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Abstract. The paper establishes the asymptotic behavior as t → ∞ and the principle
of limiting amplitude of solutions to the Cauchy problem for a second-order hyperbolic
equation with periodic coefficients for large values of the time parameter t, with zero
initial data, where the right side of the equation is the function f(x) exp{−i ω t},
ω > 0. To obtain an asymptotic expansion as t → ∞, the basic methods of the
spectral theory of differential operators are used, as well as the properties of the
spectrum of the Hill operator with periodic coefficients.
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1 Introduction

As is known, for some areas of theoretical physics, such as wave mechanics, the
theory of oscillations, etc., the solution of problems is reduced to the problem of
eigenvalues. In addition, the question of the unambiguous definition of a mechanical
system, i.e., the Hamilton function, through the spectrum of eigenvalues of the linear
differential equation associated with it is important.

In the case when the string is vibrating and the boundary conditions are natural,
it was shown in [1] that the spectrum of eigenvalues uniquely determines the differ-
ential equation which in Schrödinger’s theory is called the ”amplitude equation”.

Paper [2] deals with the problem of determining the Hill equation (or the one-
dimensional Schrödinger equation) from its spectrum, as well as deriving the Hill
equation from specific properties of its discriminant. A great deal is known about
the analytic structure of the discriminant (see, for example, [3, 4]) .

We study the behavior as x ∈ [−b, b] and t→ ∞ of the solution to the following
Cauchy problem

utt(x, t)− (p(x)ux(x, t))x + q(x)u(x, t) = f(x)e−i ω t, (x, t) ∈ R× {t > 0}, (1)

u(x, t)|t=0 = 0, ut(x, t)|t=0 = 0, x ∈ R, (2)

where p(x) and q(x) are 1-periodic functions,

p(x+ 1) = p(x) ≥ const > 0, q(x+ 1) = q(x) ≥ 0.

© A. M. Ishkhanyan, H. A. Matevossian, 2025
DOI: https://doi.org/10.56415/basm.y2025.i2-3.p21

21



22 ISHKHANYAN, MATEVOSSIAN

Assume that the functions p(x) and q(x) are continuous or have a finite number of
discontinuities of the first kind on the period, f ∈ C∞

0 (R), supp f ⊂ [0, 1], ω ≥ 0 is
a real number, b is an arbitrary fixed constant.

The behavior (as t → ∞) of solutions to problems similar to the problem (1),
(2) with p(x) = 1, and of the corresponding multidimensional problems under the
condition that the potential differs from a constant by a finite function tends to
a constant sufficiently fast at infinity, has been studied in many papers, see, for
example, [5], and the bibliography there, as well as other papers.

In this regard, we note the paper [6], in which was received the asymptotic
expansion (for t → ∞ and |x| < a < ∞ ) of the solution u(x, t) to the following
Cauchy problem

utt(x, t)− uxx(x, t) + (α0 + q0(x))u = 0, (x, t) ∈ R× {t > 0},

u(x, t)|t=0 = φ(x), ut(x, t)|t=0 = ψ(x), x ∈ R,

where the initial functions are finite, φ(x) ∈ C2(R), ψ(x) ∈ C1(R), and under
weaker restrictions on the potential q(x) = α0 + q0(x), where α0 = const and q0(x)
is a real-valued continuous function for all x ∈ R, and for some k ≥ 1,∫ +∞

−∞
|x|k|q0(x)| <∞

is satisfied the condition.
The papers [7] and [8] studied the following Cauchy problem

utt(x, t)− (a(x)ux(x, t))x = 0, 0 < a0 ≤ a(x) ≤ A0 < +∞, (x, t) ∈ R× {t > 0},

u(x, t)|t=0 = φ(x), ut(x, t)|t=0 = 0, x ∈ R,

for which, under certain assumptions on the tension coefficient a(x), such as

1

a0

∫ +∞

−∞
|a′(x)| dx < 1,

sufficient conditions for the stabilization of the solution u(x, t) as t → +∞ uni-
formly in x on any compact set, as well as necessary and sufficient conditions for
the stabilization of the solution u(x, t) in the mean were obtained.

