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1 Introduction

The concept of a metric space is one of the fundamental concepts of mathematics.
Many constructions preserve the property of space metrizability. An example is the
space KC(X) of all non-empty compact subsets of a given metric space X.

Let (X, p) be a metric space and x and y be its points. Then |zy| = p(z,y)
denotes the distance between these points. If A and B are non-empty subsets of X,
then we set |AB| = |[BA| = inf{|ab| : a € A, b € B}. If A = {a}, then instead of
’{a}B} = ‘B{a}| we write |aB| = |Ba|. For a positive real s and a nonnegative real
r, we define

e the open ball with center a € X and radius s as Us(a) = {z € X : |za| < s};
e the open s-neighborhood of non-empty A C X as Ug(A) = {z € X : [zA| < s};
e the closed ball with center a € X and radius v as By(a) = {x € X : |za] <7};

e the closed r-neighborhood of non-empty A C X as Br(A) = {z € X : |z4| <
r}.

For non-empty subsets A, B C X, the value
di (A, B) = max{sup |aB]|, sup|Ab|}
acA beB
is called the Hausdorff distance between A and B. An equivalent definition is:
du(A,B) =inf{r: AC B.(B) and B C B.(A)}.

It is well known that dp is a generalized pseudometric on the set of all non-empty
subsets of a metric space X. Here, the word “generalized” means that dyg may
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be equal to infinity on some pairs of subsets (for example, on a bounded and an
unbounded set), and the word “pseudometric” means that dy may be equal to zero
on some pairs of distinct subsets (for example, on a non-closed set and its closure).

M. Gromov defined the distance between two non-empty metric spaces [1-3]. The
Gromov—Hausdorff distance dgp(X,Y) is the greatest lower bound of the Hausdorff
distances between the images of the spaces X and Y under their isometric embed-
dings in all possible metric spaces.

In this paper, we study a continuous analogue of the Gromov-Hausdorff distance

%y (X,Y) (Formula (7)). We show that

e the continuous Gromov-Hausdorff distance df;(X,Y) is a generalized pseu-
dometrict (Proposition 5) and it dominates the Gromov-Hausdorff metric
deu(X,Y) < d&y(X,Y) (Property (2) of Proposition 6);

e for zero-dimensional metric spaces these distances coincide (Corollary 3), and
the continuous distance from a connected space X to any zero-dimensional
space is not less than the diameter of this connected space (Proposition 12);

e although every continuum in the Euclidean space R", n > 2, is at zero distance
from the set of all pseudo-arcs (Bing’s Theorem [6]), its continuous Gromov—
Hausdorff distance to the set of all pseudo-arcs is equal to half the diameter
of this continuum (Proposition 19);

e Cook’s continuum provides a contrasting example of the difference between
the Hausdorff and Gromov—Hausdorff metrics on one hand and the continuous
Gromov-Hausdorff metric on the other (Corollary 10);

e a metric space Y at zero continuous Gromov—Hausdorff distance from a sphere
S™ n > 1, with an arbitrary metric, is isometric to this sphere (Corollary 4).
But for every metric on the sphere S™, n > 1, there are at least continuum
pairwise non-isometric metric spaces at zero classical Gromov—Hausdorff dis-
tance from this sphere S™ (for example, spaces obtained from the sphere by
discarding of finite sets of points that are pairwise nonisometric to each other).

We also show that, unlike the classical Gromov-Hausdorff distance [7-9], the con-
tinuous Gromov-Hausdorff distance is not complete (Theorem 11). Here it should
be emphasized that all metric spaces do not form a set, and therefore do not form
a topological space. For complete rigor of exposition, a transition to the theory of
von Neumann-Bernays—Godel classes [10] is necessary. Taking this into account,
the concept of completeness of the (continuous) Gromov—Hausdorff distance is well
defined [11]. The assertion we proved that the continuous Gromov—Hausdorff dis-
tance is intrinsic (Theorem 10) also has a correct meaning. However, in order to
remain within the framework of set theory, one can only consider metric spaces of
some cardinalities bounded from above by some fixed one.

n [4], some analogue of the continuous Gromov—Hausdorff distance is also considered, but there
this distance does not satisfy the triangle inequality, which leads to numerous technical difficulties.
Instead of that, we follow the approach of [5].
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2 Definitions

The proper class of all metric spaces considered up to isometry is denoted by
GH, and the subset of GH consisting of all compact metric spaces is denoted by M.

A more technical definition of the Gromov—Hausdorff distance is often used. For
non-empty metric spaces X and Y, the set of non-empty relations between X and
Y, i.e., non-empty subsets of the Cartesian product X x Y, is denoted by Py(X xY').
For o € Py(X x Y'), we define the distortion by setting

dis s = sup{|Jz2/| — [y || : (z,), (+',9/) € o }. (1)

In particular, if f: X — Y is an arbitrary mapping, then we define the distortion
dis f for it as the distortion of its graph

disfzsup{“:vx'|—|f(x)f(:c')|‘ Z$,$/6X}. (2)

Let us note a well-known property of distortion of the relations composition.

Proposition 1. If 0 € Po(X xY), 71 € Po(Y x Z) and T oo # () then dis(t o 0) <
diso + disT.

A multivalued surjective mapping R from X to Y is called a correspondence
between X and Y. The set of all correspondences between X and Y is denoted by
R(X,Y). The Gromov-Hausdorff distance is calculated by the formula [3, Theorem
7.3.25]

don(X,Y) = %inf{disR : Re R(X,Y)}. (3)

A special case of a correspondence can be constructed for any pair of mappings
f: X = Y and g: Y — X by setting Ry, = fU g~ ', where g~! denotes the
inverse relation to the relation g. On the other hand, in each correspondence R €
R(X,Y), a subcorrespondence Ry, can be extracted if f: X — Y and g: Y — X
are chosen such that f ¢ R and ¢ C R™!. It is easy to see that the distortion
of each subcorrespondence does not exceed the distortion of the correspondence, in
particular, dis Ry, < dis R. To calculate the distortion of the correspondence Ry 4,
we need the codistortion codis(f, g), defined as follows:

codis(f.g) = sup{ [l g(y)| ~ |f (@) yl| : v € X, y € ¥ |. (4)

Proposition 2. For any X,Y € GH, a correspondence R € R(X,Y) and any two
mappings f: X — Y and g: Y — X such that f C R and g C R™', the following
holds:

disRy, = max{dis f, disg, codis(f, g)} < dis R. (5)

From Equality (3) and Proposition 2 the following result is immediately obtained.
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Corollary 1 (see [5, p. 3]). For any X,Y € GH, the following holds:

dou(X,Y) = inf max{dis f, dis g, codis(f, g) }. (6)

1
2 f: X>Y
g:Y—=X

It follows from Proposition 1 that the distortion of the composition of mappings
does not exceed the sum of the distortions of these mappings.

Proposition 3. Let three metric spaces X, Y and Z be given, as well as mappings

f h
Xa2Y2Z. Then
g k

codis(h o f,g o k) < codis(f, g) + codis(h, k).

Proof. Let’s choose arbitrary = € X, z € Z and let’s put y1 = f(z), y2 = k(2).
Then

[ (g0 )| = |(ho £)(@) 2| = |l 92| = |hw) 2| | =
= “xg(yz)\ — |y1u2| + |y1u2| - \h(yl)z\‘ <
< [l g(w2)| = [ £@)wa | +||y1k(=)] = [(n) 2]| < codis(f, g) + codis(h k).
The result follows from the arbitrariness of z and z. O

If in Corollary 1 we restrict ourselves to continuous mappings f and g, then we
obtain the definition of the continuous Gromov—Hausdorff distance:

. 1 . . . . .
ap(X,Y) = 5 feclr(l)f(,y) disRy, = B feCl'I(l)f(,Y) max{dis f, dis g, codis(f,g)}, (7)
geC(Y,X) geC(Y,X)

where C'(Z, W) denotes the set of all continuous mappings from the metric space Z
to the metric space W. For brevity, we will also call this distance the continuous
GH -distance.

