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Linear discrete-time Pareto-Nash-Stackelberg
control problem and principles for its solving
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Abstract

A direct-straightforward method for solving linear discrete-
time optimal control problem is applied to solve control prob-
lem of a linear discrete-time system as a mixture of multi-
criteria Stackelberg and Nash games. For simplicity, the expo-
sure starts with the simplest case of linear discrete-time optimal
control problem and, by sequential considering of more general
cases, investigation finalizes with the highlighted Pareto-Nash-
Stackelberg and set valued control problems. Different principles
of solving are compared and their equivalence is proved.
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1 Introduction

Optimal control theory which appeared due to Lev Pontryagin [2] and
Richard Bellman [3], as natural extension of calculus of variations, often
doesn’t satisfy all requirements and needs for modelling and solving
problems of real dynamic systems and processes. A situation of this
type occurs for problem of linear discrete-time system control by a
decision process that evolves as Pareto-Nash-Stackelberg game with
constraints — a mixture of hierarchical and simultaneous games [5, 6, 7,
8, 9]. For such system, the notion of optimal control evolves naturally to
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the notion of Pareto-Nash-Stackelberg type control and to the natural
principle for solving the highlighted problem by applying a concept of
Pareto-Nash-Stackelberg equilibrium [9] with a direct-straightforward
principle for solving.

The direct method and principle for solving linear discrete-time
optimal control problem is extended to control problem of a linear
system in discrete time as a mixture of multi-criteria Stackelberg and
Nash games [9]. The exposure starts with the simplest case of linear
discrete-time optimal control problem [1] and, by sequential considering
of more general cases, finalizes with the Pareto-Nash-Stackelberg and
set valued control problems. The maximum principle of Pontryagin is
formulated and proved for all the considered problems. Its equivalence
with the direct-straightforward principle for solving is established.

2 Linear discrete-time optimal control prob-
lem

Consider the following problem [1]!:

T
flz,u) = Z(Ctl‘t +blu')  — max,

P Bt t=1,..,T,
Diut <dt, t=1,...T,

where 29, 2t, ¢t € R™, ul, bt € R™, A™' € R™" B! ¢ RV,
d' € R, D! ¢ RF, ¢lat = <ct,xt>, blul = <bt,ut>, t=1,..T,

u=(u',...,ul).

!Symbol T means discrete time horizon in this paper. Symbol of matrix transla-
tion is omitted. Left and right matrix multiplications are largely used. The reader
is asked to understand by himself when column or row vector are used.
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The problem (1) may be represented in the form:

Egz! — B! = A0z0,
—Alz! + Ex? —B?u? =0,
_AT—le—l 4 EJZ‘T —BTUT — O7
Dyt < dl,
D?u? < d?

el + 22?2 4+ 4 blul +02u+ -+ bl ut— max.

Its dual problem is

! Al —
p? — p3A2 =2,
pT = cT,
_pip +¢' D! — b,
_p2B2 —|—q2D2 — b2,
—pT BT +¢" DT =T,
¢"'>0,>0, ¢">0,
pl A0 +¢td" +Pd? + -+ ¢'d" — min.
From the constraints of dual problem it follows that the values of vari-
ables p',p?,...,pT are calculated on the bases of recurrent relation:
b )
pt = pHlAt 4+t t=T-1,..,1.

So, the dual problem is equivalent to:

q2D2 = p2BQ + bQ,
¢"D" = p'BT 40",
qt > 0,t=1,...,T,
prA%O 4 gtdl + 22 + -+ ¢TdT —  min.
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The dual of the last problem is:

D! < 4,
D%u? < dz,
DT < (3)
T
Z <ut,ptBT + bt> —  max.

t=1

The solution of (3) may be found by solving T linear programming
problems

Dt < d,

<ut,ptBT—|—bt> —  max,

fort =1,...,T. So, the solution of initial control problem (1) is iden-
tical with a sequence of solutions of 1" linear programming problems.

