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Ramanujan-like formulas for # a la Guillera
and Zudilin and Calabi-Yau differential

equations

Gert Almkvist

Abstract

Using the PSLQ-algorithm J.Guillera found some formulas for
# . He proved three of them using WZ-pairs. Then W. Zudilin
showed how to produce formulas for # by squaring formulas
for % . The success of this depends on facts related to Calabi-
Yau differential equations of string theory. Here some examples
of this is worked out. Also some formulas containing harmonic

numbers are found by differentiating formulas for 7%2

1 Introduction

Ramanujan [10] found several formulas for 2 of the following form

- 1
Z anzh (o + fn) = =

n=0

where
o0
v(z) = Z anz"
n=0

satisfies a third order differential equation with polynomial coefficients.

J.Guillera [9] found eight (and proved three of them) formulas for ;12

of the form
> 1
E Apzg(co+cin + con?) = —

n=0

™
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where
o
w(z) = Z Apa™
n=0
satisfies a differential equation of order five. It is quite remarkable that

w(x) = z(yo(z)y1 () — yo(x)y1(2))

where o,y are solutions of a fourth order differential equation (the
pullback) of Calabi-Yau type (see [1] for definitions). With the notation
of [2] the w are g, /6, /7\, g, ﬁ, f2, Ax 3 = #40,C x9. Guillera used the
PSLQ-algorithm to find and WZ-pairs to prove his formulas. Also this
paper uses modern computer algebra to find the formulas.

In [14] Zudilin showed how to ”square” a Ramanujan-like formula
to get a formula for # . The success of this depends on
the fact that wv(z) = u(z)? where wu(x) satisfies a second order
differential equation. Hence w(z) = u(z)* which leads to that the
Yukawa coupling of the pullback is trivial. This is proved in section
2. In section 1 we give some examples of Zudilin’s square. Finally
in section 3 we give some examples of formulas containing harmonic

numbers obtained by differentiating the formulas for #

for

2 The square of Ramanujan
In [14] Zudilin has given the recipe for how to obtain a formula for ;12
from a formula for % . The key fact is that for all known formulas

" Buafi(a+ fn)

T
n=0

then
[ee]
v = Z B,z"
n=0

satisfies a third order differential equation

V" + 590" + 510" + sgv =0
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which is the symmetric square of a second order differential equation
" / .
w4+ pru’ + pou = 0.
This means that v = u? and in [1] it is shown that it is equivalent to

- s - & :0
27 "2 6 3 O
and ) .
S S S
Po 71_72_72)
4 18 12
9
plzg-

In Zudilin [14] it is shown that squaring the formula for 1 one obtains
the following formula for #:

> 1
> Apzp(co + ein + can®) = —
n=0

where
o0
v = E A, z"
n=0

and
9 4 909 2 1 99 2 /
co=a’+ gﬁ xgpo(To) = o + ?ﬂ x5(9s1(x0) — 252(0)” — 3s5(x0)) ,
1 o 1 o
c=af+ gﬁ (wop1(zo) — 1) = aff + §/3 (zos2(x0) —3) ,
1
Cy) = gﬂQ .

The hypergeometric case.
Assume that
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Then v = u? where
=~ (2)n(15%)
UZZ 2)n\"5 )n n
vt nl?

by Clausen’s identity and u satisfies

an 2-3z , a(l—a)

2x(1 —x)u 4z(1 _x)u:O

which gives
o

1
co=a’— gﬁQa(l —a) ,

1—1’0

Zo

]‘2
Cl_aﬁ_gﬁ 1—560’

Case a=1/2.
Here

and

with

w = ZAnac”

n=0

satisfying the 5-th order differential equation ( 6 = x% )

860° — x(20 + 1)(80* + 166 + 176% + 90 + 2) + 82%(0 + 1)° .

