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Abstract

Faugere’s criterion used in the Fj algorithm is still not un-
derstand and thus there are not many implementations of this
algorithm. We state its proof using syzygies to explain the nor-
malization condition of a polynomial. This gives a new insight in
the way the Fj criterion works.

1 Introduction

In 2002 Faugere published a new algorithm for computing Grobner
bases [2]. He found a new criterion defining when a set is a Grébner
basis. This criterion can be used to compute Grobner bases of ideals
generated by arbitrary finite sequences of polynomials.

In the Fj algorithm additional data on the polynomials is used to
detect redundant critical pairs in advance to avoid computations of
zero. In this paper we give a proof of the Fj criterion with some easier
and more general arguments.

The plan of the paper is as follows: In section 2 we give briefly
the basic definitions for Grobner basis computations as well as the
main terminology for the F5 criterion. In section 3 we prove the main
theorem of this paper, the Fj criterion.
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2 Basic Notations

Throughout this paper ring always means a commutative ring with
identity, N is the set of non-negative integers. K denotes the ground
field, K[z] the polynomial ring over K in the finite sequence of n vari-
ables z = (z1,...,y,). 7 denotes the set of terms of K[z]. Furthermore
let < be a total order on K[z].

2.1 Grobner basics

We briefly give the main definitions needed to define a Grobner basis
in a characterization useful for our purposes.

Definition 2.1. Let ¢t = 2" 2% € T where o; € N for i €
{1,...,n}. The total degree of t is defined to be deg(t) = > """ | ;.
Let

F=3 otz = 3 caa® € K]\ {0}

«

where o = (a1,...,a,) € N, ¢, € K, and only finitely many ¢, # 0.
The total degree of f is defined as deg(f) = max{a; + -+ + a, |
Coy.nan # 0}, Furthermore writing f = coz® + ngﬁ + o+ ey,
z® > 2P > ... > 27 in a unique way as a sum of non-zero terms we

define

(a) the head monomial of f: HM(f) = cqx®,
(b) the head term of f: HT(f) = z?,
(c) the head coefficient of f: HC(f) = c,.

Definition 2.2. Let f,g € K[z]\{0}. The S-polynomial of f and g is
defined to be

T T

Spol(f,g) = HC(Q)WJC - Hc(f)mg

where 7 = lem(HT(f),HT(g)).
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Definition 2.3. Let P C K]z] be a finite set, 0 # f € K[z], and t € 7.

A representation
f = E App)
peP

where )\, € K[z], p € P is called a t-representation of f w.r.t. P if for
all p € P such that A\, # 0 HT(\,p) < t.

For t = HT(f) a t-representation of f is called a standard represen-
tation

There are a lot of equivalent characterizations of Grobner bases, see
for example [1]. The one we need in this paper is stated next.

Theorem 2.4. Let G = {g1,...,9n.} be a finite subset of Klz]| with
0¢G. If forall f € I ={g1,...,9ny) [ has a standard representation,
then G is a Grébner basis of I.

Proof. See [1]. O

2.2 F; basics

We extend given definitions and state new terminology needed to un-
derstand Faugere’s Fy criterion.

In the following let F' = (f1,..., fm) be a sequence of polynomials
in K[z], K[z]™ denotes the free K[z]-module of rank m.

Definition 2.5. Let g = > ", grer € K[z]™ where e denotes the
k-th standard vector in K[z]|™. We define the evaluation map w.r.t. F
vp : Klz]™ — K[z] such that

m m
vp (Z gkek> = gl
k=1 k=1

An element s € K[z]™ is called a syzygy w.r.t. F if vp(s) = 0. For
m > 2 for each pair f;, f; with 1 < ¢ < 7 < m we have a so-called
principal syzygy w.r.t. I, m; ; = fje; — fie;.
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The set of all syzygies w.r.t. F is denoted Syz(F') = ker(vp) and
generates an K[z]-module. The submodule generated by all principal
syzygies w.r.t. F' is denoted PSyz(F).

