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The relationships between common multiples of
matrices over commutative Bézout domain of stable

range 1.5

Andrii Romaniv

Abstract. In the paper, we study common right multiples of matrices over commu-
tative Bézout domains of stable range 1.5. In particular, for nonsingular matrices of
arbitrary order, we indicate the relationships between their common right multiples
under certain restrictions on invariant factors. We also establish connections between
the invariant factors of the given matrices and the invariant factors of their common
right multiples. Furthermore, in this paper we study the structure of the least com-
mon right multiple of matrices, specifically its Smith normal form and transforming
matrices. As a result, we propose a new method for finding the least common right
multiple and establish relationships between the Smith forms of the given matrices
and the Smith form of their least common right multiple.

Mathematics subject classification: 15A21, 13A05.
Keywords and phrases: commutative Bézout domain, common multiple of matri-
ces, Smith form, stable range 1.5.

1 Introduction

Let R be a commutative elementary divisor domain [2]. Denote by Mn(R) and
GLn(R) the ring and the complete linear group of n × n matrices over a ring R,
respectively. And let A ∈ Mn(R) be a nonsingular matrix over R. For matrix A
there are invertible matrices PA and QA of appropriate sizes, such that

PAAQA = diag(φ1, . . . , φn) =: Φ, φi|φi+1, i = 1, . . . , n− 1.

The matrix Φ = diag(φ1, . . . , φn) is called the Smith normal form, the elements
φ1, . . . , φn are called invariant factors and the matrices PA and QA are called left
and right transforming matrices of A respectively. Denote by PA the set of all
left transforming matrices for matrix A. According to results [5] we know that
PA = GΦPA, where

GΦ = {K ∈ GLn(R) | K1 ∈ GLn(R) : KΦ = ΦK1}.

The set GΦ is the multiplicative group [5] and is called Zelisko group. The structure
of elements of this set is investigated in [5, 14] and [13].
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Consider the equality A = BC, where B,C ∈ Mn(R) are nonsingular matrices
over R and B has the Smith normal form

B ∼ diag(ψ1, . . . , ψn) =: Ψ, ψi|ψi+1, i = 1, . . . , n− 1.

Note that the notation ” ∼ ” means the equivalence of matrices. Let us recall that
two matrices A and B, over a ring R are said to be equivalent if there exist invertible
matrices U and V such that B = UAV.

We denote by (a, b) and [a, b] the greatest common divisor and the least common
multiple of the elements a and b, respectively. The notation a|b means that the
element a divides the element b.

Consider the set of matrices

L(Φ,Ψ) = {L ∈ GLn(R) | LΦ = ΨL1 , L1 ∈Mn(R)},

that was introduced in [5] and consists of all invertible matrices of the form

L(Φ,Ψ) =

∥∥∥∥∥∥∥∥∥
l11 l12 . . . l1.n−1 l1n
ψ2

(ψ2,φ1)
l21 l22 . . . l2.n−1 l2n

. . . . . . . . . . . . . . .
ψn

(ψn,φ1)
ln1

ψn

(ψn,φ2)
ln2 . . . ψn

(ψn,φn−1)
ln.n−1 lnn

∥∥∥∥∥∥∥∥∥ .
If A = BC then B is a left divisor of the matrix A and A is a right multiple

of B. If A = DA1 and B = DB1, then the matrix D is a common left divisor of
the matrices A and B. If M = AA1 = BB1 then the matrix M is called a common
right multiple of matrices A and B. Moreover if, in addition, the matrix M above
is a left divisor of any other common right multiple of matrices A and B then we
say that M is the least common right multiple of A and B ( [A,B]r in notation).

Common multiples and common divisors of matrices are interconnected and are
often used to solve applied problems in algebra. In particular, according to the
generalized Bézout theorem, solving a system of one-sided matrix equations over
fields can be reduced to finding common left unitary divisors of the first degree
of the corresponding matrices. The study of common multiples, particularly the
least common multiple, originates from [3], where a method for finding it over a
commutative principal ideal domains was proposed. In [4], it was established that
the least common right multiple is uniquely determined up to right associativity.
In works [6, 10, 11] and [12], relationships between the Smith normal forms of two
matrices and the Smith normal forms of their least common right multiple were
indicated for certain classes of matrices. Moreover, in [10], a connection between
the common right multiples of second-order matrices over a commutative principal
ideal domains was established. Naturally, a need arises to study such problems for
wider classes of matrices.

