Computer Science Journal of Moldova, vol.13, no.2(38), 2005

Nash equilibria sets in mixed extended 2 X 3
games

Valeriu Ungureanu, Ana Botnari

Abstract

We describe the Nash equilibria set as an intersection of best
response graphs. The problem of Nash equilibria set construction
for two-person mixed extended 2 x 3 games is studied.
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1 Introduction

We construct the Nash equilibria set as an intersection of best response

graphs [4, 5]. This paper may be considered a continuation of [5] and it

has to illustrate the practical opportunity of a mentioned characteristic.
Consider a noncooperative game:

I' = (N {Xi}ien, {fi(z) }ien).

where N = {1,2,...,n} is a set of players, X; is a set of strategies of
player ¢ € N and f; : X — R is a player’s ¢ € N payoff function defined
on the Cartesian product X = X;cnyX;. Elements of X are named
outcomes of the game (situations or strategy profiles).

The outcome z* € X of the game is the Nash equilibrium [3]
(shortly NE) of T if
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where

* (kK * * *
xt = (2], 05, T, T, s Tyy)s

*
zh, e X=X x Xo X ... x X501 X Xiqpq1 X ..o X X,
* * * * k *
(@i, 2 ;) = (27,25, ., @] _1, T, ;1 1, - Ty) € X,

There are diverse alternative formulations of a Nash equilibrium [1]:
as a fixed point of the best response correspondence, as a fixed point of
a function, as a solution of a non-linear complementarity problem, as
a solution of a stationary point problem, as a minimum of a function
on a polytope, as a semi-algebraic set. We study the Nash equilibria
set as an intersection of best response graphs [4, 5], i.e. intersection of
the sets:

Gri={(zj,x—;) e X :x_; € X_;,z; € Arg max fi(xi,z—;)}, i € N.
T, €EXG

From the players views not all Nash equilibria are equally attractive.
They may be Pareto ranked. Therefore Nash equilibrium may domi-
nate or it may be dominated. There are also different other criteria for
Nash equilibria distinguishing such as perfect equilibria, proper equilib-
ria, sequential equilibria, stable sets etc. Thus the methods that found
only a sample of Nash equilibrium don’t guarantee that determined
Nash equilibrium complies all the players demands and refinement con-
ditions. Evidently, a method for all Nash equilibria determination is
useful and required. Other theoretical and practical factors that argue
for NE set determination exist [1].

This paper as the continuation of [5] investigates the problems of NE
set construction in the games that permit simple graphic illustrations
and that elucidate the usefulness of the interpretation of NE as an
intersection of best response graphs [4, 5].

2 Main results

Consider a two-person matrix game I' with matrices:

A= (aij), B = (bij), 1= 1,2, j = 1,3.
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The game T, = ({1,2}; X,Y; f1, f2) is the mixed extension of T',
where

X ={x=(z1,22) € R? 121 + 23 = 1,21 > 0,29 > 0},

Y ={y = (y1,92.y3) € R® : yr+y2+ys = L,y1 > 0,52 > 0,3 > 0},
filxy) = S0 Y-y aijziy;,

fa(x,y) = 20y 300 by

This game is reduced to the game on the unit prism. For the re-
duced game the class partition of the strategy sets is considered and
the NE set is determined for each possible ”subgame” (see the following
propositions).

2.1 Reduction to game on a prism

By substitutions:
x1=x,00=1—z, 2 €l0,1],
ys=1-y1—y2, y3€l0,1],
the game T'), is reduced to the equivalent game:
I, = ({1,210, 1], A5 01, 2),
where
A={y= () eR?:y1+y2<1,y1>0,92 >0},

o1(x,y) = (anyr + ar2y2 + a13(1 — y1 — y2))x +
(a21y1 + az2y2 + a3(1 —y1 —y2))(1 —x) =

((a11 —a21 +ag3 —a13)y1 + (a2 — aze + a3 —ai3)y2 + a3 — a3)r +
(a21 — a23)y1 + (@22 — az3)y2 + a3 =

