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Abstract

We describe the Nash equilibria set as an intersection of
graphs of players’ best responses. The problem of Nash equi-
libria set construction for three-person extended 2 x 2 x 2 games

is studied.
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1 Introduction and preliminary results

The problem of the Nash equilibria set construction is rarely encoun-
tered in literature. There are diverse explanations of this fact. The
main reason is the complexity of this problem [1].

We consider a noncooperative game:

['= (N, {Xi}ien, {fi(z) }ien),

where N = {1,2,...,n} is a set of players, X; is a set of strategies of
player i € N and f; : X — R is a player’s ¢ € N payoff function defined
on the Cartesian product X = X;enX;. Elements of X are named
outcomes of the game (situations or strategy profiles).

The outcome z* € X of the game is the Nash equilibrium [3]
(shortly NE) of T if

fi(zi,x™,) < fi(z],x%;),Va; € X;, Vi € N,
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where

% * % * * *
T, = (1’171}2, ...,xi,17xi+17 ceey xn)7

*
T, € X, =XixXogx..xX;_1X Xi+1 X oo X X,
* * * * k *
(@i, 2™ ;) = (27,25, o, @] _1, T4, ;1 1, -r Ty) € X,

There are diverse alternative formulations of a Nash equilibrium [1]
as:

a fixed point of the best response correspondence;

a fixed point of a function;

a solution of a non-linear complementarity problem;

a solution of a stationary point problem:;
e a minimum of a function on a polytope;
e a semi-algebraic set.

We study the Nash equilibria set as an intersection of graphs of players’
best responses [4], i.e. intersection of the sets:

Gri={(zi,z_;) e X :x_; € X_;,z; € Arg max fi(zi,x_;)}, i € N.
T, €EXG

Theorem 1. The outcome x* € X is a Nash equilibrium if and
only if z* € ﬂ Gr;.
1EN
The proof follows from the definition of the Nash equilibrium.
Corollary. NE(T') = ﬂ Gr;.
iEN

If all strategy sets X;,i € N, are finite, then a mixed extension of
I'is
Lo = (M, f{(p),i € N),
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where
[ = filw)p () pa(w2) - pin (),
zeX
po= (H1, f2s s fin) € M = Xien M;,
M; is a set of mixed strategies of the player i € N.

Theorem 2. If X is a finite set, then the set NE(I'y,) is a
nonempty compact subset of the M. Moreover, it contains the set
NE([):

NEI) C NE(T,,) # 0.

One of the simplest solvable problems of the NE set determination
is the similar problem in the mixed extension of two-person 2 x 2 game
[1, 2, 4]. In this paper the class partition of all three-person 2 x 2 x 2
games is considered and the NE set is determined for mixed extension
of the games of each class.

2 Main results

Consider a three-person matrix game I' with matrices:

A= (aijk), B = (bz‘jk), C = (Cijk)a = 1,2, ] = 1,2, k‘ = 1,2.

The game 'y, = ({1,2,3}; X, Y, Z; f1, fa, f3) is the mixed extension
of I, where

X ={x=(v1,22) € R? 111 + 13 = 1,21 > 0,29 > 0},
Y ={y=y) e R?:y1+y2=1,y > 0,3 >0},
Z={z=(21,2)€R?: 21 +20=1,20 > 0,20 >0},
filx,y,m) = S0 Y5 Yk aukiyizk,

fo(x,y,2) = 20y 35 Yk bk,

2 2 2
fs(x,y,2) = 3200 D250 Dok Cik @il 2k
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By substitutions:
r1=xz,10=1—x, 2 €l0,1];
y1=y,y2=1-y,yel0,1];
21=2,20=1—2,2€10,1],

the game '), is reduced to the equivalent normal form game:

Ty, = ({1,2,3};[0,1], [0, 1], [0, 1]; 1, 2, ¥3).-

where

#1 (:C, Y, Z) =

((a111 — a211)yz + (@112 — a212)y(1 — 2) + (@121 — az21)(1 —y)z +
(@122 — ag22)(1 —y)(1 — 2))x +

((a211 — a221)z + (@212 — a222)(1 — 2))y + (ag21 — a222)z + a292;

©2 (xv Y, Z) =

((b111 — bi21)zz + (b112 — big2)z (1 — 2) + (ba11 — bao1)(1 — z)z +
(b212 — baz2) (1 — 2)(1 — 2))y +

((b121 — bag21)z + (bi22 — b222)(1 — 2))z + (ba21 — b222)z + baga;

903(377 Y, Z) =

((e111 — cr12)zy + (c121 — c122)x(1 —y) + (c211 — e212) (1 — )y +
(c221 —c222)(1 —2)(1 — y))z +

((e112 — e212)y + (€122 — €222) (1 — y) ) + (c212 — €222)y + C200.