In this paper, for nonsingular matrices under certain restrictions on their Smith
normal forms, we establish a connection between the divisibility of common right
multiples of matrices over commutative Bézout domains of stable range 1.5. Ad-
ditionally, we describe the relationship between the invariant factors of the given
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matrices and the invariant factors of their multiples. The explicit form of the Smith
normal form of a least common right multiple for such matrices is also indicated.

Recall that a commutative Bézout domain is a commutative ring without zero
divisors in which every finitely generated ideal is principal.

Definition 1. [8]. A commutative ring R is a ring of stable range 1.5 if, for every
triple of relatively prime elements a, b, and c in R, c ̸= 0, there exists r ∈ R such
that the elements a+ br and c are relatively prime.

Note that the very concept of a stable range of a ring was introduced in [1].

Definition 2. [1]. The stable range of a ring R is the least natural number n
such that for any nonzero relatively prime elements a1, . . . , an, an+1 ∈ R, there exist
elements r1, . . . , rn ∈ R such that the elements

a1 + an+1r1, a2 + an+1r2, . . . , an + an+1rn

are relatively prime.

2 Auxiliary results

Let, in the following, R be a commutative Bézout domain of stable range 1.5.
According to Theorem 1 of [9], R is an elementary divisor domain. Consider the
nonsingular matrices A,B ∈Mn(R) which have the Smith normal form

A ∼ diag(1, φ, . . . , φ) =: Φ,

B ∼ diag(1, ψ, . . . , ψ) =: Ψ,

respectively.

Lemma 1. Let A ∼ Φ, B ∼ Ψ and PA ∈ PA, PB ∈ PB, PBP
−1
A = ∥sij∥n1 =: S.

Then the element ((φ,ψ), s21, s31, . . . , sn1) is an invariant with respect to the choice
of transforming matrices PA and PB.

Proof. Let NA ∈ PA and NB ∈ PB be some other left transforming matrices of
A and B. Then matrices HA ∈ GΦ and HB ∈ GΨ exist such that NA = HAPA,
NB = HBPB. Consider the following product of the matrices:

NBN
−1
A = HBPB(HAPA)

−1 = HBPBP
−1
A H−1

A = HBSH
−1
A ,

where S = PBP
−1
A . Let’s denote SH−1

A = ∥tij∥n1 . Since H
−1
A ∈ GΦ then according

to Corollary 6 of [5] the matrix H−1
A has the form

H−1
A =

∥∥∥∥∥∥∥∥∥∥
v11 v12 . . . v1n
φv21 v22 . . . v2n
. . . . . . . . . . . .

φvn−1.1 vn−1.2 . . . vn−1.n

φvn1 vn2 . . . vnn

∥∥∥∥∥∥∥∥∥∥
.
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Hence,

ti1 =
∥∥ si1 si2 . . . sin

∥∥
∥∥∥∥∥∥∥∥∥

v11
φv21
...

φvn1

∥∥∥∥∥∥∥∥∥ =

= si1v11 + si2φv21 + · · ·+ sinφvn1,

where i = 2, . . . , n. Consider the following greatest common divisor:

((φ, ψ), t21, t31, . . . , tn1) =

= ((φ, ψ), (s21v11+s22φv21+· · ·+s2nφvn1), . . . , (sn1v11+sn2φv21+· · ·+snnφvn1)) =

= ((φ, ψ), (s21v11+φ(s22v21+· · ·+s2nvn1)), . . . , (sn1v11+φ(sn2v21+· · ·+snnvn1))).

Since (φ,ψ)|φ, then

((φ, ψ), t21, t31, . . . , tn1) = ((φ, ψ), s21v11, s31v11, . . . , sn1v11) = ((φ, ψ), v11(s21, s31, . . . , sn1)).

The invertibility of H−1
A implies that (φ, v11) = 1 . Therefore, ((φ,ψ), v11) = 1 and

((φ, ψ), t21, t31, . . . , tn1) = ((φ, ψ), s21, s31, . . . , sn1).

Let’s denote HBS = ∥kij∥n1 . In view of Corollary 6 of [5] HB is of the form

HB =

∥∥∥∥∥∥∥∥∥∥
u11 u12 . . . u1n
ψu21 u22 . . . u2n
. . . . . . . . . . . .

