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An Example of TI3-complete
Infinitary Rational Relation

Olivier Finkel

Abstract

We give in this paper an example of infinitary rational relation,
accepted by a 2-tape Biichi automaton, which is II3-complete in
the Borel hierarchy. Moreover the example of infinitary rational
relation given in this paper has a very simple structure and can
be easily described by its sections.
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1 Introduction

Acceptance of infinite words by finite automata was firstly considered
in the sixties by Buchi in order to study decidability of the monadic
second order theory of one successor over the integers [5]. Then the
so called w-regular languages have been intensively studied and many
applications have been found, see [33, 30, 25] for many results and
references.

Since then many extensions of w-regular languages have been inves-
tigated as the classes of w-languages accepted by pushdown automata,
Petri nets, Turing machines, see [33, 9, 30] for a survey of this work.

On the other side rational relations on finite words were studied in
the sixties and played a fundamental role in the study of families of
context free languages [4]. Investigations on their extension to rational
relations on infinite words were carried out or mentioned in the books
[1, 23]. Gire and Nivat studied infinitary rational relations in [16, 18].

Infinitary rational relations are subsets of XY x X4 x ... x X% where
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n is an integer > 2 and X, Y9, ... %, are finite alphabets, which are
accepted by n-tape finite Biichi automata with n asynchronous reading
heads. So the class of infinitary rational relations extends both the class
of finitary rational relations and the class of w-regular languages.

They have been much studied, in particular in connection with the
rational functions they may define, see for example [8, 3, 28, 30, 27] for
many results and references.

Notice that a rational relation R C X{ x X% x ... x 2 may be seen
as an w-language over the product alphabet 37 x g x ... X X,.

A way to study the complexity of languages of infinite words ac-
cepted by finite machines is to study their topological complexity and
firstly to locate them with regard to the Borel and the projective hier-
archies. This work is analysed for example in [29, 33, 9, 22, 30]. It is
well known that every w-language accepted by a Turing machine with
a Biichi or Muller acceptance condition is an analytic set and that w-
regular languages are boolean combinations of II9-sets hence A3-sets,
[30, 25].

The question of the topological complexity of relations on infinite
words also naturally arises and was asked by Simonnet in [28]. It was
also posed in a more general form by Lescow and Thomas in [22] (for
infinite labelled partial orders) and in [32] where Thomas suggested to
study reducibility notions and associated completeness results.

Every infinitary rational relation is an analytic set. We showed in
[11] that there exist some infinitary rational relations which are analytic
but non Borel sets. Considering Borel infinitary rational relations we
prove in this paper that there exist some infinitary rational relations,
accepted by 2-tape Buchi automata, which are Hg—complete.

Examples of £3-complete and IT3-complete infinitary rational re-
lations have already been given in the conference paper [13]. But the
proof of the existence of II3-complete infinitary rational relations was
only sketched and we used a coding of w?-words by pairs of infinite
words. We use in this paper a different coding of w?-words. This
way we get some infinitary rational relations which have a very simple
structure and can be easily described by their sections.

The result given in this paper has two interests: 1) It gives a com-
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plete proof of a result of [13]. 2) Some new ideas are here introduced
with a new coding of w?-words. Some of these new ideas led us further
to the proof of very surprising results, answering the long standing open
questions of the topological complexity of context free w-languages and
of infinitary rational relations. In particular infinitary rational relations
have the same topological complexity as w-languages accepted by Biichi
Turing machines [14, 15] and for every recursive ordinal « there exist
some II9-complete and some X0-complete infinitary rational relations.

The result presented in this paper is still interesting, although the
result of the paper [15] is stronger; we use here a coding of w?-words
while in [14, 15] we used a simulation of Turing machines and the
examples of infinitary rational relations we obtain are different.

The result of this paper may also be compared with examples of 29-
complete w-languages accepted by deterministic pushdown automata
with the acceptance condition: “some stack content appears infinitely
often during an infinite run”, given by Cachat, Duparc, and Thomas
in [6] or with examples of £9-complete and IT12-complete w-languages,
n > 1, accepted by non-deterministic pushdown automata with Biichi
acceptance condition given in [10].

The paper is organized as follows. In section 2 we introduce the
notion of infinitary rational relations. In section 3 we recall definitions
of Borel sets, and we prove our main result in section 4.

