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Median calculation for heterogeneous complex

of abstract cubes∗

Sergiu Cataranciuc

Abstract

Median problem for an arbitrary complex of abstract cubes
is studied. First, a number of auxiliary results related to some
special metric properties of abstract n-dimensional cube are pre-
sented. Basing on these results and results obtained in the study
of homogeneous complexes [13], it is proved that median of an
arbitrary complex of abstract cubes can be calculated without us-
ing metrics. Method which represents a generalization of method
applied to homogeneous complex of abstract cubes is proposed.

Keywords: Abstract cube, cubic complex, median, transver-
sal, group of homologies, convex set, class of parallel edges.

1 Introduction

In this paper we study median problem that was partially examined in
[3], [5] for some particular case. For example, in a complex of abstract
figures, which do not belong to any space, it is considered a finite
metrizable set of points X, which is a part of a set of continuum power.
Then we search the points from X with the following property: for any
such point the sum of distances from this point to all other points from
X to be minimal. These are the so-called medians. This problem is
known as a practical one and even the corresponding applications [2],
[3] are known.

We are interested to consider figures complex for which the search-
able points do not depend on the metric, but only on the weights
of the elements from X.

c©2013 by S. Cataranciuc
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Median calculation for heterogeneous complex . . .

It is to mention that these simple formulations, as well as appli-
cations, require a strong theoretical foundation: topology of multi-ary
relations [23] and their homology theory. Homology and co-homology
groups for a complex of abstract cubes, as a particular case of complex
of multi-ary relations, have been described and studied in [13], [15-17].

2 Complex of abstract cubes

In [14] abstract n-dimensional cube is defined. Definition is based on a
complex of multi-ary relations defined on a set of elements X. Let X be
an arbitrary set of elements and L – a finite subset from X. We form
a finite sequence of Cartesian products L = L1, L2 = L×L, ..., Ln+1 =
= Ln × L and consider the subset Rm ⊂ Lm, 1 6 m 6 n + 1,
called m-ary relation [23]. A case when these relations represent
families of ordered sequences without repetitions of elements from
L is studied in [17]. Any subsequence (xj1 , xj2 , ..., xjl

) for sequence
(xi1 , xi2 , ..., xim ∈ Rm), 1 6 l 6 m, which preserves an order of ele-
ments of (xi1 , xi2 , ..., xim), is called a hereditary subsequence.

Definition 1. [17] Family of relations {R1, R2, ..., Rn+1} which satis-
fies the following conditions:

I. R1 = L1 = L;

II. Rn+1 6= ∅;

III. any hereditary subsequence with l elements of sequences from
Rm, 2 6 m 6 n + 1, belongs to the l-ary relation Rl;

IV. intersection of two sequences from Rm, 1 6 m 6 n, is a here-
ditary subsequence for each of them or is an empty set;

is called finite complex of multi-ary relations and denoted by
Rn+1 = (R1, R2, ..., Rn+1).

In general case, the sequences from sets Rm, 2 6 m 6 n + 1, may
also contain repetitions of elements. This situation leads to a complex,
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called generalized complex of multi-ary relations. This case is examined
in papers [15], [16].

A sequence (xi0 , xi1 , ..., xim) ∈ Rm+1, 0 6 m 6 n, can be examined
as abstract simplex with dimension m. This simplex is denoted
by Sm

i = (xi0 , xi1 , ..., xim). Let Sm be a set of all m-dimensional
simplexes, determined by the elements of multi-ary relation. Then
the complex of multi-ary relations can be seen as a family of abstract
simplexes of dimension 0 6 m 6 n, which we will denote by Kn =
= (S0,S1,S2, ...,Sn). Any element from S l, 0 6 m 6 n, which is a
hereditary subset of Sm

i ∈ Sm, 0 6 l 6 m 6 n, is called a face of
dimension l of the abstract simplex Sm

i . As it results from condition
IV of the Definition 1, the intersection of any two simplexes represents
an abstract simplex (face) or an empty set.

Definition 2. A set of all simplexes from complex Kn, for which ab-
stract simplex Sm

i is a common face, is called star of simplex Sm
i and

is denoted by stSm
i .

