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Solution of a renewal equation in population biology
and epidemiology
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Abstract. An integral equation for the number of births in unit time in a model
for populations with age structure is considered. The equation can sometimes be
transformed into a differential-difference equation. It is solved explicitly under various
assumptions for the initial age distribution, which can depend on a constant 7. The
case when T is a random variable is also treated.
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1 Introduction

In their monograph [2], Brauer and Castillo-Chavez (see also Brauer et al.[3])
considered various models for populations with age structure. Other references on
this topic include the books by Webb [10] and Perthame [7]. See also Chapter 4 in
Metz and Diekmann [6] and Diekmann et al.[4].

In this paper, we are interested in the case of linear continuous models.
McKendrick (or M'Kendrick) [5] introduced age structure into the dynamics of a
one-sex population. His model assumes that the female population can be described
by a function p(a,t) which denotes the density of individuals of age a at time ¢, so
that p(a,t)Aa is approximately the number of individuals with ages between a and
a + Aa at time t. Moreover, the total population size is

P(t) := /000 p(a,t)da. (1)

Next, we define the age-dependent death rate p(a), known as the mortality func-
tion or death modulus. We can state that, during the time interval [t,t + At], a
fraction u(a)At of the members of the population with ages in [a,a + Aa] at time ¢
will die. The probability of survival from birth to age a is given by

la) = exp{—/oa,u(a)da}. @)

McKendrick [5] showed that

pa(a,t) + pe(a,t) + pla) pla, t) = 0. (3)
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This equation is now known as the McKendrick or the McKendrick-von Foerster
equation. Von Foerster [9] derived the equation in the context of cellular biology.

Corresponding to the death modulus, we define the birth modulus (a). This
function, multiplied by At, gives the number of offspring produced in the time
interval [t,t + At] by members of the population with ages in [a,a + Aa]. We have
the renewal condition

B(t) = p(0.1) = /0 " Bla)pla t)da. (4)

The function B(t) represents the number of births in unit time ¢.
Finally, we let ¥(¢) denote the rate of births from members of the population
who were present in the population at the initial time zero. We can write that

e s+t
U(t) = / Bt + s)®(s) exp {—/ p(e) da} ds, (5)
0 s
in which the function ®(-) is the initial age distribution:

®(a) := p(a,0). (6)

It can be shown that the function B(t) satisfies the renewal equation

B(t) = ¥(¢) —i—/o B(a)m(a) B(t — a)da, (7)

which is a linear Volterra integral equation of convolution type. Notice that Eq. (7)
can be rewritten as follows:

B(t)=9(t) + /0 B(t —1)m(t —7)B(T)dT. (8)

In this paper, our aim is to solve the above equation in special cases of interest.
Once the function B(t) has been obtained, we can deduce the function p(a,t) from
the following relation:

pla,t) = B(t —a)w(a) fort> a, 9)

while we have

pat) = Dla—1) exp{—/aa_tu(a)da}
(a)

= @(a—t)m

for t < a. (10)
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2 Explicit solutions

We will consider various special cases for the functions ®(a), p(a) and B(a).

Case I. First, assume that ®(a) is the Dirac delta function d(a). Brauer and Castillo-
Chavez [2, p. 279] called this case the genesis model, because the members of the
population are all at age zero at the initial time zero. Moreover, they chose p(a) = u
and B(a) = B; that is, the death and birth moduli are both (positive) constants. It
is then easy to compute

U(t) =pBe ™ and w(a)=e ", (11)
so that B(t) satisfies the integral equation

B(t) = Be Mt + Be / t M B(r)dr. (12)
0

Brauer and Castillo-Chavez [2] transformed the above equation into the following
simple first-order linear ordinary differential equation (ODE):

B'(t) = (8 — p) B(t). (13)

The solution that satisfies the initial condition B(0) = [ (which follows from
Eq. (12)) is B(t) = Bel#~M* so that

- BePlt=a)=nt  for ¢ > q,
plat) = { Sla—t)e M fort<a (14)
and
P(t) = eB=11, (15)