2 Infinitary rational relations

Let X be a finite alphabet whose elements are called letters. A non-
empty finite word over X is a finite sequence of letters: © = aias2...a,
where for all integers ¢ € [1;n] a; € ¥. We shall denote z(i) = a; the
i letter of z and z[i] = z(1)...z(i) for i < n. The length of z is
|z|] = n. The empty word will be denoted by A and has 0 letter. Its
length is 0. The set of finite words over ¥ is denoted ¥*. A (finitary)
language L over ¥ is a subset of ¥*. The usual concatenation product
of v and v will be denoted by w.v or just uv. For V' C ¥* we denote
Ve={vi...on| Yi€e[lin] v,ieV FU{A}L

The first infinite ordinal is w. An w-word over 3 is an w -sequence
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a1as9 . ..day ..., where for all integers 1 > 1 a; € 3. When ¢ is an w-word
over ¥, we write 0 = o(1)0(2)...0(n)... and o[n] = o(1)o(2)...0(n)
the finite word of length n, prefix of . The set of w-words over the
alphabet ¥ is denoted by X“. An w-language over an alphabet X is a
subset of X¥. For VC¥* V¥ ={o=wuj...uy... € XY |Vi>1 u; €
V'} is the w-power of V. The concatenation product is extended to
the product of a finite word w and an w-word v: the infinite word
u.v is then the w-word such that: (u.v)(k) = u(k) if & < |u] , and
(uw)(k) =v(k — |u]) if & > |ul.

If A is a subset of B we shall denote A~ = B — A the complement
of A (in B).

We assume the reader to be familiar with the theory of formal lan-
guages and of w-regular languages. We recall that w-regular languages
form the class of w-languages accepted by finite automata with a Biichi
acceptance condition and this class is the omega Kleene closure of the
class of regular finitary languages.

We are going now to introduce the notion of infinitary rational
relation R C ¥¢ x X§ via acceptance by 2-tape Biichi automata.

Definition 2.1 A 2-tape Biichi automaton is a 7-tuple T = (K, X1, 3o,
A, qo, F'), where K is a finite set of states, X1, X9, are finite alphabets,
A is a finite subset of K x X7 x X5 x K called the set of transitions,
qo 1s the initial state, and F' C K 1is the set of accepting states.

A computation C of the 2-tape Buchi automaton T over the pair
(u,v) € BY x 3¢ is an infinite sequence of transitions

(CIOaUlaUla Q1), (Q1,u2,v2,Q2), - (Qi—lauiavia Qi)a (Qi,ui+1,vz'+1,qz'+1), cee

such that: u = uj.ug.ug ... and vV =v1.02.03....

The computation is said to be successful iff there exists an accepting
state gy € F' and infinitely many integers 1 > 0 such that q; = qy.

The infinitary rational relation R(T) C XY x £Y accepted by the
2-tape Bichi automaton T is the set of pairs (u,v) € XY x XY such
that there is some successful computation C of T over (u,v).

The set of infinitary rational relations accepted by 2-tape Bichi au-
tomata will be denoted RATS.
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As noticed in the introduction an infinitary rational relation R C XY X
35 may be considered as an w-language over the product alphabet
311 X X9. We shall use this fact to investigate the topological complexity
of infinitary rational relations.

3 Borel sets

We assume the reader to be familiar with basic notions of topology
which may be found in [24, 19, 22, 30, 25].

For a finite alphabet X we shall consider X% as a topological space
with the Cantor topology. The open sets of X“ are the sets in the form
W.X%, where W C X*. Aset L C X% is a closed set iff its complement
X% — L is an open set.

Define now the next classes of the Hierarchy of Borel sets of finite
ranks:

Definition 3.1 The classes £% and II of the Borel Hierarchy on the
topological space X“ are defined as follows:

29 is the class of open sets of X“.

119 is the class of closed sets of X“.

And for any integer n > 1:

Egﬂ is the class of countable unions of TI2-subsets of X“.

H?1+1 is the class of countable intersections of X9 -subsets of X“.

The Borel Hierarchy is also defined for transfinite levels, but we shall
not need them in the present study. There are also some subsets of X
which are not Borel. In particular the class of Borel subsets of X¢ is
strictly included into the class 31 of analytic sets which are obtained
by projection of Borel sets, see for example [30, 22, 25, 19] for more
details.

Recall also the notion of completeness with regard to reduction by
continuous functions. For an integer n > 1, a set ' C X“ is said to be
a 29 (respectively, IT2, =1)-complete set iff for any set £ C Y (with
Y a finite alphabet): E € 9 (respectively, E € TI%, E € 1) iff there
exists a continuous function f : Y¥ — X“ such that E = f~!(F).
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A X9 (respectively, 19, 21)-complete set is a 9 (respectively,
IT2, 1)-set which is in some sense a set of the highest topological com-
plexity among the X9 (respectively, II9, X1)-sets. X9 (respectively,
I19)-complete sets, with n an integer > 1, are thoroughly characterized
in [29].

