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Sensitivity analysis of efficient solution in vector
MINMAX boolean programming problem *
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Abstract

We consider a multiple criterion Boolean programming prob-
lem with MINMAX partial criteria. The extreme level of inde-
pendent perturbations of partial criteria parameters such that
efficient (Pareto optimal) solution preserves optimality was ob-
tained.
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Let C = (Cij) e R nme N, m>2 C; = (Ci1, Ci2y +vy Cim)
E™ = {0,1}™, T be the non-empty subset of the permutations set S,
which is defined on the set N, = {1,2,...,m}. On the set of non-zero
solutions (i.e. Boolean non-zero vectors) X C E™, |X| > 1, we define
the vector criterion

f(a:,C) = (f1($701)7f2(x702)7 7fn($,Cn)) — :Ivlél)l(l

The components (partial criteria) are functions

filw, C) = I?E%X Cit(5)> i € Np,
JEN(z)
where
1 2 .. m '
= t(l) t(2) t(m) ) N(:E) - {] € Ny, : Tj = 1}‘
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Suppose C;[t] = (Ci(1), Cit(2)» -+ Cit(m))- Then we can rewrite partial
criteria in the following form

filx,Cy) = r?eaTXCi[t]x’ 1 € Ny,

where

T = (1'1,1'2, "'7xm)T'

The problem of finding the set of efficient solutions (the Pareto set)
P'(C)={z € X w(z,C) =10}
we call a vector minimaz Boolean programming problem and write
Z™(C), where
7(z,C0)={2" € X : q(x,2/,C) > O(n)s q(x,2',C) # On) }-
q(z, 2", C) = (q1(z,2',C1), qa(x,2',Cs), ... ,qu(z,2',Cy)),
gi(z,2',C;) = fi(z,C;) — fi(2', Ci), i € Ny, Oy = (0,0,...,0) € R".

By analogy with [1 — 4], where the stability radius of efficient solu-
tion in different optimization problems was studied, the number

pn(xO,C') — { SupQ if Q ;é .@,
0 otherwise

is called the stability radius of the efficient solution x° € P"(C'). Here
Q={e>0: VO € R(e) (2 € P"(C + ")},
R(e) ={C" e R : | " [lw< e},
| C" o= max{\c;j| : (i,4) € Ny X Ny}, O = (c;j) € R,
We consider p"(z?, C') = oo if for any matrix C’ € R™*™
¥ e P"(C+ ().
For any 20 # 2 and any permutation ¢t € T we introduce the fol-
lowing notifications:
T z)={teT: VT (N t)# N(xt))},
N(z,t) ={t(4): j € Ny & z; =1},
T(z°,2) = T\T(2, x).
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Lemma 1 Assume that 2° # z, 2,2 € X t° € T(2°,2). Then
Ci[t")a” < fi(x, Cy)
for any index i € N,, and matriz C € R™*™,
Proof. Let t° € T(2° z). Then there exists ¢ € T such that
N(2%,t%) = N(z,t). So for any i € N,, we have

Cilt°]2° = Ci[t']w < I%leajzici[ﬂff = fi(z,Cy).

Lemma 1 is proved.
The efficient solution 2 is called trivial if the set T'(z°, x) is empty

for any z € X\{z"} and non-trivial otherwise.
Theorem 1 The stability radius p"(z°,C) of any trivial solution z°

of the problem Z™(C) is infinite.

Proof. Let 20 € P"(C). Since z trivial, the equality T = T'(2°, z)
is true for any x € X\{z°}. By lemma 1, the inequality

(C+CN[t"2° < filx,Ci + C))
holds for any z € X\ {2}, t° € T, i € N,,, C' € R™™. Hence
q(2° x,C +C") < On)-

So the solution 2° € P"(C) preserves the efficiency for any independent
perturbations of matrix C. Thus p"(z°, C') = co. Theorem 1 is proved.
By definition, put

X(2%) = {z € X\{2°} : T(2°, z) # 0}.

Lemma 2 Let 2° be non-trivial efficient solution of the problem
Z"(C), ¢ > 0. Suppose for any matriz C' € R(p) and v € X (a)
there exists an index i € N,, such that

qi(:r,xo, Ci+ C!) > 0.

Then
¥ € P"(C + )
for any matriz C" € R(p).
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Proof. Let x ¢ X (2%). Then for any ¢ € T there exists t' € T such
that N(2°,t) = N(x,t'). Hence we have for any index i € N,, and any
matrix C’ € R(p)

(z,2°%, C; + C) = Otz — o+ C)[t)2° =
gi(z,27, Ci + C;) = max(C; + Gj)[t]e — max(Ci + C;)[t]x

(Ci+Ca—(CiH O = (Cit T e —(Cit-CE]a® = 0.

