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Abstract. The aim of this paper is studying the compact global attractors for non-
autonomous lattice dynamical systems of the form u} = v(Uim1 — 2U; + Uig1) — Au; +
fui) + fi(t) (i € Z, X > 0). We prove their dissipativness, asymptotic compactness
and then the existence of compact global attractors.
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1 Introduction

Denote by R := (—00,00), Z := {0,£1,+2,...} and ¢y the Hilbert space of all
two-sided sequences & = (&;);ez (& € R) with

Y &P < +oo

€7

and equipped with the scalar product

€L

Let (B,|-|) be a Banach space with the norm |- |, C(R,9) be the space of all
continuous functions f : R — B equipped with the distance

d(f1, f2) := sup min{max|fi(t) — fa(t), L~"}. (1)
L>0 [t|I<L

The metric space (C'(R,B),d) is complete and the distance d, defined by (1), gen-
erates on the space C(R,B) the compact-open topology.

Let h € R, f € C(R,B), f(t) := f(t+h) for any t € R and o : R x C(R, B) —
C(R,%B8) be a mapping defined by o(h, f) := f* for any (h, f) € R x C(R,B).
Then [4, Ch.I] the triplet (C'(R,B),RR, o) is a shift dynamical system (or Bebutov’s
dynamical system) on the space C(R,8). By H(f) the closure in the space C'(R, B)
of {f"| h € R} is denoted.

© David Cheban and Andrei Sultan, 2025
DOI: https://doi.org/10.56415/basm.y2025.i2-3.p45

33



34 DAVID CHEBAN AND ANDREI SULTAN

In this paper we study the compact global attractors of the systems
wp = v(ui—1 — 2u; +uit1) — A + F(w;) + filt) (i € Z), (2)

where A > 0, F € C(R,R) and f € C(R,¥l2) (f(t) := (fi(t))icz for any t € R).
The system (2) can be considered as a discrete (see, for example,[1,7] and the
bibliography therein) analogue of a reaction-diffusion equation in R:

2
% = D% — A+ F(u) + f(t,z),
where grid points are spaced h distance apart and v = D/h?.

This study continues the first author’s works devoted to the study of compact
global attractors of non-autonomous dynamical systems [4] and compact attractors
of lattice dynamical systems [1] (autonomous systems) and compact pullback at-
tractors [7] (for non-autonomous systems).

The paper is organized as follows. In the second section we show that under some
conditions the equation (2) generates a cocycle which plays a very important role in
the study of the asymptotic properties of the equation (2). In the third section we
prove under some conditions the existence of an absorbing set for the equation (2).
The fourth section is dedicated to the study of the asymptotical compactness of the
cocycle generated by the equation (2). In the fifth section we study the problem of
existence of a compact global attractor for the equation (2).

2 Cocycles
Consider a non-autonomous system
u; = l/(ui_l — 2u; + uH_l) — A\u; + F(uz) + fz<t) (Z € Z). (3)

Below we use the following conditions.
Condition (C1). The function f € C(R,B) and it is translation-compact, i.e.,
the set {f"| h € R} is pre-compact in the space C(R,B).

Lemma 1. /2, Ch.IV, p.236],[9, Ch.111],[10, Ch.IV] The following statements are
equivalent:

1. the function f € C(R,B) is translation-compact;

2. the set Q = f(R) is compact in B and the function f € C(R,B) is uniformly
continuous.

Condition (C2). The function F' € C(R,R) is Lipschitz continuous on bounded
sets and F'(0) = 0.

Denote by F : 0y — 0y the Nemytskii operator generated by F, i.e., Fv(f’)z =
F(¢&;) for any i € M.

Condition (C3). sF(s) < —as? for any s € R.
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Definition 1. A function F' € C(Y x B,B) is said to be globally Lipschitzian
(respectively locally Lipschitzian) with respect to variable v € 9 uniformly with
respect to y € Y if there exists a positive constant L (for any bounded set B C B
there exists a constant Lp) such that

|F(y,u1) — F(y,u2)| < Llup — ug|

(respectively,
|F'(y,v1) — F(y,v2)| < Lpl|vr — val)

for any uj,us € B and y € Y (respectively v1,vo € BC B and y € Y).