Similar results may be obtained by performing direct transforma-
tions of (1):

2l = A%0 4 Bly!,

22 = Alz' + B2 = AN(A%O + Blul) + B2 =
=  A'A%Y + A'BYW! + B%u?,

23 = A2 4 BB = A2(A'A%0 + A'BY! 1 B2u?) + B3P =
= A?A'A%0 + A2A'Blut + A2B?%u? + B33,

2T _ AT—1,T=1 4 BTy T —
T-1 T-1 T-1
= H Alz® + H A'Brut + H A'B*u*+
t=0 _ t=2

+-F H A BT 1,71 4 BT T,
t=T—1
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and by subsequent substitution in the objective function:

f(@,u)=c' (A% + Blul) + ? (AT A" + A'Blu! + B?u?) +

T—1 T—1 T—1
+c! (H Atz + H AtBW! + H AtB%u2+
t=0 t=1 t=2

T-1
oo+ ] A'BT I BTuT> +
t=T-1
+botut + 02 -+ b =
= (c! + PA 4 BA2AL - TATLAT=2 A1) A0+
+(61B1+62A131+C3A2A131_,'_”__,'_
+ TATIAT=2  AVBY 4 b) ul+
+(02B2+C3A232+C4A3A232+---+
+ TAT-1AT=2 | A2B? 4+ b)) u+
4o+ ("BT + 7)o

Finally, the problem obtains the form

flu) =

= (c1 + A+ BAA 4 4 TATIAT2 Al) A0+

+ (!B + 2A'B' + AA?A'B + -+

+ TAT-1AT=2 A'B' + bl) ul+ 4
+(0232+c3A2B2+c4A3A2B2+---+ (4)
+ cTAT-1AT=2  A2B? + 62) u?+

4.+ (cTBT + bT) T — max,

Dt <dt,t=1,...,T.

Obviously, (3) and (4) are identical. So, the solution of the last
problem (4) is obtained as a sequence of solutions of T' linear pro-
gramming problems. Apparently, the complexity of such method is
polynomial, but really it has pseudo-polynomial complexity because of
possible exponential value of T on n.

1 52

Theorem 1. Let (1) be solvable. The sequence @', u?,..., ! forms an
optimal control if and only if U’ is the solution of linear programming
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problem

(CtBt + Ct+1AtBt _|_ . + CTAT—lAT—2 . AtBt + bt) Ut N maX,
Diut < d,

fort=1,...,T.
Different particular cases may be established for (1).

Theorem 2. If A = Al = ... = AT-1 = A B'=B? = ... =
BT = B, and (1) is solvable, then the sequence u',u?,...,u’ forms an
optimal control if and only if u' is the solution of linear programming

problem

(CtB + Ct-‘rlAB + ct+2(A)2B + . _|_ CT(A)T—tB + bt) ’U,t N maX,
Dyt < dt,

fort=1,...,T.

Theorem 1 establishes a principle for solving (1). By considering
Hamiltonian functions

Hy(u') = (p'B* + b, u'y,t=T,...,1,

where p',t = T,...,1 are defined by (2), as it is conjectured in [1] and
proved above by two ways, the maximum principle of Pontryagin [2]
holds.

1 52

Theorem 3. Let (1) be solvable. The sequence @', u?,...,u! forms an

optimal control if and only if

Hy(a") = ut:lr)%gzigdt Hy(uh),t="T,... 1.