For a (non-single-point) metric space X and a point € X, we define the
circumscribed and inscribed radii (centered at z) as R, = sup{|za/| : 2/ € X}
and r, = inf{|za2/| : 2’ € X, 2’ # x}, respectively. We introduce four values:

Il
w
o

o)
—~

3
8
8
m

—

For a one-point metric space we reserve the notation A;. It is natural to as-
sume diam(A;) = R(A1) = d(A1) = s(A1) = 0. It is known [3, p. 255] that
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2dgr (A1, X) = diam X. Note that for an unbounded space, it holds diam(X) =
R(X) = 0.

It is clear that for a non-single-point metric space, d(X) = 0 if and only if X
has no isolated points. For a non-single-point finite metric space, s(X) > 0. When
s(X) > 0 we say that the metric is bounded away from zero. For the standard sphere
S™ c R™*! equipped with both the metric induced from R™*! and the intrinsic
metric, we have 0 = s(S™) = d(S™) < R(S™) = diam(S™); for a ball B™ C R™,
we have 0 = s(B™) = d(B™) < 2R(B™) = diam(B™).

The next result is obvious.

Proposition 4. For an arbitrary metric space X, the following chains of inequalities
are valid

0 <s(X) <d(X) <diam(X) <2R(X) and s(X) < R(X) < diam(X).
For a metric space (X, p) and a number A > 0, we will denote by AX the set X

with (pseudo)metric Ap.

3 General properties of the continuous Gromov—Hausdorff distance

Proposition 5. The distance dg,;; satisfies the triangle inequality.

Proof. Let X, Y, and Z be arbitrary metric spaces. We will show that
en(X,2) <dgu(X,Y) +dgu(Y, Z).

If one of the distances df (X, Y) or d, (Y, Z) is infinite, then the inequality holds.
Now let both of these distances be finite. For any ¢ > 0, choose f € C(X,Y)
and g € C(Y,X), as well as h € C(Y,Z) and k € C(Z,Y), for which d¢;(X,Y) >
max{dis f, disg, codis(f, g)} —cand dg (Y, Z) > max{dis h, dis k, codis(h, k)} —e.
Then

dis(ho f) < dis f + dish < d%(X,Y) + dsp (Y, Z) + 2,
dis(go k) < disg+disk < dgu(X,Y) +diy (Y, Z) + 2,
codis(h o f,go k) < codis(f,g) + codis(h, k) < dgy(X,Y) +day (Y, Z) + 2¢,

where
G (X, Z) < max{dis(h o f), dis(g o k), codis(ho f,gok)} <
< dgu(X,Y)+dey(Y,Z) + 2.
It remains to use the arbitrariness of ¢. O

The proper class of all non-empty metric spaces, considered up to isometry,
endowed with the continuous Gromov—Hausdorff distance is denoted by GH®. It
follows from the above that di,;; is a generalized pseudometric on GH®. The subset
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of GHC consisting of all compact metric spaces is denoted by M. As in the case of
the ordinary Gromov-Hausdorff distance, the restriction of di,; to M€ is a metric
(Theorem 1).

The basic properties of the ordinary Gromov-Hausdorff distance also hold to its
continuous analogue.

Proposition 6. For any X,Y € GH®, the following hold:
1) if metric spaces X and'Y are isometric, then df,;(X,Y) = 0;
2) dgn(X,Y) < gy (X,Y);
4) 2d&(X,Y) < max{diam X, diam Y };

5) if the diameter of X orY is finite, then 2d¢;(X,Y) > }diamX —diamY

)

(1)
(2)
(3) 2d%p (A1, X) = diam X;
(4)
(5)
(6)

if the diameter of X is finite, then for any A > 0, u > 0, we have
2d¢ y (AX, uX) = |A— p|diam X, whence it follows immediately that the curve
v(t) := t X s shortest between any of its points, and the length of such a
segment equals the distance between its ends;

(7) for any A > 0, we have df;(AX,\Y) = XNd&,(X,Y), and if the spaces X and
Y are bounded, then the equality also holds for A = 0;

(8) if X1, Xo,... is a sequence of metric spaces converging in the metric dg,y;, then
it also converges in the metric dgg.

Proof. (1) The isometries h: X — Y and h~! are continuous and dish = dish™! =
codis(h, h~1) = 0.

(2) The inequality holds because the distance dgg(X,Y) is the infimum over a
larger family of mappings than that needed to calculate df,; (X,Y).

f
(3) For any continuous A; = X, we have disf = 0, disg = diam X, and if

A1 = {p}, then ’
codis(f,g) = SUP“pg(ff)\ - !f(p)ﬂc!‘ = sup| f(p) z| < diam X,
rzeX reX

which is what was required.

/
(4) For any continuous X =Y, we have
g

dis f < max{diam X,diam Y}, disg < max{diam X,diamY},
codis(f,g) = zg(y)| — | f(z) y” < max{diam X, diam Y},

sup ’
zeX,yey

which is what was required.
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(5) This follows from the corresponding inequality for dgy and the fact that
dog < dgy-
(6) By property (5) we have

2dG i (AX, pX) > |diam(AX) — diam(pX)| = |A — p| diam X.
To prove the converse inequality, we choose the identity mapping as continuous

X = X, then if we denote by disy , and codisy , the distortion and codistortion of

g
the mappings between the spaces AX and pX, respectively, then

= |\ — p|diam X,

disy, f = sup ’/\|xx’\ - u‘mc"
z,x'eX

codisy ,(f,g) = sup ‘)\]m:'| — p|za’|| = |A — p| diam X,

z,x'eX
from which the required result follows.
f
(7) We choose arbitrary continuous X =Y and denote by disy and codis) the dis-

g
tortion and co-distortion of these mappings, but between AX and AY', respectively.
Then

disy f = sup jA|m'| - A\f(x)f(x’)” — \ disy, f,

r,x'eX

codis(fr9) = sup_| Mo g(y)| = Alf(@)y|| = A codis(f, 9).
zeX,yeY
from which the declared statement follows.
(8) This follows from the inequality dgp < dg - O

4 Comparison of metrics (on zero-dimensional spaces)

Proposition 7. If X and Y are discrete metric spaces, then df,(X,Y) =
dea(X,Y).

Proof. This follows from the fact that all mappings between X and Y are continuous.
O

To prove the following proposition, we need a sufficient condition for the conti-
nuity of the mapping of metric spaces.

Lemma 1. Let f: X — Y be an arbitrary mapping of metric spaces, and there
exists a positive number € € R such that for any distinct y1,y2 € Y with non-empty
preimages and any 1 € f~(y1) and xo € f1(yo), it holds |x1z2| > €. Then the
mapping f is continuous.

Proof. Indeed, let y € Y have a non-empty preimage, then for any point z € f~1(y),
we have U.(z) C f~!(y), therefore f~!(y) is open and, hence, for any open V C Y,
the set f~1(V) = Uyev f(y) is also open in X. O
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Proposition 8. Let X and Y be arbitrary metric spaces such that 2dgr(X,Y) <
s(X), then d.(X,Y) = dau(X,Y).

Proof. Let s := s(X) and let ¢ > 0 such that 2dgy(X,Y) < s —e. Then there
exists a correspondence R € R(X,Y) such that disR < s —e. The set of all such
correspondences will be denoted by R.(X,Y).

According to formula (3), the equality dey (X,Y) = 3inf{disR: R € R.(X,Y)}
holds. We choose an arbitrary R € R-(X,Y). We show that |R(x1)R(z2)| > € for
x1 # x9. Indeed, for any (z1,y1), (x2,y2) € R, x1 # x2, the inequality |y1y2| >
|x1229] —disR > s — (s — &) = € > 0 holds. Therefore, the sets {R(z) : x € X} form
an open partition of the space Y.