Example (Ramanujan [10])

00 (143
(Q)n 1 64
2 B O A42n)en =
n=0
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17 77

_ 1 _ 5 _ 42 : : _
Here z0 = g; , a = 15, 8 = 15 which gives ¢y = 155, 1 = g5,

and we find

ZA 17 + 154n + 44102 1 1
192 64n 2 -

and ) )
"L /2k o2n — 2k\ ° /3k\ (3n — 3k
A, =108~ "
>(0) o) GO

o
w = g A, x"
n=0

satisfying the 5-th order differential equation

with

32405 — 182(260 + 1)(180* 4 360 + 376 + 190 + 4) +
2204 1)(30 +2)(30 + 4)(60 + 5)(60 +7) .

Example (Chan-Liaw-Tan [7])

i(%)n(él)gn(g) ;32) (827 + 14151n) = 1500\f

n=0

_ 1 _ 827 _
Here 2o = —5552, @ = 50073 0=
__ 2600669 __ 22250089

= 1500000° €2 = 2250000

14151
1500+/3
and we find

which gives ¢y =

Z A 4103930 + 70218063n + 400501602n? (—1)" 1
40500000 50027 g2 °

Case a=1/4.

104
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64

410393
4050000



Conceptual issues in development of telemedicine in the ...

Here T
e}
(2)n(D)n(Dn n
v=3) E
n=0
and
e (4K)! (4n — 4k)!
An = 256D S
k=0
with

oo
w = g A"
n=0

satisfying the differential equation

6460° — 22(260 + 1)(320* + 646° + 630 + 310 + 6) +
+22(0 + 1)(20 + 1)(260 + 3) (46 + 3)(40 + 5) .

Example. (J.Borwein-P.Borwein [4])

i (@D ()" (1123 + 21460n) = 3528

630583
62233927

n!3 8822n T
n=0
Here g = —88%, o = %, 8 = —231542680 which gives ¢y =
18074759 8783225
C1 = 335088 » 2 = 2333772 and we find
i 1 1891749 + 361495187 + 230265800n° (-1)" 1
L 18670176 8822 ;2

Example. (D.V.Chudnovsky-G.V.Chudnovsky [8])

i ($n(Hn(3)n 1 49v/3

n=0
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Here 29 = #r, a = ﬁ\%, B = %0[, which gives cg = 7535 ¢y = 3237
Cco = 12444[?10 and we find
iA 1935 + 258960 + 115200n° 1 1
" 19208 TAn g2
n=0
Case a=1/6.
Here o 1 i e
_ o @n(§n(§np
v = #[L‘
e n!
and . ,
2n\ [(3n 2k 2n — 2k
A, =17287" 167*
e () e () ()
n=0
with -
=" A
n=0
satisfies

64860° — 92:(20 + 1)(36 4 1)(30 + 2)(86% + 80 + 5) +
+822(0 + 1)(30 + 1)(30 + 2)(36 + 4)(36 + 5)

(this is the Hadamard product B which is deleted from the big table
since its fourth order pullback has trivial Yukawa coupling)

Example (J.Borwein-P.Borwein [4])

- (%)n%)n(%)n 1 1

1
A+ Bn)— = -
2E\/§n§ s At B =2

where
A = 1657145277365 + 212175710912v/61

B = 107578229802750 + 13773980892672v/61 ,
E = 4752926464 + 608549875v/61 .
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We obtain -
1 1
Z An(C(} +cin + Can)ﬁ = ﬁ
n=0
where
= —————-(111664 253292704311 2 4
co 13203E2F3( 664689387605862532927043117398929778009833

1142971984278650150521031407984764718461880160v/61) |
1
= 32072
19281427036051733416631061849834430653748120480v/61) |,
1
T 132052 F3
« (1568636180985945215797364215662316853825981949903
1200843282363293945607228573609629579498429824000+/61)

c1 72490262500274310806460103027944564563578681503

2

where
F = 236674 + 30303V 61 .

