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Sensitivity analysis of efficient solution in

*

vector MINMAX boolean programming problem
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Abstract

We consider a multiple criterion Boolean programming prob-
lem with MINMAX partial criteria. The extreme level of inde-
pendent perturbations of partial criteria parameters such that
efficient (Pareto optimal) solution preserves optimality was ob-
tained.
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Let C = (¢;) € R, nm € N, m > 2 C; =
(Ci1, Cigy -y Cim), E™ ={0,1}™, T be the non-empty subset of the
permutations set S, which is defined on the set N,,, = {1,2,...,m}.
On the set of non-zero solutions (i.e. Boolean non-zero vectors)

X CE™, |X| > 1, we define the vector criterion

flz,C) = (fi(z,CY), falx, Cy), ..., fu(x,Cp)) — min.

zeX
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The components (partial criteria) are functions

fiz,C;) =max > ¢y, @ € Ny,

o
where
; 1 2 ... m N(z) = {j € N 1
= , T)=)€ Nyp: x; =17.
1) #(2) ... t(m) ’
Suppose Ci[t] = (Cit(1), Cit(2)s ---» Cit(my)- Then we can rewrite

partial criteria in the following form

fi(z, C;) = max Ci[t]x, i € Ny,

teT

where

= (21,9, .y Tm) .

The problem of finding the set of efficient solutions (the Pareto
set)
PYC) ={z e X n(z,C) =0}

we call a vector minimax Boolean programming problem and write

Z"(C), where
m(x,C) ={a" € X : ¢q(z,2',C) > 0y, q(z,2',C) # O}

Q(xw%'/ac) = (Q1(513>$/701>7 qQ(x7$/702)7 7Qn(x7x/acn))7
qi(ZL’,J,’/,C@) = fi(I,Ci>—fi(.T/,Ci>, 1€ Ny, O(n) = (0,0, ,O) € R".
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By analogy with [1 — 4], where the stability radius of efficient
solution in different optimization problems was studied, the num-

ber O 040
sup (2, i ,

0, otherwise
is called the stability radius of the efficient solution z° € P™(C).

Here
Q={e>0: VO € R(e) (2" € P"(C + C")},
RE)={C"e R || C" ||o< €},
| C" ||oo= maX{|c;j| : (i,7) € Ny x Ny }b, €' = (c;j) e R™™,
We consider p"(x?, C) = oo if for any matrix C' € R™*™
e PM(C+(C).
For any 2° # x and any permutation ¢ € T we introduce the

following notifications:
T x)={teT: VW eT (N@a"t)#N(xt))},
N(z,t)={t(j): j€ Ny & x; =1},
T(2° 2) =T\T(2°, z).
Lemma 1 Assume that 1° # 2, 2%, 2 € X t° € T(2°, 2). Then
Cilt]a” < filw, C)
for any index i € N,, and matriz C' € R"*™.

322



Sensitivity analysis of efficient solution in ...

Proof. Let t° € T(2° z). Then there exists #' € T such that
N(2°,t") = N(x,¢). So for any i € N,, we have

Cyi[t°)2" = Ci[t]x < max Ciltlr = fi(z, ;).

Lemma 1 is proved.
The efficient solution z° is called trivial if the set T'(2°, z) is

empty for any z € X\{z°} and non-trivial otherwise.

Theorem 1 The stability radius p"(2°,C) of any trivial solution
2° of the problem Z"(C) is infinite.

Proof. Let 2° € P"(C). Since z trivial, the equality T =
T(2°, z) is true for any x € X\{2°}. By lemma 1, the inequality

holds for any z € X\{2°}, t° € T, i € N,,, C" € R™™. Hence
q(x()? z, C + C/) S O(n)

So the solution 2 € P™(C) preserves the efficiency for any inde-
pendent perturbations of matrix C. Thus p"(z°, C') = co. Theorem

1 is proved.

By definition, put
X(2°) ={z € X\{a"}: T(a" ) # 0}.
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Lemma 2 Let 2° be non-trivial efficient solution of the problem

Z"(C), ¢ > 0. Suppose for any matriz C' € R(p) and x € X (2°)

there exists an index 1 € N,, such that
gi(z,2°,C; + C)) > 0.
Then
' e PM(C+ ()
for any matriz C' € R(yp).
Proof. Let x ¢ X (2°). Then for any ¢ € T there exists ¢’ € T

such that N(z°,¢) = N(z,t"). Hence we have for any index i € N,,
and any matrix C’ € R(y)

(,2°, Ci + Cf) = max(Cs + [t} — manx(Cs + CY[fla” =
= r?eaTx(Ci + CH[tx — (Ci + CH[t*]2° >
> (Ci+ )Yl — (Cot O[] = 0.
It means that
' e P"(C+ ()

for any matrix C’ € £(¢). Lemma 2 is proved.