Using abstract simplexes and their vacuums, the abstract n-dimen-
sional cube as well as its vacuum is defined and studied in [14], [19].

Definition 3. (Inductive definition of abstract n-dimensional cube)
I. Abstract 0-dimensional cube and abstract 1-dimensional cube

coincide with abstract simplex of the same dimension. Vacuum of cube
with size 0 (respectively 1) coincides with vacuum of simplex of the
same dimension.

II. We consider two pairs of 0-dimensional cubes S0
1 , S0

2 and S0
3 , S0

4 .
The 2-ary relations of the pairs of cubes S0

1 , S0
2 and S0

3 , S0
4 deter-

mine existence of 1-dimensional cubes S1
1 = (S0

1 , S0
2), S1

2 = (S0
3 , S0

4),
S1

3 = (S0
1 , S0

3) S1
4 = (S0

2 , S0
4). Further we consider 2- and 3-ary

relations between these pairs of cubes, which determine a simplicial
complex [15], that leads to the existence of simplexes S1

5 = (S0
1 , S0

4),
S2

1 = (S0
1 , S0

3 , S0
4), S2

2 = (S0
1 , S0

2 , S0
4). To define notion of abstract

2-dimensional cube, we introduce firstly notion of vacuum of the cor-

responding cube, which will be denoted by
0

I2. This represents union of
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vacuums of simplexes
0

I2 =
0

S2
1 ∪

0

S2
2 ∪

0

S1
5 . The abstract 2-dimensional

cube is defined by its vacuum as follows: I2 =
4⋃

i=1
S1

i ∪
0

I2. So, we obtain

the simplicial complex that is called 2-dimensional pro-cube. We
will use notation I2(4). Geometric reprezentation of 2-dimensional
pro-cube is given in Figure 1.

Figure 1. 2-dimensional pro-cube

III. Assume that notion of abstract i-dimensional cube and
pro-cube, Ii and Ii(∆), 1 ≤ i ≤ n − 1, as well as notion of cube’s

vacuum with the same dimension
0

Ii are known.
IV. Let’s define notion of abstract n-dimensional cube by using

(n− 1)-dimensional cube. Let’s consider 2n cubes In−1
1 , In−1

2 , ..., In−1
2n

with dimension (n− 1), corresponding pro-cubes In−1
1 (∆), In−1

2 (∆), ...,
In−1
2n (∆) and i-ary relations, 2 6 i 6 n, among vertexes of these cubes.

These i-ary relations determine some simplexes, which form an abstract
simplicial complex [15]. Thus, vacuum of n-dimensional cube, de-

noted by
0
In, consists of a union of all vacuums of n-dimensional sim-

plexes which don’t intersect pro-cubes In−1
j (4), 1 ≤ j ≤ 2n. Abstract

n-dimensional cube is defined as In =
2n⋃
i=1

In−1
i ∪

0
In. A simplicial

complex In(4) will be called pro-cube of In.

In what follows, we will consider that vacuums of abstract cubes are
filled with elements of a set of cardinal of continuum (a set equivalent
to the set of numbers from segment [0,1]).
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Definition 4. Non-empty and finite family of abstract cubes Tn =
= {Im, 0 ≤ m ≤ n}, which possesses the following properties:

I. for any two abstract cubes Is, It ∈ Tn, 0 6 s, t 6 n, the following
relation takes place: Is∩ It ∈ Tn, or Is∩ It = ∅ ;

II. if Ik is the face of the m-dimensional cube Im ∈ Tn,
0 6 k < m 6 n then Ik is an element of Tn;

III. family Tncontains at least one n-dimensional cube,

is called abstract cubic complex with dimension n.

