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The relationships between common multiples of
matrices over commutative Bézout domain of stable
range 1.5

Andrii Romaniv

Abstract. In the paper, we study common right multiples of matrices over commu-
tative Bézout domains of stable range 1.5. In particular, for nonsingular matrices of
arbitrary order, we indicate the relationships between their common right multiples
under certain restrictions on invariant factors. We also establish connections between
the invariant factors of the given matrices and the invariant factors of their common
right multiples. Furthermore, in this paper we study the structure of the least com-
mon right multiple of matrices, specifically its Smith normal form and transforming
matrices. As a result, we propose a new method for finding the least common right
multiple and establish relationships between the Smith forms of the given matrices
and the Smith form of their least common right multiple.

Mathematics subject classification: 15A21, 13A05.
Keywords and phrases: commutative Bézout domain, common multiple of matri-
ces, Smith form, stable range 1.5.

1 Introduction

Let R be a commutative elementary divisor domain [2]. Denote by M, (R) and
GL,,(R) the ring and the complete linear group of n X n matrices over a ring R,
respectively. And let A € M, (R) be a nonsingular matrix over R. For matrix A
there are invertible matrices P4 and Q)4 of appropriate sizes, such that

PyAQy = diag(e1,-- - 0n) = @, vilgit1, i=1,...,n— 1.
The matrix ® = diag(pi,...,¢n) is called the Smith normal form, the elements
©1,-..,pn are called invariant factors and the matrices P4 and Q4 are called left
and right transforming matrices of A respectively. Denote by P4 the set of all
left transforming matrices for matrix A. According to results [5] we know that
P4 = Gg Py, where

Go ={K € GL,(R) | K, € GL,(R) : K®=%K,}.

The set Gg is the multiplicative group [5] and is called Zelisko group. The structure
of elements of this set is investigated in [5,14] and [13].
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Consider the equality A = BC, where B,C € M, (R) are nonsingular matrices
over R and B has the Smith normal form

B~ diag(d)la--',d}n) = \Ila %WHM I = 1,...,71 - L

Note that the notation ” ~” means the equivalence of matrices. Let us recall that
two matrices A and B, over a ring R are said to be equivalent if there exist invertible
matrices U and V such that B = UAV.

We denote by (a,b) and [a, b] the greatest common divisor and the least common
multiple of the elements a and b, respectively. The notation a|b means that the
element a divides the element b.

Consider the set of matrices

L(®, V) = {L € GL,(R) | L® = WL, , L, € M,(R)},

that was introduced in [5] and consists of all invertible matrices of the form

wlll l12 - 11 -1 lin
ol l . lop_ l
_¥n__ __¥n__ _¥n
(Yn 1) lnl (Ym,2) ln2 0 (Ynspn—1) ln.nfl lnn

If A = BC then B is a left divisor of the matrix A and A is a right multiple
of B. If A= DA, and B = DBy, then the matrix D is a common left divisor of
the matrices A and B. If M = AA; = BBj then the matrix M is called a common
right multiple of matrices A and B. Moreover if, in addition, the matrix M above
is a left divisor of any other common right multiple of matrices A and B then we
say that M is the least common right multiple of A and B ( [A, B}, in notation).

Common multiples and common divisors of matrices are interconnected and are
often used to solve applied problems in algebra. In particular, according to the
generalized Bézout theorem, solving a system of one-sided matrix equations over
fields can be reduced to finding common left unitary divisors of the first degree
of the corresponding matrices. The study of common multiples, particularly the
least common multiple, originates from [3], where a method for finding it over a
commutative principal ideal domains was proposed. In [4], it was established that
the least common right multiple is uniquely determined up to right associativity.
In works [6,10,11] and [12], relationships between the Smith normal forms of two
matrices and the Smith normal forms of their least common right multiple were
indicated for certain classes of matrices. Moreover, in [10], a connection between
the common right multiples of second-order matrices over a commutative principal
ideal domains was established. Naturally, a need arises to study such problems for
wider classes of matrices.

In this paper, for nonsingular matrices under certain restrictions on their Smith
normal forms, we establish a connection between the divisibility of common right
multiples of matrices over commutative Bézout domains of stable range 1.5. Ad-
ditionally, we describe the relationship between the invariant factors of the given
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matrices and the invariant factors of their multiples. The explicit form of the Smith
normal form of a least common right multiple for such matrices is also indicated.