Actually, it is not necessary to transform Eq. (12) into an ODE. Using the
function intsolve of the mathematical software program Maple, we get at once that
B(t) = BelP—mt,

Case II. Next, suppose that p(a) = p and

0 fora<T,
Bla) = { B fora>T, (16)
where T is a positive constant. For ¢t < T, Eq. (7) reduces to
B(t) = U(t) = Be‘“t/ B(s)ds. (17)
T—t

We can show (see Brauer and Castillo-Chavez [2, p. 281]) that

0 t=T
B(t) = e /0 (s)ds + pe M /0 e'" B(T)dr (18)
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for ¢ > T, which implies that
B'(t)=pe " B(t—T) — uB(t). (19)

Instead of trying to solve the above differential-difference equation, we will consider
the integral equation (18) directly. Assume that the initial age distribution is given
by

®(a) =ye (20)
where ¢ and v are positive constants. Then,
o
/ O(s)ds = E, (21)
0 Y
so that
o t—T
B(t) = Be { —l—/ G“TB(T)dT} for ¢t > T. (22)
Y 0

If T'= 0, the exact solution to Eq. (22) is

Hence, if § = p, the function B(t) is equal to the constant Svg/7.
With the function ®(a) defined in Eq. (20), we have

B(t) = Be_“t/ Yoe ?ds
T—t

_ B0 it -T) g e [0,T7]. (24)
gl

Let us denote the above function by By i(t), and by Bji4+1(t) the value of the
function B(t) in the interval (kT (k 4+ 1)T], for k € N. For t € (T,2T], Eq. (22)
becomes

t—T
BLQ(t) = 667” {’}/0 +/ BMTBOJ(T) dT}
Y 0

In general, for ¢t € (kT, (k + 1)T], with k > 2, we can write that

T
By py1(t) = Be_“t{?;o + / e’ By i(T)dr + ... (26)
0

(k—1)T T
+/ etm kaZ,kfl(T) dr + / el kal,k(7_> dT}.
(k—2)T (k—1)T

Figure 1 presents the function B(¢) in the interval [0, 3] in the particular case when
7% =100, y=pu=T =1 and 8 = 1/2. We find that By (t) = 50e},

Bia(t)=25e" (2—e! +€7?) (27)
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and
2 2
Bas(t) = ?56_34- ge_t [2—e ' (1+1t)+2t]. (28)

0 i : 3t
Figure 1. Function B(t) in the interval [1,3] when 9 = 100, vy = 4 =T = 1 and
B=1/2.

Remarks. (i) Notice that we do not have to solve any integral or differential equation
in order to obtain the function B(t). We merely have to perform simple integrals re-
peatedly. Of course, if T is small and ¢ is large, this procedure can be rather tedious,
but it remains straightforward. Equation (19) is also a simple ODE. However, every
time we solve it in an interval of the form (KT, (k 4 1)T], for k € N, we must use
the solution in the previous interval and the fact that B(t) is a continuous function
to obtain a unique solution to the equation in this interval.

(ii) If, for a different function ®(a), we are not able to evaluate the definite integrals
analytically, then we can at least try to compute the solution numerically.

Case III. Assume now that u(a) = p and

| B for a < T,
Bla) = { Be M fora>T, (29)

where T is again a positive constant. This is the case considered by Sterbeti [8]. He
was able to derive the differential equation satisfied by the function B(t) both when
t<Tandt>T. Fort <T, we have
B0~ (5300 B0) + 20u - HBW) = ~5e ua(T 1) G0
+ (1—e ) o'(T - t)} :

This second-order linear ODE is subject to the boundary conditions

T oo
B(0) :B/O @(a)da—{—B/T e " ®(a)da (31)
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and

oo

B(0) = (8—u)B(0)+ 8 [(e—ﬂT e - [

s e_““fb(a)da]

T
= B(B-p) /0 B(a)da+ B (e — 1)&(T)

+ B(B8—2p) / e " ®(a)da. (32)

T

Remark. The term ®'(T — t) in Eq. (30) is interpreted as follows: ®'(T —t) =
LO(T + s5) x (—1), where s := —t.