Evidently, Theorems 1 and 3 are equivalent.
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3 Linear discrete-time Stackelberg control
problem

Let us modify the problem (1) by considering the control of Stackelberg
type [7], that is Stackelberg game with 7" players [7, 8, 5, 6]. In such
game, at each stage t (t = 1,...,T) the player ¢ selects his strategy and
communicates his and all precedent selected strategies to the following
t+ 1 player. After all stage strategy selections, all the players compute
their gains on the resulting profile. Let us name such type of system
control as Stackelberg control, and the corresponding problem — lin-
ear discrete-time Stackelberg control problem. The described decision
process may be formalized as it follows:

T
fi(z,u) = Z (CltiEt + bltut) — max,
t?l
fo(z,u) = Z (P2t + thut) — max,
t=1 “
) )
fr(z,u) = Z (cTtxt + thut) — max,

t ul

Il
—

xt = At gt 4 Byt t =1, ..., T,
Divt <dt=1,..T,

where 20, zt, ™ € R?, u!,b™ € R™, A=l ¢ R"X", Bt ¢ R™™ dt ¢
Rk, Dt € RF*n cmtgt = <c’rt,xt>, bt = <b“t,ut> s tr=1,...,T.

Formally, the set of strategies of player = (7 = 1,2,...,T) is deter-
mined only by admissible solutions of the problem:

T
fr (2,0 |u™™) = Z (™t + b™ul) — max,
t=1

L ATr—llnr—l _|_B7ru7r7
D™y™ < d7.
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In fact, as we can find out, the strategy sets of the players are
interconnected and the game is not a simple normal form game. A
situation similar with that in optimization theory may be established
— there are problems without constraints and with constraints. So, the
strategy (normal form) game may be named strategy game without
constraints. Game which contains commune constraints on strategies
may be named strategy game with constraints.

Player m (7 = 1,2,...,T) decision problem is defined by the lin-
ear programming problem (5). Since the controlled system is one for
all players, by performing the direct transformations as above, (5) is
transformed into

fr (W7 [[u™) =

— (CW1+CW2A1+CW3A2A1+"'+

+ T AT-LAT=2 | Al) 0204

+ CTrTAT—lAT—Z . AlBl + b7r1) U1+ (6)
+ CWTAT—IAT—Q L AQBQ + b7r2> U2+

4+t (C”TBT+b”T)uT — max, T = 1,...,T,

Dt <d't=1,...,T.

From equivalence of (5) and (6) the proof of Theorem 4 follows.

Theorem 4. Let (5) be solvable. The sequence u',u?,...,a’ forms

a Stackelberg equilibrium control in (5) if and only if ™ is optimal
solution of linear programming problem

fﬂ_(uw) — (C7T7I'B7T + C7r7r+1A7rB7r + C7r7r+2A7r+1A7rB7r S
4+ TAT=1AT=2  A™B™ + b”) u™ — max,
uﬂ

D™uy™ < d”,
form=1,...,T.

There are various particular cases of (5) and Theorem 4. Theorem
5 presents one of such cases.
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Theorem 5. If A° = A' = ... = AT-1 = A B' = B? = ... =
BT = B, and (5) is solvable, then the sequence @', u?,...,u’ forms a
Stackelberg equilibrium control if and only if u™ is the solution of linear
programming problem

(CWB + ™ HAB 4 -+ (AT B + b”) u™ — max,
u7r
D™y™ < d~,

form=1,...,T.

Theorem 4 establishes a principle for solving (5). The maximum
principle of Pontryagin may be applied for solving (5) too. Let us
consider the following recurrent relations

p7TT — CT&'T

pﬂ't — pTrtJ;lAt_i_cﬂ't’ t:T—l,...,l, (7)
where m = 1,...,7T. Hamiltonian functions are defined as
Hy (u') = (p"'B' + 0™ u'y,t=T,...,1,7r=1,...,T,

where p™ t =T,...,1,7=1,...,T, are defined by (7).

Theorem 6. Let (5) be solvable. The sequence of controls ', .. ar

forms a Stackelberg equilibrium control if and only if

H7T71' (aﬂ) = uﬁ,g}3§<dﬂ— H7r7T (uﬂ) )

form=1,...,T.

The proof of Theorem 6 may be provided by direct substitution
of relations (7) in Hamiltonian functions and by comparing the final
results with linear programming problems from Theorem 4. Obviously,
Theorems 4 and 6 are equivalent.