Definition 2. The smallest constant L (respectively Lp) with the property (4) is
called Lipshchitz constant of function F' (notation Lip(F'), respectively Lipg(F)).

Let B C B, denoted by CL(Y x B,®) is the Banach space of any Lipschitzian
functions F' € C(Y x B,*B) equipped with the norm

||F||cr := max |F(y,0)| + Lipg(F).
yey

Lemma 2. [1] Under the Condition (C2) is well defined the mapping F : lo — {
and

1E(€) = F(n)ll < Lipp(F)[|€ = ]l

for any &,m € Ly, where || - |2 := (-,-) and || - || is the norm on the space {s.

For any u = (u;);ez, the discrete Laplace operator A is defined [7, Ch.III] from ¢,
to f3 component—wise by A(u); = uj—1—2u;+u;y;1 (i € Z). Define the bounded linear
operators DT and D~ from #5 to {3 by (DT u); = uir1 —ui, (D™ u); =ui—1—u; (i €
7).

Note that A = D*D~ = D~ D" and (D~ u,v) = (u, D"v) for any u,v € {5 and,
consequently, (Au,u) = —|D%u|? < 0. Since A is a bounded linear operator acting
on the space /s, it generates a uniformly continuous semi-group on /5.

Under the Conditions (C1) and (C2) the system of differential equations (3) can
be written in the form of an ordinary differential equation

u' = vAu+ ®(u) + f(t) (4)

in the Banach space B = o, where ®(u) := —)\u+f(u) and A(u); = uj—1—2u;+u;t1
for any u = (u;)iez € ¢2. Along with equation (4) we consider also its H-class, i.e.,
the family of equations

' = vAu+ ®(u) + g(t), (5)

where g € H(f).
The family of equations (5) can be rewritten as follows

u'=F(o(t,g),u) (9€H(f)), (6)
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where F': H(f) X ly — {5 is defined by F(g,u) := vAu+ ®(u) + ¢g(0). It is easy to
see that F(o(t,g),u) = vAu + ®(u) + g(t) for any (t,u,g) € R x B x H(f).

Let Y be a complete metric space, (Y,R, o) be a dynamical system on Y and A
be some complete metric space of linear closed operators acting into Banach space
8. Consider the following linear differential equation

o' =A(o(t,y)z, (yevY) (7)

where A € C(Y,A). We assume that the following conditions are fulfilled for equa-
tion (7):

a. for any u € B and y € Y equation (7) has exactly one solution that is defined
on R, and satisfies the condition (0, u,y) = u;

b. the mapping ¢ : (t,u,y) — @(t,u,y) is continuous in the topology of R X
B xY.

Denote by U(t,y) := ¢(t,-,y) for any (t,y) € Ry x Y.
Consider an evolutionary differential equation

u'=Ao(t,y))u+ Flo(t,y),u) (yeY) (8)

in the Banach space 98, where F' is a nonlinear continuous mapping (”small” per-
turbation) acting from Y x B into B.

Definition 3. A function u : [0,a) — B is said to be a weak (mild) solution of
equation (8) passing through the point x € B at the initial moment ¢ = 0 (notation
o(t,z,y)) if u e C([0,T],B) and satisfies the integral equation

u(t) =U(t,y)xr + /0 U(t—s,0(s,y))F(o(s,y),u(s))ds

for any t € [0,7] and 0 < T < a.

Theorem 1. [5, Ch.VI] Suppose that the function F € C(Y x B,9B) is locally
Lipschitzian. Let xqg € B, r > 0 and the conditions listed above be fulfilled. Then,
there exist positive numbers 6 = 0(xo,r) and T = T'(xo,r) such that equation (8)
admits a unique solution ¢(t,z,y) (v € Blxg,d] :={x € B | |x — xo| < §}) defined
on the interval [0, T] with the conditions: p(0,x,y) = x, |p(t,z,y) — x| < 1 for any
t € [0,T] and the mapping ¢ : [0,T] x Blzo,0] XY — B ((t,z,y) — ¢(t,z,y)) is
continuous.

Remark 1. Under the conditions of Theorem 1:

1. if ¢ is a solution of equation (8) on some interval [0, h], then 1) can be extended
over a maximal interval of existence [0, «);

2. if the solution 1) is bounded, then v can be extended on the interval [0, 400).
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This statement can be proved using the same arguments as in the case of ordinary
differential equations (see, for example, [3, Ch.IV]).