For t > T, the differential equation becomes

B"(t) = (8= 3u)B'(t) + 2u(pn = ) B(t) = B (7T —e) (33)
x [B'(t—T)+uB(t—-T)].

We need two boundary conditions to obtain a unique solution to the above ODE.
In the interval (7,27, one condition is obtained by evaluating B(T") from Eq. (30)
and using the fact that B(t) is a continuous function. However, we cannot use the
constant B'(T) deduced from Eq. (30) because the function §(a) is discontinuous at
a = T. Instead, we make use of the expression computed by Sterbeti [8] for B'(t),
with ¢t > T', to evaluate B'(T):

T
B(t)=(B-2u)Bt)+p (e —e ) Bt —T)+pup / e M B(t —a)da. (34)
0
The same procedure must then be repeated in each interval of the form (kT (k+1)T].

We can proceed as in Case II to obtain an explicit expression for the function
B(t). Let us choose again the function ®(a) defined in Eq. (20). We compute, for

t<T,
T—t -~
Por(t) = 5706_“t {/ e 7%ds +e_“t/ e_use_%sds}
0

T—t
1— e_'Y(T_t) e_MTe_'Y(T_t)
= Broe ™ + 35
v Y+ u (35)
For t > T, we have
U(t) = Broe / T et gs = P opt, 36
(1) =proe 2 [ errinae= B (36)

As in the previous case, we denote the function B(t) in the interval [0,7] by
By 1(t). We have

t
BD71(75) = \PojT(t) + Be_‘ut /0 et BO71(7') dr. (37)
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The solution of this integral equation is
B0 (B— _
Bai(t)= — 10 w)t (B+mt | gl | 38
1= G )¢ [Me B] (3%)

Next, we have
t—T T
Bl,g(t) = \I/(t) + 6 / e_MaBLQ(t — CL) da + / G_MaBo,l (t — a) da
0 t—T
t
+ ﬁ / 872'uaB071(t - a)da
T
T t
= Ut)+4 / e " Byi(t—a)da+ B / e By (t —a)da
t—T T

t
L / e M) B (r)dr (39)
T

for t € (T,2T]. We can solve explicitly the above integral equation, but the expres-
sion obtained is rather involved. Therefore, we will give an example below rather
than the general solution.

In the interval (27,37, we can write that

T

t—2T
Bz’g(t) =V(t)+p / e M Bz’g(t —a)da+ e_uaBLg(t —a)da
0 t—2T

t—T t
+ 8 / e "By o(t —a)da + B / e By (t —a)da,  (40)
T t—T

etc.
With the same constants as above (y9 = 100, y = pu =T =1 and § = 1/2), we
obtain that
U(t) =50e " —50e ' +25¢2. (41)

We can then compute the function Bjo(t). We find that

Bio(t) = 9.0127 + 7.5994¢ 271 — 2.7778¢ %2
+ 72 (—17.2978¢ + 16.3406) . (42)

The function B(t) in the interval [0, 2] is shown in Figure 2. One can check that the
same solution is obtained by solving the differential equations derived by Sterbeti [8],
subject to the appropriate boundary conditions.

Case IV. Finally, let us take p(a) = u, 8(a) = Be~® and ®(a) = ye *. We

o w(t) =" ﬁ%@ [1 e <21ﬁ)] ¢ Mexp <417 ) t) | w

where “erf” is the error function, and we must solve the integral equation

B(t) = U(t) + /0 t e e B(t — a)da. (44)
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Figure 2. Function B(t) in the interval [0,2] when 79 = 100, vy = 4 =T = 1 and
B=1/2.
In the case when = =+ =1 and 9 = 100, we find that

B(t) = 50/me* [1 —erf(1/2)] et (45)

Making use of Egs. (9) and (10), we can obtain the function p(a,t) for a > 0,
and then compute the total population size P(t) at time ¢ defined in Eq. (1). We
find that

P(t) = 507 {e1/4 1 — erf(1/2)]t + 1} et (46)

(42.494661/4t n 88.6227) et

Q

Now, when we are unable to solve an integral equation exactly, we can at least
look for an approximate solution. In Maple, the Neumann method (see Arfken [1,
p. 879]) has been implemented. This method provides an approximate (or sometimes
exact) solution, under certain assumptions, by computing successive approximations.
The solution thus obtained is called a Neumann series solution. The Neumann series
solution By (t) of the integral equation (44) provided by Maple is given by

By (t) = e 2 Py (t), (47)

where Py (t) is a polynomial of degree 6. The functions B(¢) and By(t) in the
interval [0, 5] are presented in Figure 3. We see that they practically coincide in
that interval. However, if we look more precisely at the functions in the interval
[4,5], we find that By(t) underestimates B(t); see Figure 4.