Example 3.2 Let¥ = {0,1} and A = (0*.1)¥ C X¥. A is the set of w-
words over the alphabet 3 with infinitely many occurrences of the letter
1. It is well known that A is a TI-complete set and its complement
A~ is a E9-complete set: it is the set of w-words over {0,1} having
only a finite number of occurrences of letter 1.

4 TII3-complete infinitary rational relations

We had got in [13] some II3-complete infinitary rational relations. We
used a coding of w?-words over a finite alphabet ¥ by pairs of w-words
over ¥ U {A} where A is an additional letter not in X.

We shall modify the previous proof (only sketched in [13]) by coding
an w?-word over a finite alphabet 2 by a single w-word over ¥ U {A}.
This way we can get some II3-complete infinitary rational relation
having some extra property.

Theorem 4.1 Let I' = {0,1, A} be an alphabet having three letters,
and o be the w-word over the alphabet I' which is defined by:

a=A0.4.0%240%40"A0°A... A0 A0 A. .. .

Then there exists an infinitary rational relation R C 'Y x ' such that:

Ry = {0 € I | (0,a) € R} is a II3 — complete subset of I, and
forallu eI —{a} R, ={oc€I¥]|(o,u) € R} =T% Moreover R
s a Hg—complete subset of 'Y x 'Y,

Proof. We shall use a well known example of II3-complete set which
is a subset of the topological space I
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The set ¢° is the set of w2-words over the finite alphabet . It may
also be viewed as the set of (infinite) (w X w)-matrices whose coefficients
are letters of X. If z € X%° we shall write z = (x(m,n))m>1,n>1- The
infinite word z(m, 1)z(m,2)...z(m,n)... will be called the m** col-
umn of the w?-word z and the infinite word z(1,n)z(2,7n)...z(m,n)...
will be called the n'* row of the w?-word z. Thus an element of ¥*
is completely determined by the (infinite) set of its columns or of its
rOWS.

The set X is usually equipped with the product topology of the
discrete topology on X (for which every subset of ¥ is an open set),
see [19] [25]. This topology may be defined by the following distance
d. Let z and y be two w?-words in >? such that = # y, then

1
d(z,y) = o where

n=min{p > 1|3(i,5) =(i,5) # y(i,7) and i + j = p} .

Then the topological space »e? is homeomorphic to the above de-
fined topological space >“. The Borel hierarchy and the projective
hierarchy on ¢ are defined from open sets in the same manner as in
the case of the topological space ¥¥. The notion of X9 (respectively
I19)-complete sets is also defined in a similar way.

Let now

P ={z € {0,1}*" | VYm3<®n z(m,n) = 1},

where 3<°° means “there exist only finitely many”,

P is the set of w?-words having all their columns in the £9-complete
subset A~ of {0,1}* where A is the IT3-complete w-regular lan-
guage given in Example 3.2.

Recall the following classical result, [19, p. 179]:

Lemma 4.2 The set P is a TI3-complete subset of {0, 1}“’2.
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Proof. Let By, = {z € %" | z(m,1)z(m,2)...z(m,n)... € A} be
the set of w?-words over ¥ = {0,1} having their m' column in the
29-complete set A~. In order to prove that, for every integer m > 1,
the set B, is a X9-subset of E“’z, consider the function i,, : IR 3
defined by i, (z) = z(m, 1)z(m,2)...z(m,n)... for every z € $%°.
The function i,, is continuous and i,,'(A~) = B, holds. Therefore
B, is a X9-subset of 39" because the class 9 is closed under inverse
images by continuous functions.
Thus the set

of w?-words over X having all their columns in A~ is a countable in-
tersection of X9-sets so it is a IT3-set.

It remains to show that P is II3-complete. Let then L be a I13-
subset of 3¥. We know that L = Njen+ 4; for some X9-subsets A;,
i > 1, of X¥. But A~ is X9-complete therefore, for each integer i > 1,
there is some continuous function f; : 3¢ — 3¢ such that f; (A7) =
A;.

Let now f be the function from ¢ into »%” which is defined by
f(x)(m,n) = fi(z)(n). The function f is continuous because each
function f; is continuous.