Homology groups ¤m(Tn, Z), 0 6 m 6 n, over a field of integer
numbers Z for the complex of abstract cubes are defined in a similar
way as the complex of multi-ary relations [13]. In terms of homology
groups, we can affirm the following. If the complex of abstract cubes
Tn respects the following conditions:

¤0(Tn, Z) ∼= Z; (1)

¤1(Tn, Z) ∼= ¤2(Tn, Z) ∼= ... ∼= ¤n(Tn, Z) ∼= 0, (2)

then the corresponding complex is connected and acyclic.
In what follows we will study complexes of abstract cubes that

satisfy the Definition 4, in which the homology group of rank zero is
isomorphic to the group of integers Z (relation (1)), but the homology
groups of rank 1, 2, 3, ..., n are isomorphic to zero (relation (2)). These
complexes generalize the homogeneous complexes studied in [13] and
are called heterogeneous complexes. Such a complex is represented in
the Figure 2.

Definition 5. Two edges, determined by 1-dimensional cubes I1
j and

I1
k of the cubic complex Tn are called parallel if there is a sequence

of 1-dimensional cubes I1
j = I1

α1
, I1

α2
, ..., I1

αt
= I1

k , so that every two
neighboring cubes I1

αs
, I1

αs+1
of this sequence represent the disjoint edges

(opposite) of a 2-dimensional cube of Tn.
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Figure 2. Heterogeneous complex of abstract cubes

Definition 6. A maximal set of parallel edges of a complex of abstract
cubes Tn is called class of parallel edges.

According to the Definition 5 and Definition 6, in the connected
and acyclic complex Tn every 1-dimensional cube, which is not the
face of a cube with dimension q > 2 from Tn, forms one class each.

It is to mention that in the case of homogeneous complexes of ab-
stract cubes [13] every class of parallel edges contains at least 2n−1 of
1-dimensional cubes. For the complex represented in Figure 2 we have
11 classes of parallel edges and two of them contain only one element
each.

3 Transversals of heterogeneous complex

Let C1, C2, ..., Cm be classes of parallel edges of the complex Tn. The
set of abstract cubes of Tn, which contains the edges of class Ci as
faces, is called transversal of complex Tn and is denoted by T (Ci),
1 6 i 6 m.

Theorem 1. A transversal determined by a class of parallel edges of
a connected and acyclic complex of abstract cubes Tn also represents
complex of abstract cubes denoted by Tq, 1 6 q 6 n.

Proof: Let T (Ci) be a transversal determined by a class of parallel
edges Ci of the complex Tn, and q – maximum dimension of abstract
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cubes of Tn which forms transversal T (Ci). Thus, we have a complex
of cubes Tq, which satisfies the conditions I - III of the Definition 4.
Taking into consideration the definition of class of parallel edges (Defi-
nition 6), it results that Tq is a connected complex. As the homology
groups of the complex Tq are subgroups of homology groups of complex
Tn, Tq is an acyclic complex of abstract cubes. ¥

The border of complex Tq
i , determined by transversal T (Ci), con-

tains two maximal disjoint complexes of dimensions (q−1) that do not
contain any edge of Ci. We should denote these subcomplexes through
Tq−1

i(1) and Tq−1
i(2) . These complexes could be disconnected.

Let V (T (Ci)) be the vacuum of transversal T (Ci), which is a union
of vacuums of cubes of complex Tq

i , which do not belong to subcom-
plexes Tq−1

i(1) and Tq−1
i(2) .

Theorem 2. Transversal T (Ci), 1 6 i 6 m, of connected and acyclic
abstract cubic n-dimensional complex, divides this complex through the
vacuum of the transversal T (Ci) in connected and acyclic two cubic
abstract complexes of dimension q, 1 6 q 6 n.

Proof of the theorem results immediately from the fact that Tn

is a connected and acyclic complex, as well as from the definition of
corresponding transversals.

Let Tn be the n-dimensional complex of abstract cubes which sat-
isfies the Definition 4 and contains a cube Ir ∈ Tn, 0 6 r 6 n, which is
not a face of n-dimensional cubes of Tn. We will call such complexes
heterogeneous complexes.

Let’s denote by Qt, 1 6 t 6 n, the family of maximal and connected
homogeneous t-dimensional subcomplexes of Tn. Obviously, in case of
heterogeneous complex Tn, we have:

1) Qn 6= ∅;
2) there is a value of t, 1 6 t 6 n, such that Qt 6= ∅ ( t > 1, as

it was mentioned above, we are studying only connected and acyclic
complexes).

