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About one algorithm of bidimensional
interpolation using splines

Igor Verlan

Abstract

In the paper an explicit algorithm for the problem of two-
dimensional spline interpolation on a rectangular grid is pro-
posed.
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1 Introduction

Let’s assume that the mesh A = A, x A, is given on the domain
Q= [a,b] x [c,d], where Ay =a =29 <z1 <...<zp=Dband A, =
c=yo <y <...<Ym=d. Let us suppose that values f(z;,y;) = fij,
i =0,n, j =0, m, are known at the knots of mesh A. The interpolant
S(x,y) is to be constructed such that S(x;,y;) = fij. In order to solve
this problem, bilinear splines, which are local ones, but derivatives
are not continuous, are widely used. If cubic splines of two variables
[1] are used, we get an interpolating surface S(z,y) € C*%(Q), where
the class of functions f(z,y), which are continuous together with their

derivatives %{(@y)’ k=0,2,1=0,2 on Q, is denoted by C%?(f).
But in this case you have to solve at least n + 2m or m + 2n (in the
case of periodic end conditions) systems of equations for determining
unknown coefficients of the spline. This fact may become critical in the
case of large set of data from computational point of view, therefore
the problem of elaboration of new algorithms which possess the locality

property, still remains actual. Below there is an algorithm for explicit
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two-dimensional spline interpolation for rectangular grid, which is a
generalisation of the algorithm for one-dimensional case presented in
[2]. Two-dimensional spline is constructed as a tensor product of one-
dimensional splines.

2 Definition of splines
Let us introduce splines as follows: on €; = [x;, Zit1] X [Y5, Yj+1]

S(x,y) = ¢i(t) Fijo;(u), (1)

where notations hl = Tj4+1 — Ty, t = (ﬂj‘ — l‘z)/hl, lj = yj+1 — yj and
u = (y —y;)/l; are used.
In (1) the matrix Fj; is a matrix represented in the following form:

F(Ovo) F(Ovl) F(072)

1 ? . 1
Fy = F'{;,o) F.{.M) F{.L?)

? L) Ea )

ng,m, Fi(j?’l), Fi§2,2)

where the submatrix

(0.0) _ ( fis fijr >
" fir1js firrj1 )7

contains given data at the knots of the mesh and submatrices

Eyi=1{ o by

i+ 150 Y141

where k = 0,2, 1 = 0,2 and k + [ > 1 contain unknown coefficients of
the spline m{™) — 25
e spline m;;"" = Froam
defined as follows:

(xi,yj). Vector-functions ¢;(t) and ¢;(u) are

oi(t) = (1 —uv(t),v(t), h(t* —2t3 + 2t —v(t))/2,
hi(2t3 — 4 — v(t)) /2, h2(3t* — 83 + 612 — v(t))/12,
h2(3th — 43 + v(t))/12)
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and

¢j(u) = (1 —v(u), ( ), (! = 2u® + 2u — v(u))/2,
i(2ud —ut — v(u))/2, lj2(3u4—8u3+6u2—1/(u))/12,
ljz(Bu —4u? + v(u))/12)T.

A function v, called generating function for the spline (1), has to
satisfy the following conditions:

v(1) =1, v(0) = v/(0) = /(1) = v"(0) =v"(1) = 0,
v 0) =3 (1) =24 and v € C?[0,1]. (2)

Some examples of generating functions v (see [2]) are presented
below. Conditions (2) are held by functions

v(t) = t3(4 4+ 15t — 48t 4 426> — 12t%),
v(t) = —48+120t—84t>+106t° 75" +-30t° 48t/ (2—t)+48(1—t) / (1+1)
or

- 483 + 6t — 12¢5, t € [0,1/2]
”()_{ 1—4(1—1)3 —6(1—t)* +12(1 —t)5, t € [1/2,1].

Taking into account (2) we have that ¢(0) = ¢ (0) = (1,0,0,0,0,0)
and (1) = ¢7(1) = (0,1,0,0,0,0), therefore from (1) it immediately
follows that

S(xi,y;) = ¢i(0)Fij¢;(0) = fij,
S(@it1,y5) = ¢i(1)Fijd;(0) = fiv1s,
S(@i, yj+1) = ¢i(0)Fij¢5(1) = fij+1,

S(@iv1,yj+1) = wi(1)Fi0(1) = firrjr,

i.e. interpolation conditions are fulfilled.