— Imax
teT

It means that
2% e PM(C + )

for any matrix C’ € R(¢). Lemma 2 is proved.
For any non-trivial solution z° put

C:ltlxe — O #0120
(pn(q;O’C) = min max min max z[ ]xo . z[ ]x ’
2EX (20) €N, 0T (20,2) teT o (aV, 10, z, 1)

where
o(z%,1%, z,t) = (N (2, t°) U N(z, ) \(N(z°,£°) N N(z,1))|.
The following statements are true
Ve T(z,2") = VteT (o(z2,°2,t) = 0). (1)
Ci[t]x — Ci[t2° + ||Cil|ooo (22,0, 2,2) > 0, i € N, (2)
It is easy to see that 0 < ¢"(z%, C) < co.

Theorem 2 The stability radius p"(z°, C) of any non-trivial efficient
solution x° of the problem Z™(C') is expressed by the formula

p"(20,0) = " (2, C).

Proof. First let us prove that p"(2%,C) > ¢ = ¢"(2°,C). For
¢ = 0, it is nothing to prove. Let ¢ > 0. Then for any x € X (2°) there
exists an index ¢ € N,, such that

. CZ [t]x - Cl [tO]SUO
min max >
0T (a0 2) teT o (29,80, 2,t)
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We have the following statements for any C’ € R(ip)

gi(z,2°,C; + C)) = (Ci + C)t]lx — max(C; + CF)[t°]2” =

ax
t0eT t0eT

— T — 149140 "l — 11920 >
glelgr?eajg(((}’z[t]x Ci[t°|z” + Ci[t]lx — Cj[t"]z”) >

> min max(Ciftlz — Cilt“)a® — ||Clllo(a", ¢, ,1).

Using (1) we continue

= i ) — (4910 _ ! 0 40
_toerjg(lg(l)7x) I{?%(Cl[t]x Ci[t"]z” — ||Cjl|o(z”, 17, z, 1))

Applying (2) we finally conclude

> toer%l(i:g,x) I{gﬁ((@[ﬂ:ﬂ — C4[t°2° — o (2°,1°, 2, 1)) > 0.

Thus, by lemma 2, we obtain that non-trivial solution z° preserves
efficiency for any perturbing matrix €’ € R(y), i.e. p* (20, C) > .
It remains to check that p"(z%, C) < ¢. According to the definition
of ¢, there exists z € X (2°) such that for any i € N,,
Ci [t]ﬂj - Cl [tO]ZL‘O Cl [t]l‘ - CZ [ﬂﬂ?o

(> min max = max =
0T (27 z) teT (20,19, z,t) teT  o(29t,x,t)

3)

Lev £ > 0. Consider the following perturbing matrix C* € R™*™. Every
string C;, i € N, of this matrix consists of the elements

. {a if j € N(2°,1),

— «a  otherwise,

where ¢ < a < e. Using (3) we get the following expressions:

4 0 . ) . * _ . * 0 «
gi(z, 2", C; + ) = max(C; + 7 [t]z — max(C; + OF)[t]a” <

(Ci + Ol — (Ci + CH[E)2" = (Ci + CF )[ilz — (Ci + CF[H]a” =

max
teT

= Gtz — Ci[t]2® — ao (2,1, z,) < Cy[t]z — Cy[t]z® — o (2, %, z, 1)

IN
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. — C.:[f]70
< Cilt]z — Ci[t]z® — o(2°, t, z, ) max Cilfle ~C,[t]3:

; _ (.[#]1:0
< Ciltlz — Cilt)a® — o(a°, 1, 2, 1) CZ[?:CO gc’@)x =0
glxr-,tzx,

Hence ¥ is not efficient solution of the problem Z"(C + C*), where
C* € R(p). It means that p" (2%, C) < ¢. This completes the proof of
Theorem 2.
1 2 ... m
— {45 0 _
Assume that T = {t°}. t” = . 2 _ m

lem transforms into vector linear Boolean programming problem

. Then our prob-

fi(.%', Cz) =Cijx — min, 7 € Ny,
zeX
where X C E™.

In this case one can see that any efficient solution is non-trivial.
The next corollary follows from theorem 2.

Corollary 1 [1] The stability radius of any efficient solution z° of
vector linear Boolean programming problem Z"(C), n > 1, equals to

, Ci(x — a)
min  max ——=,
2eX\{20} i€Nn ||z — 20|*

where ||z||* = X |z], 2= (21,22,...., 2m) € R™.
JENR

Any efficient solution 2° of the problem Z"(C) is called stable if
(2%, C) > 0, and strongly efficient if there does not exist x € X\ {z°}
such that C;z° > C;z. From corollary 2 we have

Corollary 2 [1] Any efficient solution of vector linear Boolean pro-
gramming problem is stable iff it is strongly efficient.
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