Thereby, in a heterogeneous complex any two maximal homoge-
neous n-dimensional subcomplexes are united by a sequence of homo-
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geneous complexes Tn1
1 ,Tn2

2 , ...,Tnq
q , where 1 6 n1, n2, ..., nq < n, with

the following properties:
a) Tnj

j ∈ Qj , 1 6 j 6 q;
b) ni 6= ni+1, for any i ∈ {1, 2, .., q − 1}.
In Figure 3 a geometric representation of a heterogeneous complex

of dimension three is given. We have three families of homogeneous
subcomplexes:

Q1 = {T3
1,T

3
2,T

3
3},

Q2 = {T2
1,T

2
2,T

2
3,T

2
4},

Q3 = {T1
1,T

1
2,T

1
3}.

Let’s note that the homogeneous 3-dimensional complexes T3
1 and

T3
2 are united by sequence of homogeneous complexes with smaller

dimensions: T2
2,T

1
1,T

2
3.

Figure 3. Heterogeneous complex with 3 families of homogeneous sub-
complexes

The notion of an interior and a border of homogeneous complex of
abstract cubes Tn was defined [13] and denoted respectively by intTn

and bdTn.
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Let Kn be a heterogeneous complex of abstract cubes with families
of homogeneous maximal connected complexes Q1,Q2, ...,Qn. In this
case, for the complex Kn we use the notation: Kn = (Q1,Q2, ...,Qn).

Definition 7. A union
⋃

Tn∈Qn

intTn is called an interior of complex

Kn and is denoted by intKn. Difference Kn\intKn is called a border
of this complex and is denoted by bdKn.

4 Representation of abstract cubes

Let In be an abstract n-dimensional cube with a set of vertexes V =
= {x1, x2, ..., x2n} ⊂ X, cardX = r > 2n. We fix vertex x1 and form
the following sets:

Γ0 = {x1},
Γ1 = {xi ∈ V : d(x1, xi) = 1},

.........................

Γk = {xi ∈ V : d(x1, xi) = k},
........................

Γn = {xi ∈ V : d(x1, xi) = n} = {x2n},

where d represents the Hamming metrics defined on this cube (see [21]
and theorem 3 from [13]).

Without losing generality, we consider that x2n is the vertex of cube
In for which d(x1, x2n) = n.

Thus, the abstract n-dimensional cube In can be represented by the
sequence of sets Γ0, Γ1, ...,Γn, which possesses the following properties:

a) cardΓi = Ci
n;

b) any two distinct elements of the set Γi, 0 < i < n, do not
represent a 1-dimensional face of cube In,

c) d(xk, xl) is an even number, for any two distinct elements xk, xl

of the set Γi, 0 < i < n.
Obviously, not every sequence of this type represents the n-dimen-

sional cube.
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Figure 4. Geometric representation of 3-dimensional cube (a) and 4-
dimensional cube (b)

In addition to classic geometric representations of n-dimensional
cubes (Figure 4) we will also use the representation of those by respec-
tive sequence of sets Γ0, Γ1, ..., Γn (Figure 5).

If for n-dimensional cube In there are known the sets Γ0,Γ1, ...,Γn,
then we will write In = (Γ0, Γ1, ...,Γn).

Lemma 1. The number of edges that connect any vertex of Γi with
vertexes of Γi−1, 1 6 i 6 n − 1, is equal to N i

i−1 = i and the number
of edges that connect any vertex of Γi with vertexes of Γi+1 is equal to
N i

i+1 = n− i. (Obviously, N0
1 = Nn

n−1 = n.)

Proof. Let xj be the element of Γi, and gi−1(xj) be the number
of elements of Γi−1 adjacent to xj . On the n-dimensional cube Tn we
introduce Hamming metrics, considering that the sequence (0, 0, ..., 0)
is attributed to vertex x1. Then, any element of Γi will have a sequence
α with i units. This element will be adjacent to those elements of Γi−1

whose sequences differ from α by exactly one element. The number
of such sequences is equal exactly to i (each sequence differs from α
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Figure 5. Representation of 3-dimensional cube by the set Γ0, Γ1, Γ2, Γ3

(a) and 4-dimensional cube by the set Γ0, Γ1, Γ2, Γ3, Γ4 (b)

by the fact that only one from i units of α will be replaced by zero).
Therefore, qi−1(xj) = i and, as the xj was chosen arbitrarily from Γi,
we obtain N i

i−1 = i.
In the n-dimensional cube all vertexes have degree equal to n.