((a11 — a21)y1 + (@12 — ag2)y2 + (a13 — a23)(1 —y1 — y2)) v +
nbb(azr — a3)y1 + (a2 — azs)ye + azs;
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pa(x,y) = (briyr + brayz + bi3(1 — y1 — y2))z +
(b21y1 + baoya + ba3(1 —y1 —y2))(1 —2) =
((b11 — b13 + bag — bar)x + bay — baz)y1 +
((b12 = b13 + bag — bao)x + bao — b23)y2 +
(b1 — ba3)x + bo3z =

((b11 = b13)x + (b1 — ba3)(1 — x))y1 +
((biz = b13)x + (b2 — ba3)(1 — x))y2 +

(blg — bgg)x + b23.

Thus, I'y, is reduced to the game I'}, on the prism II = [0, 1] x A.
If NE(T),) is known, then it is easy to construct the set NE(T';,).

Basing on properties of strategies of each player of the initial pure
strategies game I', diverse classes of games are considered and for every
class the sets NE(I",) are determined.

For commodity, we use notation:

Al ={y=(y1,92) € R?:y1 +y2=1,y1 > 0,92 > 0}.

2.2 Both players have either equivalent strategies or
dominant strategies

Proposition 1. If all the players have equivalent strategies, then
NE(},)) =11

Proof. From the equivalence of strategies
1(x,y) = (a21 — az23)y1 + (a2 — a23)y2 + azs,
pa(z,y) = (b13 — bag)x + bas.

From this the truth of the proposition results. [J
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Proposition 2. If all the players have dominant strategies in I,
then:

(0,0,0) if strategies (2,3) are dominant,
(0,0,1) if strategies (2,2) are dominant,
(0,1,0) if strategies (2,1) are dominant,
0x A_ if strategies (2,1 ~ 2) are dominant,

0 x [0,1] x 0 if strategies (2,1 ~ 3) are dominant,
0 x 0x[0,1] if strategies (2,2 ~ 3) are dominant,

/
NE(Ty) = (1,0,0) if strategies (1,3) are dominant,
(1,0,1) if strategies (1,2) are dominant,
(1,1,0) if strategies (1,1) are dominant,
1x A= if strategies (1,1 ~ 2) are dominant,

1x1[0,1] x 0 if strategies (1,1 ~ 3) are dominant,
[ 1 x0x[0,1] if strategies (1,2 ~ 3) are dominant.

Proof. It is easy to observe that

Arg max ¢ (z,y) =

1 if the 1-st strategy is dominant in I,
z€0,1]

0 if the 2-nd strategy is dominant in T,

Vy € A. Hence,

Gri — 1 x A if the 1-st strategy is dominant,
Y71 0x A if the 2-nd strategy is dominant.

For the second player:
( (1,0) if the 1-st strategy is dominant in T,
(0,1) if the 2-nd strategy is dominant in I,
(0,0) if the 3-rd strategy is dominant in T,
A_ if strategies 1 ~ 2 dominate 3,

[0,1]x0 if strategies 1 ~ 3 dominate 2,

[ 0x[0,1] if strategies 2 ~ 3 dominate 1,

Argma z,y)=
gyeiupz( y)
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Vx € [0,1]. Hence,

0,1]x(1,0) if the 1-st strategy is dominant,
0,1]x(0,1) if the 2-nd strategy is dominant,
Gy = 0,1]x(0,0) if the 3-rd strategy is dominant.
0,1]x A= if strategies 1 ~ 2 dominate 3,
0,1]
0,1]

x[0,1]x0 if strategies 1 ~ 3 dominate 2,

Thus, the NE set contains either only one vertex of a unit prism A
as an intersection of one facet Gr; with one edge Grs or only one edge
of a unit prism A as an intersection of one facet Gr; with one edge
GT’Q. O