We construct mappings f: X — Y and g: Y — X as follows: for each z € X,
we choose an arbitrarily point f(z) in R(x), and for each y € R(z), we set g(y) = x.
Since s(X) > 0, X is discrete, so f is continuous. The continuity of g follows from
Lemma 1. By Proposition 2, we have dis Ry, < dis R. Thus, we have constructed a
mapping R:(X,Y) = R(X,Y), R+ Ry g4, therefore, by the definition of df,,

1
Cp(X,Y) < 3 inf{disRs,: R € R(X,Y)} <
1
§1nf{dISR ReR(X,Y)} =deu(X,Y).
It remains to use Inequality (2) of Proposition 6. O

Proposition 9. Let X be a metric space and dim X = 0. Then for every non-empty
A C X, we have dg, (A, X) < du(A, X).

Proof. For an arbitrary € > 0, we put r = dg (A, X)+e¢, then, by the definition of the
Hausdorff distance, A\ = {Ur(a) ta € A} is an open covering of X. Since dim X = 0,
by the theorems of Stone [15] (see also [16, Theorem 4.4.1]) and Dowker [17] (see
also [16, Theorem 7.2.4]), there exists an open covering u = {Ug} of multiplicity 1
inscribed in A, i.e., p is a partition of X by open sets. Therefore, for every Ug, there
exists a point ag € A such that Ug C U, (ag).

Let f: A — X be the inclusion, and let the mapping g: X — A be defined
by the formula g(Ug) = ag. Since the sets Ug are open and pairwise disjoint, the
mapping ¢ is well-defined and continuous, and for every point = € X, the inequality
‘xg(a: ‘ < 7 holds. Clearly, dis f = 0,

disg = sup ’\azx | = |g(x) x/)” < sup (‘xg(x)‘ + ‘x/g(xl)’) < 2r,
z,x'eX

z,x'eX

and finally
codis(f,9) = _sup. e f@l-lg@al| = sup. Jleal=lg(@al| < sup 2 g(@)] <

therefore dis Ry, < 2dp(A, X) + 2¢ and, because of arbitrariness of €, we have
disRyy < 2dg (A, X), whence d, (A, X) < du(A, X), which is what was stated.
O
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Corollary 2. For metric spaces X, Y, and any of their everywhere dense subsets
ACA=X,BCB=Y such that dim A = dim B = 0, we have

an(A, B) = dan(X,Y).

Proof. For a given € > 0, we choose discrete e-nets A. C A and B, C B in the sets
A and B, respectively. According to the triangle inequalities for distances d,; and
dam, as well as by Propositions 9 and 7, the following chain of inequalities holds:

an(A, B) < dgy(A, Ac) + dgu(Ae, Bo) + dgp(B:, B) <
<2+ dé‘H(Aa, Ba) =2+ dGH(A87 Be) <
<2 +deu(As, A) +deur(A, X) +deu(X,Y) +deu(Y,B) + dau(B, B:) <
<2e4e40+dau(X,Y)+0+c=4de+dau(X,Y).

From arbitrariness of € and Inequality (2) of Proposition 6, we get
an(A,B) <dgu(X,Y) = dan(A, B) < dgy(A, B),
which completes the proof. ]
Corollary 3. For any zero-dimensional metric spaces X and Y, it holds
ar(X,Y) =deu(X,Y).

Let us emphasize that Corollary 3 is a generalization of Proposition 7, which,
however, we used in the proof of this more general statement.

Proposition 10. Let X be a metric space and ind X # 0. Then there exists r > 0
such that for every continuous mapping f: X — Y into a metric space Y with
indY =0, the inequality dis f > r holds. In particular, we have 2d%;(X,Y) > r.

Proof. By the condition ind X # 0, there exist a closed subset F' C X and a point
x € X \ F such that every clopen set containing the point x, intersects the set F.
Put r = |xF| > 0. For every mapping f: X — Y, the alternative holds: either
F@)F(F)] =0, or | f(2)f(F)] > 0.

In the first case, the estimate dis f > |z F| = r is valid.

In the second case, the condition indY = 0 implies the existence of a clopen
neighborhood U/(®) of the point f(z) that lies outside the closure f(F) of the set
f(F). The preimage U” := f~1 (Uf(z)) is a clopen neighborhood of the point x, and
U* N F = (), which is a contradiction with the choice of the point z and the closed
set F'. O

Proposition 11. Let X be a metric space and Ind X # 0. Then there exists r > 0
such that for every continuous mapping f: X — Y into a metric space Y with
IndY =0, the inequality dis f > r holds. In particular, we have 2dg;(X,Y) > r.
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Proof. By the Nagami—Roberts Theorem [18, Theorem on p. 601] there exist closed
subsets F; H C X such that r = |FFH| > 0 and every clopen set containing
F' intersects H. For every mapping f: X — Y, the alternative holds: either
[F(F)F(H)| = 0, or | £(F)f(H)| > 0.

In the first case, the estimate dis f > |F'H| = r takes place.

In the second case, the condition IndY = 0 implies the existence of a clopen
neighborhood U/(F) of the closed set f(F) that lies outside the closure m of the
set f(H). The preimage U = f‘l(Uf(F)) is a clopen neighborhood of the set F'
and UF' N H = (), which is a contradiction with the choice of the closed sets F and
H. O

Recall that a topological space is called totally disconnected if all its connected
components are singletons.

Proposition 12. Let K C X be a connected subset of a metric space X, and Y be
a totally disconnected metric space. Then for every continuous mapping f: X =Y,
we have dis f > diam K and therefore 2df,,;(X,Y) > diam K. In particular, if X
s a connected metric space, and Y is a totally disconnected metric space such that
diam X > diamY, then 2df,(X,Y) = diam X. For example, this holds for any
discrete e-net Y C X.

Proof. If f: X — Y is a continuous mapping, then, by virtue of the connected-
ness of K, the restriction of f to K is constant, so that dis f > diam K, therefore
2d%;(X,Y) > diam X by the definition of continuous Hausdorff distance. The
second assertion follows from Item (2) of Proposition 6. O

5 Zero distance

We have already pointed out that the (continuous) Gromov—Hausdorff distance
is a pseudometric, i.e., it can be zero between non-isometric spaces. Therefore, it is
important to describe certain classes of metric spaces that are at zero distance from
each other.

Theorem 1. For compact metric spaces X and Y, the following conditions are
equivalent:

(1) d&p(X,Y) =0;
(2) dagu(X,Y) = 0;
(3) spaces X and Y are isometric.

Proof. The implications (3) = (1) = (2) follow from Properties (1) and (2) of
Proposition 6, respectively.
Implication (2) = (3) is the famous deep Theorem [3, theorem 7.3.30]. O

For applications, we will need the following version of the previous theorem,
which follows immediately from [3, Exercise 7.3.31].
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Theorem 2. If a metric space X is compact, then the following conditions on a
metric space Y are equivalent:

(1) den(X,Y) = 0;

(2) the space Y is isometric to a dense subset of the space X (e.g., in the case of
X = 8™ there are at least continuum number of pairwise non-isometric Y, see
Introduction).

The situation with the continuous Gromov-Hausdorff distance is significantly
different.

We fix on the sphere S™, n > 1, some metric p and some continuous free invo-
lution o (for example, an antipodal mapping). Since each continuous function on a
compact set attains its minimum, then

d(p,o) = inf{p(w,a(z)) tx € Sn} = min{p(m,a(x)) tx € S"} > 0.
We put
d(p) :=sup{d(p,o) : o is a continuous free involution on S™} > 0.

Proposition 13. For an arbitrary metric p on the sphere S™ and an arbitrary metric
space Y that is topologically embeddable in R™, the following inequalities hold:

d(p) < 2dgp(S™,Y) < max{diam S",diamY'}.