Therefore, N i
i+1 = n− i.

If i = 0 and i = n one must calculate only N0
1 = Nn

n−1 = n. ¥

Now we will estimate the sum of distances between an arbitrary
element x ∈ Γk and the set Γk+l in case of abstract n−dimensional
cube In = (Γ0, Γ1, ...,Γn), 0 6 k 6 n− 1, 1 6 l 6 n− k.

Lemma 2. The sum of distances between the element x ∈ Γk and all
elements of set Γk+l is equal to

min{k,n−k−l}∑

i=0

(l + 2i) · Ci
k · C l+i

n−k.

Proof. We choose an arbitrary vertex x ∈ Γk and define Hamming
metrics on the cube In = (Γ0,Γ1, ...,Γn) so that the vertex x1 ∈ Γ0
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is marked by the sequence (0, 0, ..., 0). Binary sequence which corre-
sponds to vertex x ∈ Γk will have k units and (n − k) zeros.
Without losing generality we will consider that it is the sequence
α̃ = (11...1︸ ︷︷ ︸

k

00...0︸ ︷︷ ︸
n−k

). Any element from Γk+l is marked by a sequence β̃

which contains l units more than α̃. These l units can be obtained in
two ways:

a) some l zeros from α̃ are replaced with units. The distance be-
tween the vertexes, to which α̃ and β̃ correspond, will be equal to l. So
the sequence β̃ can be chosen in C l

n−k modes;
b) some i units from α̃ are replaced by zeros, but some (l + i) zeros

are replaced by units (on condition l+ i 6 n−k). As a result, we get a
sequence β̃ with (k + l) units and the distances, between α̃ and β̃ will
be l+2i (we apply Hamming distance, which is calculated according to

the formula
n∑

i=1
|αi − βi|). Such a sequence β̃ can be chosen in Ci

k ·C l+i
n−k

modes.
As a result, we obtain that the sum of distances between the element

x ∈ Γk and all elements of set Γk+1 is:

min{k,n−k+l}∑

i=0

(l + 2i) · Ci
k · C l+i

n−k. ¥

The sum from Lemma 2 is a constant, that characterizes the relation
between the sets Γk and Γk+l. We will denote this constant by σk+l

k .
Similarly it can be proved that the sum of distances between a fixed
element x ∈ Γk+1 and all elements of the set Γk does not depend on
the choice of x, so it is a constant value, which we denote by σk

k+l. It is
easy to prove that σk+l

k 6= σk
k+l, for any values of k and l which verify

the relations: 0 6 k 6 n− l, 1 6 l 6 n and k + l 6= n− k. In case when
k + l = n − k we have the sets Γk and Γn−k for which σn−k

k = σk
n−k,

i.e. σk+l
k = σk

k+l.

Corollary of Lemma 2 For any set Γi, 1 6 i 6 n, of the n-di-
mensional cube In = (Γ0,Γ1, ...,Γn), the sequence σi

0, σ
i
1, ..., σ

i
i−1 is de-

creasing.
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Let Kn(In) be the n-dimensional complex of abstract cubes, deter-
mined by cube In, i.e. Kn(In) is formed by In and all its faces. From
Definition 5 and Definition 6 it results that the n-dimensional transver-
sal divides the complex Kn(In) into two connected subcomplexes. Let
I1 be a 1-dimensional face (an edge) of the cube In = (Γ0, Γ1, ...,Γn),
Γ0 = {x1}, Γn = {x2n}, incident to vertex x2n . We will denote by Tn

I1

the transversal determined by the class of parallel edges, which contain
the face I1, and by K(x2n) – the subcomplex of Kn(In), determined
by Tn

I1 , which contains the vertex x2n . Respectively, by K(x2n) we will
denote the second subcomplex.