ψun−1.1 un−1.2 . . . un−1.n

ψun1 un2 . . . unn

∥∥∥∥∥∥∥∥∥∥
.

Hence,

ki1 =
∥∥ ψui1 ui2 . . . uin

∥∥
∥∥∥∥∥∥∥∥∥

s11
s21
...
sn1

∥∥∥∥∥∥∥∥∥ =

= ψui1s11 + ui2s21 + · · ·+ uinsn1 = ψli + ui2s21 + · · ·+ uinsn1,

where li = ui1s11, i = 2, . . . , n. Consider the following greatest common divisor:

((φ, ψ), k21, k31, . . . , kn1) =

= ((φ, ψ), (ψl2 + u22s21 + · · ·+ u2nsn1), . . . , (ψln + un2s21 + · · ·+ unnsn1)) =: d.

Since (φ,ψ)|ψ, then

d = ((φ, ψ), (u22s21 + · · ·+ u2nsn1), . . . , (un2s21 + · · ·+ unnsn1)).
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It is obvious that the element ((φ, ψ), s21, s31, . . . , sn1) is a divisor of all the terms
above. Thus, we have ((φ, ψ), s21, s31, . . . , sn1)|d, i.e.

((φ, ψ), s21, s31, . . . , sn1)|((φ, ψ), k21, k31, . . . , kn1).

On the other hand S = H−1
B ∥kij∥n1 , where H

−1
B ∈ GΨ. Based on similar considera-

tions, we obtain that ((φ, ψ), k21, k31, . . . , kn1)|((φ, ψ), s21, s31, . . . , sn1), i.e.

((φ, ψ), k21, k31, . . . , kn1) = ((φ, ψ), s21, s31, . . . , sn1).

Appying the associativity of Mn(R) completes the proof.

Lemma 2. Let Ω = diag(ω1, ω2, . . . , ωn), where ωi | ωi+1, i = 1, 2, . . . , n−1, and Φ |
Ω, Ψ | Ω. And let S = ∥sij∥n1 ∈ GLn(R). In order SLA = LB, where LA ∈ L(Ω,Φ),
LB ∈ L(Ω,Ψ), it is necessary and sufficient that

(φ,ψ)

(φ,ψ, ω1)
| (s21, . . . , sn1).

Proof. Necessity. Since Φ | Ω and Ψ | Ω then according to Corollary 5 of [5] matrices
LA and LB are of forms:

LA =

∥∥∥∥∥∥∥∥∥
p11 p12 . . . p1n
φ

(φ,ω1)
p21 p22 . . . p2n

...
... . . .

...
φ

(φ,ω1)
pn1 pn2 . . . pnn

∥∥∥∥∥∥∥∥∥ , LB =

∥∥∥∥∥∥∥∥∥∥
q11 q12 . . . q1n
ψ

(ψ,ω1)
q21 q22 . . . q2n

...
... . . .

...
ψ

(ψ,ω1)
qn1 qn2 . . . qnn

∥∥∥∥∥∥∥∥∥∥
,

respectively. Using the Property 4.8 [7], in this case, the sets L(Ω,Φ) and L(Ω,Ψ)
are groups. Then S = LBL

−1
A , where L−1

A ∈ L(Ω,Φ), i.e.

S =

∥∥∥∥∥∥∥∥
s11 s12 . . . s1n
s21 s22 . . . s2n
. . . . . . . . . . . .
sn1 sn2 . . . snn

∥∥∥∥∥∥∥∥ =

=

∥∥∥∥∥∥∥∥∥
p
′
11 p

′
12 . . . p

′
1n

( φ
(φ,ω1)

, ψ
(ψ,ω1)

)p
′
21 p

′
22 . . . p

′
2n

. . . . . . . . . . . .

( φ
(φ,ω1)

, ψ
(ψ,ω1)

)p
′
n1 p

′
n2 . . . p

′
nn

∥∥∥∥∥∥∥∥∥ = LBL
−1
A .

It follows that (
φ

(φ, ω1)
,

ψ

(ψ, ω1)

)
| s21, . . . ,

(
φ

(φ, ω1)
,

ψ

(ψ, ω1)

)
| sn1,
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i.e. (
φ

(φ, ω1)
,

ψ

(ψ, ω1)

)
| (s21, . . . , sn1).

