
—(6 + 2X\2)x2z1 — (34 A2)x122 + (3 + BA2)z121 + (6 — 2X2)2222 <0,
(24 2X3)z2y1 + 621y2 — (6 + 6A3)z1y1 — (4 — 2A3) 212 = 0,

)\1, )\2, A3 € (0, 1),

r1+x2 = 1,21 > 0,22 > 0,

y1+y2=1y1=0,42 >0,
21+ 22=1,21 20,29 > 0.

PNE(201020)(\) = (0,1) x (1,0) x (0,1) and the gains (3,4), (4,6),
(4,2) is the solution of the system:

—(346A1)y2z1 — (4 — A)y122 + (6 + 3M)y121 + (2 + A1)y222 <0,
(6 + 2A2)$22’1 + (3 + /\2)33122 — (3 + 5)\2)1‘121 — (6 — 2)\2)1’222 <0,
—(2 + 2)\3)x2y1 — 6x1y2 + (6 + 6)\3)x1y1 + (4 - 2)\3)x2y2 <0,

AL, A2, Az € (0, 1),

r1+xo =121 =0,29 >0,

y1+y2=1y1 >0,y2 =0,

21+ 20=1,21 =0,29 > 0.

PNE(201{2}1{2})(\) = < (1) > « < 0 gl gly? 2 ) y ( é??; 2 >

1s the solution of the system:

( —(3 + 6)\1)3/221 — (4 — )\1)y122 + (6 + 3)\1)y1z1 + (2 + )\1)3/222 <0,
(6 + 2/\2)%221 + (3 + /\2)%122 - (3 + 5)\2)%12’1 — (6 — 2)\2)(1)222 =0,
(24 2X3)22y1 + 621y2 — (6 4+ 6A3)z1y1 — (4 — 2A3)22y2 = 0,

AL, A2, Az € (0, 1),

r1+x9=1,21 =0,29 > 0,

y1+y2=1,y1 > 0,92 > 0,

zZ1+20=1,21 > 0,29 > 0.

PNE(202010)(A) = (0,1) x (0,1) x (1,0) and the gains (9, 3), (8,6),
(2,4) 1is the solution of the system:
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(—(34+6A1)y2z1 — (4 — A)y122 + (6 + 3A1)y121 + (2 4+ A\1)yeze <0,
*(6 + 2)\2):1322’1 — (3 + )\2):1:122 + (3 + 5)\2)56121 + (6 — 2)\2)$222 <0,
(24 2X3)x2y1 + 621y2 — (6 4+ 6A3)z1y1 — (4 — 2A3)z2y2 < 0,

AL, Aoy Az € (0, 1),

1 +r2=1,21=0,22 >0,

y1+y2=19y1=0,92 >0,

(21 +22=1,21 > 0,22 =0.

Thus the set of Pareto-Nash equilibria consists of eleven compo-
nents.

7 Conclusions

The idea to consider PNES as an intersection of the graphs of efficient
response mappings yields to a method of PNES computing, an exten-
sion of the method proposed in [16] for NES computing. Taking into
account the computational complexity of the problem, the proposed
exponential algorithms are pertinent.

The PNES in two-matrix mixed-strategy games may be partitioned
into finite number of polytopes, no more then (2™ — 1)(2"™ — 1). The
proposed algorithm examines, generally, a much more small number of
sets of the type X7/ (\2) x YII(AY).

The PNES in multi-matrix mixed-strategy games may be par-
titioned into finite number of components, no more then (2™ —
1)...(2™m —1), but they, generally, are non-convex and moreover non-
polytopes. The algorithmic realization of the method is closely related
with the problem of solving the systems of multi-linear (n — 1-linear
and simply linear) equations and inequalities, that itself represents a
serious obstacle to efficient PNES computing.
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