From computational point of view, method for solving problem (5)
established by Theorem 4 looks more preferable than the method es-
tablished by Theorem 6.
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4 Linear discrete-time Pareto-Stackelberg con-
trol problem

Let us modify the problem (5) by considering control of Pareto-
Stackelberg type. At each stage a single player makes decision. Ev-
ery player selects on his stage his strategy according to his criteria
and communicates his choice and the precedent player choices to the
following player. At the last stage, after all stage strategy selec-
tions, the players compute their gains. Such type of control is named
Pareto-Stackelberg control, and the corresponding problem — the linear
discrete-time Pareto-Stackelberg control problem.

The described decision process may be formalized in a following
manner:

[M]=

filz,u) = (c“xt + bltut) — ef max,

=1 “

T
fo(z,u) = Z (*'z' + b*ul) — ef max,

t=1 v

) 0

fr(z,u) = Z (T2t + bt — ef max,

t=1 v

ot = At 4 Bt t =1, .., T,
Dt <d,t=1,..1T,

where 20,2t € R™, ¢™ € RF=>" ot € R™, b™ € RFnxm At=1 ¢ R,
Bt € R™™ dt ¢ R*, D' € RF*" t m =1, ..., T. Notation ef max means
multi-criteria maximization.

The set of strategies of player m (m = 1,...,T) is determined for-
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mally by the problem

S

fr (2,0 |Ju™T) = E (™' + b™u') — ef max,
uﬂ'
t=1

T _ Awflwﬂ'fl +B7Tu7T,
DTy™ < d”.

By performing direct transformations as above, (8) is transformed into

S (W |lu”T) =

(CW1+CW2A1+C7T3A2A1 .'_’_

c TAT 1AT 2 Al)AOxO+
(wlBl+cw2AlBl+cw3A2A1B1 ce

CNTAT 1AT 2 .AlBl—Fbﬂl)u 4 (9)
+C7TTAT—1AT—2..'AQBQ+I)7T2) u2+
—|—--~—|—(c”TBT+b7rT) 7TT—>ef1rnax7r-1 LT

Diut <dit=1,...,T.

_.I_
+
+

Equivalence of (8) and (9) proves the following Theorem 7.

Theorem 7. Let (8) be solvable. The sequence @', @?,...,u’ forms a
Pareto-Stackelberg equilibrium control in (8) if and only if ™ is efficient
solution of multi-criteria linear programming problem

fﬂ_(uﬂ') — (Cﬂ'ﬂ'Bﬂ' + c7r7r+1A7rB7r 4 c7r7r+2A7r+lA7TB7r NI
4T AT-1AT=2 A™B™ + b“”) u™ — ef max,
uﬂ'
D™y™ < d”,
form=1,...T.
As above, a particular case of (8) is examined in Theorem 7.

Theorem 8. I[f A" =A'=...=AT"1 = A B'=B?>=... =BT =
B, and (8) is solvable, then the sequence @', u?,...,u! forms a Pareto-

Stackelberg equilibrium control if and only if 4™ is the efficient solution
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of multi-criteria linear programming problem

(C7T7TB + C7r7r+1AB Lot Cﬂ'T(A)T—ﬂ'B + b7r7r) u™ — efmax,
uﬂ'
D™ < d~,

form=1,...,T.

Pontryagin maximum principle may be extended for (8). Let us
consider the following recurrent relations

T _ T
p™ = p”tilAt—i—c’rt, t=T-1,..,1, (10)
where m = 1,...,T. Hamiltonian vector-functions are defined as
Hn (uf) = (p™B' + 0™ ")t =T,..., 1,7 =1,...,T,
where p™ t =T,..., 1,7 =1,...,T are defined by (10).
Theorem 9. Let (8) be solvable. The sequence of controls ', .. ar

forms a Pareto-Stackelberg equilibrium control if and only if

u" € Arg ef max Hyr (u”),
u™:DTuT<d™

form=1,...,T.