Due to the fact that ¢'(0 ) (¢'(0))T = (0,0,1,0,0,0), (1) =
@) = (0,0,0,1,0,0), ¢"(0) = (6"(0)T = (0,0,0,0,1,0) and
¢"(1) = (¢"(1))T = (0,0,0,0,0,1) it follows that the following equali-
ties

o (D)F-1y = o (0)Fy, k=02,
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! !

Fy0l (1) = Fol) (0), 1=0,2
are valid. As a result it can be concluded that the function S(z,y) and
its derivatives g: oy (x,y), where k = 0,2,1=0,2, k+1> 1, are the
continuous ones.

3 Computing formulae for unknown coefficients

In this section we’ll present computing formulae for unknown coeffi-

1,0)

cients of the spline (1). Components of submatrix Fl(j
using formula

are computed

0 = 0,809+ dD) L0+, i = T, § = 0o,

where 8% = (fis1j — fij)/hiy i =0, — 1, j = 0,m and

hi—1hi(h; + hit1)

M= (hi—a + hi—1)(hi—2 + hi—1 + hi)(hi—2 + hi—1 + hi + hit1)

o — (hig + hi—1)*(hi—g + hi1 + hi)ay

41 (hi—1 + hi + hig1)(hi + hiy1)?
hi—1 4 (hi—2 + hi—1)a1; — (hi—1 + 2h; + hip1)ou;
a3; =
hi—1 + h;
ag; = 1 — ayy — gy — oy
For components of submatrix P’i(jo’l) we have formula of the similar
form:

(o 1)

= J(sz] 2+6235(0 11+ﬂ J(sz(]m +54.75’L(§)-:17 1=0,n,7 Zm

where, respectively, 58.)’1) = (fij+1 — fij)/lj, i1 =0,n, j =0,m — 1 and

Li—ali(li + i)

== (o + 1) (2 + L1 + 1) (-2 + i1 + 1 + 1)’

(l];Q + lj71)2(lj72 + lj—l + lj)ﬁlj

by = (lj—1 + 1+ L)l + 1)?

)
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Li—1+ (Lj—2 +1i—1)B1; — (lj—1 + 215 +lg+1)54]
l] 1+l

Boj =1 — P1; — B35 — Baj-

63]

In order to compute mg;’l) we can use values of mg’o) or values of
ml(-?’l). In the first case we get
(1,1 (1,0 (1,0
i1=2,n—2, j=2m-—2,
(1L0) _ ( (1,0) (1 0)
where dymy;;"" = (my;; — )/

In the second case the computatlonal formula has the form

(L1 _ (0,1) 1) (0,1)

my; i—1j i+1j5°

ij + ag;0,m

= @104 m( ’2) + a9ibpm; 1% + agily m(

i=2n—2, j=2,m-2,

where 6xml(»?’l) = (mg[ﬁ; — mg-)’l))/hi-

Let us require the continuity of S0 (z,y) along x = z;. This
requirement has the form

o (1) Fimajoi(u) = @2 (0) Fyjhy (u)
or
P (DF 1y = o7 (0) Fyy. (3)
Taking into account that

(pgi)l( ) ( 24/hz 1724/h1 1 6/hz 1 18/hz 170 6/hi—1))’

00 (0) = (—24/h3,24/h3, —18/h2, —6/h2,6/h;, 0)
from (3) we get

(1,0) (1,0) m10) ( 0)
m@,O) _ 4(Ml67,g )\52 1])+>‘( i— 1]+3 ) _
K h; hi—1 hi—1
p(3m” + mY)

- hz 7i:37n_37j:07m7
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0,1 0,1 1,1 1,1
1) A 14i0z m( ) )xitsxmg_l; N Ai(m ( )+3m( )) B

_ i =1y
iy = A hi hi—1 hi—1
1,1 1,1

Mi(?’mz(j )+mz(+1;')

- i ,i=3.n-3, j=2m—2,

0,2 0,2 9 1,2
(2,2) 4 1i0g m( ) /\icsmm(. ) Ai(m (1, )_|_3m( ))