In [9] the asymptotic behavior as t → ∞ of the solution of the initial-boundary
value problem for a hyperbolic equation in the following formulation

a(x)utt(x, t) = uxx(x, t), 0 < a0 ≤ a(x) ≤ A < +∞, x > 0, t > 0,

u(x, t)|t=0 = f(x), ut(x, t)|t=0 = g(x), x ≥ 0,

u(x, t)|x=0 = 0, t ≥ 0,

is studied, and it follows from the asymptotic expansion obtained that the solution to
the problem under study decreases exponentially in t uniformly in x on any compact
set as t→ ∞.
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This article is devoted to the asymptotic behavior as t → ∞ of solutions to
the Cauchy problem for a non-homogeneous second-order hyperbolic equation with
periodic coefficients, as well as to establishing the principle of the limiting amplitude
of this problem, with zero initial data, and with the right side of the equation being
the function f(x) exp{−i ω t}, ω > 0.

In the papers [10] and [11], the Cauchy problem for a second-order homogeneous
hyperbolic equation with periodic coefficients was considered, and an asymptotic
expansion was obtained for t → ∞, as in the case of the positive Hill operator
H0 > 0, and also in the case when the left end of the spectrum σ(H0) of the Hill
operator H0 is non-positive. Similar problems were considered in [12] with p(x) = 1,
that is, in the case of a periodic potential q(x).

We also note the papers [13] and [14], in which the asymptotic behavior as t→ ∞
of solutions of the initial-boundary value problem for a second-order hyperbolic
equation with periodic coefficients on the semi-axis was obtained.

The article [15] studies the spectral properties of the perturbed Hill operator. In
particular, it is proven that the perturbed Hill operator with an exponentially de-
creasing impurity potential in each sufficiently distant lacuna on the ”non-physical”
sheet has an odd number of resonances.

2 Preliminaries and Auxiliary Statements

2.1 Green’s function and spectrum of the Hill operator

Continuing the function u(x, t) by zero in the region t < 0 and applying the
Fourier transform with respect to the variable t in the Cauchy problem (1) and (2),
for the function

y(x, k) =

∫ ∞

0
u(x, t) eiktdt

we obtain the equation

(p(x) y′(x, k))′ + (k2 − q(x)) y(x, k) = − f(x)

k − ω
. (3)

If the function g(x) is defined on the entire axis (−∞,+∞), then by ĝ(x) we
denote the restriction of this function on the segment [0, 1]. For any function g(x, k)
we denote by g′ the derivative with respect to x and by gk the derivative with respect
to k.

Let us present some necessary facts from the spectral theory of differential equa-
tions.

Let {y = θ(x, k), y = φ(x, k)} be the fundamental system of solutions of the
homogeneous (for f(x) ≡ 0) equation (3) such that{

θ(0, k) = 1, θ′(0, k) = 0,
φ(0, k) = 0, φ′(0, k) = 1.
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It is known [16] that θ(x, k) and φ(x, k) are entire functions in k, real on the real
axis, and for |k| → ∞, they have the form{

θ(x, k) = cos kx+O(|k|−1e|τ |x),

φ(x, k) = 1
k sin kx+O(|k|−2e|τ |x), τ = Imk,

uniformly in x ∈ [−b, b]. These expansions can be differentiated with respect to x
and with respect to k.

Let us denote θ(k) = θ(1, k), θ′(k) = θ′(1, k), φ(k) = φ(1, k), φ′(k) = φ′(1, k)
and F (k) ≡ θ(k) + φ′(k). The functions θ(k), θ′(k), φ(k), φ′(k) and F (k) are even
on the real axis of the complex plane of the variable k.

The Hill operator is the differential operator

H0 := − d

dx

(
p(x)

d

dx

)
+ q(x),

generated in the Hilbert space L2(R) by the operation

Λ0y := −(p(x) y′)′ + q(x) y,

where the functions p(x) and q(x) are periodic with period 1.

The spectrum σ(H0) of the Hill operator H0 is absolutely continuous and is a
finite or infinite sequence of isolated segments (zones) separated by lacunae going to
infinity.

Note that the Hill operator has only a continuous spectrum, which lies on the
real axis and is left semi-bounded [16].

For a more detailed characterization of the spectrum σ(H0) of the Hill operator
H0, consider the following periodic (anti-periodic) Sturm-Liouville problems.