2.3 One player has dominant strategy

Proposition 3A. If the 1-st strategy of the first player is dominant,
then

(1, 1, 0) if by > max{blz, b13},

(1, 0, 1) if bio > max{bn, 513},

(1, 0, 0) if b1y > max{bn, 613},
NE(F/m) = 1 x A= ifbll = b12 > 513,

1x[0,1] x0 if by = byg > bya,
1x0x[0,1] ifbya = b1z > by,
1x A if big = b1z = b1y,

if the 2-nd strategy of the first player is dominant, then

(0, 1, 0) if by > max{blg, blg},

(0, 0, 1) if 512 > max{bu, blg},

(0, 0, 0) if b1y > max{bll, 613},
NE(F/m) = 0x A= if b1 = bio > bis,

0 x [0, 1] x 0 if b1y = b1z > bio,
0x0x][0,1] ifbie = b3 > b1,
0x A ifblgzblgzbll.
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Proof. If the first player has dominant strategy, then

Gri — 1 x A if the 1-st strategy is dominant,
Y71 0x A if the 2-nd strategy is dominant

is one triangle facet of the prism.

If the 1-st strategy of the first player is dominant, then
p2(1,y) = (b1 — big)yr + (b12 — bi3)y2 + b1z =
=b11y1 + biay2 + bi3(1 — y1 — o).

From this we obtain that

( (1, 0) if b1 > max{blg, 513},
(0, 1) if b1y > max{bll, blg},
O, O) if 1)12 > max{bn, 513},

(
Argmax po(l,y) = ¢ A= if b1y = b12 > b13,
yea [0,1] x0 if b1 = b13 > 612,
0x[0,1]  if byo = b1z > b1y,
A

if b12 = b1z = b1

and
Gro =1 x Argmax ps(1,y)
yEA

is a vertex, edge or triangle facet of the prism II. Hence, the truth of
the first part of proposition follows.

Analogically the proposition can be proved when the second stra-
tegy is dominant. [J

Proposition 3B. If the second player has only one dominant strat-
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egy, then

((0,1,0) if (+,1) is dominant and a1 < a1,

(1,1,0) if (+,1) is dominant and a1 > agi,

[0,1]x1 x 0 if (-,1) is dominant and a1 = as1,

(0,0,1) if (-,2) is dominant and a2 < a2,

NET,)) =14 (1,0,1) if (-,2) is dominant and a3 > aga,
[0,1]x0 x 1 if (+,2) is dominant and aj2 = asa,

(0,0,0) if (+,3) is dominant and a3 < ass,

(1,0,0) if (+,3) is dominant and a3 > a3,

[0,1]x0 x 0  if (-,3) is dominant and aj3 = as3.

Proof. If the 3-rd strategy of the second player is dominant, then

Arg max @a(z,y) = Argmax((bi1 — biz)x + (ba1 — bas)(1 — z))y1+
YEA yEA

((b12 — b13)x + (baa — b23)(1 — x))y2 + (b13 — b23)x + baz = (0,0),

and
Gry =[0,1] x (0,0)

is an edge of a prism II.
For the first player, we obtain ¢1(x,0) = a3z + as3(1 — ) and

(1,0,0) if a13 > a3,
GT‘l = (0, 0, 0) if aiz < a13,
[0,1} x0x0 if a3 = ai3.

Consequently, NE set is a vertex or edge of the prism II.
Similarly, the remained part of the proposition can be proved in the
other two subcases. [

Proposition 3C. If the second player has two dominant strategies,
then
NE(T,) = Gry N Gra,

where:
Gri=0xY35UlxY3U[0,1] x Y35
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GT’Q = [0, 1] x A—

if the 1-st and 2-nd strategies are equivalent and they dominate the
3-rd strategy;

Gri=0xY~UlxY7U0,1] x Y~
Gra =10,1] x [0,1] x 0

if the 1-st and 3-rd strategies are equivalent and they dominate the
2-nd strategy;

Gri=0xY, Ul xY;y U0,1] x Yy
Gre =10,1] x 0 x [0,1]

if the 2-nd and 3-rd strategies are equivalent and they dominate the
1-st strategy;