Proof. Let v:' Y — R"™ be a topological embedding, f: S — Y and g: Y — S™ be
continuous mappings, and h = vof. Consider an arbitrary continuous free involution
o on the sphere S™. According to generalized theorem of Borsuk—Ulam type [12,
Theorem 5], there exists a point € S™ such that h(z) = h(o(z)), therefore, since v
is injective, we have f(x) = f(a(:c)). This means that dis f > d(p, o). Consequently,
d(p,0) < 2d%;(S™,Y). The left inequality follows from the arbitrariness of the
involution under consideration.

The right inequality is Property (4) of Proposition 6. O

Remark 1. From Proposition 13 it follows that for the standard sphere of unit
radius S™ C R", n > 1, endowed with a geodesic or induced Euclidean distance,
for every m > n, the equality 2df,;(S™, S™) = diam S™ holds. Note that according
to [5, Theorem A, p. 5], we get 2dgg(S™, S™) < diam S™.

Corollary 4. For an arbitrary metric p on the sphere S™ and an arbitrary metric
space Y, the following conditions are equivalent:

(1) dgy(S™,Y) =0, and

(2) the space Y is isometric to sphere (S™, p).
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Proof. (1) = (2). Since dgu(S™,Y) < dgy(S™,Y) = 0, then according to The-
orem 2, one can assume that the space Y is contained in (S™,p). If YV is a
proper subset of the sphere, then it is topologically embedded in the space R™ and
2d¢ (8™, Y) > d(p) > 0 according to Proposition 13.

The implication (2) = (1) is obvious. O

We say that a metric space X has the uniqueness property in the class GH, M,
GHE, or M€ if for every metric space Y in the class under consideration, the equality
dar(X,Y) = 0 in the first two classes and the equality df,;;(X,Y) = 0 in the second
two classes implies that X and Y are isometric. Clearly, Theorem 1 and Corollary 4
describe some classes of spaces with the uniqueness property in the classes M¢, M,
and GHC, respectively.

Proposition 14. If a metric space X has the property of uniqueness in the class
GH, then it is complete and discrete.

Proof. Let X be a incomplete space. Consider its completion Y. Since X can be
isometrically identified with a dense subset of Y, we have dgy(X,Y) < dpy(X,Y) =
0. The spaces X and Y themselves are not isometric, since the former is incomplete
and the latter is complete.

Let the complete space X be non-discrete. Let us take a non-isolated point
zo € X in it. Then dgp(X,X \ z9) = 0, but the spaces X and X \ zg are not
isometric, because the first is complete and the second is not. O

Example 1. In [9, Example 5.11] an example of a countable complete bounded
metric space Y and its clopen subset X with the following properties is constructed.

(1) There is exactly one non-isolated point in the space Y.

(2) The space X is discrete. Therefore, the space Y cannot be topologically (and
therefore isometrically) embedded in the space X.

(3) deu(X,Y) =0, and therefore d%;;(X,Y’) = 0 by Corollary 3. However, for these
spaces, the corresponding mappings f.: X — Y and g.: Y — X can easily be
presented constructively.

(4) e 0=3sY)=s(X)<dX)=d(Y)=3.5,
e 3=R(Y)=R(X) <diam X = diamY =4,
o dy(X,Y\X)=3,
o [ X(Y\X)| =2

(5) For each isometric embedding h: X — Y, it holds dy (h(X),Y \ h(X)) = 3 and
2 < |h(X) (¥ \ h(X))| < 3.

Spaces X and Y show that Proposition 14 cannot be conversed.
It is clear that s(X) > 0 implies that the space X is complete and discrete. The
converse, generally speaking, does not hold.
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Example 2. On the line R, we consider the subset X = {n + é :n €N } The
space X is complete, discrete, and s(X) = 0.

For a metric space X, consider the set of all distances in it:
dist X = {|za/| : z,2" € X }.
It is easy to check that
o 5(X) = ‘0 (dist X \ {o})( and diam X = dpy ({0}, dist X) = diam dist X;

o if the spaces X and Y are isometric, then dist X = distY;

o if dgu(X,Y) = 0, then dy(dist X,distY) = 0, ie., dist X = distY (see
also [14, Lemma 5.1]).

Proposition 15. For any X,Y € GH, the following hold:
(1) du(dist X,distY) < 2dgu(X,Y);
(2) s(X) <2dgu(X,Y), or s(Y) < s(X) + 2dgu(X,Y);
(3) 2s(X) < s(Y), ors(Y) — s(X) < dp(dist X,dist Y).

Proof. If dgu(X,Y) = oo, then Items (1) and (2) are obvious (in Item (3) the
distance dgpy(X,Y) is not contained). Therefore, we will assume that dgy(X,Y) <
0.

(1) Fix a number € > 0 and a correspondence R € R(X,Y) such that dis R <
2dgu(X,Y) + e. Take two arbitrary points z,2’ € X, and let y,y’ € Y be points
such that (z,y), (2/,y') € R. Then ||za/| — |yy/|| < disR < 2dgu(X,Y) +e. The
first inequality follows from the obtained inclusion dist X' C Byg,, X7y)+5(dist Y),
the arbitrariness of € > 0, and the symmetry of the condition under consideration.

(2) Let s(X) > 2dgu(X,Y). Since the second inequality is automatically satis-
fied for s(Y) < s(X), we will assume that s(Y) > s(X). Then

|5(X) 0] > 2der(X,Y) > dg(dist X, dist Y) > [s(X)dist V| =
- min{|s(X) 0f,s(Y) - s(X)} = s(Y) — s(X),

which is what was required.

(3) If s(Y) < s(X), then the second inequality is obvious. Now consider the
remaining case s(X) < s(Y) < 2s(X). Then |s(X)s(Y)| = s(Y) — s(X) < s(X) =
’S(X) 0|, and taking into account that |5(X) distY’ < dp(dist X,dist Y'), we obtain

|s(X) dist Y] = min{\s(X) 0|, }s(X)s(Y)1} = |s(X)s(Y)| < dp(dist X, dist V),

which is what was claimed. O
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If the diameter of X or Y is finite, then 2dgy(X,Y) > ’diamX — diam Y|, so
Inequality (1) of Proposition 15 is a strengthening of Property (5) of Proposition 6.
Note also that Property (1) implies

Corollary 5. For any X,Y € GH, from dagu(X,Y) = 0 it follows that s(X) = s(Y).

Theorem 3. If s(X) > 0 and dgu(X,Y) = 0, then for any € > 0, there exists
a homeomorphism f.: X — Y such that Hfa(x)fa(a:’)] — |za/|| < e for any points
xz, 7 € X.

Proof. Let dgp(X,Y) = 0. By Proposition 8, we have d%;(X,Y) =0. Let 0 < e <
s(X)and fo: X =Y, g.: Y = X satisfy disRy. ;. <e.

We show that g- o fo: X — X and g. o f.: Y — Y are identity mappings. For
an arbitrary point x € X and the point y = f.(x) € Y, we write the codistortion

29:(e@))| = [z 9-0)] = [ £-(@) ]| < € < s(X).

Therefore, z = g. (f-(x)).

Corollary 5 implies s(Y) = s(X). Therefore, the equality g. o f- = Idy can be
proved similarly.

The inequality || f-(z) f-(2")| — |mm’|’ < ¢ is exactly the inequality dis fe <e. O

Proposition 16. Let X € GH have a number r > 0 such that s(dist X) > r (the
distance between distinct points of the set dist X is at least r). Then s(X) > r, and
for e < r, every mapping f- from Theorem 3 is an isometry. In particular, this
space X has the uniqueness property in the class GH.