Let v̂(x, λn) be an eigenfunction of the periodic Sturm–Liouville problem:

−(p(x)y′)′ + q(x)y = λny, x ∈ [0, 1],
y(0) = y(1), y′(0) = y′(1),

(4)

normalized by the condition ||v̂;L2([0, 1])|| = 1, and v̂(x, µn) is the eigenfunction of
the anti-periodic Sturm–Liouville problem:

−(p(x)y′)′ + q(x)y = µny, x ∈ [0, 1],
y(0) = −y(1), y′(0) = −y′(1). (5)

normalized by the condition ||v̂;L2([0, 1])|| = 1, where λn = λ2n and µn = µ2n,
n = 0, 1, 2, .., are eigenvalues of the corresponding problems, which are numbered in
ascending order, taking into account the multiplicity.

Continuing the function v̂(x, λn) (or v̂(x, µn)) to the entire real axis, in a periodic
(or anti-periodic) way, we get a function, which we denote by v(x, λn) (or v(x, µn)).
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It is known [16] (§ 21.4) that if the Hill operator H0 is positive, then all eigenval-
ues of the periodic (anti-periodic) Sturm–Liouville problem are positive. In addition,
between the numbers λn = λ2n and µn = µ2n, n = 0, 1, 2, .., there is a relation

λ0 < µ0 ≤ µ1 < λ1 ≤ λ2 < µ2 ≤ µ3 < λ3 ≤ · · · . (6)

The set of points ±λn coincides with the set of roots of the equation F (k) = 2
(correspondingly, ±µn coincides with the set of roots of the equation F (k) = −2),
n = 0, 1, 2, ...

Gaps in the spectrum, that is, intervals not included in the spectrum,

(−µ2n+1,−µ2n), (−λ2n+2,−λ2n+1), (µ2n, µ2n+1), (λ2n+1, λ2n+2), n = 0, 1, 2. . . . ,

for which µ2n ̸= µ2n+1 and λ2n+1 ̸= λ2n+2, are called lacunae.
If λn = λ2n (or µn = µ2n) are ends of a lacunae, then (6) implies that ±λn

are simple roots of the equation F (k) = 2 (or ±µn are the roots of the equation
F (k) = −2), n = 0, 1, 2, .., [17].

Note that each lacuna contains exactly one zero of the function Fk(k), and the
functions φ(k) and θ′(k) have one simple zero of the functions in the closure of each
lacuna.

If λ = λ2n = λ2n+1 (or µ = µ2n = µ2n+1), n ≥ 0, then λ (or µ) is the simple zero
of the functions φ(k) and θ′(k) [16].

Let us replace the spectral parameter λ by k2 so that the spectrum σ(H0) of
the operator H0 on the complex plane of the variable k consists of points for which
H0 − k2 does not have bounded inverse on an everywhere dense set in L2(R).

Denote by C′ the complex plane of the variable k with cuts along the vertical
rays lying in the lower half-plane and starting at the ends of the lacunae.

Let us put

m1(k) =
φ′(k)− θ(k)

2φ(k)
+

√
(θ(k) + φ′(k))2 − 4

2φ(k)
, k ∈ C′,

m2(k) =
φ′(k)− θ(k)

2φ(k)
−

√
(θ(k) + φ′(k))2 − 4

2φ(k)
, k ∈ C′,

where the branch of the root is determined by the condition
√
F (k)2 − 4 > 0 for

k = 0.
Note that the function

√
F (k)2 − 4 has branching only at the ends of the lacuna

[16], so m1(k) and m2(k) are single-valued in C′. Then for any k, Imk > 0

ψ1(x, k) ≡ θ(x, k) +m1(k)φ(x, k) ∈ L2(−∞, 0),

ψ2(x, k) ≡ θ(x, k) +m2(k)φ(x, k) ∈ L2(0,+∞).
(7)

We define the Green’s function of the equation (3) for k from the upper half-plane

Γ(x, ξ, k) =


ψ1(ξ,k)ψ2(x,k)
m2(k)−m1(k)

for ξ < x,

ψ1(x,k)ψ2(ξ,k)
m2(k)−m1(k)

for ξ > x,
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and, taking into account the identities (7) and the equality

θ(x, k)φ′(x, k)− θ′(x, k)φ(x, k) = 1 for x ∈ R,

we get

−Γ(x, ξ, k) =
h(x, ξ, k)√

(θ(k) + φ′(k))2 − 4
+ T (x, ξ, k), (8)

where
h(x, ξ, k) = φ(k) θ(x, k) θ(ξ, k)− θ′(k)φ(ξ, k)φ(x, k)+

+φ′(k)−θ(k)
2 (θ(ξ, k)φ(x, k) + θ(x, k)φ(ξ, k))

(9)

and

T (x, ξ, k) =

{
−1

2 (θ(ξ, k)φ(x, k)− θ(x, k)φ(ξ, k)) for ξ < x,

−1
2 (θ(x, k)φ(ξ, k)− θ(ξ, k)φ(x, k)) for ξ > x.