Lemma 3. For any transversal Tn
I1 and any set Γk,

[
n
2

]
< k 6 n− 1,

the following relation holds:

|K(xn) ∩ Γk| > |K(xn) ∩ Γk| .

Proof. Let I1 be the 1-dimensional face (edge) of the n-dimensional
cube In, incident to vertex x2n . We denote the extremities of edge I1

by a and b, considering b = x2n . The transversal TI1 divides the cube
In into two n− 1-dimensional cubes In−1

1 and In−1
2 , so that the vertex

a belongs to In−1
1 and the vertex b = x2n – to cube In−1

2 . Elements
of set Γk are at the distance (n − k) from the vertex b. The set Γk is
formed by 2 subsets:

a) S
′
k – the set of all vertexes of (n−1)-dimensional cube In−1

1 , that
is at the distance (n− k) from the vertex b in the cube In.

b) S
′′
k – the set of all vertexes of In−1

2 , that is at the distance (n−k)
from b in In;

Let’s remind now that equality d(b, z) = d(b, a)+d(a, z) holds in In

for any vertex z of In−11 that belongs to S
′
k . Taking into consideration

that b (b = x2n) is vertex of In−1
2 we obtain the inequality

∣∣∣S′k
∣∣∣ >

∣∣∣S′′k
∣∣∣.

This inequality confirms the lemma’s affirmation. ¥

Theorem 3. For any set Γk of n-dimensional cube In = (Γ0,Γ1, ...,Γn),[
n
2

]
< k 6 n− 1, the relation σk

k−l > σk
n is true.
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Proof. On the basis of corollary from Lemma 2 it is sufficient to
prove that for any set Γ

′
k, [n/2] < k 6 n− 1, the relation σk

k−l > σk
n is

true.
Evidently

σk
n = (n− k) · |Sk| = (n− k) · Ck

n.

According to Lemma 2 we obtain:

σk
k−1 =

min{k−1,n−k}∑

i=0

(1 + 2i) · Ci
k−1 · C1+i

n−k+1.

Since the theorem is formulated for the sets Γk with indexes k >
[

n
2

]
,

we will have:

min{k − 1, n− k} = n− k.

So for σk
k−1 we get the sum:

σk
k−1 =

n−k∑

i=0

(1 + 2i) · Ci
k−1 · C1+i

n−k+1.

Examining expressions σk
n and σk

k−1 and taking into consideration
the condition

[
n
2

]
< k 6 n− 1, we obtain σk

k−l > σk
n. ¥

Let Kn(In) be an abstract cubic complex determined by n-dimen-
sional cube In = (Γ0,Γ1, ...,Γn), i.e. Kn(In) is a complex formed by
In and all its faces have dimensions k, 0 6 k 6 n − 1. We choose a
subcomplex Kq ⊂ Kn(In), formed of faces of cube In, which are gen-
erated by the sets of vertexes Γ0, Γ1, ...,Γq, where q >

[
n
2

]
. We build

the n-dimensional transversals through each edge I1 incident to vertex
x1 (x1 is the unique element of Γ0) and denote by Kn−1

I1 (In) subcom-
plex from Kn(In) determined by the transversal TI1 and containing at
least half of elements of Γq. We denote by Q1(x1) the family of all
1-dimensional cubes from In incident to vertex x1. Further, the cube
In will be called the cubic closing of the complex Kq.
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Theorem 4. If In = (Γ0, Γ1, ...,Γn) is a cubic closing of complex of
abstract cubes Kq, [n/2] < q 6 n− 1, then

a)

(
⋂

I1∈Q1(x1)

Kn−1
I1 (In)

)
∩Kq = ∅;

b) x2n ∈ ⋂
I1∈Q1(x1)

Kn−1
I1 (In).

Proof. At first, we will prove the relation b) from the Theorem. We
should mention that in the cubic closing In any transversal determined
by the class of parallel edges, which contains an edge incident to vertex
x1, will also contain obligatory an edge incident to vertex x2n . On the
basis of Lemma 3 and condition of the Theorem, it results that:

x2n ∈
⋂

I1∈Q1(x1)

Kq−1
I1 .