Proof. 1t is clear that the set dist X C R is closed and discrete. Let dgp(X,Y) = 0.
Then from Item (1) of Proposition 15 it follows d (dist X, dist Y) = 0, whence, since
dist X is closed, we obtain dist X = dist X = dist Y, therefore dist Y C dist X. Since
dist X is discrete, the closure of a proper subset cannot be equal to dist X, whence
dist X = dist Y. According to the choice of the mapping f.: X — Y, for any points
z, 2’ € X, the inequality ||f-(z)f-(z)] — |za'|| < & < r holds, and if | f-(z) f-(z')| #
|zz’|, then the quantities | f(z) f-(2')| and |z2’| differ from each other by at least r.
The latter, together with the previous inequality, implies ‘ fe(z) fe(2! )‘ = |x2/|. O

Corollary 6. FEvery metric space X with a finite set dist X has the property of
uniqueness in the class GH.

Remark 2. The Corollary 6 can also be immediately obtained from [14, Lemmas 5.1
and 6.1].

Conjecture. Every metric space X with a closed and discrete set dist X has the
property of uniqueness in the class GH.
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Example 3. On X = {0} UNU {oco} we define the following metric:
2| 2 at 0 # x # 2’ #0;
za'| =
1+ 5 forz=0,2" € NU{oo}.

The metric space X and its clopen subset Y = {0} UN C X have the following
properties.
(1) diam X =2 =diamY and s(X) = s(Y') = 1, therefore the spaces X and Y are

complete and discrete.

(2) dist X ={0,1,1+ 5-,2:n € N} #{0,1+ 5,2 : n € N} = dist Y, therefore the
spaces X and Y are not isometric.

(3) d&y(X,Y) = 0. The mapping hy,: X — Y, defined by the formula

0 when z = 0;
T forl <z <m;
hm(z) = - 7
r+1 form<x < oo;
m when x = oo,
. 1 .
I8 a 5 - isometry .

(4) The isometries of the spaces X and Y are only their identity mappings.

(5) Y (X\Y)|=1and dy(X,Y) =1.

6 Comparison of topologies

Let p.: GH® — GH be the identity mapping. By Property (1) of Proposition 6,
Pe is non-expanding and hence continuous. Recall also that a continuous bijective
mapping is called a condensation. This concept also carries over to topological
classes, so p. is a condensation. Recall (Proposition 12) that in this case, two
metric spaces at positive distance di,; can be sometimes mapped to spaces with
zero distance dgpy.

Proposition 17. The mapping p; ' is discontinuous at every point X € GH such
that Ind X # 0.

Proof. Let us choose an arbitrary non-empty metric space X such that Ind X # 0.
By Proposition 11, there exists r > 0 such that for every non-empty metric space
Y with IndY = 0, we have dg,;(X,Y) > r. For every discrete space Z, it holds
Ind Z = 0. On the other hand, it is easy to show that for every ¢ > 0, there exists a
discrete Y C X such that dgy(X,Y) < dg(X,Y) < 0. The latter means that there
is no neighborhood Us(X) with § < 7 and p;* (Us(X)) C Ur(X). The latter means
the discontinuity of p_! at the point X. ]
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Remark 3. In the proof of Proposition 17 we actually showed more, namely that
p- ! is discontinuous at X, Ind X # 0 on various smaller sets, for example,

e on the union of {X} with the class of all spaces with zero large inductive
dimension;

e on the union of {X} with the class of all discrete spaces;
e for compact X, on the union of {X} with the set of all finite metric spaces.

Recall that the mapping p. is an isometry on the subclass of all zero-dimensional
spaces in the sense of Lebesgue (Corollary 3). However, the results obtained above
show that adding even a single point X can lead to discontinuity in p, ! and, hence,
to violation of isometry.

Below we will show that the mapping p.! can be discontinuous at points cor-
responding to discrete spaces, and the discontinuity manifests itself on a suffi-
ciently thin subset of GH. Nevertheless, on completely discrete spaces X, i.e., when
s(X) > 0, the mapping p, ! is continuous. The following result follows immediately
from Proposition 8.

Corollary 7. If s(X) > 0, then the mapping p. ! is continuous at the point X € GH.

For compact metric spaces, there is a natural criterion for the continuity of the
mapping p; .

Theorem 4. For a compact metric space X € GH, the following conditions are
equivalent:

(1) Ind X = 0;
(2) the mapping p.* is continuous at X .

Proof. (2) = (1). Assume the contrary, i.e., that Ind X # 0. By Proposition 11,
there exists 7 > 0, depending only on X, such that 2d;(X,Y) > r. But the latter
contradicts the continuity of p_ ! at X.

(1) = (2). We need to prove that for every ¢ > 0, there exists § > 0 such that
der(X,Y) < ¢ implies dg 5 (X,Y) < e. For 0 < ¢ < ¢/4, consider the covering
A= {Ual(x)}azeX' Since dim X = 0, there exists a clopen partition p inscribed in
A. Since X is compact, the partition p is finite. Let u = {Uy,...,Up}, then r :=
min{|U;U;] : i # j} > 0 and diamU; < 26’ < ¢/2. We set 6 = min{r/2,e'} < e/4
and show that § is what we are looking for.

Let dgu(X,Y) < 6, then there exists a > 0 such that dgy(X,Y) < 6 — « and,
therefore, we can choose a correspondence R € R(X,Y) for which dis R < 2§ —2«a <
r —2a. Let Vi, = R(Uy), then for i # j, we have V; NV, = 0, since for any y;, € Vj,
and zy € U such that (xy,yx) € R, we have

\yiy;| > |zixj| —disR > r — (r — 2a) = 20
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Thus, Vi, = Uyev, Ua(y) is an open set for every k, so {Vi}}2, is a partition of Y by
clopen sets. Note that diam Vi, < diam Uy, + dis R < 2¢’ + &’ < 3¢/4.

Let us now choose arbitrary xp € Uy, yr € Vi, (2k,yx) € R and define the
mappings f: X — Y and ¢g: Y — X as follows: f(Ux) = yr and g(Vi) = zy, then
f and g are continuous. Let us show that disR;, < 2e, whence d;(X,Y) <
%dis Ry 4 < &, which is what we want.

Let us choose arbitrary « € U; and &’ € Uj, then

2| = lysy;|| = |Joa!| = Ja'ws| + |22 = |wizs] + |zia;| = lyays|| <
< e’ = |2'asl| + [|2'@i| = Jzias|] + [lzizs| = lyiys]| <
< |wzi| + |2'zj| + disR < diamU; + diam U, + disR < /2 4+ £/2 + /4 < 2e,

therefore dis f < 2e.
Let us now choose arbitrary y € V; and 3 € Vj, then

llzizs| — |yl = |lwix;| = lyiys] + lvivs] = vl + iyl = lwy'l| <
< lwszs| = lyaysl| + [lwivs| — lyzul| + |lysyl — lyy/|] <
< disR+ |yiy| + |y;9/| < disR + diam V; + diam V; < /4 + 3¢/4 + 3e/4 < 2e,

therefore dis g < 2e.
Finally, let us estimate the codistortion codis(f, g). To do this, we choose arbi-
trary « € U; and y € Vj, then

|l 2| — |yayl| = |lw )] — |zjas + o] — [yl + vl — lyayl] <
< Nlwaj| = |wjail| + |Joj@] — lyml| + |lyiw] — vyl <
< |zx;| + disR+ |yjy| < dilamU; +dis R+ diamU; < e/2+¢/4+¢/2 < 2¢,

from which codis(f,g) < 2¢ and, therefore, dis Ry, < 2e, which completes the
proof. O

Example 4. Theorem 4 states that at a point X, which is a zero-dimensional
compact (complete and totally bounded) space, the mapping p, ! is continuous. It
turns out that if we abandon the condition of total boundedness, then even for
countable discrete spaces, continuity is not guaranteed. Below we give an example
of a countable (and therefore zero-dimensional) complete discrete space X such that
the mapping p. ! is discontinuous at the point X € GH. By Corollary 7, s(X) = 0
for this X.