It follows from Lemma 1 (equation 1) [10] that(
φ

(φ, ω1)
,

ψ

(ψ, ω1)

)
=

(φ,ψ)

(φ,ψ, ω1)
,

then we will get that (φ,ψ)
(φ,ψ,ω1)

| (s21, . . . , sn1).
Sufficiency. Denote by φ

(φ,ω1)
=: a, ψ

(ψ,ω1)
=: b, then (a, b) | (s21, . . . , sn1). Let

si1 = (a, b)ti, i = 2, . . . , n. By Theorem 2.13 [7] there exist some matrices H1 ∈ GΨ

and U1 ∈ GΦ such that

H1SU1 =

∥∥∥∥∥∥∥∥∥∥∥

1 0 . . . 0 0

(a, b)k21 1 . . . 0 0
... . . .

. . .
...

...
(a, b)kn−1.1 kn−1.2 . . . 1 0
(a, b)kn1 kn2 . . . kn.n−1 1

∥∥∥∥∥∥∥∥∥∥∥
=:

∥∥∥∥ 1 0
K21 K22

∥∥∥∥ .

Obviously, K22 is invertible. Hence, there exists some matrix U2 =:

∥∥∥∥ 1 0

0 K−1
22

∥∥∥∥ ∈

GΦ such that

H1SU1U2 =

∥∥∥∥∥∥∥∥∥∥∥

1 0 . . . 0 0
(a, b)k21 1 . . . 0 0

... . . .
. . .

...
...

(a, b)kn−1.1 0 . . . 1 0
(a, b)kn1 0 . . . 0 1

∥∥∥∥∥∥∥∥∥∥∥
=: K.

Since U1, U2 ∈ GΦ then U1U2 =: U3 ∈ GΦ. Therefore, K = H1SU3. Moreover,
there exist ui, vi ∈ R, i = 2, . . . , n, such that

(a, b)ki1 = (aui + bvi)ki1 = auiki1 + bviki1, i = 2, . . . , n.

If we consider the matrices∥∥∥∥∥∥∥∥∥∥
1 0 . . . 0 0

bv2k21 1 . . . 0 0
. . . . . . . . . . . . . . .

bvn−1kn−1.1 0 . . . 1 0
bvnkn1 0 . . . 0 1

∥∥∥∥∥∥∥∥∥∥
=: H2 ∈ L(Ω,Ψ)

and ∥∥∥∥∥∥∥∥∥∥
1 0 . . . 0 0

−au1k21 1 . . . 0 0
. . . . . . . . . . . . . . .

−aun−1kn−1.1 0 . . . 1 0
−avnkn1 0 . . . 0 1

∥∥∥∥∥∥∥∥∥∥
=: U4 ∈ L(Ω,Φ).
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we obtain that H1SU3U4 =: H2. Then SU3U4 = H−1
1 H2. Using Properties 2

and 3 [5] we will have H−1
1 H2 =: LB ∈ L(Ω,Ψ), U3U4 =: LA ∈ L(Ω,Φ), and so

SLA = LB, which had to be proved.

In [5], necessary and sufficient conditions are given for a matrix to be a left
divisor of a matrix over the commutative elementary divisor domain. For the case
of nonsingular matrices over a commutative Bézout domain of stable range 1.5 these
conditions can be written as follows.

Theorem 1. [5] Let R be a commutative Bézout domain of stable range 1.5 and let

PAAQA = diag(φ1, φ2, . . . , φn) =: Φ, φi|φi+1, i = 1, . . . , n− 1,

PBBQB = diag(ψ1, ψ2, . . . , ψn) =: Ψ, ψi|ψi+1, i = 1, . . . , n− 1.

Then, A = BC if and only if the following conditions hold:
1) ψi|φi, i = 1, . . . , n.
2) PB = LPA, where PB ∈ PB, PA ∈ PA, L ∈ L(Φ,Ψ).