Next we define an ordering of K[z]™.

Definition 2.6. Let g = )", grex € K[z]™. The index of g, denoted
by index(g), is the smallest ¢ € {1,...,m} such that g; # 0.

Suppose that g and h € K[z]™ with index(g) = ¢ and index(h) = j.
Then we can write g = > )", gre, and h = Y37 - hyey.

g <h:o 1> 7, or
' i =7 and HT(g;) < HT(h;)

For any g € K[z]™\{0} it holds that 0 < g.

This leads to an extension of the terminology of head terms.

Definition 2.7. Let g € K[z]™\{0} with index(g) = ¢. The module
head term MHT of g is defined to be MHT(g) = HT(g;)e;.

Lemma 2.8. The module ordering < is well-founded.

Proof. Let § # P C K[z]™. The index of any element p = Y"1, p;e; €
P is bounded by m, and < is a well-ordering on the head terms of
polynomials in K[z]. Thus

imax = max{index(p)|p € P}
tmin = min{HT(py) | p € P,index(p) = k}

are well-defined. Then
) # M :={p € P |index(p) = imax, HT(Pi,..) = tmin}

is the set of minimal elements of P. O

Next we define a connection between polynomials in K[z] and mod-
ule elements in K[z]™. These are the main concepts for the Fj criterion.
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Definition 2.9.

(a)

(b)

()
(d)

(e)

(f)

A labeled polynomial r is an element r = (uey, p) such that u € 7,
p € Klz].

The signature of r is defined by S(r) := uey, the polynomial of r
by poly(r) := p, and the index of r by index(r) := k. For a finite
set G of labeled polynomials we define poly(G) := {poly(r)|r €
G}.

If t € T then tr := (tueg, tp), if ¢ € K then cr := (ueg, cp).

r is called admissible w.r.t. F if there exists a g € K[z]™\{0}
such that vp(g) = p and MHT(g) = S(r).

Let G be a finite set of labeled admissible w.r.t. F' polynomi-
als. r is called normalized w.r.t. G if u ¢ HT({{p; € poly(G) |
index(r;) > index(r)})).

Let (r1,7r2) be a pair of labeled polynomials with

7 = lem(HT(poly(r1)), HT(poly(r2))), 7 = Tpoy )y 1or & €
{1,2}. Then (r1,r2) is called normalized if 71r;, Tory are nor-
malized and S(7er2) < S(mir1). For a pair of labeled polynomials

(r1,72) where ri, 9 are admissible to g1, g2 respectively, we define
the S-polynomial to be

Spol(ry,ra) == (MHT(7’1g1 — T282), caTipoly(ry) — 017'21901}’(7’2))7

where ¢; = HC(poly(r;)) for i € {1,2}.

Corollary 2.10. If ry and ro are admissible labeled polynomials w.r.t.
F then Spol(ri,r2) is an admissible labeled polynomial w.r.t. F'.

3 Fj; criterion

Next we prove the Fj criterion stated in [2]. For this purpose we need
some lemmata and more notations.
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Convention 3.1. In the following let F' = (f1,..., fm), fi € K[z], G =
{r1,...,rng } aset of labeled admissible w.r.t. F polynomials such that

{(e1, f1),.- ., (€m, fm)} C G.

Let p; = poly(r;) for all : € {1,...,ng}, poly(G) = {p1,- -, Pne }

When we write admissible we always mean admissible w.r.t. F.

Lemma 3.2. If an admissible labeled polynomial r = (uey,p) with
g € Klz|™ such that MHT(g) = uey, and vp(g) = p is non-normalized
w.r.t. G then there exists s € PSyz(F) with index(s) = k such that
MHT(g —s) < MHT(g).