(10)

The solution to the problem (1), (2) for x ∈ [−b, b] and t > 0 has the form

u(x, t) =
1

2π

∫
Imk=a

(H0 − k2)−1(f)

k − ω
e−ikt dk,

where a > 0 is some constant, and

(H0 − k2)−1(f) = −
∫ 1

0
Γ(x, ξ, k) f(ξ) dξ, Imk > 0. (11)

From formulas (8) and (11) it follows that the function (H0 − k2)−1 for each
x, ξ ∈ [−b, b] is analytically continued in C′.

Let us denote by U(x, ω) the solution to the following equation:

(p(x) y′(x, ω))′ + (ω2 − q(x)) y(x, ω) = −f(x).

Consider the cases:
1) If ω2 does not belong to the spectrum σ(H0) of the operatorH0 on the complex

plane λ, then as a solution U(x, ω) we take

U(x, ω) = (H0 − ω2)−1(f), (12)

that is, the solution U(x, ω) belongs to L2(R) and it is unique;
2) If ω2 ∈ σ(H0) and does not lie on the boundary of the spectrum σ(H0) of the

operator H0 on the complex plane λ, then as a solution U(x, ω) we take

U(x, ω) = lim
k∈C′,k→ω

(H0 − k2)−1(f). (13)

Here the limit is understood in terms of a uniform metric on each interval from R.
The existence of this limit is an obvious consequence of (9) and (10).
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Denote by L+ = {k : Imk = a, a > 0} and L− = {k : Imk = −d, d > 0}, and
by ql the segment Rek = lπ + π

3 , −d ≤ Imk ≤ a, l is any real number.
From the point k = p lying on the real axis, let us make a vertical cut into the

lower half-plane of the variable k.
Denote by lp the contour going from the point p − id along on the left edge of

this cut to the point p, and then from the point p along the right edge of the cut to
the point p− id, d > 0.

2.2 Auxiliary Statements

Lemma 1. For any n = 1, 2, . . . such that λ2n ̸= λ2n−1 and for n = 0, the expan-
sions

Jl±λ2n
= ∓ π

i
√
t

b±λ2n
λ2n ∓ ω

aλ2nv(x, λ2n) e
∓iλ2nt−iπ4 +R±λ2n(x, t)

hold, where

aλ2n =

∫ 1

0
f(x) v(x, λ2n) dx,

bλ2n = −
2iCλ2nΓ(

1
2)

π
· lim
k→λ2n

√
k − λ2n√
G(k)

, b−λ2n = −ibλ2n ,

and for R±λ2n(x, t) the following inequalities hold:

|R±λ2n(x, t)| ≤ Cit
−1||f ;L2||, x ∈ [−b, b], t > 0, Ci = const, i = 1, 2.

Remark 1. There exists n3 such that for n > n3, and t > 0, x ∈ [−b, b], the following
estimates

|b±λ2n | ≤
C
√
λ2n − λ2n−1

λ2n−1

hold, where the constant C depends only on the segment [−b, b].
In the case of 0 ≤ n ≤ n3 these estimates are replaced by estimates of the form:

|b±λ2n | ≤ C±λ2n , 0 ≤ n ≤ n3.

Lemma 2. For any n = 1, 2, . . . such that λ2n−1 ̸= λ2n, the expansions

Jl±λ2n−1
= ∓ π

i
√
t
·
b±λ2n−1

λ2n−1 − ω
· aλ2n−1v(x, λ2n−1)e

∓iλ2n−1t+
π
4
i +R±λ2n−1(x, t)

hold, where

aλ2n−1 =

∫ 1

0
f(x) v(x, λ2n−1) dx,

bλ2n−1 =
2iCλ2n−1

π
lim

k→λ2n−1

√
k − λ2n−1√
G(k)

, b−λ2n−1 = ibλ2n−1 ,

and for R±λ2n−1(x, t) the following inequalities hold:

|R±λ2n−1(x, t)| ≤ Cit
−1||f ;L2||, x ∈ [−b, b], t > 0, Ci = const, i = 3, 4.