For x € X f(z) € P iff the w?-word f(z) has all its columns in the
w-language A, i.e. iff for all integers m > 1

Fn@) = Fua(@) (D) fin(@)(2) .. fra(@)(m)... € A”

iff vm > 1 2z € Ap. Thus f(z) € Piff v € L = Nyp>1 Ay s0 L =
FLP).

We have then proved that all II3-subsets of X¢ are inverse images
by continuous functions of the Hg—set P therefore P is a Hg—complete
set. O

In order to use this example we shall firstly define a coding of w?-
words over ¥ by w-words over the alphabet (X U{A}) where A is a new
letter not in 3.

10
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Let us call, for x € »<* and p an integer > 1:

TI?—H ={z(p,1),2(p - 1,2),...,2(2,p— 1),2(1,p)}

the set of elements z(m,n) with m +n =p+ 1 and

U;—I—l = fL‘(p, 1)[1,‘(p - 172) T .T(2,p - 1)«7;(17]7)
the sequence formed by the concatenation of elements z(m,n) of T;,,

for increasing values of n.
We shall code an w?-word z € X¢° by the w-word h(z) defined by

h(z) = AU AULAULAUEAUEA. .. AUS AU A .. .

Let then h be the mapping from X¢” into (SU{A})¥ such that, for every
w?-word z over the alphabet X, h(z) is the code of the w?-word = as
defined above. It is easy to see, from the definition of h and of the order
of the enumeration of letters z(m,n) in h(z) (they are enumerated for
increasing values of m + n), that h is a continuous function from ICH
into (XU {A})“.

Remark that the above coding of w?-words resembles the use of the
Cantor pairing function as it was used to construct the complete sets
P; and S; in [31] (see also [29] or [30, section 3.4]).

Lemma 4.3 Let X be a finite alphabet. If L C ne? s Hg—complete
then

h(L) U h(S¥")~
is a TI9-complete subset of (X U {A})*.

Proof. The topological space w7 s compact thus its image by the
continuous function h is also a compact subset of the topological space
(S U{A})¥. The set h(S”) is compact hence it is a closed subset of
(X U{A})¥ and its complement

(R(Z“"))” = (TU{4})” — h(z*")

11
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is an open (i.e. a XY) subset of (X U {A})v.

Oun the other hand the function A is also injective thus it is a bi-
jection from ¥ onto h(X*”). But a continuous bijection between two
compact sets is an homeomorphism therefore A induces an homeomor-
phism between ¥ and h(2”2). By hypothesis L is a II$-subset of
»%” thus k(L) is a I19-subset of h(2“") (where Borel sets of the topo-
logical space h(Z“’2) are defined from open sets as in the cases of the
topological spaces X% or E“’z).

The topological space h(X%) is a topological subspace of (SU{A})*
and its topology is induced by the topology on (X U {A})¥: open sets
of h(X¥") are traces on h(X%”) of open sets of (SU{A})¥ and the same
result holds for closed sets. Then one can easily show by induction
that for every integer n > 1, TI%-subsets (resp. 3%-subsets) of h(X%")
are traces on h(Z¥") of II)-subsets (resp. X)-subsets) of (X U {A})“,
i.e. are intersections with h(X¥’) of II%-subsets (resp. X9-subsets) of
(B {A)~. |

But h(L) is a II3-subset of h(X“") hence there exists a I19-subset
T of (S U{A})¥ such that h(L) = T' N h(X¥?). But h(Z¥?) is a closed
i.e. TI-subset (hence also a II3-subset) of (X U{A})“ and the class of
I13-subsets of (X U {A})¥ is closed under finite intersection thus h(L)
is a I13-subset of (XU {A})~.

Now h(L) U (h(3¥*))~ is the union of a I13-subset and of a X9-
subset of (XU {A})“ therefore it is a II3-subset of (X U{A})* because
the class of II3-subsets of (X U {A})¥ is closed under finite union.

In order to prove that A(L) U (h(2¥°))~ is I19-complete it suffices
to remark that

L=h""WL)UhE)].

This implies that k(L) U (h(XZ¢%))~ is I19-complete because L is as-
sumed to be Hg—complete. [l

Lemma 4.4 Let P = {z € {0,1}*" | Ym3<®n z(m,n) = 1} and
¥ =4{0,1}. Then

P = h(P) U (W)

12
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is a T13-complete subset of (X U{A})¥.

Proof. It follows directly from the two preceding Lemmas. O
Let now ¥ = {0,1} and let o be the w-word over the alphabet
¥ U {A} which is defined by:
a=A.0.4.0°.A.0°. A0 A0 A.. . AO"A0"TLALL. .