Sporadic formulas

Example. (H.H.Chan-S.H.Chan-Z.G.Liu [6])

B IS

n=0 k=0
oo n 2
n 2k\ (2n —2k\
v=2 <k> <k><n—k>x
0 k=0

n=

Here (case (a) )

satisfies

oo 3(1282%2 —30x +1) , 44822 — 68z +1 4

=0.
2642 — 200 +1) | 206422 — 200+ 1) " | 2@z —1)"
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We get
" N2 /20N [(2k — 20\ (n—k\?[(27\ [2n — 2k — 2
=33 () (G0 G)C )
and -
w= ZAnx"
n=0

satisfies

0° — 22(20 + 1)(100* + 200° + 250% + 150 + 4)

+2222(0 + 1)(1326* + 5280% + 9476% + 8386 + 312)
—2723(20 4 3)(100* + 600 + 14502 + 1650 + 74)
+21224(0 4 2)5 .

Then we have zg = —6%1, a = %, G = % which gives ¢y = —%,

5 25
c1 = 35, c2 = g7 and

iA —8 4+ 90n + 22512 (—1)" 1
" 576 647 w2’

n=0

Example.

Sy

Here (case (() )

s 2K\ (20— 2k\? ,
=22 () () -
n=0 k=0

satisfies

3(32x -1 179222 — 112 1 8(32x — 1
" + ( €T )/U// + 2x $2+ /U/ + 2( €z )
z(16x — 1) x?(16x — 1) x?(16x — 1)

21}:0.
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We get
B Z”:ZZ ( ) <2k—2z) (2j>2<2n—2k—2j>
k=0 i ! J n—k—j
where -
w= Z Apx”
n=0
satisfies
0° — 232(20 + 1)(46* + 86° + 116% + 70 + 2)
+2922(0 + 1)(30* + 1260° + 236 + 220 + 9)
—21143(20 + 3)(46* + 2463 + 5967 + 6960 + 32)
4216249 4 2)°
Then we have zg = 2_6—}{5, a = 4, 8 = 3+2\[ which gives ¢y = 0,
c1 = %, Ccy = %6‘/5 and we get
iA (2+2V3)n+(T+4/3)n2 (2-v3)" 1
16 64 o2

Example (T.Sato [12])

ZZ< > <n+l<:) (10—3v/5-+-20n) <\/52—1>12n:2()\/3(?7_:)\/ﬁ

n=0 k

Here (case (7))
Sy () (e
satisfies

w3222 —5lx+1) , 72?1122 +1 , r—5

=0.
x(x? — 34z +1) Y x?(x? — 34x + 1)1) +l’2(JL‘2 — 34z + 1)1)
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weRES () ()0

and
w = Z A, x"
n=0
satisfies
0° — 22(20 + 1)(170* + 346° + 380% + 210 + 5)
+22%(0 + 1)(5790* 4 2316602 + 36046% + 25766 + 714)
—223(260 + 3)(176* 4 1026 + 24202 + 2676 + 115)
+24(0 +2)° .
_ (5-1 12 _ 6(10—3+/5) . 120 . .
We have x¢ = ( 5 ) NI L 0= 0V +9ViE which gives
1473122
co = 122 9000V :
c1 = 183680 — 821445 |
¢z = 51520 — 23040v/5
and

2 w2

00 12n
ZAn(co+cln+02n2) <\/51> :i.

n=0

Example (H.H.Chan-H.Verrill [5])

e ()1 g -7

n=0 k
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Here ( case () )

o= () (M) S

n=0
satisfies
wo 3(1622%2 + 21z +1) , 56722 +48x+1
v v
(8122 + 14z + 1) x2(8122 + 14z + 1)
37z +1)
r2(8122 + 14z +1)
We get
n .
o o kN (n—k\ [k+1
A = -1 n+z+]3n—31—3]
" ZZ( ) 3 )\ 35 o)
k=0 i j
n—k+7\ (30! (35)!
7 20 7!
and
oo
w = Z A, x"
n=0
satisfies
0° + 2x(20 + 1)(70* + 146° + 186 + 110 + 3)
+222(0 + 1)(1790* + 7166° + 13646% + 12966 + 522)
+2 - 323 (20 + 3)(70" + 420% 4 1020% + 1170 + 53)
438240 + 2)° .
We have x¢ = 8%7 a = %, 8= 38%, which gives ¢y = %, c1 = %,
cy = % and we get
iA 50 +160n+192n% 1 1
~ " 243 81n 72’
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Example (Yifan Yang [13])