Theorem 2. Under the Conditions (C1) and (C2) there exist positive numbers
0 = 6(ug,r) and T = T(ug,r) such that equation (8) admits a unique solution
o(t,g,y) (u € Blug,d] = {u € by ||lu—up| < d}) defined on the interval [0,T]
with the conditions: p(0,u,g) = u, ||¢(t,u,g) —uo| < r for any t € [0,T] and the
mapping ¢ : [0,T] x Blug, 0] x H(f) — €2 ((t,u,g) — @(t,u,g)) is continuous.

Proof. Assume that the Conditions (C1) and (C2) are fulfilled. Consider the equa-
tion (6), where F(g,u) := vAu + ®(u) + ¢(0) for any (u, g) € €2 x H(f). It easy to
check that under the conditions of Theorem the mapping F' possesses the following
properties:

1. F is continuous;

2. the mapping F' is locally Lipschitzian in v € {5 uniformly with respect to
g € H(f), i.e., for any bounded subset B C {5 there exists a positive constant
Lp(B) such that

[1F(u1,9) — F(uz, 9)|| < Lr(B)|lu1 — s
for any ui,us € B and g € H(f);
3. there exists a positive constant C such that
1F(g,0)]| <C
for any g € H(f).
Now to finish the proof of Theorem it suffices to apply Theorem 1. O

Lemma 3. Assume that the conditions (C1)-(C8) holds and g € H(f). Then, for
every T > 0, any solution v(t) of the problem (5) and v(0) = vy € {2 satisfies

lo@®)|| <M, forall0<t<T,
where M is a constant depending only on the data (X, C,||vo||) and T, where C :=
sup{[|f(®)[| | t € R}.

Proof. Let v(t) be a solution of the equation (5) with the initial condition v(0) = vg
defined on the maximal interval [0, h). Denote by y(t) := |v(¢)|? then we have

y'(t) = 2(0'(), v(t)) = 2(vAv(t), v(t)) +2(2(v(1)), v(t)) + 2(9(t), v(?)) =
—2v|DFo(t)]? = 2Au(t)]* + 2(F (v (1)), v(t)) + 2(g(t), v(t)) (9)

for any t € [0, h).
Since

[(g(), o) < llg@®Illlo(@)]] < %Allv(t)ll2 + %Ilg(t)IIQ,
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using (C3) from (9) we get
2
(1) = 200/(8) 0(8) < ~(r + 20)08) + - (10)

for any t € [0, h). By Gronwall’s lemma from the inequality (10), taking into account
that y(0) = |v(0)|?, we obtain
C? C?

y(t) < 6_(/\+2a)t((|v(0)|2 - /\(A + 2@)) + )\()\ + 204))

and, consequently,
l(t)] < M
for any 0 <t < T < h, where

C? C? 1/2
M = M(T, v, €) i= (=2 ((Juy 2 )

or2a) T 30120

Lemma is proved. O
Remark 2. Lemma 3 remains true if we replace the Condition (C3) by the weaker
condition: F(s)s <0 for any s € R.

Theorem 3. Under the Conditions (C1)-(C38) the following statements hold:

1. for any (v,g) € bax H(f) there exists a unique solution p(t,v, g) of the equation
(5) passing through the point v at the initial moment t = 0 and defined on the
semi-azis Ry = [0, +00);

2. ¢(0,v,9) =wv for any (v,g) € ba X H(f);

3ot +7v,9) =t o(r,0,9),97) for anyt,7 € Ry, v €Ly and g € H(f);

4. the mapping ¢ By x £y x H(f) = by ((t,0.9) — @lt,v,)) for any (t,v.9) €
Ry x by x H(f) is continuous.

Proof. The first statement of Theorem follows from Lemma 3, Theorem 1 and Re-
mark 1.

The second and third statements are evident. The fourth statement follows from
Theorem 1. ]

Let Y be a complete metric space and (Y,R, o) be a dynamical system on Y.