Thus, T, is reduced to the game I",, on the unit cube.

If NE(T,) is known, then it is easy to construct the set NFE(T,,).

Basing on properties of strategies of each player of the initial pure
strategies game I', diverse classes of games are considered and for every
class the set of NE(I'),) is determined.

Proposition 1. If all players have equivalent strategies, then
NE(T.,) = [0,1)°.
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Remark. In the case, considered in proposition 1, players have the
following linear payoff functions:

o1(z,y,2) = ((a211 — a221)z + (a212 — a222)(1 — 2))y + (a1 —
a222)z + a222,

w2(x,y, 2) = ((br21 —ba21) 2+ (b122 —b222) (1 —2) )z + (b221 —b222) 2+
ba22,

w3(z,y, 2) = ((cr1i2—c212)y+ (122 —c222) (1 —y) )+ (c212 — C222) Y+
€223.

Every player doesn’t influence on his payoff function, but his strategy
is essential for payoff values of the rest of the players.

Proposition 2. If all the players have dominant strategies in T,
then NE(I",)) contains only one point:

(0,0,0) if strategies (2,2,2) are dominant;

,1)  if strategies (2,2,1) are dominant;

1 0) if strategies (2,1,2) are dominant;

, 1,1)  if strategies (2,1,1) are dominant;
NE(I') = : ) .

0,0) if strategies (1,2,2) are dominant;

0,1) if strategies (1,2,1) are dominant;

1,0) if strategies (1,1,2) are dominant;

1,1)  if strategies (1,1,1) are dominant.

0,
(
(
(
(
(
(

=R R RO O«

\

Proof. 1t is easy to observe that graphs coincide with facets of unite
cube.
For first player:

{1} if the 1-st strategy is dominant in T',

Arg xrg[%,}i] Py, 2) = { {0} if the 2-nd strategy is dominant in T,
V(y,z) € [0,1]%. Hence,

Cre — x [0,1] x [0,1] if the 1-st strategy is dominant,
Y71 0x[0,1] x [0,1] if the 2-nd strategy is dominant.
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For second player:

Arg max pa(z,y, 2) =

{1} if the 1-st strategy is dominant in T,
y<[0,1]

{0} if the 2-nd strategy is dominant in T,
V(z, 2) € [0,1]2. So,

G — [0,1]x1 x [0,1] if the 1-st strategy is dominant,
270 [0,1]x0 x [0,1] if the 2-nd strategy is dominant.

For third player:

{1} if the 1-st strategy is dominant in T,

Arg zlg[%ﬁ} ol 2) = { {0} if the 2-nd strategy is dominant in T',
V(x,y) € [0, 1]%. Hence,

G — [0,1]x[0,1] x 1 if the 1-st strategy is dominant,
3 [0,1]x[0,1] x 0 if the 2-nd strategy is dominant.

Consequently, the NE set contains only one vertex of unit cube. [

Proposition 3. If the first and the second players have dominant
strategies and the third player has incomparable strategies, then:

;

(1,1,0) if (1,1,-) are dominant and c111 < ¢112,
(1,1,1) if (1,1,) are dominant and c¢111 > c112,
1x1x][0,1] if(1,1,-) are dominant and c111 = 112,
(0,0,0) if (2,2,-) are dominant and ca91 < ¢392,
(0,0,1) if (2,2,-) are dominant and ca21 > 292,
NE(T.) = 0x0x[0,1] 1:f (2,2,-) are dom1:11a11t and c991 = €999,
(1,0,0) if (1,2,-) are dominant and c121 < ¢122,
(1,0,1) if (1,2,-) are dominant and c121 > c122,
1x0x[0,1] if(1,2,-) are dominant and cj21 = 122,
(0,1,0) if (2,1,-) are dominant and ca11 < €212,
(0,1,1) if (2,1,) are dominant and ca11 > c212,
0x1x1[0,1] if(2,1,-) are dominant and ca11 = €212.

Similarly the NE set can be constructed in two other possible cases:
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- players 1 and 3 have dominant strategies, and player 2 has in-
comparable strategies;

- players 2 and 3 have dominant strategies, and player 1 has in-
comparable strategies.

So, the NE set is either one vertex of a unit cube or one edge of this
cube.