iz (Z>4(1 +4n)% = Wj/%

n=0 k
We have
[ee) n 4
=23 ())
n=0
which satisfies
o 3(12822% + 18z — 1)0,, N 44422 4 402 — 1 ot
x(6422 + 122 — 1) x2(64x2 + 12z — 1)
2(30z + 1) 0
v=20.
22(6422 + 122 — 1)
We have
- \*(n—k\*
A, =
= () (75)
k=0 1 i
and
o
w = Z A"
n=0
satisfies

0° — 42(20 +1)(6% + 0 + 1)(36% + 30 + 1)
+162%(0 + 1)(0* + 40° — 96% — 260 — 17)
+823(26 + 3)(960* + 5760 + 13610% + 14916 + 634)
+6421(0 + 2)(20 4 3)(20 + 5)(40 + 7)(40 + 9) .

_ 1 _ V15 _ 2V/15 : : _ 1 _ 8
We have g = 55 Q—Tg,ﬂ—TWhICh gives ¢p = —gg, €1 = 37>

_ 20
c2 = gy and
o0

—27 4+ 160n + 400n2 1 1
> An

1620 36n 72

n=0
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Example (Rogers [11])

_ 261+2093)
We have '
=2 (D2 () ()

which satisfies

o 3(1—60x+28822%) , 11 —132x 497222
v+ v+
z(1 — 40z + 14422) 22(1 — 40z + 14422)

S ()56 (om0

6(—1+ 18x)
22(1 — 407 + 14422) ~
We have
>, 2k [2n — 2k N2 /2i\ (n—k\? /(2]
A, =
> ()20 )0 6)
k=0 i,
_ _ (8=5V3)2 _ 159483 _ _ 260 :
We have o = —(537)" T 2(64429V/3) g = 64129v/3 which
gives cp = 1084121;16424832\/5 e = 10(5816131.1—1?233800\/3 cy = 3???4(26476—
148481/3) and
- 8 —5V3 1
3 Anlen + ean+ can?) (-1 By _ L
22 s

n=0
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3 Symmetric squares of third order differential
equations

For a fourth order differential equation there are six 2 x 2-wronskians of
the four solutions. In general they satisfy a differential equation of order
6. But there is an interesting exception, the Calabi-Yau equations, for
which the wronskians satisfy a fifth order equation. Dually, there are
six symmetric squares of the three solutions to a third order differential
equation. When do these satisfy a fifth order equation? The answer is:

Theorem:
Consider the differential equation

V" + 590" + 510 + 500 =0 .

Then w = v? satisfies a fifth order equation if and only if

1 2 3+1, 1, 1 , 0
—S189 — =85 + =81 — =89 — =8259 — 59 =0 .

3717 72 Tt g2 3

This means that already v is a square and w is a fourth power of a

solution to a second order differential equation.

Proof:
Differentiating w = v? five times and eliminating vv’, vv”, v'v" we

get
1 1
w® + ;S2w(4) +5(s1 + gsg - gs’z)w’”—i—

19 4
+(11sg + 28| + s + 3 5152 + §818% + 2s98h )w”
32 4 1 7
+(7sy + 87 + 4s? + 3 S082 + §sls§ - 5818/2 + 58/182)111/4-
8 2 14
+(2s0 + 8sgs1 + §sos§ - gSOSIQ + gsgsg)w
1 2 1 1 1
= —1211’2(55152 - 2—75% + 55'1 ——sh — 5525'2 — 50)
The right hand side is zero if and only if v is the square of a solution

to a second order equation.
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Corollary.