Recall that a commutative Bézout domain is a commutative ring without zero
divisors in which every finitely generated ideal is principal.

Definition 1. [8]. A commutative ring R is a ring of stable range 1.5 if, for every
triple of relatively prime elements a, b, and ¢ in R, ¢ # 0, there exists r € R such
that the elements a + br and c are relatively prime.

Note that the very concept of a stable range of a ring was introduced in [1].

Definition 2. [1]. The stable range of a ring R is the least natural number n

such that for any nonzero relatively prime elements a1, ..., an, ant1 € R, there exist
elements r1,...,r, € R such that the elements
a1 + Ap4171,02 + 4172, - 05 Ap + ATy

are relatively prime.

2 Auxiliary results

Let, in the following, R be a commutative Bézout domain of stable range 1.5.
According to Theorem 1 of [9], R is an elementary divisor domain. Consider the
nonsingular matrices A, B € M, (R) which have the Smith normal form

A~ diag(1l,@,...,p) = P,
B ~ diag(1,%,...,¢) = ¥,
respectively.

Lemma 1. Let A~ ®, B~ U and Py € Py, Pg € Pp, PBPIZl = ||si;||T = S.
Then the element ((p,1)), $21, 831, - - -, Sn1) 1S an invariant with respect to the choice
of transforming matrices Py and Pg.

Proof. Let Ny € Py and Np € Pp be some other left transforming matrices of
A and B. Then matrices H4 € Gg and Hg € Gy exist such that Ny = H4Py,
Np = HpPp. Consider the following product of the matrices:

NpN;'= HpPg(HaPa)™' = HgPpP,'H,' = HpSH ",

where S = PgP;!'. Let’s denote SH;' = ||t;;|| . Since H;' € Gg then according
to Corollary 6 of [5] the matrix H ' has the form

V11 V12 e Vin
PU21 V22 e Von
-1
H A=
PUn—-11 Up—12 --- Un—1n

PUn1 Un2 e Unn
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Hence,
v11
PU21
ta=| s si2 ... s | . =
PUnl
= 81011 + 8;2PV21 + * -+ + SinPUni,
where ¢ = 2,...,n. Consider the following greatest common divisor:

((907 1/)),'!521,t31, cee 7tn1) —

= ((¢, V), (s210114S220V21+" - - +5200Un1 )5 - - -, (Sn1VI1F+Sn20V21+ - -+ SpnPn1)) =

((p, V), (s21v11+ (822021 4 - -+ 52,Un1))s - - -, (Sn1v11 +@(Sn2v21 +- - -+ Snnvn1))).
Since (p, )|, then

((90, 1/))at21,t31a cee ,tn1) = ((% ¢)3321U11,531U11,-.-,Snlvn) = ((807 ¢)»U11(821,831, cee 75n1))-
The invertibility of H;* implies that (p,v11) = 1 . Therefore, ((¢,%),v11) = 1 and

((@7 ¢)7t21,t317 o 7tn1) - ((@7 ¢)732173317 ceey Snl)-

Let’s denote HgS = ||k;;||7. In view of Corollary 6 of [5] Hp is of the form

Uil U2 . Uln
Yugy uz2 ... Uzp
Hp = e
wun—ll Unp—-12 .. Un—1.n
Ipunl Un2 cee Unn
Hence,
811
521
kin = vYua wz ... wi || . =
Snl
= hui1811 + U821 + -+ + UinSn1 = Yl + U821 + - + UinSnal,
where l; = u;1811, ¢ = 2,...,n. Consider the following greatest common divisor:

((QD, ¢)7k21,k31, .. '7kn1) =

= ((p, ), (Yl +ugesor + -+ + u2nsn1), - - ., (Yl + up2s21 + -+ + Upnsp1)) =: d.
Since (¢, )|, then

d=((p, V), (ug2s21 + -+ u2nSn1), - -, (Un2s21 + -+ + UnnSn1)).
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It is obvious that the element ((¢, %), s21,531,...,5,1) is a divisor of all the terms
above. Thus, we have ((¢, ¥), s21, 831, - - -, Sn1)|d, i.e.

(@, V), 521,531, .-, 501)|((¢, V), ka1, k31,..., kn1).