We can now state the following Lemma.

Lemma 4.5 Let ¥ = {0,1} and a be the w-word over X U{A} defined
as above. Then there exists an infinitary rational relation Ry C (X U

{A})¥ x (XU {A})¥ such that:
Vz € 2¥° (z € P)iff (Wz),a) € Ry) .

Proof. We define now the relation R;. A pair y = (y1,y2) of w-words
over the alphabet ¥ U {A} is in R; if and only if it is in the form

y1 = Uk.ur.01.Aug.v9. Aug.vg. A ... Aun.vp. A ...

yo = Viwy.z1. Awsg.z0. Aiws.z3. A ... Awy.zn A ...

where £ is an integer > 1, Uy, Vi, € (X*.A)*, and, for all integers i > 1,

v, w;, z; € 0% and u; € ¥* and
jwil = vl and [ fuipa] = [z + 1 or |uia]| = |zi] ]
and there exist infinitely many integers ¢ such that |u;1| = |2
We prove first that the relation R; satisfies:
Vz € 3¢ (z € P) iff (h(z),q) € Ry) .

Assume that for some z € 3¢°  (h(z),a) € Ry. Then (h(z), @) may
be written in the above form (yi,y2) with

y1 = Ug.ur.v1.Aug.vg. Aug.vg. A ... Aug.u,. A ...

yo = Viwy.z1. Aws.z9. Aiws.z3. A ... Aiwy.2p A . L.

13
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y1 = h(z) implies that for all integers n > 1 UJ_,, = up.v, thus
|up.vp| =k +n—1.

yo = o implies that for all integers n > 1  wy,.z, = 05171 thus
|wn.zn| =k+n—1.

S0 |up.vp| = |wy.2zn| but by hypothesis |wy,| = |v,| therefore |u,| =

Moreover |un 1| = |zn| + 1 or |upy1]| = |2n]-

If |upy1] = |zn| + 1 then |upi1| = |un| + 1 and |v,41| = |vn| because
[unt1| + [vn1] = |un| + |vn| + 1.

If |upt1] = |zn| then |upi1| = |up| and |v,41| = |vn| + 1 because

[unt1| + [vnga| = [unl + |vn| + 1.

This proves that the sequence (|v,|)n>1 is increasing because for
all integers n > 1 |vp41]| = |vp| or |vpt1]| = |vn| + 1. Moreover by
definition of R we know that there exist infinitely many integers n > 1
such that |up41| = |2, | hence also |vp41| = |vn| + 1. Thus

lim |v,| =400 .
n—-+00

Let now K be an integer > 1 and let us prove that the K first
columns of the w?-word z have only finitely many occurrences of the
letter 1.

limy, o0 |Un| = 400 thus there exists an integer N > 1 such that
Vn>N |u,| > K.

Consider now, for n > N,

Upyn = tn.vp =x(k+n—11) .2k +n—-2,2)...
czx(2,k+n—-2)x(l,k+n—-1).

We know that v, € 0* thus

z(|opl, k+n—|vg|) =z(jvn| = LE+n+1—|v,]) =...
co.=z(2,k+n—-2)=z(l,k+n—-1)=0

and in particular

14
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(K,k+n—K)=z(K—-1,k+n+1-K)=...
co=z(2,k+n—-2)=z(l,k+n—-1)=0

because |v,| > K.

These equalities hold for all integers n > N and this proves that the
K first columns of the w?-word z have only finitely many occurrences
of the letter 1.

But this is true for all integers K > 1 so all columns of z have a
finite number of occurrences of the letter 1 and z € P.

Conversely it is easy to see that for each x € P the pair (h(x), a)
may be written in the above form (y1,y2) € R;.

It remains only to prove that the above defined relation R; is an
infinitary rational relation. It is easy to see that the following 2-tape
Biuchi automaton 7 accepts the infinitary rational relation R;.

T =(K,I,T,0,q, F), where K = {qo, q1, 92,93, 94, g5 } is a finite set
of states, I' = XU{A} = {0,1, A}, with ¥ = {0, 1}, qo is the initial state,
and F' = {q4} is the set of final states. Moreover § C K x I'* x I'™* x K
is the finite set of transitions, containing the following transitions:

(qo,a, A, qo), for all a € 3,

(qo; Ay a,qo), for all a € 3,

(q07 Au Au q0)7

(qUa Aa Aa q1)7

(q1,a,A,q1), for all a € X,

(q1: A A, @),

(g2,a,0,q2), for all a € 3,

(g2, A, X g3),

(g3,a,0,q3), for all a € %,

(a3, A A, qa)

(g3, a, A, qs5), for all a € 3,
(q4a >\7 Aa q2)7
(g5, A A, q2).