Y5 ={y € A= (a11 — az)y1 + (a12 — az2)y2 < 0},

Viz = {y € A=t (a1 — a21)y1 + (a12 — az2)y2 > 0},

Y5 ={y € A= : (a11 —a21)y1 + (a12 — a22)y2 = 0},

V< ={y € R?: (a11 — a21 + a3 — a13)y1 + a1z — a3 < 0,
y1 €0,1],y2 = 0},

Yy ={y € R?: (a11 — a21 + a3 — a13)y1 + a1z — azs > 0,
y1 €0,1],52 = 0},

Y- ={ye€ R?: (a11 — ag1 + a3 — a13)y1 + a1z — ag3 = 0,
y1 €0,1],y2 = 0},

Y2< ={ye€ R?: (a12 — age + a3 — a13)y2 + a1z — azz < 0,
y2 €(0,1],51 = 0},

Yy ={y € R?: (a12 — a2 + a3 — a13)y2 + a1z — ass > 0,
y2 € (0,1],51 = 0},

Ys- ={y € R?: (a12 — az2 + a3 — a13)y2 + a1z — ags = 0,
Y2 € [07 1],?]1 = 0}

Proof. If the 1-st and 2-nd strategies of the second player are equiv-
alent and they dominate the third strategy, then

Arg max @o(z,y) = Argmax((bi1 —biz)x+ (ba1 — bes) (1 — ) (y1 +y2)+
yYEA YEA
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+(b13 — bgg)w +bo3 = A

and
GT’Q = [0, 1] X A_

is a facet of a prism II.
For the first player, we obtain
e1(z,y) = ((a11 — ag1)y1 + (@12 — ag2)y2) v+
+ (a21 — a23)y1 + (ag2 — a23)y2 + as3;

and
Gri=0xY35UlxY3U[0,1] x Y35

where:

Y5 ={y € Az : (a1 — a21)y1 + (a12 — ag)ys < 0},
Y5 ={y € A= : (a1 — a21)y1 + (ai2 — ag2)y2 > 0},
Yo ={y € &A= : (a11 — a21)y1 + (a12 — az2)y2 = 0}.

Similarly, the remained part of the proposition can be proved in the
other two subcases. [

Evidently, propositions 3A, 3B and 3C elucidate the case when
one player has dominant strategy (strategies) and the other player has
equivalent strategies.

2.4 One player has equivalent strategies

Proposition 4A. If the first player has equivalent strategies, then
NE(T))) = Gro,

Gry = X1 X (1,0) U X X (0, 1) U X3 X (0,0)U
X9 X A— U Xq3 X [0,1] X 0U X3 X 0 X [0,1]U
X123 X A,

where:

X, = {x e[0,1]: (b11 — b21)x + ba1 > (b12 — ba2)w + b2 } 7

(b11 — ba1)x + ba1 > (b13 — baz)x + bas
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bi2 — baa)x + bag >
bia — ba2)x + bao >

T+ boy
x + bas

b1 — bo1
b1z — bas

x + boy
T + bao

b11 — ba1
b1z — bao

(
(
(
(

o~~~ o~
~— N~

)
)
b13 — bag)x + bz >
big — ng)x + bag >

ze0,1]: (b11 — ba1)x + ba1 = (b12 — ba2)x + baa

(b11 — ba1)x + ba1 > (b13 — bas)x + bas } ’
~ (bi1 = ba1)x + bar > (bi2 — bao)x + bao }
" (bi1 —b21)x + ba1 = (big — bag)x + b3 |’
(b12 — ba2)x + bz > (b11 — ba1)x + bay }
(b12 — b2)x + bag = (b13 — baz)x + baz |’

_ ~(b11 = bar)x + bar = (big — ba2)x + bao
X1z = {x €01 (b11 — ba1)x + bay = (b13 — bag)x + bo3

Proof. 1If the strategies of the first player are equivalent, then
G’I”l =1L

Suppose that z € [0,1] is fixed. The payoff function of the second
player can be represented in the form

wa(z,y) = ((b11 — ba1)x + ba1)y1 + ((biz2 — baz)x + ba2)y2 +
((b13 — bog)x + baz)(1 — y1 — y2).