Definition 4. Recall [4, Ch.I] that (B, ¢, (Y,R,0)) is said to be a cocycle over
(Y,R, o) with the fiber B if ¢ is a continuous mapping acting from R; x B xY — B
satisfying the following conditions:

1. ¢(0,u,y) = v for any (v,y) € B x Y;
2. p(t+T1,u,y) = p(t,p(1,u,t),o(r,y)) for any (t,7 € Ry and (u,y) € B x Y.

Corollary 1. Under the conditions of Theorem 2 the equation (4) (respectively,
the family of equations (5)) generates a cocycle ({2, ¢, (H(f),R,0)) over the shift
dynamical system (H(f),R, o) with the fiber (5.

Proof. This statement directly follows from Theorem 2 and Definition 4. O
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3 Existence of an absorbing set

Theorem 4. Under the Conditions (C1)-(C8) there exists a closed ball B[0,r] :=
{€ € la| |&] < r} such that for any bounded subset B C (o there exists a posi-
tive number L = L(B) such that ¢(t,B,Y) C B[0,r| for any t > L(B), where
o(t, M,Y) :={p(t,u,y)| ue M, yeY}.

Proof. Let B = B[0,r] := {x € f3] ||z|| < r} be a bounded subset, v € B and
g € H(f) then we have

2 et v,9)|1% = 2v (Ap(t, v, ), (t, v, 9)) +
2(Q(p(t,v,9)), p(t, v, 9)) +2(g(t), p(t, v, g))
< =2Xle(t, v, 9)1* + 2 X ez @it v, 9) f(pilt, v, 9)) + 2357 9i(H)wi(L, v, 9)
< —20lp(t, 0, 912 — 2a [ p(t, v, )| + Allp(t, v, )2 + L@
<—Q2a+N) ot v, 9> + &

where the penultimate step follows from Young’s inequality because ||g(t)|| < C :=
sup{||f(¢)|| : t € R} for any g € H(f)). Hence, Gronwall’s lemma implies that

CZ

+ 2 —-2a+N)t , _ ~
”90( 7”79)” —= HU” € + )\<)\—|—204)

(1 o e—(Qaf"r)\)t) , t Z 0.
Define the closed ball @ in ¢? by

C?
= 2. <RP=14-—~T
Q {u€€ lul| <R +)\()\+2a)

then we have
lo(t,v,9)|* < R?

for any r > R and

1

t > L(B) ::m

In(r? — R 4 1).
Theorem is proved. O

4 Asymptotical compactness of the cocycle generated by the equa-
tion (4)

Let (%8, ¢, (Y,R,0)) (or shortly ¢) be a cocycle over dynamical system (Y, R, o)
with the compact phase space Y.

Let A and B be two bounded subsets from 8. Denote by p(a,b) := |a — b
(a,b € B), pla,B) = gg}fg p(a,b) and

B(A, B) = sup pla, B).
acA
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Definition 5. A dynamical system (X,R;, ) is called asymptotically compact [4,
Ch.I] if for any bounded, closed and positively invariant subset B C X there exists
a nonempty compact subset K = K (B) such that

Jlim_A(x(t, B), K) = 0.
Definition 6. A cocycle (W, ¢, (Y, T, o)) is said to be asymptotically compact if the
skew-product dynamical system (X, R, ,7) generated by cocycle ¢ (X := W x Y,
7 := (p,0)) is asymptotically compact.

Definition 7. A cocycle ({2, ¢, (Y, R, o)) satisfy an asymptotic tails property on the
bounded set K C £, if for arbitrary positive number ¢ there exist positive numbers
L(e) and k. € N such that

Z |g0k(t,v,y)]2 <e (11)

k| >ke

for any t > L(e) and (v,y) € K x Y.

Lemma 4. Assume that the skew product dynamical system (l2, o, (Y, T, o)) satisfies
the following conditions:

1. the metric space Y 1is compact;

2. the cocycle ¢ admits a bounded absorbing set K C {s, i.e., for any bounded
subset B C {5 there exists a positive number L = L(B) such that ¢(t,B,Y)
C K for anyt > L (or equivalently: K := K XY is an absorbing set for the
skew-product dynamical system (X,Ry, ) generated by cocycle ¢);

3. the cocycle p satisfies an asymptotic tails property on the absorbing set K C X.

Then the skew-product dynamical system (X,R4, ) generated by the cocycle ¢
1s asymptotically compact.