By direct substitution of (10) in Hamiltonian functions and by com-
paring the final results with multi-criteria linear programming problems
from Theorem 7 the truth of Theorem 9 arises. Theorems 7 and 9 are
equivalent.

It can be remarked especially that method of Pareto-Stackelberg
control established by Theorems 7-9 needs solutions of multi-criteria
linear programming problems.
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5 Linear discrete-time Nash-Stackelberg con-
trol problem

Let us modify the problem (5) by considering the control of Nash-
Stackelberg type with T' stages and vy + 15 + - -+ + v players, where
v1,v9,...,vp are the numbers of players on stages 1,2,...,7. Every
player is identified by two numbers (indices) (7, 7), where 7 is the num-
ber of stage on which player selects his strategy and m € {1,2,...,v;}
is his number at stage 7. In such game, at each stage 7 the players
1,2,...,v; play a Nash game by selecting simultaneously their strate-
gies and by communicating his and all precedent selected strategies to
the following 7 + 1 stage players. After all stage strategy selections,
on the resulting profile all the players compute their gains. Such type
of control is named Nash-Stackelberg control, and the corresponding

problem — linear discrete-time Nash-Stackelberg control problem.

The described decision process may be modelled as it follows:

T
Frala ™) =3 e

t=1

uTmT

vt
th$t+§ :bﬂrt,uutu max,
p=1
r=1,....,T,7m=1,...,v,, (11)

Vg
at = At 4 Z Bm!'™ t=1,..,T,
=1

Dyt < dgim t =1, . T,r=1,...,1,

where
$0,1Et, Tt c Rn’
Ut, prmtu c Rm’
At—l c Rnxn’
B ¢ Rnxm’
d™™ € Rk,
DT ¢ Rk><n,
t,r=1,...,T,
T=1,...,v5,
pw=1 ..., 1.
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By performing direct transformations

v
33'1 — ono—i-ZBlﬁUlﬂ,
=1
vo
3;2 — Alxl + ZBQWUQﬂ _
=1
141 v2
_ Al <A0$0 + ZBlﬂ'uhr) + ZBQﬂuQW _
=1 =1
128 v
_ AIAOZEO + Al ZBlﬂulﬂ + ZBQWUQN’
=1 T=1
v3
1‘3 — A2I2 + ZB37ru37r —
=1
V1 127}
— A2 <A1A03§‘0 + Al ZBhruhr + ZB27TU2W> +
=1 T=1
v3
+ Z B37Tu37r —
=1
141 v2
_ AQAlAOHJO + A2A1 ZBlwulﬂ' + A2 ZB271'U271'+
=1 =1
v3
+ Z B37ru37r’
=1

ST = AT-1,T-1 _I_iT:BTﬂ'uTTF _
71 I, T-1  w
— H Atl’o + H AtZBhrulﬂ' + H AtZBQWu27r+
t=0 t=1 =1 t=2 =1
T-1 vr—1 vr
4ot H At Z pT—1im, T—1x + ZBTWUTW7
=1

t=T-1 =1

and by subsequent substitution in the objective/cost functions of (11),
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the problem (11) is reduced to