3 Main result

Theorem 2. Let R be a commutative Bézout domain of stable range 1.5 and let
A,B ∈Mn(R) be nonsingular matirces which have the Smith normal forms

PAAQA = diag(1, φ, . . . , φ) =: Φ,

PBBQB = diag(1, ψ, . . . , ψ) =: Ψ,

respectively. Let also M,T ∈ Mn(R) be the common right multiples of matrices A
and B, i.e. M = AA1 = BB1 and T = AA2 = BB2 and have the Smith normal
forms

PMMQM = diag(ω1, ω2, . . . , ωn) =: Ω, ωi|ωi+1, i = 1, . . . , n− 1,

PTTQT = diag(γ1, γ2, . . . , γn) =: Γ, γi|γi+1, i = 1, . . . , n− 1,

respectively. If the following conditions are performed
1) ω1|γ1,
2) [φ,ψ] =: ωi and ωi|γi, i = 2, . . . , n,
then, M is a left divisor of the matrix T, i.e. T =MN, where N ∈Mn(R).

Proof. The equality M = AA1 = BB1 means that the matrix M is a common
right multiple of the matrices A and B. Taking into account Theorem 1, we get
PA = LAMPM , where PA ∈ PA, PM ∈ PM ,

LAM =

∥∥∥∥∥∥∥∥∥
l11 l12 . . . l1n
φ

(φ,ω1)
l21 l22 . . . l2n

. . . . . . . . . . . .
φ

(φ,ω1)
ln1 ln2 . . . lnn

∥∥∥∥∥∥∥∥∥ ∈ L(Ω,Φ).
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So, PM = (LAM )−1PA. Similarly, from equality M = BB1 we get that PB = LBMPM ,
where PB ∈ PB,

LBM =

∥∥∥∥∥∥∥∥∥
b11 b12 . . . b1n
ψ

(ψ,ω1)
b21 b22 . . . b2n

. . . . . . . . . . . .
ψ

(ψ,ω1)
bn1 bn2 . . . bnn

∥∥∥∥∥∥∥∥∥ ∈ L(Ω,Ψ),

i.e. PM = (LBM )−1PB.
Since the matrix T is also a common right multiple of the matrices A and B,

then by similar considerations we obtain that PA = LATPT , i.e. PT = (LAT )
−1PA,

where PT ∈ PT ,

LAT =

∥∥∥∥∥∥∥∥∥
t11 t12 . . . t1n
φ

(φ,γ1)
t21 t22 . . . t2n

. . . . . . . . . . . .
φ

(φ,γ1)
tn1 tn2 . . . tnn

∥∥∥∥∥∥∥∥∥ ∈ L(Γ,Φ).

Similarly, PB = LBT PT , where

LBT =

∥∥∥∥∥∥∥∥∥
f11 f12 . . . f1n
ψ

(ψ,γ1)
f21 f22 . . . f2n

. . . . . . . . . . . .
ψ

(ψ,γ1)
fn1 fn2 . . . fnn

∥∥∥∥∥∥∥∥∥ ∈ L(Γ,Ψ).

So, PT = (LBT )
−1PB. According to Theorem 1, the matrix M will be the left divisor

of the matrix T if PM = LTPT , that is LT = PM (PT )
−1 ∈ L(Γ,Ω). Consider the

product of matrices

PM (PT )
−1 = (LAM )−1PA((L

A
T )

−1PA)
−1 = (LAM )−1PA(PA)

−1LAT = (LAM )−1LAT =

=

∥∥∥∥∥∥∥∥∥
l
′
11 l

′
12 . . . l

′
1n

φ
(φ,ω1)

l
′
21 l

′
22 . . . l

′
2n

. . . . . . . . . . . .
φ

(φ,ω1)
l
′
n1 l

′
n2 . . . l

′
nn

∥∥∥∥∥∥∥∥∥︸ ︷︷ ︸
(LAM )−1

·

∥∥∥∥∥∥∥∥∥
t11 t12 . . . t1n
φ

(φ,γ1)
t21 t22 . . . t2n

. . . . . . . . . . . .
φ

(φ,γ1)
tn1 tn2 . . . tnn

∥∥∥∥∥∥∥∥∥︸ ︷︷ ︸
LAT

=

=

∥∥∥∥∥∥∥∥∥
h11 h12 . . . h1n

( φ
(φ,ω1)

, φ
(φ,γ1)

)h21 h22 . . . h2n

. . . . . . . . . . . .
( φ
(φ,ω1)

, φ
(φ,γ1)

)hn1 hn2 . . . hnn

∥∥∥∥∥∥∥∥∥ =: K.