Proposition 4. If the first and the second players have dominant
strategies and the third one has equivalent strategies, then

[0,1] if (1,1,-) are dominant,

;) 0x0x]0,1] if (22, ) are dominant,
NE(Tm) = [0,1] if (1,2,-) are dominant,
[0,1] if (2,1,-) are dominant.

Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have dominant strategies, and player 2 has equiv-
alent strategies;

- players 2 and 3 have dominant strategies, and player 1 has equiv-
alent strategies.

Thus, the NE set is an edge of unit cube.

Proposition 5. If the first and the second players have equivalent
strategies, and the third player has dominant strategy, then

NE(T.) = [0,1]x[0,1]x1 if the 1-st strategy is dominant,
ms = [0,1]x[0,1]x0  if the 2-nd strategy is dominant.

Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have equivalent strategies, and player 2 has dom-
mant strategy;

- players 2 and 3 have equivalent strategies, and player 1 has dom-
nant strategy.
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In such a way, the NE set is a facet of a unit cube.

Proposition 6. If the first player has equivalent strategies, the
second player has dominant strategy and the third player has incom-
parable strategies, then

NE(T!))) = Grs,

where
[O;—%) x1x0U
—2x1x[0,1JU ify >0,
(—%;1] x1x1
{ [O;—%)XlxlU
Grs = 10,1 N —%xlx[O,I]U if y1 <0,
(—%;1] x1x0
[0,1]x1 x 0 ify1 =0, <0,
[0,1]x1 x 1 if y1=0,72 >0,
[ [0.1]x1 % [0,1] #fn=7=0

Y1 = €111 —C112 — €211 + €212, Y2 = C211 —C212, V3 = C112 — €212, V4 = €212

if the 1-st strategy of the second player is dominant,

and
([ 0;-22) x0x0U
—%XOX[O,I]U if 45 > 0,
(—%;1] x0x1
[0;—2) x0x1U
Grs =[0,1>n —2 % 0x[0,1]]U  ify5 <0
’ Y5 ? 75 )
(—%;1] x0x0
[0,1]><0 x 0 if’y5 =0, 7% <0,
[0,1]x0 x 1 ifv5 =0, v > 0,
[O,l]XO X [07 1] 1f75 =Y = 07

Y5 = €121 —C122 —C221 +C222, Y6 = €221 —C222, V7 = €122 —C222, Y8 = €222
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if the 2-nd strategy of the second player is dominant.

Proof. If the 1-st strategy of the second player is dominant, then
3(x,y,2) = (x(c111—cr12)+(1—2)(c211 —c212) ) 2+ (Ccr12— C212) T+ C212 =

= (M2 + 72)z + 132 +

From this the truth of proposition follows evidently.
If the 2-nd strategy of the second player is dominant, then

w3(z,y, 2) = (x(c121—c122) +(1—2)(c221 —C222) ) 2+ (C122— €222 ) T +C222 =

= (152 + ¥6)2 + v72 + 5.

From this the truth of the second part of the proposition results. [J
Similarly the NE set can be constructed in the following cases:

- player 1 has equivalent strategies, player 3 has dominant strategy,
and player 2 has incomparable strategies;

- player 2 has equivalent strategies, player 1 has dominant strategy,
and player 8 has incomparable strategies;

- player 2 has equivalent strategies, player 3 has dominant strategy,
and player 1 has incomparable strategies;

- player 3 has equivalent strategies, player 1 has dominant strategy,
and player 2 has incomparable strategies;

- player 3 has equivalent strategies, player 2 has dominant strategy,
and player 1 has incomparable strategies.

Proposition 7. If the first and the second players have incomparable
strategies and the third player has dominant strategy, then

NE(T) = Gri N Gra,
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where
0x[0;—52) x 1 U
[0,1]><—3‘—f><1u if aq > 0,
Ix (=531 x1
Ix[0;-52) x1U
Gry = 1[0,13n 01]x =2 x1U  ifa; <0,
0x (=31 x1
0x[0,1] x1 ifa; =0, ag <0,
1x1]0,1] x1 ifa1 =0, ag > 0,
[0,1][>< [0} 1] x 1 ifa1 = Qg = 0,
[;—%)x()xlu
%X[O,l]xlu if 31 >0,
(=331 x1x1
[O;—%)xlxlu
Gry = [0,1° N ~2 %[00 %10 iffi <0,
(=31 x0x1
[0,1]x0 x 1 if 1 =0, B2 <0,
0,1]x1 x 1 if 1 =0, B2 > 0,
\{0,1}x[0,1]><1 if B1 = B =0,