Proof. Let B be a bounded, closed and positively invariant subset of X. Since
the space Y is compact then there exists a positive number r > 0 such that B C
B[0,7] x Y. Consider the sequences {z,} C B and t, — +oo as n — oo. We
will show that the sequence {m(t,,z,)} is precompact in the space X := ly X Y
or equivalently the sequence {p(ty, upn,yn)} is precompact in ¢ (z, = (un,y,) and
T(tn, n) = (©(tn, Un, Yn), 0 (tn, yn)) for any n € N) because {y,} C Y and the space
Y is compact.

Since the set B is positively invariant then 7 (¢, B) C B C B[0,7] x Y for any
t > 0 and, consequently,

o(t,u,y) € B0, 7]

for any (u,y) € B and t > 0. In particular, we have

‘So(tna unayn)’ <r
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for any n € N). Thus the sequence {¢(t,, un,yn)} is weakly precompact in ¢o and,
consequently, we can assume that {@(t,, un, yn} is weakly convergent, i.e,

Sp(tna Unp, yn) —u

weakly in £s.
Let € be an arbitrary positive number. Since K C ¢5 is an absorbing set for the
cocycle ¢ then there exists a positive number L; = L;(B[0,r]) such that

ot u,y) € K (12)

for any ¢t > L;(B[0,r]) and (u,y) € B[0,7] x Y. Let n; € N be a number such that
tn, > Ly for any n > n; and, consequently, from (12) we obtain

P(tn, un,yn) € K (13)

for any n > ny.
We will show that the sequence {¢(ty, un,yn)} converges in the space f2, that
is, for any € > 0 there exists a number n(e) € N such that

H(p(tnyunuyn) - uH <e

for any n > n(e).
By (13) we have
@(Llaunayn) e K (14)
for any n € N. Since the cocycle ¢ satisfies an asymptotic tails on the set K, for
given € > 0, there exist k;(¢) € N and Lq(g) > 0 such that

Z |(pi(t7W(Llaumyn)va(ljhyn))’Q < 52/8 (15)
li|>k1 ()

for any t > Lq(¢).

Since t, — 400 as n — oo, there exists na(e) € N such that if n > na(e), then
tn, — L1 > Li(¢), and hence from (15), we have

Z |50i(tnaunayn)|2 = (16)
i|>k1(e)

. Z( )|<Pi(tn — L1, o(L1tn, yn), o (L1, yn))|* < €2/8.
i|>k1(e

Since u € ¢ then there exists ka(e) such that
> Jul* < £2/8. (17)
|i|>k2(e)

Let k(¢) = max{ki(e), k2(e)}. By the weak convergence of {p(tn, un,yn)} we have
that

SDz(tn; Unp, yn) — Uy
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as n — oo (for any |i| < k(e)), which implies that there exists ng(e) such that

Z |90i(tnaun>yn) _ui|2 < E2/2 (18)
i <k(e)

for any n > ns(e).
Setting n(e) := max{ni, na(e),n3(e)}, from (16)-(18) we get that, for n > n(e),
lo(tn, tn,yn) —ul? = 32 |@iltn, tn,yn) —uil® +
li|<k(e)
> 1iltn,unyn) —wil* <€/2+2 32 (|0iltn, tn, yn)|? + Jwil?) < €%
li|>k(e) li|>ke

as desired. Hence we obtain ¢(t,, un,yn) converges to u in the space f5. Lemma is
completely proved. ]

Theorem 5. Under the Conditions (C1)-(C3) the cocycle ({2, ¢, (H(f),R,0)) gen-
erated by the equation (/) satisfies an asymptotic tails property on the set Q.

Proof. We will prove this statement using the ideas and methods elaborated in the
work [1] (see also [7, Ch.2.3]). Consider a smooth function £ : R — [0, 1] satisfying

; 0<s<1,
s)={el01], 1<s<2
1, s

and note that there exists a constant Cy such that |¢'(s)| < Cp for all s > 0. Then
for a fixed k € N (its value will be specified later), define

&(s) =€ (3) forall seRy.

Given u € C1(Ry,{3), define v € C1(R, /) componentwise as

vi(t) == &k (|i))ui(t) for i€Z (VteRy).