Let us now prove the relation a). We should mention that in the
n-dimensional cube any n-dimensional transversal divides it into two
(n − 1)-dimensional cubes, which are faces of In. For n-dimensional
cube we can build exactly n transversals, hence, we obtain n pairs of
(n − 1)-dimensional cubes. We denote by x1, x2, ..., x2n the vertexes
of cube In = (Γ0 = {x1},Γ1, ..., Γn−1, Γn = {x2n}). Evidently, each
transversal contains exactly one edge incident to vertex x2n . From each
pair of (n− 1)-dimensional cubes determined by transversals from In,
we choose the cube which contains vertex x2n and forms a family of
(n − 1)-dimensional cubes Fn−1

In (x2n). The intersection of all cubes
from Fn−1

In (x2n) contains only one vertex – vertex x2n .
The subcomplex Kn−1

I1 (In) contains at least a half of the elements
of set Γq. Since q > [n/2], this subcomplex does not contain the vertex
x1 from Kq, but contains the vertex x2n from the cubic closing In of
Kq. Hence, the affirmation a) is proved. ¥

Theorem 5. If In = (Γ0 = {x1}, Γ1, ...,Γn−1, Γn = {x2n}) is the
n-dimensional cube, and Kq is a subcomplex of Kn(In) formed from
faces of the cube In, that is generated by the sets Γ0, Γ1, ...,Γq, where
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q >
[

n
2

]
, then there exists a system of weights p(xi) of vertexes of

complex Kq so that for any vertex x of Kn with function f(x) =

=
2n∑
i=1

p(xi) · d(x, xi) we obtain:

f(x) > f(x2n).

Proof. For vertexes of complex Kq we fix the weights:
p(xi) = 1 for any element xi ∈Γ0 ∪ Γ1 ∪ ... ∪ Γq−1;
p(xi) = M for any element xi ∈ Γq, where M is a sufficiently big

number.
Number M can be chosen so that it will be bigger than the sum of

distances from x2n till all vertexes of set Γ0 ∪ Γ1 ∪ ... ∪ Γq−1.
Basing on structure of the set Γq and the Theorem 4, we obtain the

affirmation of the Theorem 5. ¥

We will study further the complexes of abstract cubes Tn which
possess the following properties:

1) any cube Ik ∈ intTn belongs to at least 2n−k n-dimensional
cubes;

2) if x is a vertex from border bdTn, to which exactly t edges,
3 6 t 6 n, are incident and the union Γ0 ∪Γ1 ∪ ...∪Γq−1 exists on this
border, then the cubic closing of this subcomplex belongs to Tn;

3) homology group of rank zero of complex Tn is isomorphic with
the group of integer numbers, i.e.

¤0(Tn, Z) ∼= Z;

4) homology groups of rank k = 1, 2, .., n of complex Tn are isomorphic
with zero, i.e.

¤1(Tn, Z) ∼= ¤2(Tn, Z) ∼= ... ∼= ¤n(Tn, Z) ∼= 0;
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5 Interpretation of complex Tn in a normed
space

Similarly with the case of homogeneous tree of abstract cubes, we define
metric d on the set of 0-dimensional cubes (vertexes) from Kn [13].

1-dimensional skeleton of complex Tn is a directed graph G =
= (X; E) with the vertexes that correspond to 0-dimensional cubes,
and the arcs that correspond to 1-dimensional cubes from Tn.

Let C1, C2, ..., Cm be the classes of parallel edges with lengths
d1, d2, ..., dm. We consider the space Rm

1 over the field of real numbers

with the norm ‖x‖ =
m∑

i=1
|xi|. We construct the segments with lengths

d1, d2, ..., dm on axes of coordinates OY1, OY2, ..., OYm from origin
O ∈ Rm

1 . So the parallelepiped Pm is constructed univocally on these
segments. The set of all k-dimensional faces of Pm forms a complex of
parallelepipeds, which we will denote by Pk = {P k ⊂ Pm|0 6 k 6 m}.
In case of k = 1 we obtain the complex P1, that represents a con-
nected, metric and undirected graph. We will denote this graph by
H = (Y ;V ).