Q1 = a111—0211—0121+0221, A2 = A121—0221, O3 = A211—0221, 4 = 4221,
B1 = bi11 —b121 — ba11 +ba21, B2 = ba11 — bao1, B3 = b121 — bao1, B4 = baoy
if the 1-st strategy of the third player is dominant,

and

0x[0;—-52)x0U

01x =3¢ x0U  ifas >0,

Ix(=551] x0

1x[0;-58) x0U

Gri=[0,1]*>n 0,]]x =& x0U  ifas <0,
0x (=521 x0
0x[0,1] x1 ifas =0, ag <0,
1><[0,1]XO if()é5:0,()é6>0,
[0,1])([0, 1] X 0 ifOé5 = Qg = 0,
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[; %)XOXOU
><[() 1]x0U ifB5 >0,
( g1 x1x0
[, %)mxou
Gra =[0,1]> N ><[ 1]x0U ifB5 <0,
(ﬁ—6 1] x0x0
[0,1]x0 x 0 if B5 =0, B <0,
[0,1]x1 x O if Bs =0, B > 0,
[0,1]x[0,1] x if B5 = G5 = 0,

a5 = a112—0212—0122+0222, O = A122—0222, 07 = A212—0222, (/8 = 1222,
B5 = b112 — b122 — b212 + b222, B6 = ba12 — b222, B7 = b122 — b222, B = booo

if the 2-nd strategy of the third player is dominant.

Proof. If the 1-st strategy of the third player is dominant, then
o1(z,y,2) = (y(arn—az11)+(1-y)(a121 —a221))x+(az11 —aze1 )y+aze =
= (a1y + a2)z + azy + au,
w2(z,y,2) = (w(b111—b121)+(1—2)(b211—b221))y+(b121 —b221) T +b221 =

= (B1x + B2)y + Bzx + Sa.

From the above the truth of the proposition follows.
If the 2-nd strategy of the third player is dominant, then

v1(x,y, 2) = (y(ar12—a212)+(1—y)(a120—a292) ) x+(a212—a222)y+agee =
(asy + ag)x + ary + as,
w2(z,y, 2) = (x(br12—b122)+(1—2) (ba12—b222) ) y+ (b122—b222 ) +bo22 =

(Bsz + B6)y + Brx + Bs.

From this the truth of the second part of the proposition results. [J
Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have incomparable strategies, player 2 has domi-
nant strateqy;
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- players 2 and 3 have incomparable strategies, player 1 has domi-
nant strategy.

Proposition 8. If the first and the second players have equivalent
strategies and the third player has incomparable strategies, then

NE(T},) = Grs,
where
Grz=1[0,1PN{Xo x Yo x0U X— x Y= x [0,1]U X> x Yo x 1},
Xe xYe={(z,y) : x €10,1], y € [0,1], mixy + y2x + v3y + 74 < 0},
Xox Yo ={(z,y) : z €[0,1], y € [0,1], mzy + 727 + 3y + 71 = 0},
Xs xYs ={(z,y) : z €10,1], y € [0,1], 1zy + y22 + Y3y + 74 > 0}.
Y1 = €111 — €112 — C121 + €122 — €211 + €212 + €221 — €222,

Y2 = €121 —C122 —C221 +C222, Y3 = C211 —C212 —C221 +C222, Y4 = €221 —C222.

Proof. The truth of the proposition results from the following rep-
resentation of the cost function:

e3(z,y,2) = (vy(cin1—criz) +o(1—y)(c11—c122) +(1—2)y(ca11 —c212) +
+(1—2)(1 —y)(ca21 — ca22))2z + (y(c112 — e212) + (1 — y) (c122 — c222) )T+
+(ca12 — C222)y + 222 =
= (M12Y + 722 + Y3y + Y1)z + 12Y + %67 + 7Y + 78,

where
V5 = C112 — €212 — €122 1+ €222, 76 = C122 — €222, Y7 = €212 — 222,78 = C222.

O
Similarly the NE set can be constructed in the following cases:

- players 1 and 8 have equivalent strategies, player 2 has incompa-
rable strategies;
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- players 2 and 8 have equivalent strategies, player 1 has incompa-
rable strategies.