Let us take a countable number Z = I x N = U,cnI,, of standard unit intervals
I, = [0,1]. We define the distance between points of one interval to be standard,
and set the distance between points of different intervals to be equal to 1. In the
interval I,,, we consider the subset S,, = {1/2" 1 =0,..., 2"}. We put

Xoo = UkenSk C Z 1 X = (UpenSk) U (Upnli) C Z.
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Note that X, is a countable discrete space, so it is complete. It is easy to see

dou
that dp(Xoo, X,) = 27D s0 X,, — Xo. Furthermore, since X, is a totally
disconnected space, and the maximum diameter of connected components in X,, is
1, by Proposition 12 we get 2d¢ ;(Xoo, Xn) > 1, so X;, does not converge to X
w.r.t. dgp, and hence the mapping p. ! is discontinuous at Xo.

7 Incomparable Spaces

We say that a topological space X is incomparable with Y if every continuous
mapping f: X — Y is trivial, i.e., there is a point y; € Y such that f(X) = yy.
For example, every connected space is incomparable with every totally disconnected
space. Note that the incomparability relation is not symmetric; for example, the
interval X = [0,1] is incomparable with the set Y of its rational points, but Y is
comparable with X (the inclusion of Y in X is a nontrivial continuous mapping).

Proposition 18. Let the metric space X be incomparable with the metric space Y .
Then

(1) for any mapping f: X =Y, it holds dis f = diam X;
(2) for any mappings f: X =Y and g: Y — X, it holds

codis(f, g) > max{R(X), R(Y)}.

Proof. (1) We have

dis f = sup Ha:ac'\ - |f(:n)f(:z:’)|’ = sup |z2'| = diam(X).
z,x'eX r,x'€X

(2) We have

codis(f,g) = sup |lzg(y)| —|f(x)yl| > sup||z g(ys)| — | f(@)ysl| =
zeX,yeY zeX

= sup 2 g(yp)l = Ry (X) = RX).

Similarly,

codis(f,9) = _sw_[[og)| = |£@)l| = supllae)] - 7 (6wl =
Sup“g(y)g(y)! - nyyl‘ = sup |ysy| = Ry, (V) = R(Y).
yey yey

To complete the proof, it remains to gather together the two resulting inequalities.
O

Corollary 8. Let a metric space X be incomparable with a metric space Y. Then
2d¢ (X, Y) > diam(X).
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Corollary 9. Let X and Y be mutually incomparable metric spaces. Then
2dg(X,Y) = max{diam(X),diam(Y)}.

Proof. The inequality 2d¢,;(X,Y) > max{diam(X),diam(Y)} follows from Corol-
lary 8. The inverse inequality is Item (4) of Proposition 6. O

8 Hyperspace of Cook’s continuum

Recall that a continuum is every connected compact Hausdorff topological space.
We will restrict ourselves to continua that are metric spaces. Thus, in what follows,
by continuum we mean a metrizable continuum.

We will also be interested in various hyperspaces. If X is a metric space, then
by H(X) we denote the family of all non-empty closed bounded subsets of X, en-
dowed with the Hausdorff distance dg. It is well known [3] that d is a metric on
H(X). This H(X) will be in our case the most general example of hyperspaces (a
richer list of hyperspaces can be found in [19]). An important subspace of H(X)
is the family IC(X) of all non-empty compact subsets of X. If X is compact, then
K(X) = H(X). Another “restriction” of hyperspace is obtained if we restrict our-
selves to subcontinua of X. The family of all subcontinua in X is denoted by CIC(X).
Since every point in X is a degenerate subcontinuum and the Hausdorff distance
di between one-point subspaces of X coincides with the distance in X between
the corresponding points, there is an isometric embedding = +— {z} from X into
CK(X) C K(X) C H(X). In what follows, we will informally write X C CK(X) to
refer to this embedding.

Theorem 5. The spaces X and CK(X) are closed subsets of K(X).
The following result is well known [3].

Theorem 6. A space H(X) is complete (totally bounded, compact, boundedly com-
pact) if and only if X is of the same type.

If X is a continuum, then, by Theorem 6, the space K(X) = H(X) is also
compact. By Theorem 5, CIC(X) is a closed subset of the compact set (X ), and
therefore is itself compact. A less trivial fact is that the connectedness of X is also
inherited. And even more interesting: CX(X) turns out to be path-connected, and
for a non-degenerate X, one can estimate the dimension of CK(X).

Theorem 7. For any continuum X, the space CK(X) is linearly connected contin-
wum [19, Theorem 14.9], has trivial shape [19, Theorem 19.10] and, in particular, is
acyclical in each dimension [19, Theorem 19.3].

For a hereditarily indecomposable or locally connected continuum X, the space
CK(X) is contractible [19, Theorem 20.3, 20.14].

If the continuum X is non-degenerate, then dim CIC(X) > 2 [19, Theorem 22.18].
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) For the standard interval I and the circle S', the spaces CK(I)

Example 5. (1
1) are homeomorphic to two-dimensional disk B? [19, sections 5.1 and

and CK(S
5.2].

(2) The spaces CK&y (1), CKar (1Y), and CKgp(St) are homeomorphic to an inter-
val.

(3) The space CK&p(S?) is homeomorphic to the union of a half-interval and an
isolated point. Note that the point {S'} corresponding to the entire circle is
at distance 1 in the df; metric from every proper subset of the circle and is
therefore isolated in CKE p(S1).

A continuum X is called hereditarily indecomposable if each of its subcontinuum
Y cannot be represented as the union of two proper (non-empty and distinct from
Y’) subcontinua.

Recall that we call a topological space Y incomparable with a topological space
X if the only continuous mappings from X to Y are mappings to a point.

Proposition 19. Let X be a path-connected space, and Y a hereditarily indecom-
posable continuum. Then X is incomparable with Y. In particular, 2dg;(X,Y) >
diam X .

Proof. Let f: X — Y be a continuous mapping such that f(X) contains at least
two distinct points yo = f(xzo) # f(x1) = y1. Since X is path-connected, there
exists a continuous mapping ¢: [0, 1] — X such that ¢(0) = zp and ¢(1) = z;. Set
to = sup|[(f o @) Hwo)] = max[(f o ) Hwo)]. Clearly, ¢(tg) = 9. We put ¢ =
inf[(fop)~H(xz1)]N[to, 1] = min[(fop) ' (z1)] N[to, 1]. For an arbitrary ty < 7 < t,
the continuum K = (f o (p)([t(), tl]) C Y is represented as the union of two proper
subcontinua yo € Ko = (o) ([to,7]) # y1 and yo & K1 = (f o) (Ir,11]) 3 y1. The
resulting representation contradicts the indecomposability of Y, i.e., it means the
triviality of any continuous mapping f: X — Y. O

A chain in a topological space is a finite sequence of its subsets in which only
successive elements intersect (they are called links). If for some ¢ > 0 each link
in a chain lying in a metric space has diameter at most €, then such a chain is
called an e-chain. If for every € > 0 the continuum is covered by an e-chain, then
such a continuum is called arc-shaped. A hereditarily indecomposable arc-shaped
continuum is called a pseudoarc. An example of a non-degenerate pseudoarc that
is a subset of the plane was given by Knaster in [20]. Moise [21] showed that
every proper subcontinuum of a pseudoarc is homeomorphic to the pseudoarc itself.
Bing [22] proved that all pseudo-arcs are homeomorphic to each other. Bing also
found in [6] that almost all continua in the Euclidean space R™, n > 2, are pseudo-
arcs. More formally, a subset Y of a topological space X is called a Gs-set if Y is
equal to at most a countable intersection of open subsets of X. We say that most
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elements of a complete metric space X are elements of Y C X if Y is a dense Gs-
subset of X. Recall that the space C(R"™) of all continua in R" is equipped with
the Hausdorff metric and the corresponding metric topology.