S [u™T) =
— (C’T‘T(l +CT7T2A1 _|_CT7r3A2A1 et
_i_CTwTATflATfQ o .Al) AO.%'O—i-

+ (CﬂrlBll + CTﬂ'ZAlBll + CT7T3A2A1B11 4+t
+ C’TT('TAT—IAT—Q o AlBll 4 b’rwll) u11_|_
+ (CﬂrlBH + CTﬂ'ZAlBlQ + CT#3A2A1B12 NI
4 C’TT('TAT—IAT—2 o AlBl2 4 b’TT('12) u12+
+-
+ (CTwlBlyl + CT7r2AlBll/1 + CT7r3A2AlBIV1 4+t
+ CTTK‘TAT—].AT—Q o AlBlul + bT’/l'].l/l) u].l/1_|_
(12)
+ (C’mr2321 + C’T7T3A2321 + CT7r4A3A2B21 e
4 cTT('TAT*lAT*2 o A2B21 4 bT7T21) u21+
+ (CT7T2B22 + CT7‘(‘3A2322 + CT7T4A3A2B22 I
4 cTTK‘TAT*lAT*2 o A2B22 4 bT7T22) u22+
4 (CﬂrZBQVQ 4 CTﬂ3A2321/2 4 CT7T4A3A2B21/2 et
+ C’TT('TAT—IAT—2 . A2B2V2 + bT7T2V2) u2u2+

R (CTWTBTZ/T + bTT('TI/T) uTl/T — max,

uTﬂ'
r=1....T\m=1,...,v;,
Dy <d™,r=1,...,T,m=1,...,v,.

Evidently, (12) defines a strategic game for which Nash-Stackelberg
equilibrium is also Nash equilibrium and it is simply computed as a
sequence of solutions of v + - - - + v linear programming problems

Fla™ ™) =

— (TR 4 AT BT 4 TR ATHATRT Ly

+ CﬂrTATflAT72 LLLATBTT 4 bTﬂ'Tﬂ') u™™ — max (13)

DTTy™T S dTW’ "
7':1,...7T,7T:17---7VT'

Equivalence of (11) and (13) proves the following Theorem 10.
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Theorem 10. Let (11) be solvable. The sequence u'l,u'?, ... alvr
forms a Nash-Stackelberg equilibrium control in (11) if and only if u™™
is optimal in linear programming problem (13), for v = 1,...,T,m =
1,...,vr.

Various particular cases of (11) may be examined in Theorem 10,
e.g. Theorem 11.

Theorem 11. If A® = A' = ... = AT-1 = A, B! = B2 = ... =
BT = B, and (11) is solvable, then the sequence u'',u'?, ... a’"r

forms a Nash-Stackelberg equilibrium control if and only if u™™ is opti-
mal in linear programming problem

S u™TT) =
— (C‘rﬂ'TB + CTﬂ'TJrlAB + CTWT+2(A)ZB R
+ CTWT(A)T—TB + bT7rT7r) YN max,

uTTI'
T, TT T
DTy < d™T,
forr=1,....T,n=1,...,v;,.

Pontryagin maximum principle may be extended for (11). Let us
consider the following recurrent relations

pTTI'T — C‘r7rT
T 7'7rt—&,-1 t Tt (14)
D = p A+ t=T-1,...,1,
where 7 =1,...,T, 7 =1,...,v,. Hamiltonian functions are defined as
H‘I'7Tt (uTﬂ') — <p7'7rtBT7r + bT7I'T7T’ uT7T> ,t — T, o 1’
where 7 = 1,....,T,7 = 1,...,v; and p"™,t = T,...,1,7 =
1,...,T,m=1,...,v; are defined by (14).
Theorem 12. Let (11) be solvable. The sequence u'',a'?,... a’vr

forms a Nash-Stackelberg equilibrium control if and only if

HTTI't (a’f’ﬂ') = uTﬂ:Dg'l}gz{ﬂ'SdTﬂ' HTﬂt (UTW) ’

fort=1T ....,r=1,....T,n=1,...,v,.

Theorems 10 and 12 are equivalent.
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6 Linear discrete-time Pareto-Nash-
Stackelberg control problem

Let us integrate the problems (8) and (11) by considering the control of
Pareto-Nash-Stackelberg type with T' stages and v1 + - - - + v players,
where vq,...,vp are the correspondent numbers of players on stages
1,...,T. Every player is identified by two numbers as above in Nash-
Stackelberg control: 7 — stage on which player selects his strategy and
m — player number at stage 7. In such game, at each stage 7 the players
1,2,...,v; play a Pareto-Nash game by selecting simultaneously their
strategies according to their criteria (k;1,kr2,...,kq,. are the num-
bers of criteria of respective players) and by communicating his and
all precedent selected strategies to the following 7 + 1 stage players.
After all stage strategy selections, all the players compute their gains
on the resulting profile. Such type of control is named Pareto-Nash-
Stackelberg control, and the corresponding problem — linear discrete-
time Pareto-Nash-Stackelberg control problem.