Proposition 9. If the first and the second players have incomparable
strategies and the third player has equivalent strategies, then

NE(T,) = Gry N Gra,

where
Gri=10,1PN{0x Yo x ZoU[0,1] X Y= x Z_U1 x Y5 x Zs},

Gro=[0,1PN{X- x0x Zo UX_ x [0,1] x Z_U Xs x1x Z>},
Yo x Zo={(y,2) : y€[0,1], z € [0,1], a1yz + qoy + azz + oy < 0},
Yo x Z- ={(y,2) : y€[0,1], 2 € [0,1], a1yz + oy + a3z + ayq = 0},
Yo x Zs ={(y,2) : y€[0,1], z € [0,1], cqyz + a2y + a3z + ag > 0},
Xe xZe=A{(z,2) : x €]0,1], z € [0,1], B1xz + Box + P32 + P4 < 0},
XoxZ-={(x,2) : z€[0,1], 2 € [0,1], Braxz + Box + B3z + 4 = 0},
Xs xZs ={(z,2z) : x €0,1], z € [0,1], frzz + Pox + B3z + 1 > 0},
o1 = 0111 — @211 — G112 + G212 — Q121 + G221 + G122 — 4222,

Q2 = a112—0a212— 01220222, 3 = Q121 —A221 —A122HA222, 4 = A122— 0222,
B1 = bi11 — bio1 — b1z + bia2 — ba11 + baz1 + b212 — bago,

B2 = b112—b122 —ba12+ba22, B3 = ba11 —bao1 —b212+b222, B4 = ba1a —bago.

Proof. The truth of the proposition results from the following rep-
resentation of the payoff functions:

v1(z,y, 2) = (yz(ar1—a211)+y(1—2)(ar12—a212)+(1—y)z(a121 —ag1 )+

+(1 = y)(1 — 2)(a122 — agz2))a+

+(z(a211 — a221) + (1 — 2)(a212 — a222))y + (a221 — a222)z + ag22 =
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= (qyz + aoy + a3z + a4)T + asyz + agy + arz + as,
w2(z,y,2) = (v2(b111—b121)+2(1—2) (b112—b122) +(1—2)2(b211 —b221) +
+(1 = 2)(1 — 2)(b212 — bao2))y+
+(2(b121 — b221) + (1 — 2)(b122 — bao2))w + (baz1 — baza)2z + bage =

= (b1w2 + fox + P32 + Ba)y + Bsx2 + Box + Brz + Ps.
O
Similarly the NE set can be constructed in the following cases:

- players 1 and 3 have incomparable strategies, player 2 has equiv-
alent strategies;

- players 2 and 8 have incomparable strategies, player 1 has equiv-
alent strategies.

Proposition 10. If all players have incomparable strategies, then
NET,) = Gry N Gra N Grs,
where
Gri=10,1PN{0x Yo x Z-U[0,1] X Y= x Z_U1 x Y5 x Z},

Gro=[0,1PN{Xcx0x Zo UX_ x[0,1] x Z-UXs x 1 x Z>},
Grs=1[0,1N{Xc x Yo x 0UX_ x Y_ x [0,1] U X5 x Y5 x 1},
the components of the Gri, Gro, Grs are defined as above.

Proof. The truth of proposition results from the following repre-
sentation of the payoff functions:

o1(x,y,2) = (yz(a111 — az2n) + y(1 — 2)(ar12 — az212)+

+(1 —y)z(a2r — age1) + (1 — y)(1 — 2)(ar22 — age))z+

+(z(a211 — a221) + (1 — 2)(a212 — a222))y + (a221 — a222)z + a222 =
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= (1yz + aoy + a3z + au)x + asyz + agy + arz + asg,
©2(2,y, 2) = (v2(b111 — b121) + (1 — 2)(b112 — b122)+
+(1 = 2)2(ba11 — ba21) + (1 — 2)(1 — 2)(b212 — ba22))y+
+(2(b121 — b221) + (1 — 2)(b122 — bag2))w + (baz1 — baza)2z + bage =
= (Bizz + Box + B3z + Ba)y + Bswz + Bex + Brz + Ps,
@3(r,y,2) = (wy(cinn — c112) + (1 — y)(c121 — c122)+
+(1 = 2)y(can1 — e212) + (1 — 2)(1 — y)(caz1 — cazo))z+
+(y(cr12 — c212) + (1 — y)(c122 — c202))@ + (212 — €202)y + €222 =
= (Mmay + 720 + 73y + 74)2 + Y2y + V6T + 7Y + 8-
O

3 Conclusions

The NE set can be described as an intersection of graphs of players’
best responses.

The solution of the problem of NE set construction in the mixed
extension of the 2 x 2 x 2 game illustrates that the NE set is not neces-
sarily convex even in convex game. Moreover, the NE set is frequently
disconnected. Thus, new conceptual methods ”"which derive from the
theory of semi-algebraic sets are required for finding all equilibria” [1].
In this article we make an attempt to give an idea of such a method.
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