From modality of construction of complex Pm and definition of
metric on complex, the following theorem results:

Theorem 6. For the complex Tn exists an unequivocal application
α : Tn −→ Pm, that interprets Tn on the subcomplex of Pm, so that
α : GP1 is an isometry.

In Rm
1 we denote by Y = {y1, y2, ..., ym} ⊂ α(Tn) the set of vertexes

α(X) and consider the following function

f(y) =
m∑

i=1

p(yi) · ‖y − yi‖ , (4)

where yi is the image α(xi) and p(yi) = p(α(xi)), 1 6 i 6 n.

We will study this function and prove that the point y∗ ∈ Rm
1 such

as
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f(y∗ = min
y∈Rm

1

f(y)) = min
y∈Rm

1

m∑

i=1

p(yi) · ‖y − yi‖

is a median of graph H = (Y ; V ).

6 Median calculation

For an arbitrary point y = (y1, y2, ..., ym) ∈ Rm
1 and every point yj =

= (y1
j , y

2
j , ..., y

m
j ) ∈ Y , 1 6 j 6 m we form the sets

J+ = {j : yi − yi
j > 0}

J0 = {j : yi − yi
j = 0}

J− = {j : yi − yi
j < 0}.

similarly to [22].
We denote

A =
∑

j∈J−∪J0

P (yj),

B =
∑

j∈J+

P (yj),

C =
∑

j∈J−
P (yj),

D =
∑

j∈J−∪J0

P (yj).

(1)

As in case of homogeneous complex of multi-ary relations [13], the
following theorem holds:

Theorem 7. The point yj ∈ Y ⊂ Rm
1 minimizes the function (4) if

and only if the following relations are satisfied:

A > C and B 6 D. (5)
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We denote that the calculation of median does not depend on the
edges length from classes C1, C2, ..., Cm. This suggests us the idea that
the parallelepiped Pm could be replaced by a unitary cube in space
Rm

1 .
Thus, we can define the application β : Pm −→ Qm, where Qm

is a unitary cube situated at the origin of coordinate system. As a
result of application β, the graph H passes in a metric graph β(H),
which we will denote by G = (Z;W ). This graph is a subgraph of
1-dimensional skeleton of the cube Qm. As a result, we obtain that
on the cube and respectively on the graph G the Hamming metric is
defined. Hence, the application βα(Ci), 1 6 i 6 n, represents a set of
edges C1

i in the constructed graph G = (Z; W ) . For the set of vertexes
of the graph G we will keep the system of weights of the complex Kn,
i.e. p(zi) = p(xi), where zi = βα(xi), 1 6 i 6 n, but n represents the
number of 0-dimensional cubes of Kn.

So we obtained the application:

βα : G −→ G.

Let’s examine an arbitrary vertex zi of the cube Qm. We represent
its coordinates by a sequence formed from 0 and 1. From coordinates
of vertices zi of the graph G we form a matrix A, similarly to the case
of homogeneous complex of abstract cubes [13].

For the matrix A we calculate a resulting sequence r = (r1, r2, ..., rm)
considering the following:

a) rj = 1, if
n∑

i=1
zj
i · p(zi) > 1/2 ·

n∑
i=1

p(zi);

b) rj = 0, if
n∑

i=1
zj
i · p(zi) < 1/2 ·

n∑
i=1

p(zi);

c) rj = 0 or 1(indifferently), if
n∑

i=1
zj
i · p(zi) = 1/2 ·

n∑
i=1

p(zi).

Theorem 8. A vector r = (r1, r2, ..., rm) calculated according to the
rules a)-c) represents a line of matrix A.
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Proof. Assume the opposite. Let there exists a vertex r =
= (r1, r2, ..., rm) in the cube Qm, which does not belong to the graph
G = βα(G), but this vertex minimizes the function (4). Obviously, m
faces of dimension m− 1 correspond to r. Each of these faces contains
the (n − 1)-dimensional transversal of complex βα(Tn). We should
mention that r respects the relations (4.9) from [13]. In this complex
any m transversal βα(Tn−1

I1
1

), ..., βα(Tn−1
Im
1

) has an empty intersection,
because r does not belong to them. It is in contradiction to the Theo-
rem 6. ¥
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