Theorem 8 (Bing [6]). Most continua in R™, n > 2, i.e., most points from CK(R™)
are pseudo-arcs.

It follows that the Gromov-Hausdorff distance from any subcontinuum in R”,
n > 2, to the set of all pseudo-arcs is zero, but the continuous Gromov-Hausdorff
distance from any path-connected subcontinuum to the set of all pseudo-arcs is equal
to the diameter of this subcontinuum.

Let X be a continuum. The distances d; and dgg are pseudometrics on the
set CKC(X). The quotient spaces C(X) by the pseudometrics df,;; and dgp are de-
noted by CK¢ g (X) and CKgr(X), respectively. The projections pZj : CKGp(X) —
CKer(X) and py: CKy(X) — CKgr(X) are non-expanding mappings, so they are
continuous.

Proposition 20. The space CKgp(X) is a path-connected continuum.

Proof. By Theorem 7 the space CK(X) is a linearly connected continuum. Now the
result follows from the fact that a continuous mapping preserves both compactness
and path connectivity. d

H. Cook in [23] constructed an example of a hereditarily indecomposable contin-
uum M7 such that any two of its different non-degenerate subcontinua are incom-
parable.

Theorem 9 (Cook [23]). The continuum M is one-dimensional in the sense of
Lebesque dimension, therefore M is embedded in R3, but no one non-degenerate
subcontinuum of it is embeddable in the plane.

Let us apply Corollary 9.

Corollary 10. Let K and H be arbitrary distinct subcontinua in the Cook continuum
M, then 2d¢,,; (K, H) = max{diam H,diam K'}. In particular, the mapping p; ' is
discontinuous on the entire CKCqp (M), except for the one-point space.

Remark 4. According to Item (4) of Proposition 6, the value d¢, (K, H) is the

maximum possible value of the dg,;-distance between H and K.

9 Continuous GH-distance is intrinsic

Let X and Y be arbitrary metric spaces such that 2d%;(X,Y) < co. Choose

f

an arbitrary € > 0, then there exist continuous X =Y such that disR;, <
g

2d¢;(X,Y) + 2e. For each t € (0,1), define a metric d; on R := Ry 4 as follows:

di((2,y), (', y) = (1= )|z’ + £ |yy/|,
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and we denote the resulting metric space by R;. We extend R; by setting Rg = X
and R; =Y.

Theorem 10. In the notation introduced above, we have df (R:, Rs) < |ts| dis R.
In particular, the mapping v: [0,1] — GH® is a continuous curve whose length ||
satisfies the inequality |y| < dgy(X,Y) + €, and the continuous Gromov-Hausdorff
distance is intrinsic.

Proof. Let 0 < t, s < 1, and R' € R(Ry, Rs) be the correspondence generated by
the identity mapping. Then

disK' = sup |di((@9), (@',9) = ds((w,9), (', 9)))| =
(z.y),(«' Yy )ER
= sup |ts] ’|xx/| - |yy/|‘ = |ts| dis R.
(zy),(=" ¥ )ER
Further, for ¢ = 0, X = R; and R, 0 < s < 1, we choose the correspondence R/ g
as R’ € R(Ry, Rs), where f'(z) = (z, f(z)) for all z € X, and ¢'((z,y)) = 2. The
mapping f’ is continuous, since it is the restriction to X x f(X) of the mapping
T (a:, f (a:)) from X to X xY with continuous coordinate mappings. The mapping
¢’ is also continuous as the restriction of the projection X x Y — X. Further,

dis f' = sup ||z2| — (1 - s)|xz’| — s |f(a:)f(ac’)” =

z,x'eX
= sup s ‘\xaz'| - ‘f(x)f(m')” = |ts] dis f < [ts| dis R;
z,x'eX
disg = swp |lee!] - (1 - 8)fa'| - sluy/]| =

(), (2" y')ER

= sup s ||za’| = |yy'|| = |ts| dis R;
(z,y),(«' Yy )ER

codis(f', ¢') = sup
zeX, (z',y')ER

o/ (/)| - ') 0] | =
= sup  aa!| = (1= s)faal| — s |y f(@)]| =
zeX, (z',y')ER

= sup s ‘|1’£L'/| - ‘y'f(m)” < |ts| dis R.
(z.f(2)), («',y")ER

Thus, we have shown that dis R’ < |ts| dis R also in the case t = 0 and 0 < s < 1.
The case 0 <t < 1 and s = 1 is analyzed similarly. Finally, for £ =0 and s = 1, we
set R = R, so that here dis R’ = |ts| dis R. Thus, for all 0 < ¢, s < 1, we have

1
dsp(Re, By) < Slts| dis R,
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from which it immediately follows that the mapping ~: ¢ — R; is continuous
with respect to dg;, and the length |y| of the curve v does not exceed %disR <

% (X,Y) +e. Since € > 0 can be chosen arbitrarily small, we conclude that the
distance dg,j; is intrinsic. O

As in the standard theory, the correspondence Ry, € R(X,Y) is called optimal
if 2d°(X,Y) = dis Ry 4.

Corollary 11. If the correspondence R = Ry, is optimal, then the curve Ry con-
structed above is the shortest geodesic, the length of which is equal to the distance
between its ends.

10 Incompleteness

Proposition 21. The continuous Gromov—Hausdorff distance restricted to the space
ME of metric compacts is not complete.

Proof. Consider the sequence X, = {i/n}! , of subsets of the interval [0, 1] with
induced distance. Since the continuous and ordinary G H-distances coincide on finite

dC
metric spaces, this sequence is fundamental in M. Suppose that X,, <% X, then

Xn dﬂ X, and since M is a metric space, the limit is uniquely defined, hence X =
[0,1]. However, by Proposition 12 we have d(X,,X) = 1/2, so the sequence X,
does not converge to X in M°. O

The validity of Proposition 21 is due to the fact that we have restricted the class
of metric spaces (compacta) in which we seek the limit of the given fundamental
sequence. However, in the class of all metric spaces, this sequence has a limit,
namely, it is each zero-dimensional dense subset of the interval. Let us construct
a fundamental sequence for which no metric space is its limit w.r.t. the continuous
Gromov-Hausdorff metric.

We will need additional technical result.

Lemma 2. If for a subset A C X and a mapping f: X — Y at least one of the sets
A or f(A) has a finite diameter, then it holds dis f > |diam f(A) — diamA‘.

Proof. Suppose that only one of the sets A and f(A) has a finite diameter. Then, in
the set of finite diameter, each pair of points is at a bounded distance, while in the
second, the corresponding points (from the image or preimage of f) can be chosen
arbitrarily far apart, which proves dis f = 0o, and the inequality holds.

Now let both A and f(A) have finite diameters. We fix € > 0.

Let us take points a,a’ € A such that |aad’| > diam A — e. Then

dis f > |ad'| — | f(a) f(a')| > diam A — & — | f(a) f(a)| > diam A — & — diam f(A).

Due to the arbitrariness of the number € > 0, we obtain dis f > diam A —diam f(A).
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Next, we take points a,a’ € A such that |f(a)f(a')| > diam f(A) —e. Then
dis f > ‘f(a)f(a’)‘ — |ad'| > diam f(A) — & — |aad’| > diam f(A) — & — diam A.

Since the number € > 0 is arbitrary, we obtain dis f > diam f(A) — diam A, which
completes the proof. O

The resulting inequality is a strengthening of Proposition 6, Property (5).

Lemma 3. For any mappings f: X — Y, g: Y — X, and any point yg € Y, we
have codis(f,g) > |yo f(X)].