On the other hand S = Hy' ||k;;||} , where Hp' € Gy. Based on similar considera-
tiOIlS, we obtain that ((QO, ¢), kigl, kﬁgl, ceey kn1)|((g0, @Z)), 891,831+, Snl)» ie.

((907 ¢)7k217k317 .. ‘7kn1) = ((@7 ¢)7521,3317- . 'anl)‘

Appying the associativity of M, (R) completes the proof.
O

Lemma 2. Let Q = diag(wy,wo,...,wy,), where w; | wiy1,i=1,2,....,n—1, and P |
Q, ¥ |Q. And let S = ||si;||T € GL,(R). In order SLy = Lp, where Ly € L(Q, ®),
Lp € L(Q, V), it is necessary and sufficient that

(¢, 1) . .
) | (s215---+5n1)-

Proof. Necessity. Since ® | Q and ¥ | Q then according to Corollary 5 of [5] matrices
L4 and Lpg are of forms:

P11 pbi2 ... Pin qi11 q12 ... (in
GeP2l P2 - P JTl)(Dl g2 .. @
LA = . . . s LB = . . . ,
. : : . . : :
(%wl)pnl Pn2 ... DPnn 7(¢,wl)qn1 n2 .- Qnn

respectively. Using the Property 4.8 [7], in this case, the sets L(Q, ®) and L(2, ¥)
are groups. Then S = LBLzll, where L;‘l € L(Q,®), i.e.

S11 812 ... Sin
g_ | s2t S22 ... S || _
Snl Sn2 ... Snn
, p,11w ) P:12 e p:ln
_ <(<p,w1)’ W)pm P22 -+ Pon || _ LpLy.
((wfn)’ JTl))p;zl p;’LQ e p;m

It follows that

(o ma) o (o may)
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i.e.

<(g0,90w1)’ (@Djpwl)) | (5215, 8n1)-

It follows from Lemma 1 (equation 1) [10] that

< % ¥ >: (. ¢)
(907(")1), (w’wl) (Q0,¢,W1)7

then we will get that (W(fp’?i)l) | (5215, 8n1)-

Sufficiency. Denote by ﬁ =: a, wal) =: b, then (a,b) | (s21,...,8n1). Let
si1 = (a,b)t;, i =2,...,n. By Theorem 2.13 [7] there exist some matrices H; € Gy
and U; € Gg such that

1 0 0 0
(CL, b)kgl 1 .. 0 0
H SU _ . . . . . 1 0
1 1 : . : : A Koy Koo ||
(CL, b)kn—l.l kn_12 ... 1 0
(aa b>kn1 k'n2 ce kn.n—l 1
. . . . . 1 0
Obviously, Ks is invertible. Hence, there exists some matrix Uy =: H 0 K-l
22
Gg such that
1 0O ... 00
(CL, b)k‘gl 1 ... 00
HySULUp = : L =R
(a,b)kp—11 0 10
((I, b)knl 0 0 1

Since U1,Uy € Gg then U Uy =: Ug € Gg. Therefore, K = H1SUz. Moreover,
there exist u;,v; € R, i = 2,...,n, such that

(a,b)kin = (au; + bvy) ki = auikin + bviki, 1=2,...,n.

If we consider the matrices

1 0 0 0
buakay 1 0 0
::HQEL(Q,\P)
bvp_1kn-11 0 1 0
bvnkzm 0 0 1
and
1 o ... 0 O
—aui ko 1 ... 0 O
. = U4€L(Q,CI)).
—aun_lkn_u 0 1 0
—avnkn1 0 0 1
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we obtain that H1SUsUys =: Hy. Then SU3U; = H1_1Hg. Using Properties 2
and 3 [5] we will have H; 'Hy =: Lp € L(Q,¥), UsUy =: La € L(Q,®), and so
SL4 = Lp, which had to be proved. O

In [5], necessary and sufficient conditions are given for a matrix to be a left
divisor of a matrix over the commutative elementary divisor domain. For the case
of nonsingular matrices over a commutative Bézout domain of stable range 1.5 these
conditions can be written as follows.