Note that
w(t), o(t) = 3 (i) lu(t)? (19)
1€EZL
and dlu(t), v(®)) . du(t)
200 — o= (o)) (20)

for any t € R,
Taking the inner product of equation (5) with v(¢) gives

%W(t)ﬂf(t» +v{DTu(t),DTv(t)) = (2(u(t)), v(t)) + (g(t), v(1)),
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that is

% > &elliDluil + 20(D u, D v) =2 " &i(liluif (i) +2) &(liDgi(t)u; (21)

1E€EZL 1E€EZL 1€EZL

Each term in the equation (21) will now be estimated. First,

(D*u,Dv) = Z(UiJrl — ;) (Vig1 — v;)
iez

= > (i1 = wi) [(&(i + 1) = & (li) wirr + E(li]) (i1 — ui)]

1EL
=D (&lli + 1) = & (D) (wirr = wi)uirs + Y E(lil) (uirr — us)?
i€Z i€

> 37 (€l + 1) — &) (uist — uuis.

1€EL

Since

D Gli+10) = & (i) (w1 — w)uip| <Y %lf’(sm uipr — il - Juial,

1EZ €7

for some s; between |i| and |i + 1|, and

D 1€ i)l uirn — wil luira] < Co Y (Juisa[* + |uil[uiga]) < 4Co |[u]l?.
1€Z 1€EZ

Then it follows that for all u € Q and v € ¢2 defined componentwise as v; :=
&k(|i])u, for i € Z,
4G QI

PR
where [|Q|| := supyeq [[ul|. On the other hand, by Condition (C3),

(D*u,D*v) > - (22)

2) &liluif(ui) < =20y &(Jil)|usl?

ic? icZ
and by Young’s inequality
: : 1 :
2> &llihgius < o &(li)|uwil® + o > &(liDlgil*.
icZ icZ icZ
Thus

23" ellilui () + 2 3 Gelligi(tus < —a S il + = 3 lai”. (23

icZ i€ i€’ li|>k



44 DAVID CHEBAN AND ANDREI SULTAN

Using the estimates (22) and (23) in the equation (21) gives

d 4C||QI* 1
LS il + o 3 gl < 2 L L gm0 (o)

i€Z i€z li|>k

Since g € H(f) and the set H(f) is a compact subset in the space C(R, {2) then
by Lemma 1 the set f(R) is a compact subset of ¢5. In particular for any ¢ > 0
there exists a natural number k(g) such that

> il <e (25)

li|=k(e)

for any v € f(R). Note that g € H(f) and, consequently,

9(R) € f(R). (26)

From (25) and (26) we obtain
Yo g <e
li[>k(e)

for any g € H(f) and t € R.

Note that g(t) € g(R) C f(R) and, consequently, for every € > 0, there exists k.

such that c ||QH2
]| e 2 [ (DE<e, k>k
b a g l0f < )

v

for any g € H(f) and t € R.
The inequality (24) along with the relation above give

d
p Yo GlliDlul +a ) &liDlul® < e

i€’ i€Z
for any g € H(f) and t € R.
Then, Gronwall’s lemma implies that

. _ . 3 _ 3
Dot v, 9)ilt o) < e G (lil)uil® + L Se ol + o
1€EZ 1€EZ

Hence for every v € Q,

D &lliDle(t v, g)il* < e IQI* +

1E€EL

€
«
and therefore

1 2
1ol

(0% 9

2
> &l it wo) P < =, for t = T(e) =
1€Z

This means that the cocycle (€2, ¢, (Y, R, o)) is asymptotic tails on the absorbing set
Q. Theorem is proved. O
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5 Compact global attractors

Definition 8. A family {I,| y € Y} of compact subsets I, of B is said to be a
compact global attractor for the cocycle (B, ¢, (Y, R, o)) if the following conditions
are fulfilled:

1. the set
7=J{Llyev}
is precompact;

2. the family of subsets {I,| y € Y} is invariant, i.e., p(t, Iy, y) = I, for any
(ta y) € RJr X Y7

li t.M,y),T) =0
t_;_rgloozlelgﬂ(w(, ,y),T)

for any compact subset M from ‘8.