The fifth order equation in the Theorem is Calabi-Yau (but its
fourth order pullback has trivial Yukawa coupling)
Proof: The C-Y2 condition for

w® + b4w(4) + bsw” 4+ bow” + byw’ + bgw = 0

is ( see [3] )
—by + gbg + §b364 — b — gmbg - %bi’; =0
and we compute the left hand side
—by + gbg + §b3b4 — b - 21)41)2l — %bi =
= 11(%5152 - 23753 + %Sll — ésg - %525’2 —59)=0.

We have wy = vg, w) = VU1, We = v%. To show that the fourth order
pullback has trivial Yukawa coupling we use the identities in [3]

2,0 2 Wwo wi| _ 2|V V1
x°fyp = wh W =g o
0 1 o U1
2 o} 1 vy V1
l‘fyoylz‘ / / = 2vpv1 / /
0 1 Y U1
2 2|V U1
x° fyoye = V1| /
Yo U1

which implies
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4 Harmonic sums

The expansions on pp.58-59 of [9] lead to, after differentiation, formulas
containing harmonic numbers H,, defined by

"1
H, = -
n Z k
k=1
and Hyp = 0. As a curiosity I mention the asymptotic expansion

00 B
anlog(n)+’y—zm
k=1

which could be a strange definition of the Bernoulli numbers

> (4n)! 1
~ 49(81og(2) + 41og(7))
™3
> (4n)! 1
7;) {52780 + 4(2206 + 52780n) (Han — Hn)} - oo =
~992(8log(2) + 410g(99))
™2
> 2n\ %/3n 1
—1)51 1n)(3Hsy, + 2Hay — 5H, =
> (-11+ 7+ 513t + 2112, —51) () () g

n=0
36(61og(2) + 31og(3))
T3

D (—=1)"{545140134 + (13591409 +545140134n) (6 H,, —3Hs,, —3Hy,)} %

n=0

. (6n)! 1 _9-53360%(log(12) + log(53360))
(3n)!n!3 12315336037 21/10005

116



Conceptual issues in development of telemedicine in the ...

o0
13
> (=nn {45 + 4107 +10(—~ + 45n + 205n%) (Ha, — Hn)} X

n=0

X<2n>5 1 640log(2)

n 220n - 2

> 1 5 2n\° 1
> (=nr {1 +5n +10(g +n+ §n2)(H2n - Hn)} < > ST =
n=0
~ 12log(2)
==
(o)

15
2{38 +480n + (- + 380 + 240n°)(8Hsn — 4Han + 2Hap — 6Hn)}><

n=0

y 2n\ (8n)! 1 49(18log(2) + 4log(7)
n ) (4n)lnl4 218n7dn — w2/

> (—1)" {693 + 10836n + 6(29 + 693n + 5418n%) (Hn — Hy) } x
n=0

(6n)! 1 384y/5log(2880)

nl6 28803" 2

DY DD {160 +800n +4(—27 +160n +400n%) (Hy, g — Hyy—p—j )}
n=0 &k A 7
L(RY (kY L _ 162010g(36)
i j 367 w2

I have continued the expansions one term longer for a few of
Guillera’s expansions on p.43 and 46 in [9]

i (D" ($)hte (13 +180(n + x) + 820(n + x)?) =
10247+ (1)5

n=0 £

117



G. Almkvist

o0

>

n=0

128 4880
= = — 32027+ —— 3 xt — 114688¢(3)z” + O (%)
7T

[ee]

Z:; 185412; ((gnf (13 4+ 180(n + 5 + x) 4+ 820(n +3 + z)?) =

4
= 256((3) + %w% + O(x?)

o

> 6471% ((%;n” (14 14(n+z) + 76(n + 2)* + 168(n 4 2)°) =

n=0 n+x
32 4 257 ¢ 6
= 5(1- ma? + §7r4x4 - Ew%ﬁ +0(z"))
1 (1)n+$

1 1 1
(1+14(n+= +m)+76(n+2+x) +168(n+2+a:) )=

64antz (%)7+ 2

_ %7# —186¢(5)z + O(2?)

Errata: In the thesis on p.58 in [9] % should be % (on p.33

formula (1.9) is correct)
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