The decision control process may be modelled as:

T vt
f7—7r(-%'7UT7THU7T7r) — 2 : crwtxt 4 2 :bﬂrtuutu ? ef max,
u
t=1 p=1
T:L...,T,ﬂ:}/,...,l/T, (15)
t
gt = Al g B t=1,..,T,

=1

Dyt < dm t=1,...T,r=1,...,1,

where 20,2t € R?, ¢™™ € Rkwxn o7 ¢ R™ b7 ¢ RRwxn o AL ¢
R n BT ¢ RMM 4" ¢ RF. D™ ¢ Rt =1,...,T,1 =
1L,...,vp=1,..., 1.

By performing similar direct transformation as above, (15) is re-
duced to a sequence of multi-criteria linear programming problems
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Flu|u=m) =

— <C7'7T7'B7'71' + CT7rT+1ATBT7r + CT7rT+2AT+1ATBT7r RS

4 CTﬂ'TAT*lAT*2 LLLATBTT 4 bT7rT7r) u™” :)r ef max, (16)

DTTI'UTTI' < dTﬂ" “
r=1,....,T,7m=1,...,v,.

Equivalence of (15) and (16) proves the following Theorem 13.

Theorem 13. Let (15) be solvable. The sequence u'',a'?,... a’vr
forms a Pareto-Nash-Stackelberg equilibrium control in (15) if and only

if u™™ is an efficient solution of multi-criteria linear programming prob-
lem (16), fort=1,...,T,m=1,...,v;.

As a corollary, Theorem 14 follows.
Theorem 14. [f A" = A' = ... = AT-1 = A Bl =B2 = ... =
BTvr = B, and (15) is solvable, then the sequence u'l,u'?, ... alvT

forms a Pareto-Nash-Stackelberg equilibrium control if and only if u™™
s an efficient solution of multi-criteria linear programming problem

S u™mT) =
— (CTTI'TB 4 CT7TT+1AB 4 CTWT+2(A)QB I
4 CTTI'T(A)T*TB 4 b7'7r7'7r) u™™ ?r ef max,
DTﬂ'uTﬂ' < d’Tﬂ' “
forr=1,....T,m=1,...,v;.
Pontryagin maximum principle may be generalized for (15). By
considering recurrent relations

Tl Tl

p = Cc7,
17
pTﬂ't — pﬂrt+1At _|_CTﬂ't, t=T — 1’ . 1’ ( )
where 7 = 1,...,T,7 = 1,...,v,, Hamiltonian vector-functions are
defined as
HT7rt (u‘rﬂ') — <pT7rtBT7r + b7'7r7'7r7u‘rﬂ'> ,t — T, . 1’
where 7 = 1,.... 7,7 = 1,...,v; and p"™,t = T,...,1,7 =

1,...,T,m=1,...,v;. Remark the vector nature of (17) via (14).
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Theorem 15. Let (15) be solvable. The sequence u'l,u'?, ... alvr
forms a Pareto-Nash-Stackelberg equilibrium control if and only if

"€ Argefmax Hrqp(u™),
uTﬂ':DTﬂuTWSdTW

fort=1T ....1,7r=1,....,.T,m=1,...,v,.

Theorems 13 and 12 are equivalent.