Theorem 1. [5] Let R be a commutative Bézout domain of stable range 1.5 and let
PsAQa = diag(p1, 02, ,pn) = @, ilpiy1, i=1,...,n—1,

PBBQB - diag(,l/“?va o ﬂﬂn) = \I/’ wi’wi-ﬁ-la 1= 17 cee, N — 1.
Then, A = BC' if and only if the following conditions hold:

1) ¢Z|QOZ, = 1,...,1’L.
2) Pp = LPy, where Pp € Pp, P4 € Py, L € L(®, V).

3 Main result

Theorem 2. Let R be a commutative Bézout domain of stable range 1.5 and let
A, B € M,(R) be nonsingular matirces which have the Smith normal forms

PyAQa = diag(l,p,...,0) =: D,

PBBQB = de(LW 7¢) = \Iju

respectively. Let also M,T € My(R) be the common right multiples of matrices A
and B, i.e. M = AAy = BBy and T = AAy = BBy and have the Smith normal
forms

Py MQy = diag(w,wa, ... wy) =: Q, wilwit1, i=1,...,n—1,

PTTQT = diag(’ylvp}/?? e 7771) = F? ’Y’L"'Y’i-i-h Z = 17 v, — 17
respectively. If the following conditions are performed
1) W1|71,
2) [p, ] = wi and wilvi, 1 =2,...,n,
then, M is a left divisor of the matriz T, i.e. T = M N, where N € M,(R).

Proof. The equality M = AA; = BBj means that the matrix M is a common
right multiple of the matrices A and B. Taking into account Theorem 1, we get
Py = L{, Py, where Py € Py, Py € Py,

l11 lio ... b
%)
Ly, = ezt b2 ool € L(Q,®).

P
Ghbt b oo
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So, Py = (Lﬁ)_lPA. Similarly, from equality M = BB we get that Pg = L]\B}PM,
where Pg € Pp,

15)11 b12 bln
LB || et P2 bl g g
Gaybet baz oo bun

ie. Py = (LY) 'Pp.

Since the matrix 7" is also a common right multiple of the matrices A and B,
then by similar considerations we obtain that P4 = L?PT, ie. Pr = (L%)_IPA,
where Pr € P,

tll t12 o e tln
_P
L= | Tt fe e Bl g p gy,
Btttz .t

Similarly, Pg = L? Pp, where

fll f12 fln

Y
LB~ wonda S o fon € LT, 0),

ﬁfnl fn2 fnn

So, Pr = (LB)~'Pg. According to Theorem 1, the matrix M will be the left divisor
of the matrix T if Pyy = Ly Pr, that is Ly = Py(Pr)~! € L(I,Q). Consider the
product of matrices

Pa(Pr)~t = (L) " Pa((L) ' Pa) ™" = (Ljy) ' Pa(Pa) ' L7 = (Liy) 'L =

l/11 , l:lQ e l:ln tll tlg . tln
= ﬁlﬂ lyg - gy . (@f‘/l)th tog ... top _
(‘val)lnl an s lnn (Lp,'yl)tnl tho ... ton
(Lap) ™ 4
h11 hi2 ... hiy
@ o
= ((som)’ () Jhar haa ... hon K
e e
((@7"‘)1) ’ (907’71) )hnl th R hnn

It follows from Lemma 1 (equation 2) [10] that

< % % >: e ¢
(p,w1)” (p,m) (@, [wi,m])  (p,m)
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Then
o g han ki k2 ... kg
K = (eojfn)hm haa ... han _. ka1 koo ... kop
©
(o71) hnl hn2 cee hnn knl kng - knn

On the other hand

Py (Pp)~" = (Ly) "' Pe((LE) ' Pg)~" = (Lyy) ' Pe(Pp) 'L = (Ly,) 'LE =

by by oo by fi1 fiz o fin

_ (Td;l)bzl 522 s b2n _ (ﬂﬁl)fm foo .. fon _
iy g e fe
('1/),0.)1) nl n2 e nn (w7fyl) nl n2 . nn

(Li)~" LB

whll ) h12 N hln kll k12 o kln
_ Whﬂ hoo ... hop _. kot koo ... kop
(1&1,1)771)]1;11 hpo ... hpn kni kna ... kpn

Since ﬁ“{gl and %Uﬂgl, then
[@ ¢} ™
(e,m)” (¥, m)

It follows from Lemma 1 (equation 4) [10] that
[ % ¢ ] __lpy]
(@7’71)’ (7/’,71) ([@7¢]771)

Noting that according to the conditions of the theorem, [p, ] = w;, i = 2,...,n,
then

([¢7¢]’71) - (wiaryl)
We get that K € L(I',§2). And this means that 7= M N, where N € M, (R).