_ _ i—1j i—17 _
i = A h; hi—1 hi—1
. 3m(1’2) + m(l’Q).
_wl ”h HUXi:&n—&j:&m—3.(®
1

The notations \; = h;/(hi—1 + hi), u; = 1 — A; are used above.
Similarly, from the requirement of continuity of S3)(z,y) along
y = yj, which has the form

Fz‘j—1¢§3,)1(1) = Ej¢§-3)(0),

where
3
6 (1) = (—24/83_,, 2413, —6/13_,, ~18/12_1,0,6/1;_1),

05" (0) = (—24/13. 24/13, ~18/1}. ~6/13.6/1;.,0)

the following formulae are derived:

o Al )

mlY — 4 70— 1 + 7 ij—1 .
(0,1) (0,1)
3m +m,.
MJ( Y ”L]"rl), 1=0,n, j=3,m—3,
lj
1,0 1,0 1,1 1,1
a2, M0 m( ) /\/5 5] i /\;'(mz(j—i +3mz(j )) B
m;s = 4 )
J lj l] 1 lj_l
11 11
i Bm +m)

,i=2n—2, j=3,m—3,
L
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2,0 2,0 2,1 21
m2 4(”;5ymz(j ) B /\Qéymgj—i) + A;(mz(j—% +3m§i )) _
ij o j ' :
l] lJ_l l]_l
(2 1) (2,1)
3m; " +m
13m z ot 3 j=FmE ()
J

where X = 1;/(lj—1 +1;), pf =1 = XL
( 2)

In order to compute values of m; ij
be used.

Taking into account values which indices take in the formulae pre-
sented above, we can conclude that we have an explicit algorithm for
the subdomain Q' = [x3, 23] X [y3, Ym—3]-

formula (4) or formula (5) can

4 Case of uniform mesh

In the case when the mesh is the uniform one, i.e. h; = h,Vi and
l; = 1,Vj, the computational formulae are more simple. Taking into
account that \; = u; = )\3 = ,ug =1/2 and ay; = gy = P = Buj =
1/12, ag; = az; = fo; = P3; = 5/12 from the previous section we get
m(l O = (= fimaj — Afim1j + Afisry + firag)/12h,
m\ O = (=g = Afij 1+ Afije1 + fijia)/120
ij = ij—2 ij—1 ij+1 ij+2 )
1,1 0,1 (0,1
mgj ) = (fm( ) 4ml( 1) +4m E_HJ) + ml+23)/12h or
1,1 1,0 1,0 1,0 1,0)
mi = (—m %) — 4m0) + 4m{lY) + mi)) /121,
2,0 1,0 1,0)
m(' V= 9(fiiaj — 2035 + forrg) /R + (mz(flg' EHJ)/%
0,2 0,1 0,1)
miy? = 2fiyo1 = 25 + i) 2+ (m] = mGH) /20,
2,1 0,1 0,1 11 1,1)
mip ! = 2m%y) - 2mFY £ w0+ (i) - mi)) /2h,
1,2 1,0 1,0 L1
Ej ) = 2(ml(]—f)l B 2mz(j ) zg+1)/l2 ( ( ) zg+1)/2l
m®? = 2(m %) — om0 4 02y 2 4 (mlh 2>. 2))/2h or
1] m;_y 7 Zj Z+1j m;_ 15 7,+1]
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2,2 2,0
32 = 23

o )+mzj+1)/l2 ( (21) ’LJ+1)/2l

Obviously, for each of the above formulae the 1nd1ces take the same
values as for the corresponding formulae from the previous section.

—2m

5 Conclusions

In this paper we restricted ourselves to the interpolation problem on
subdomain €. If you want to construct an interpolation surface on the
domain €2 you have to use boundary conditions in order to determine
coefficients of the spline which remain unknown.

References

[1] Tu.S. Zavialov, B.I.Kvasov, V.L.Miroshnichenko. Methods of spline
functions. Moscow, Nauka, 1980 (in Russian).

[2] LLVerlan. An explicit of C® interpolation using splines. Revue
D’Analyse Numerique et de Theorie de L’Approximation, tome
23, n.1, 1994, pp.103-115.

I.Verlan Received May 24, 2011

Department of Applied Mathematics, Moldova State University
60 Mateevich str. Chisinau,

MD2009, Moldova

E-mail: i_verlan@yahoo.com

71