28 ISHKHANYAN, MATEVOSSIAN

Remark 2. There exists n3 such that for n > n3, and x ∈ [−b, b], t > 0, the following
estimates

|b±λ2n−1 | ≤
C
√
λ2n − λ2n−1

λ2n−1

hold, where the constant C depends only on the segment [−b, b].
In the case of 0 ≤ n ≤ n3 these estimates are replaced by estimates of the form:

|b±λ2n−1 | ≤ C±λ2n−1 , 0 ≤ n ≤ n3.

3 Main results

Theorem 1. If the Hill operator H0 is positive, p(x) ≥ const > 0, q(x) ≥ 0, and
the number ω2 does not lie on the boundary of the spectrum σ(H0) of the operator
H0 on the complex plane λ, then there exist compact operators

M1,M3 : L
2[0, 1] 7−→ L2[0, 1],

M2,M4 : L
2[0, 1] 7−→ H1[0, 1]

such that for |x| < b and t > 0, the solution to the Cauchy problem (1), (2) has the
form

u(x, t) = −ie−iωtU(x, ω) +
1√
t
(u1(x, t) + u2(x, t)) + v(x, t), (14)

where U(x, ω) is defined by (12) and (13), u1(x, t) is a periodic solution to the
Cauchy problem for which

û(x, t)|t=0 =M1 f, ût(x, t)|t=0 =M3 f,

u2(x, t) is an anti-periodic solution to the Cauchy problem for which

û(x, t)|t=0 =M2 f, ût(x, t)|t=0 =M4 f,

while the function v(x, t) for |x| < b, t > 0 satisfies the estimate

|v(x, t)| ≤ C(b) t−1||f ;L2(R)||; (15)

the functions u1(x, t) and u2(x, t) have the form

u1(x, t) =
∞∑
n=0

aλnv(x, λn)
(
b
(1)
λn

cos(λnt+ (−1)n
π

4
) + b

(2)
λn

sin(λnt+ (−1)n
π

4
)
)
,

(16)

u2(x, t) =
∞∑
n=0

aµnv(x, µn)
(
b(1)µn cos(µnt+ (−1)n+1π

4
) + b(2)µn sin(µnt+ (−1)n+1π

4
)
)
,

(17)
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where aλn(aµn) are the coefficients of the Fourier expansion of the function f(x) in

the system {v̂(x, λn)} ({v̂(x, µn)}), and b(i)λn(b
(i)
µn), i = 1, 2, are of order o(n−2) for

n→ ∞, and they are given by the formulas

b
(1)
λj

=
ibλjλj

(λj − ω)(λj + ω)
, b

(2)
λj

=
ωbλj

(λj − ω)(λj + ω)
.

Similar expressions hold for b
(1)
µj and b

(2)
µj .

Here the summation is carried out only over those n for which λn (or µn) are
simple eigenvalues of the periodic (or anti-periodic) Sturm–Liouville problem.

Denote by B(a) the circle B(a) = {k : |k − πa| ≤ π
4 }. Since the function√

(θ(k) + φ′(k))2 − 4 has a simple zero at the point k = 0 and in a small neigh-

borhood B(0) of this point has no other zeros, then for k ∈ B(0) the following
equality √

G(k) =

√
(θ(k) + φ′(k))2 − 4 = k G0(k),

holds, and
C2 ≥ |G0(k)| ≥ C1 for k << 1.

From this and (8) it follows that the function (H0 − k2)−1 has a simple pole at the
point k = 0 and, for ω ̸= 0

U1(x) = res
k=0

(H0 − k2)−1(f) = b0f0v(x, 0), (18)

where the constants f0 and b0 are defined as follows

f0 =

∫ 1

0
v(ξ, 0)f(ξ) dξ, b0 =

C0

G0(0)
,

and the function v(x, 0) is obtained from the normalized eigenfunction v̂(x, 0) of the
periodic Sturm–Liouville problem (4) corresponding to the eigenvalue λ0 = λ20 = 0,
if it is continued along the entire axis in a periodic way.