Remark 4.6 Using classical constructions from automata theory, we
could have avoided the set of transitions to contain some transitions in
the form (gi, A\, X, q;), like (qi, A, A, q2) or (g3, A, X, q4).
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Lemma 4.7 The set

Ry = (S U{A}® x (SU{A})® - (W(E) x {a})

s an infinitary rational relation.

Proof. By definition of the mapping h, we know that a pair of w-
words over the alphabet (XU {A}) is in A(Z%") x {a} iff it is in the
form (oy,09), where

g1 — AulAUQAU3AU4A e AunAun_HA e

o9 =a=A0A0%2A03A40"A.. A0 A0 A. ..
where for all integers i > 1, u; € ¥* and |u;| = 1.

So it is easy to see that (S U{A})* x (ZU{A}) — (A(Z") x {a})
is the union of the sets C; where:

e C; ={(01,09) | 01,09 € (XU{A})¥ and (01 € Bor oy € B)}

where B is the set of w-words over (X U{A}) having only a finite
number of letters A.

e (C, is formed by pairs (o1, 09) where

01 or o2 has not any initial segment in AY.AX2A.

e (3 is formed by pairs (01, 02) where
o9 ¢ {0, A}¥.

e C, is formed by pairs (01, 09) where
o1 = Aw . Aws. Aws. Awg A .. Awy Au. Az
o9 = Awl) . Awh. Aws Aw).A. .. Aw], . Av. Az

where n is an integer > 1, for all i < n w;,w, € ¥*, 21,20 €
(XU{A})“ and

u,v € X* and |v]| # |u]

16
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e C; is formed by pairs (01, 09) where
01 = Aw. Awy. Aws. Awy ... Awn. Awpi1 . Av. A2y
= Aw| Awh Awh Aw) ... Aw],. Au.A.z

where n is an integer > 1, for all i <n wj;, w}, € £*, wy4; € ¥*,
z1,22 € (MU{A})¥ and

u,v € X* and |v| # |u| + 1.

Each set Cj, 1 < j <5, is easily seen to be an infinitary rational relation
C(XU{A}Y x (XU {A})¥ (the detailed proof is left to the reader).
The class RAT, is closed under finite union thus

Ry = (SU{A}DY x (BU{A} = (h(Z) x {a}) = |J ¢

1<j<5

is an infinitary rational relation. O
Return now to the proof of Theorem 4.1. Let

R=R1URQQFUJXFUJ.

The class RAT5 is closed under finite union therefore R is an infini-
tary rational relation.

Lemma 4.5 and the definition of Ry imply that R, = {0 € 'V |
(0,a) € R} is equal to the set P = h(P) U (h(Z%"))~ which is a 13-
complete subset of (X U{A})* by Lemma 4.4.

Moreover, for all w € I'Y — {a}, R, = {0 € I¥ | (0,u) € R} =T¥
holds by definition of Rj.

In order to prove that R is a Hg—set remark first that R may be
written as the union:

R=Px{a} |J T¥x (T -{a})

We already know that P is a II3-complete subset of (3 U {A})“.
Then it is easy to show that P x {a} is also a II3-subset of (XU{A})*
(XU{A})¥. On the other side it is easy to see that I'Y x (I'Y — {a}) is

17
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an open subset of I' x I'“. Thus R is a IT13-set because the Borel class
I19 is closed under finite union.

Moreover let g : £¢° — (S U {4})¥ x (S U{A})* be the function
defined by:

Vzex¥  g(z) = (h(z),a).

It is easy to see that g is continuous because h is continuous. By

construction it turns out that for all w?-words z € X¢° (z € P)
iff (g(z) € R). This means that g !(R) = P. This implies that R is
I12-complete because P is II3-complete. O

Remark 4.8 The structure of the Hg—complete infinitary rational re-
lation R we have just got is very different from the structure of a pre-
vious example given in [13]. It can be described very simply by the
sections Ry, u € I'Y. All sections but one are equal to I', so they
have the lowest topological complexity and ezactly one section is a 13-
complete subset of T'.

Acknowledgements. Thanks to Jean-Pierre Ressayre and Pierre
Simonnet for useful discussions.
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