Proof. Take a point x = g(yo) € X. Then

codis(f,9) > |f(x) yo| — [z g(y0)| = | F(x) yo| > |yo F(X)],
which is what was required. ]

Example 6. In the plane with coordinates (x,y) we choose the following intervals:
J={0,y): -1 <y <1}, I ={(2,0):0<z <1}, and I, = {(z,0) : L <a <1},
n € N. Consider the triode X = J U I and the sequence of spaces X,, = J U I,,,
n € N. On the triode X = JU I we take the intrinsic metric, and on its subsets X,
the metric induced by this intrinsic metric.

Theorem 11. The sequence of spaces X, = JUI,, n € N is fundamental w.r.t. the
metric dg, but no metric space is its limit in this metric.

Proof. It is easy to see that df (X, X,) < B=1 < % for m > n. Therefore, the
sequence of compact metric spaces X, is fundamental in the metric dg, ;.

One can easily verify that dag (X, X,) < dg(X, X,) = ﬁ Therefore, the triode
X is the limit of the sequence X, in the metric dgg.

Let this sequence have a limit X, in the metric dg .

From the inequality dgg < dg it follows that the space X is also the limit of
the sequence X, in the metric dgp. Therefore, dgy (X, Xo) = 0.

According to Theorem 2, we can assume that the space X, belongs to the triode
X and is dense there.

Let us show that {(0,—1)}U{(0,1)} U{(1,0)} UXs = X. The inclusion of the
left set into the right set is obvious.

Take an arbitrary (xg,y0) € X \ ({(O, —1)} U {(O, 1)} U {(1,0)} U Xoo).

a. Let (xo,y0) # (0,0). Without loss of generality we can assume that (xg,yo) =
(r,0), r > 0. Then one of the connected components K of the space X \ {(zo,y0)}
has diameter diam i = 1 —r < 1. We fix an index n such that diam I, =1—1/n >
diam K.

Let m > n and the mapping f: X,, — X be continuous. The point (r,0)
partitions the space X, so any connected set intersecting K lies entirely in K.

If f(J)YNK # 0, then f(J) C K and disf > 2 — (1 —r) = 1 + r according to

Lemma 2.



102 SEMEON A. BOGATY, ALEXEY A. TUZHILIN

If f(Iy,)NK # 0, then f(I,) CK anddisf >1— L —(1—r)=r—L>r—
according to Lemma 2.

If f(X,,)NK = 0, then codis(f,g) > 1—r according to Lemma 3 for any mapping
g: Xm = Xoo-

b. Let (z,y) = (0,0). Then the space X \ {(z,y)} = K1 U K> Ul K3 consists of
three connected components of diameter 1. Hence, for every continuous mapping
f: X;m — Xoo C X, there is a connected component K; such that f(J) C K;.
Therefore, dis(f) > diam J — diam K; = 1 by Lemma 2.

In account, we proved that the space X is connected. This means that for
every continuous mapping ¢g: Xo — X, of a connected space into a space with
two connected components, the latter has a connected component K such that
9(Xoo) N K = . By Lemma 3, codis(f,g) > 1— L for any mapping g: X;,, = Xoo.

Therefore, for any metric space X, the sequence of distances dg ;(Xm, Xoo)
cannot tend to zero. O

1
n

Acknowledgments

The work of A.A. Tuzhilin was supported by grant No. 25-21-00152 of the
Russian Science Foundation, by National Key R&D Program of China (Grant No.
2020YFE0204200), as well as by the Sino-Russian Mathematical Center at Peking
University. Part of the work by A.A. Tuzhilin was done in Sino-Russian Math.
center, and he thanks the Math. Center for the invitation and the hospitality.

References

[1] GrOMOV M. Structures métriques pour les variétés riemanniennes, edited by Lafontaine and
Pierre Pansu, 1981.

[2] GrOMOV M. Metric structures for Riemannian and non-Riemannian spaces, Birkhauser, 1999
(translation with additional content).

[3] Buraco D., BuraGo Yu., Ivanov S. A Course in Metric Geometry, Graduate Studies in
Mathematics, 33, AMS, Providence, RI, 2001.

[4] LEg J., MORALES C.A. Gromov-Hausdorff Stability of Dynamical Systems and Applications
to PDEs, Frontiers in Mathematics, Birkhéduser/Springer, Cham, 2022, Series ISSN 1660-8046.

[5] Lmm S., MEMoLI F., SMITH Z. The Gromov-Hausdorff distance between spheres. Geometry &
Topology, 2023, 27, No. 9, pp. 3733-3800.

[6] Bing R.H. A homogeneous indecomposible plane continuum, Duke Math. J., 1948, 15, 729—
742.

[7] BogATYY S.A, TUZHILIN A.A. Gromov-Hausdorff class: its completeness and cloud geometry,
2021, ArXiv e-prints, arXiv:2110.06101 [math.MG].

[8] BocATYY S.A., TUZHILIN A.A. Action of similarity transformation on families of metric
spaces, Ttogi nauki i tekhn. Sovrem. mat. i ee prol. Temat. obz., 2023, 223, pp. 3-13 (in
Russian).

[9] Bocaraya S.I., Bocaryy S.A., REDKOZUBOV V.V., TUzHILIN A.A. Clouds in Gromov—
Hausdorff Class: their completeness and centers, Topology and its Applications, 2023, 329,
https://doi.org/10.1016/j.topol.2022.108374



CONTINUOUS GROMOV-HAUSDORFF DISTANCE 103

[10] MENDELSON E. Introduction to Mathematical Logic, Moscow: Nauka, 1984.

[11] BoGATYY S.A., TuzHILIN A.A. Continuous Gromov-Hausdorff class: its completeness and
cloud geometry, 2021, ArXiv e-prints, arXiv:2110.06101 [math.MG].

[12] FET A.l. Generalization of the Lyusternik—Shnirelman theorem on coverings of spheres and
some related theorems, DAN, 1954, 95, No. 6, pp. 1149-1151.

[13] VIKHROV A.A. The problem of constructing geodesics in the Gromov—-Hausdorff class: an
optimal Hausdorff implementation does not always exist. Chebyshevsky collection, 2025, 26,
No. 2, pp. 49-60.

[14] VIKHROV A.A. Geometry of linear and nonlinear geodesics in the proper Gromov-Hausdorff
class. Matematicki Vesnik, 2025, pp. 1-17.

[15] STONE A.H. Paracompactness and product spaces, Bull. Amer. Math. Soc., 1948, 54, pp.
977-982.

[16] ENGELKING R. General Topology, Warszawa, PWN, 1985.

[17] DowkER C.H. Mapping theorems for non-compact spaces, Amer. J. Math., 1947, 69, pp.
200-242.

[18] NagamI K., ROBERTs J.H. Metric-dependent dimension functions, Proc. Amer. Math. Soc.,
1965, 16, No. 4, 601-604.

[19] ILLANES A., NADLER S., JR. Hyperspaces, Marcel Dekker, New York, 1999.

[20] KNASTER B. Un continu dont tout sous-continu est indecomposable, Fund. Math., 1922, 3,
pp. 247-286.

[21] MoisE E.E. An indecomposable plane continuum which is homeomorphic to each of its non-
degenerate subcontinua, Trans. Amer. Math. Soc., 1948, 63, pp. 581-594.

[22] BING R.H. Concerning hereditarily indecomposable continua, Pacific J. Math., 1951, 1, pp.
43-51.

[23] Cook H. Continua which admit only the identity mapping onto non-degenerate subcontinua,
Fundamenta Mathematicae, 1967, 60, pp. 241-249.

SEMEON A. BOGATY Received October 14, 2025

Faculty of Mechanics and Mathematics, Lomonosov
Moscow State University, Moscow 119992

E-mail: bogatyi@inboz.ru

ALEXEY A. TUZHILIN

Faculty of Mechanics and Mathematics, Lomonosov
Moscow State University, Moscow 119992

E-mail: tuz@mech.math.msu.su