Proof. If r = (ueg, p) is non-normalized then there exists r; € G with
p; = Z?l:ko Mefe € G where Ay € K[z] such that index(r;) = ko > k
and HT(p;) | u. So there exists t € 7 such that tHT(p;) = u. Let
Z:= pier — [k Zz’;ko Meey € Syz(F). Now we can rewrite

piek — fr Y Mer = | D Mefe|er—fi Y Aeer

{=ko l=ko l=ko
= Aofro®k — Moo fk€ko T Mkot1fko+1€K —
— AMegt1fk€kot1 + -+ AmSmer — Amfrem
Ak Thiko + Meo+1Th ko+1 T+ + AnThm

m
= E ATl g

{=ko

where 7, ,, denotes the principal syzygy fue, — fvew € PSyz(F')
for v < w € {1,...,m}. Set s =tz € PSyz(F). By construction
index(s) = k, MHT(g —s) < MHT(g) and vp(g —s) = vr(g). O

Lemma 3.3. Let r = (uek,p) and let 71,70 € T. If Tomi7 is normalized
w.r.t. G = 17 18 normalized w.r.t. G.
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Proof. Let tomir = (ToT1u€), T2T1p) be normalized w.r.t. G.

Assume for contradiction that 717 = (1yueg, 71p) is non-normalized
w.r.t. G. Then there exists rg € G such that index(rg) > k and
HT(po) | Tiw. Then HT(pg) | 7omiu and it follows that 7e7ir is non-
normalized w.r.t. G, which contradicts our assumption that mmr is
normalized w.r.t. G. O

The following definition of the ordering < for representations of a
labeled polynomials is similar to the one Faugere has stated in [2]. For
a deeper insight we refer to [3].

Definition 3.4. Let f € I = (g1,..., gny). Then we define

ng

Ry := {()\,0) € Kz]"¢ x Sym,,, | f= Z)\ipg(i),S()\lrg(l)) - ...
=1

s S(Ancra(ng))}

to be the set of labeled representations of f w.r.t. G where Sym,,, de-
notes the symmetric group on {1,...,ng}. Next we define the ordering
< on labeled representations of f w.r.t. G.

For two labeled representations of f w.r.t. G, (\,0) and (X, o),
we define
w = (S(HT()\l)TU(l)), e ,S(HT(}\nG)TU(nG))) s
W' = (SHTA)req)), - SHTN, )rorng))) -

respectively.
(A, 0) < (N, 0') iff one of the following conditions holds:

(a) i such that V1 < j <i<ng: w;= w} and w; < wf,

(b) Vj: wj =w} and
man:Lm’nGHT()\gpg([)) < man/:Lm’nGHT()\Z,pO/@/)),

(c) Vj: wj = wi,
max=1,.. e HT (AePo(r)) = maxp—1, . e HT(Nppor(ry) =:
and #{¢ | HT(Aepy () = t} < #{l' | HT (Ao po(er)) = t}-
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Lemma 3.5. The ordering < is well-founded.

Proof. See [3], Lemma 3.17. O

Lemma 3.6. Let f € I = (g1,...,9ny)- Let (N, 0) be a minimal labeled
representation for f w.r.t. G. Then for all indices v € {1,...,m}:

#{k | (Mg, 0(k)) € (N, 0), A\ # 0, index(rypy) = v} < 1.

Proof. We can assume o to be the identity by renumbering G, f =
Yot Aigi- Choose v € {1,...,m} arbitrarily. Denote

I = {k| (Mg, id(k)) € (\,id), index(rg) = v},
I. = {k| (Mg id(k)) € (N id),index(rg) < v} and
I. = {k| (Mg id(k)) € (A id),index(rg) > v}.

Assume that #1 > 1.
Each r; € G is admissible w.r.t. F, ie. gp = > 7" ng;fj with ny; €
Thus we get a new representation of f:

Fo= D Xgi=> Xgi+> Ngi
i=1

i€l jel1

m
= D NG+ D A | Fot DN D mikfet D Mg

iele jeI jel  k=v+1l el

This new labeled representation (XN,0’) <jex (A,id): The first #1
components remained unchanged, then there is one component X, f,,

where X =3 jer AjTjv- By construction

SMHT(A )74/ ()
= max{S(HT(\x)7x) | (Mg, id(k)) € (A, id),index(ry) = v},

11
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where poly(r,/(y)) = fu- So the signatures of the first #/. + 1 com-
ponents of both labeled representations are equal. But the #1. + 2th
component of (A, id) has index v, as we assumed that there are at least
two such components, whereas the #1. 4 2th component of (X, ¢’) has
an index < v.