Theorem 2. If the left end of the spectrum σ(H0) of the operator H0 on the complex
plane λ is equal to zero, ω ̸= 0, and ω does not coincide with any end of the lacunae
of the spectrum σ(H0) of the operator H0 on the complex plane k, then for |x| < b
and t > 0 the solution to the Cauchy problem (1), (2) has the form

u(x, t) = −ie−iωtU(x, ω) + i
ω U1(x) +

1√
t
(u1(x, t) + u2(x, t)) + v(x, t),

where U(x, ω) is defined by the formulas (12) and (13), U1(x) is given by the formula
(18), the functions u1(x, t) and u2(x, t) have the same form as in Theorem 1 with
the only difference that in the expansion (16) for u1(x, t) there is no term for n = 0,
while the function v(x, t) for |x| < b and t > 0 satisfies the following estimate:

|v(x, t)| ≤ C(b) t−1||f ;L2(R)||.
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As noted above, if the left end of the spectrum σ(H0) of the operator H0 on the
complex plane λ coincides with zero, then the function (H0 − k2)−1 at the point
k = 0 has a simple pole. Then

(H0 − k2)−1(f) =
1

k
U1(x) + U2(x) +O(k) as |k| → 0, (19)

where the function U1(x) is defined by the formula (18), and the function U2(x) can
be written explicitly using the formulas (8) and (11).

Theorem 3. If the left end of the spectrum σ(H0) of the operator H0 on the complex
plane λ coincides with zero and ω = 0, then for |x| < b and t > 0, the solution to
the Cauchy problem (1), (2), has the form

u(x, t) = −t U1(x)− i U2(x) +
1√
t
(u1(x, t) + u2(x, t)) + v(x, t),

where the functions U1(x) and U2(x) are defined by the formulas (18) and (19), the
functions u1(x, t) and u2(x, t) have the same form as in Theorem 2, and the function
v(x, t) for |x| < b and t > 0 satisfies the following estimate:

|v(x, t)| ≤ C(b) t−1||f ;L2(R)||.

Now let ω2 ̸= 0 and ω2 lie on the boundary of the spectrum σ(H0) of the operator
H0 on the complex plane λ. Then the operator-function (H0 − k2)−1(f) for k = ω
has a branch point of the second order, and for k ∈ C′

, k → ω we have

(H0− k2)−1(f) =
1√
k − ω

H1(x, ω)+H2(x, ω)+
√
k − ωH3(x, ω)+O(k−ω). (20)

Theorem 4. If the Hill operator H0 is positive, p(x) ≥ const > 0, q(x) ≥ 0, and
ω2 lies on the boundary of the spectrum σ(H0) of the operator H0 on the complex
plane λ, then for |x| < b and t > 0 the solution to the Cauchy problem (1), (2) has
the form

u(x, t) = h1
√
te−iωtH1(x, ω)− ie−iωtH2(x, ω)+

+ 1√
t

(
u1(x, t) + u2(x, t) + h2e

−iωtH3(x, ω)
)
+ v(x, t),

(21)

where u1(x) and u2(x) have the same form as in Theorem 1 with the only difference
that expansions (16) and (17) do not include the term corresponding to ω2, and
constants h1 and h2 have the form:

h1 = −2i

π
· e−

3
4
πiΓ

(
1

2

)
, h2 = − 1

π
· e−

3
4
πiΓ

(
1

2

)
,

and the function v(x, t) for |x| < b and t > 0 satisfies the following estimate:

|v(x, t)| ≤ C(b) t−1||f ;L2(R)||.

Taking into account Theorems 3 and 4, it is easy to prove the following theorem.
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Theorem 5. If the left end of the spectrum σ(H0) of the operator H0 on the complex
plane λ coincides with zero, ω ̸= 0, and ω2 lies on the boundary spectrum σ(H0) of
the operator H0 on the complex plane λ, then for |x| < b and t > 0 the solution to
the Cauchy problem (1), (2), has the form

u(x, t) = −t U1(x)− iU2(x) + h1
√
te−iωtH1(x, ω)− ie−iωtH2(x, ω)

+ 1√
t

(
u1(x, t) + u2(x, t) + h2e

−iωtH3(x, ω)
)
+ v(x, t),

where the functions U1(x) and U2(x), and also the functions H1(x, ω), H2(x, ω) and
H3(x, ω) are defined in Theorems 3 and 4, h1 and h2 are the same constants defined
in Theorem 4, functions u1(x, t) and u2(x, t) have the same form as in Theorem 4,
and for the function v(x, t) with |x| < b and t > 0 the following estimate

|v(x, t)| ≤ C(b) t−1||f ;L2(R)||

is valid.

Remark 3. If the left end of the spectrum σ(H0) of the operator H0 is negative and
ω > 0, then, as in Theorem 2 from [11], one can show that the solution to the
problem (1), (2) grows exponentially as t→ ∞.
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