7 Linear discrete-time set-valued optimal con-
trol problem

The state of controlled system is described above by a point. Indeed,
real systems may be treated as n-dimension body, the state of which is
described by a set of points in every time moment. Evidently, the initial
state of the system is described by initial set X C R™. Naturally, the
following problem arises

T
F(X,U)=> (X"+b'U") — max,
=1 (18)
Xt = A-IXt-1 4 BIUt t=1,..,T,
DUt <dl, t=1,..,T

where X% Xt ¢ R* ¢ € R, U' ¢ R™, b € R™, A"l € Rv™™,
Bt c Rnxm, dt c Rk, Dt c kan’ AXt = <Ct,Xt>, ptyt = <bt,Ut>,
t = 1,...,T. Linear set operations in (18) are defined obviously (see,
e.g, [4]): AX={Az:z € X}, VX C R",VA € R™".

The objective set-valued map F : X xY — R, F(X,Y) C R

represents a summation of intervals. That is, the optimization of the
objective map in problem (11) needs interval arithmetic treatment.
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By direct transformations, (18) is transformed into

F(U) =

= (ct+EA +3A2A -+

el AT AT=2  AY) A0 X0
+(clBl+62AlBl+C3A2AlBl_,_“__1_

4+ TAT-1AT-2  A'BL 4 ) U (19)
—|—(02B2+C3A232+C4A3A232+---—|—

+ TAT-1AT=2  A2B2 4 12) U2

4+ (CTBT + bT) UT — max,

DUt <dit=1,...,T.

The equivalence of the problems (18) and (19) and the form of
objective map proves that optimal solution doesn’t depend on initial

point. The cardinality of every control set U',... U” is equal to 1.
Thus, the Theorem 1 is true for problem (18).
Theorem 16. Let (18) be solvable. The sequence @', @2, ..., u’ forms

an optimal control if and only if @' is the solution of linear programming
problem
("Bt + ¢ AB + - TATIAT2  A'BY + bY) u — max,
Diut < dt,
fort=1,...,T.

Analogous conclusions are true for all problems and theorems con-
sidered above.

8 Concluding remarks

There are different types of processes control: optimal control, Stack-
elberg control, Pareto-Stackelberg control, Nash-Stackelberg control,
Pareto-Nash-Stackelberg control, etc.

The direct-straightforward, dual and classical principles (Pontrya-
gin and Bellman) may be applied for determining the desired con-
trol of dynamic processes. These principles are the bases for pseudo-
polynomial methods, which are exposed as a consequence of theorems
for linear discrete-time Pareto-Nash-Stackelberg control problems.
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The direct-straightforward principle is applied for solving the prob-

lem of determining the optimal control of set-valued linear discrete-time
processes. Pseudo-polynomial method of solving is constructed.

The results obtained for different types of set-valued control will be

exposed in a future paper.

References

1]
2]

S.A. Ashmanov, A.V. Timohov. The optimization theory in prob-
lems and exercises, Moscow, Nauka, 1991, pp. 142-143.

L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, E.F.
Mishchenko. Mathematical theory of optimal processes, Moscow,
Nauka, 1961 (in Russian).

R. Bellman. Dynamic Programming, Princeton, New Jersey,
Princeton University Press, 1957.

T. Rockafellar. Convex Analysis, Princeton University Press, 1970.

J. von Neuman, O. Morgenstern. Theory of Games and Economic
Behavior, Annals Princeton University Press, Princeton, NJ, 1944,
2nd ed. 1947.

J.F. Nash. Noncooperative game, Annals of Mathematics, Vol. 54,
1951, pp. 280-295.

H. Von Stackelberg. Marktform und Gleichgewicht (Market Struc-
ture and Equilibrium), Springer Verlag, Vienna, 1934.

G. Leitmann. On Generalized Stackelberg Strategies, Journal of
Optimization Theory and Applications, Vol. 26, 1978, pp.637—-648.

V. Ungureanu. Solution principles for simultaneous and sequential
games mixture, ROMAI Journal, Vol. 4, No.1, 2008, pp. 225-242.

V. Ungureanu Received December 8, 2012

State University of Moldova,

60, A. Mateevici str.,

Chiginau, MD—2009, Moldova.
E-mail: v.ungureanu@Qymail.com

85