It follows from Lemma 1 (equation 2) [10] that(
φ

(φ, ω1)
,

φ

(φ, γ1)

)
=

φ

(φ, [ω1, γ1])
=

φ

(φ, γ1)
.
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Then

K =

∥∥∥∥∥∥∥∥∥
h11 h12 . . . h1n
φ

(φ,γ1)
h21 h22 . . . h2n

. . . . . . . . . . . .
φ

(φ,γ1)
hn1 hn2 . . . hnn

∥∥∥∥∥∥∥∥∥ =:

∥∥∥∥∥∥∥∥
k11 k12 . . . k1n
k21 k22 . . . k2n
. . . . . . . . . . . .
kn1 kn2 . . . knn

∥∥∥∥∥∥∥∥ .
On the other hand

PM (PT )
−1 = (LBM )−1PB((L

B
T )

−1PB)
−1 = (LBM )−1PB(PB)

−1LBT = (LBM )−1LBT =

=

∥∥∥∥∥∥∥∥∥
b
′
11 b

′
12 . . . b

′
1n

ψ
(ψ,ω1)

b
′
21 b

′
22 . . . b

′
2n

. . . . . . . . . . . .
ψ

(ψ,ω1)
b
′
n1 b

′
n2 . . . b

′
nn

∥∥∥∥∥∥∥∥∥︸ ︷︷ ︸
(LBM )−1

·

∥∥∥∥∥∥∥∥∥
f11 f12 . . . f1n
ψ

(ψ,γ1)
f21 f22 . . . f2n

. . . . . . . . . . . .
ψ

(ψ,γ1)
fn1 fn2 . . . fnn

∥∥∥∥∥∥∥∥∥︸ ︷︷ ︸
LBT

=

=

∥∥∥∥∥∥∥∥∥
h11 h12 . . . h1n
ψ

(ψ,γ1)
h

′
21 h22 . . . h2n

. . . . . . . . . . . .
ψ

(ψ,γ1)
h

′
n1 hn2 . . . hnn

∥∥∥∥∥∥∥∥∥ =:

∥∥∥∥∥∥∥∥
k11 k12 . . . k1n
k21 k22 . . . k2n
. . . . . . . . . . . .
kn1 kn2 . . . knn

∥∥∥∥∥∥∥∥ .
Since φ

(φ,γ1)
|k21 and ψ

(ψ,γ1)
|k21, then[

φ

(φ, γ1)
,

ψ

(ψ, γ1)

]
|k21.

It follows from Lemma 1 (equation 4) [10] that[
φ

(φ, γ1)
,

ψ

(ψ, γ1)

]
=

[φ,ψ]

([φ,ψ], γ1)
.

Noting that according to the conditions of the theorem, [φ,ψ] = ωi, i = 2, . . . , n,
then

[φ,ψ]

([φ,ψ], γ1)
=

ωi
(ωi, γ1)

|ki1, i = 2, . . . , n.

We get that K ∈ L(Γ,Ω). And this means that T =MN, where N ∈Mn(R).

Theorem 3. Let R be a commutative Bézout domain of stable range 1.5 and let

A ∼ diag(1, φ, . . . , φ),

B ∼ diag(1, ψ, . . . , ψ),

PBP
−1
A = ∥sij∥n1 , PB ∈ PB, PA ∈ PA. Then

[A,B]r = (LAPA)
−1Ω = (LBPB)

−1Ω,
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where

Ω = diag

(
(φ,ψ)

((φ,ψ), s21, s31, . . . , sn1)
, [φ,ψ], . . . , [φ,ψ], [φ,ψ]

)
,

LA , LB belong to sets L(Ω,Φ), L(Ω,Ψ) respectively and satisfy the equality:

(PBP
−1
A )LA = LB.

Proof. Remark that according to Lemma 1, the element ((φ,ψ), s21, s31, . . . , sn1),
and hence the matrix Ω, do not depend on the choice of transforming matrices PA
and PB. We will show that the matrix PBP

−1
A can be written in the form

PBP
−1
A T = G,

where G ∈ L(Ω,Ψ), T ∈ L(Ω,Φ). By Lemma 1 (equation 1) [10] we will have(
φ

(φ, ω1)
,

ψ

(ψ, ω1)

)
=

(φ,ψ)

((φ,ψ), ω1)
=: µ.