Definition 9. A cocycle ¢ is said to be dissipative if there exists a bounded
subset K C ‘B such that for any bounded subset B C ‘B there exists a pos-
itive number L = L(B) such that ¢(t,B,Y) C K for any t > L(B), where
o(t, B,Y) = {p(t,u,9)| (w,y) € B x Y},

Theorem 6. [6, Ch.II] Assume that the metric space Y is compact and the cocycle
(B, ¢, (Y,R,0)) is dissipative and asymptotically compact.
Then the cocycle ¢ has a compact global attractor.

Theorem 7. Under the Conditions (C1)-(C3) the equation (4) (the cocycle ¢ gen-
erated by the equation (4)) has a compact global attractor {I4| g € H(f)}.

Proof. This statement follows from Theorems 4, 5 and 6. O
Below we give an example which illustrate our general results.

Example 1. Let {w;};cz be a sequence of real numbers. For every i € Z we define
a function f; € C(R,R) by the equality

sin(w;t + In(1 + t2))
2lil

fi(t) ==

for all t € R.
Note that the functions f; (i € Z) possess the following properties:

1.

forallt € R and i € Z;
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|£i()] < (1 + |wil) (28)
forallt € R and 7 € Z.

Lemma 5. For every i € Z the function f; is bounded and uniformly continuous on

R.
Proof. This statement directly follows from (27) and (28). O

Lemma 6. The following statements hold:

1. f(t) € b, where f(t) := (fi(t))icz;
2. for every e > 0 there exists a number n(e) € N such that

> k< 29

li|=n(e)
for allt e R.

Proof. Since

.92 2
9 sin®(w;t + In(1 + ¢%)) 1 11
O =Y 1H0P =3 a0 <D =3
2 2 3
i€EZ i€EZ €L

then f(t) € (5.
Note that for every e > 0 there exists a number n(¢) € N such that

1 g2
> < (30)
li|=n(e)
By (27) and (30) we obtain
> lners 3 RIS (31)
. 4 4
li|=n(e) i|=n(
for all t € R. O
Consider the function f : R — 5 defined by f(t) := (fi(t))iez for all t € R.
Lemma 7. The following statements hold:
1. the function f : R — fo is uniformly continuous on R;

2. the set f(R) is a precompact subset of (5.
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Proof. For every € > 0 we choose n(e) € N such that (31) holds. Since the functions
fi (Ji] < n(e)) are uniformly continuous then for e there exists a positive number
d = d(e) such that [t; — t2| < § implies (see Lemma 5)

2

|i|<§n:(5) ilta) = LI < % (32)

On the other hand we have

IF(t) = FEI? = Y 1fit) = filt2) P+ D Lfilta) = fult2)? (33)

li|<n(e) li|2n(e)

for any t1,t2 € R. From (33), (32) and (29) we receive
If(t) = FE)P = X [filth) = filt) P+ 30 |fitr) = filt2)]? <

li|<n(e) li|>n(e)
S filt) = fit2)P+ X 201fi(t) P + [ filt2)]?)
li|<n(e) [i|>n(e)
<g 425 +9)=¢ (34)

and, consequently, ||f(¢t1) — f(t2)]| < € for any t1,t2 € R with [t; — t2] < 4.

Let now v be an arbitrary element of the set f(R), then there exists a number
s € R such that v = f(s). By Lemma 6 (item (ii)) for every € > 0 there exists a
number n(e) € N such that

2

SowlP= Y IheP<T

li|=n(e) li|=n(e)

and, consequently, by Theorem 5.25 [8, Ch.V, p.167] the subset f(R) of ¢y is pre-
compact. [

Corollary 2. The function f is Lagrange stable, i.e., the set H(f) is a compact
subset of C(R,{3).

Proof. This statement follows from Lemmas 1 and 7. 0
Consider the system of differential equations

sin(w;t + In(1 + ¢2))
21l

uy = v(ui—1 — 2u; + uip1) — Ay + Fug) + (ieZ), (35)

where F(u) = —u —u? for all u € R.
Along with this system of equations (35), consider the (equivalent) equation

u' = Au — Mu+ F(u) + f(t) (36)

in the space /5.

Taking into account the results above it is easy to show that the Conditions
(C1)-(C3) for the equation (36) are fulfilled. According to our result this equation
admits a compact global attractor.
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