Thus we received a contradiction of the minimality of (A,id) w.r.t.
<. t

Remark 3.7. Note that a labeled representation w.r.t. G does not re-
strict the number of possible representations of an element f € I. A
labeled representation w.r.t. GG just orders the components of the corre-
sponding representation of f so that representations can be compared
w.r.t. <.

Definition 3.8. Let t € 7, (A, o) be a labeled representation w.r.t. G
of a labeled polynomial . W.l.o.g. we can assume o = id. Then (), id)
is called a t-representation of r if

ngG
pP=> A
=1

such that for all components HT(A\ypy) < t and S(HT (Ag)r¢) < S(r).

Theorem 3.9. If for all pairs (r;,rj) normalized w.r.t. G Spol(r;,7;)
has a t-representation where t < lem(HT(p;), HT(p;)) then poly(G) is
a Grobner basis of I = (p1,...,pn).

Proof. Let f € I. Then f has a labeled representation (X, o) w.r.t. G.
W.lo.g. we can assume o = id such that f = Y} Ampy. By Lemma
3.5 let us assume (A,id) to be a minimal labeled representation of f
w.r.t. G.

If there is a component (Ag,id(k)) € (A,id) such that Agry is
not normalized w.r.t. G then there exists a principal syzygy s by
Lemma 3.2. Agry is admissible, i.e. there exists g € K[z]™ such that
MHT(g) = S(HT(A\x)rg) and vp(g) = A\gpk. So we can construct g —s
with MHT (g —s) < MHT(g) and A;r admissible to g —s. This gives a

12
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labeled representation (X, o’) of f w.r.t. G such that (N,o’) < (A,id).
This contradicts the minimality of (),id) w.r.t. <, so every Agri such
that (Ag,id(k)) € (A,id) is normalized w.r.t. G.

By Lemma 3.6 there are no two components with the same index
in (A,id), i.e. all Agrg have different signatures.

Assume that there exist components (\g, id(k)) such that HT (Agpg) =
t' where t' > HT(f). Note that #{¢ | HT(A¢p¢) = t'} > 2. Choose two
such components (A;,id(7)), (A;,id(j)).

Let 7 = lem(HT(p;), HT(p;)), 7 = wrey and 7 = ﬁpj). Then
7| ¢, 7 | HT(X\;), and 75 | HT(\;).

Define m; = HM()\;) and m; = ggé/)\‘;))HM()\]) Now we compute

mip; —myp; = HC\)HT(N)p; — HC(\)HT(Aj)p;
Tit/ Tjt,
- HC(/\z) (sz - ij>

t/
= HC(\)—Spol(pi, p;)-

Since A;r; and \;r; are normalized w.r.t. G it follows with Lemma 3.3
that also 7;7; and 7;7; are normalized w.r.t. G.

Thus we get a new labeled representation (\’,¢”) of f w.r.t. G:

ng nag
fo= o= ipi+\pj+ > Mepe

=1 =1

040,

HC(\)
= mipi + (A — HT(\i))pi — mypj — HCO,) (A = HT(\))p;
HC()\i)> &
+ 1+ Ajpj + Aepe.
( HC(\) ) ;
(Fig

As Spol(r;, ;) has a t-representation Spol(p;, pj) = >, nepe such that

HT(nepe) < HT(lem(HT (p;), HT(p;)) and
S(HT(ne)re) = S(Spol(rs, 75)).

13
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It follows that (A\”,0”) < (A,id). This contradicts the minimality of
(\,id). 0
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