Since (φ,ψ)
((φ,ψ),(s21,...,sn1))

=: ω1, then

µ =
(φ,ψ)(

(φ,ψ), (φ,ψ)
((φ,ψ),(s21,...,sn1))

) =

=
(φ,ψ)((φ,ψ), (s21, . . . , sn1))

((φ,ψ)((φ,ψ), (s21, . . . , sn1)), (φ,ψ))
= ((φ,ψ), (s21, . . . , sn1)) .

This means that µ | (s21, . . . , sn1). According to Lemma 2 there exist matrices
T ∈ L(Ω,Φ), R ∈ L(Ω,Ψ) such that PBP

−1
A T = G. So

G−1PB = T−1PA.

Denote by G−1 =: LB and T−1 =: LA. Then

(LAPA)
−1Ω = (LBPB)

−1Ω =M.

Since Φ | Ω and Ψ | Ω, then using Theorem 1, the matrix M is the common right
multiple of A and B.

Let C = PCΛQC be the least common right multiple of matrices A and B.
Hence, Φ | Λ and Ψ | Λ, i.e. φ | λi and ψ | λi, i = 2, . . . , n. This means that
[φ,ψ] | λi, where [φ,ψ] =: ωi, i = 2, . . . , n, i.e. ωi | λi. Since, C = AA3, C = BB3

then PA = KAPC , where KA ∈ L(Λ,Φ) and PB = KBPC , where KB ∈ L(Λ,Ψ). In
addition PC = K−1

A PA and PC = K−1
B PB, hence KBK

−1
A = PBP

−1
A . The matrix

KBK
−1
A has the form

KBK
−1
A =

∥∥∥∥∥∥∥∥∥
u11 u12 . . . u1n
ψ

(ψ,λ1)
u21 u22 . . . u2n

. . . . . . . . . . . .
ψ

(ψ,λ1)
un1 un2 . . . unn

∥∥∥∥∥∥∥∥∥ ·

∥∥∥∥∥∥∥∥∥
v11 v12 . . . v1n
φ

(φ,λ1)
v21 v22 . . . v2n

. . . . . . . . . . . .
φ

(φ,λ1)
vn1 vn2 . . . vnn

∥∥∥∥∥∥∥∥∥ =
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=

∥∥∥∥∥∥∥∥∥
z11 z12 . . . z1n

(φ,ψ)
((φ,ψ),λ1)

z21 z22 . . . z2n

. . . . . . . . . . . .
(φ,ψ)

((φ,ψ),λ1)
zn1 zn2 . . . znn

∥∥∥∥∥∥∥∥∥ = PBP
−1
A =:

∥∥∥∥∥∥∥∥
s11 s12 . . . s1n
s21 s22 . . . s2n
. . . . . . . . . . . .
sn1 sn2 . . . snn

∥∥∥∥∥∥∥∥ .
From the above, it follows that

(φ,ψ)

((φ,ψ), λ1)
| s21, . . . ,

(φ,ψ)

((φ,ψ), λ1)
| sn1

i.e., (φ,ψ)
((φ,ψ),λ1)

| (s21, . . . , sn1). Since (φ,ψ)
((φ,ψ),λ1)

| (φ,ψ) then

(φ,ψ)

((φ,ψ), λ1)
| ((φ,ψ), (s21, . . . , sn1)).

There is the element m ∈ R such that (φ,ψ)
((φ,ψ),λ1)

= ((φ,ψ),(s21,...,sn1))
m . It follows that

((φ,ψ), λ1)

m
=

(φ,ψ)

((φ,ψ), (s21, . . . , sn1))
.

Since (φ,ψ)
((φ,ψ),(s21,...,sn1))

=: ω1, then ω1m = ((φ,ψ), λ1). This means that ω1 | λ1.
Since ωi | λi, i = 2, . . . , n then according to Theorem 2, the matrix C = MC1, i.e.
M is the least common right multiple of matrices A and B.

4 Conclusion

In this paper, we investigated the relationships between common right multi-
ples of matrices and the structure of the least common right multiple of matrices
over commutative Bézout domains of stable range 1.5. Also, we described the rela-
tionship between the invariant factors of matrices and the invariant factors of their
multiples. Under certain restrictions on the Smith normal forms of matrices, a new
method for finding the least common right multiple of matrices is proposed, based
on determining its Smith normal form and transforming matrices.
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