[%M Wi ‘kila i:2,...,n.

O
Theorem 3. Let R be a commutative Bézout domain of stable range 1.5 and let
A~ diag(L,p,.... ),

BNdiag(Lwa"'aw)a
PBPZI = ||s4]|7, P € P, Pa € Pa. Then

[A, B, = (LsPA)"'Q = (LpPp) ',
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where ( ¢)
o ©,
Q—dmg(((W’S%Sgl,_”75711),[so,w,...ﬁso,wJ,[so,w),

Ly , Lp belong to sets L(Q, @), L(Q, V) respectively and satisfy the equality:

(PgPy")La = Lp.

Proof. Remark that according to Lemma 1, the element ((p,1), 21,831, ., Sn1),
and hence the matrix {2, do not depend on the choice of transforming matrices Py
and Pg. We will show that the matrix PBPA_1 can be written in the form

PpP'T =G,
where G € L(Q, V), T' € L(2, ®). By Lemma 1 (equation 1) [10] we will have

< @ (0 ) _ (¢7¢) = u
(90"“)1)’ (¢’w1) ((90’7!})7“‘)1)

=: wq, then

(o)

SinCe ((©5%),(8215+-+y8n1))

V) o), (521005m1))

_ (2, 0) (¢, 1), (S21, - - -+ 5n1)) - ) .
= @) (), (amse e vsm))s () (P (21 80))

This means that p | (s21,...,801). According to Lemma 2 there exist matrices
T cL(Q,®), Rc L(Q, @) such that PsP'T = G. So

G 1Py =T71P,.
Denote by G~! =: Lg and T~! =: L4. Then
(LaPA)"1Q = (LpPg) Q= M.

Since @ | © and V¥ | , then using Theorem 1, the matrix M is the common right
multiple of A and B.

Let C = PoAQc be the least common right multiple of matrices A and B.
Hence, ® | A and ¥ | A, i.e. ¢ | A; and ¥ | A\;, @ = 2,...,n. This means that
(o, 0] | Aiy, where [p, 0] =t w;, i = 2,...,n, i.e. w; | A;. Since, C = AA3, C = BBj3
then Py = K4 Pc, where K4 € L(A,®) and Pg = KpPc, where Kp € L(A, ¥). In
addition Po = K;'P4 and Pc = K3'Pp, hence KgK ;' = PgP;'. The matrix
KBKZ1 has the form

(wjﬁi)\l)uﬂ 22 ... U2p (s0>\1)v21 V22 ... Vp

Uil U2 ... Ulnp V11 V12 ... Uln
KpK;! =
B y

©
@t U2 et || RGO e e
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211 212 ... Zln S11 S$12 ... Sin
sz\zﬂ 222 ... Z2n S21 822 ... 89
((Sﬂvw)v 1) — PBPAAil — n
%2’”1 Zn2 ... Znn Snl Sn2 ... Snn
From the above, it follows that
(¢, %) (9, %)
|821,..., |3n1
((:¥), A1) ((s¥), A1)
ie., oAy | (521, sm)- Since 1585 | (1) then
(1)
90»?# y(821,---,8n1))-
(CXDRAAE )
There is the element m € R such that ((;fé;mh) = ((“D’w)’(sﬁ""’sm)). It follows that
((907¢)a/\1) _ (Spﬂl})
m ((¢,v), (521, ., 501))
Since ((v,w),gfﬁ?..,snl)) =: wi, then wim = ((¢,v), A1). This means that wy | A;.
Since w; | Aj, i = 2,...,n then according to Theorem 2, the matrix C' = M1, i.e.

M is the least common right multiple of matrices A and B.
O

4 Conclusion

In this paper, we investigated the relationships between common right multi-
ples of matrices and the structure of the least common right multiple of matrices
over commutative Bézout domains of stable range 1.5. Also, we described the rela-
tionship between the invariant factors of matrices and the invariant factors of their
multiples. Under certain restrictions on the Smith normal forms of matrices, a new
method for finding the least common right multiple of matrices is proposed, based
on determining its Smith normal form and transforming matrices.
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