For any non-trivial solution z° put

n/. 0 . . CZ [t]ﬂf — Ci[to]xo
©"(z”,C) = min max min max )
2€X (20) i€N, 10T (20,2) teT o (20,19, x 1)
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where
o(2°,t% x,t) = |(N(2°,t°) U N(2,t))\(N(2°,°) N N(z,1))].
The following statements are true
' e T(z,2°) = VteT (o(z°1° z,t) =0). (1)
Ci[tlx — Ci[t°)2° + ||Cy| oo (2°,8°, 2,8) > 0, i € N,,,  (2)
It is easy to see that 0 < (2%, C) < .

Theorem 2 The stability radius p™(x°, C) of any non-trivial effi-

cient solution x° of the problem Z™(C) is expressed by the formula
p"(2°,C) = ¢"(2°, 0).

Proof. First let us prove that p"(2°,C) > ¢ := ¢"(2°, C). For
¢ = 0, it is nothing to prove. Let ¢ > 0. Then for any z € X (2°)
there exists an index ¢ € NNV,, such that

: Ci[tJx — Ci[t°)2°
min  max

0 40
0eT(20,2) teT (20,19, x, )

We have the following statements for any C’ € R(p)
gi(z,2°, C; + C}) = max(C; + C))[t]x — max(C; + C))[t°]2° =
€T t0eT

i T — (.[4074:0 " — C'[0120) >
%?é?f%%x(cl[t}x Ci[t")x” + Ci[t]x — C{[t"]«") >

> mi . —_ (.[491,0 _ ! 0 40
> glelgr}?eafx(@[t]x Ci[t°)1z" — ||Ci|o (2,7, x, t)).
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Using (1) we continue
= min max(Ci[tlr — Ci[t°]2° — ||C}||o(2°,1°, 2, 1))

0T (20,2) teT
Applying (2) we finally conclude
> toer?(ixn%) rPeaTX(C’i[t]x — Ci[t2° — oo (2°,1°,2,1)) > 0.
Thus, by lemma 2, we obtain that non-trivial solution z° preserves
efficiency for any perturbing matrix C’ € R(yp), i.e. p"(z°,C) > .
It remains to check that p"(2°, C') < ¢. According to the defi-

nition of ¢, there exists € X (z°) such that for any i € N,,

>  min max = max = .
0eT(a02) teT  o(x0,t9 x,t) teT  o(a0t, z,t)

(3)

Let € > 0. Consider the following perturbing matrix C* € R"*"™.

Every string C, 7 € N,, of this matrix consists of the elements

{ a, ifje N2 1),

— «, otherwise,

ko

where ¢ < a < €. Using (3) we get the following expressions:
A 0 . *) — . * _ . * 0 ~
gi(z, 2", Ci + C7) = max(C; + C7) [tlr — max(C; + C7)[tla” <

r?eaTX(C'ri-C'f)[t]x— (Ci+CH[t]° = (C;+CF) [tz — (Ci+Cy)

= Ci[tf]lz—C;i[t]2°—ao (2, f, 2, 1) < Cift]lz—Ci[t]a’—po (2, t, x,1) <

, — C.[£]120
< Ci[t]lx — Gi[t]a° — (2, 1, z, ) max Cilt]z NC'z[t]x <
teT  o(20t, 1)
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. _ 1,0
< Cffle — Offla® — o(a®, T,z ) S = Cllla® _
o(x0, ¢, z,t)

Hence 2° is not efficient solution of the problem Z"(C + C*),

where C* € R(p). It means that p"(2°,C) < ¢. This completes

the proof of Theorem 2.
1 2 . m

Assume that T = {t°}. 1° = ' . Then our
1 2 ... m
problem transforms into vector linear Boolean programming prob-
lem
fi(z,C;) = Ciz — min, i € N,
zeX
where X C E™.

In this case one can see that any efficient solution is non-trivial.

The next corollary follows from theorem 2.

Corollary 1 [1] The stability radius of any efficient solution z°

of wvector linear Boolean programming problem Z"(C), n > 1,

equals to
) Ci(x — 2%)
min max ————,
zeX\{z0} i€N, ||x — 2O||*
where ||2]* = X |z, 2= (21, 22, .., 2m) € R™.

JENR

Any efficient solution z° of the problem Z"(C) is called stable
if p"(2%, C) > 0, and strongly efficient if there does not exist x €
X\{z"} such that C;z° > C;x. From corollary 2 we have

Corollary 2 [1] Any efficient solution of vector linear Boolean

programming problem is stable iff it is strongly efficient.
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