It’s evident that for:
x € X1 the minimum of the cost function is realized on (1,0) € A,
x € X2 the minimum is realized on (0,1) € A,
x € X3 the minimum is realized on (0,0) € A,
T € X19 the minimum is realized on A_,
x € Xj3 the minimum is realized on [0,1] x 0 € A,
x € Xo3 the minimum is realized on 0 x [0,1] € A,

z € X193 the minimum is realized on A.
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From the above the truth of the proposition follows. [J

Proposition 4B. If all three strategies of the second player are
equivalent, then

NE(F;H):GT1:1XY1UOXY2U[O,1]XYiQ,

where
Y1 ={y € A: a1y + aoy2 + a3 > 0},
Yo ={y € A :aqy1 + aoyp + a3 < 0},
Yi2 = {y € A a1y1 + azy2 + a3 = 0},
a1 = a1l — a13 + a3 — ag,
az = a1z — a13 + a3 — a2,
a3 = a3 — az3.

Proof. If all three strategies of the second player are equivalent,
then by; = big = b3, ba1 = bogs = bog and Gry = I1.

The cost function of the first player can be represented in the fol-
lowing form

e1(z,y) = ((a11 — a13)y1 + (a12 — a13)y2 + a13)x+
((a21 — a23)y1 + (a22 — az3)y2 + az3)(1l — x).

It’s evident that for

yeYi={yeA auy +any:+az(l—yi —y2) >
> ag1y1 + aznys +axn(l—y1 —y2) } =
={y € A:(a11 — a13 + az3 — az1)y1+
+ (a12 — a13 + a3 — az)ys + a1z — ags > 0}

the 1-st strategy of the first player is optimal, for

yeYo={yeA:anuy +any:+az(l—y1 —y2) <
< agyr +axnys +axn(l—y1—y) } =
={y € A: (a11 — a13 + az3 — az1)y1+
+ (a12 — a13 + a3 — az)ys + a1z — ags < 0}
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the 2-nd strategy of the first player is optimal, and for

y € Yo ={y € A:any +ay2 +a3(l —y1 — yo) =
= ag1y1 + azye +ax(l —y1 —ye) } =
={y e A: (a1 —a13 + a3 — a21)y1+
+ (a12 — a13 + a3 — az)ys + a1z — ags = 0}

every strategy x € [0,1] of the first player is optimal. From this, the
truth of the proposition follows. [

2.5 The players don’t have dominant strategies

Proposition 5. If the both players don’t have dominant strategies,
then

NE(F;n) = Gri N Gro,
where Gryi,Gry are defined as in propositions 4A, 4B.

The truth of the proposition follows from the above.

2.6 Algorithm

From the above a simple solving procedure follows. In this procedure
only one step from 1° to 5° is executed.

0° The game I", is considered (see subsection 2.1);

1° If the both players have equivalent strategies in I', then the NE
set in I'y, is X x Y (see the proposition 1);

2° If the both players have dominant strategies in I', then the NE
set in I, is constructed in compliance with proposition 2 and
substitutions of subsection 2.1;

3A° If only the first player has dominant strategy in I', then the NE
set in I}, is constructed in conformity with proposition 3A and
substitutions of subsection 2.1;
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3B°

3C°

4A°

4B°

50

If only the second player has only one dominant strategy in I,
then the NE set in I';,, is constructed in conformity with propo-
sition 3B and substitutions of subsection 2.1;

If the second player has two dominant strategies that dominate
the other strategy in I', then the NE set in I',, is constructed in
conformity with proposition 3B and substitutions of subsection
2.1;

If only the first player has equivalent strategies in I', then the NE
set in I'y, is constructed in accordance with proposition 4A and
substitutions of subsection 2.1;

If only the second player has equivalent strategies in I, then the
NE set in I, is constructed in accordance with proposition 4B
and substitutions of subsection 2.1;

If the both players don’t have dominant strategies in I', then the
NE set in I';, is constructed in compliance with proposition 5 and
substitutions of subsection 2.1.
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