In this particular case, the Neumann method works well if the constant 3 is
smaller than 1, which ensures the convergence of the series. If we replace 8§ = 1
by 5 = 1/2, the Neumann series solution is indeed more precise, as can be seen in
Figure 5.
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Figure 3. Function B(t) (solid line) and Neumann series solution (dashed line) in
the interval [0,5], when 79 = 100 and v = 8 = u = 1. The two curves are almost
indistinguishable.

Figure 4. Function B(t) (solid line) and Neumann series solution (dashed line) in
the interval [4, 5], when 79 = 100 and v = = pu = 1.

3 The case when T is a random variable

When the constant 7" in Eq. (16) or in Eq. (29) is actually a (continuous) random
variable, one can make use of the law of total probability to compute the expected
value of the function B(t):

E[B(t)] = /0 TEB() | T = ) fr(s)ds, (48)

where fr(s) is the probability density function of T.

Remarks. (i) Particularly in epidemiology, the fact that T can be a random time
instant is more realistic. Notice that if one assumes that the latent period of a
certain disease in a given population is a random variable, this implies that this
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Figure 5. Function B(t) (solid line) and Neumann series solution (dashed line) in
the interval [4,5], when 79 = 100, y =p =1 and § = 1/2.

latent period may be different for each member of that population. (ii) If we assume
that T is a discrete-type random variable instead, then Eq. (48) can be written as
follows:

NE

EB@t)] =) E[B()|T = selpr(sk), (49)

b
Il

1

where {s1, s2,...} is the set of possible values of T' and pr(sy) is its probability mass
function.

We will consider Case II and two particular probability density functions for 7'
Assume first that 7" has a uniform distribution on the interval [1,2], so that

fr(s)=1 forl1<s<2. (50)

With the constants v9 = 100, v = p = 1 and 8 = 1/2, we have (see Eq. (24) and
Eq. (25))

B(t) =50e” T fort e [0,T] (51)

and
B(t)=25e" (2+e T —e") forte (T,27]. (52)

Then, for t € [0, 1], we can write that
2
BB(t)] = / 50e—ds = 50(c~" — e~2). (53)
1
When t € (1, 2], we have

E[B(t)] = /j 25e " (2+e *—e ') ds+ /j 50e *ds (54)

= 25 (2tet —te 2 f et - 2e72).
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Figure 6. Function B(t) (above) in the interval [0, 2], when v9 = 100, y =pu=T =1
and S = 1/2, and its expected value (below) if 7" has a uniform distribution over
1,2].

In Figure 6, we see the difference between the function B(¢) in the interval [0, 2]
when T' = 1, and its expected value when 7" is uniformly distributed over [1, 2].
For t € (k,k + 1], with k € {2,3, ...}, we would have

2
BB = | Bursa(t.s)ds (55)

where By, ;11(t, s) is the function defined in Eq. (26), with T replaced by s.
Finally, suppose that

fr(s) = e 5t for s > 1. (56)

That is, T has an exponential distribution shifted one unit to the right. For ¢ € [0, 1],
we calculate

o0
E[B(t)] :/ 50e *e sTlds = 25¢71, (57)
1
while in the interval (1, 2], we have
t o)
E[B(t)] = / 25e° (2+e*—e") e stlds —I—/ 50 et ds
1 t
25
— ? (e—t—l 4 4€_t + 61_3t _ 26—2t+1 _ 26—2t) ) (58)

See Figure 7.

4 Conclusion

In this paper, we considered the integral equation satisfied by the number B(t)
of births in unit time ¢ in a model for populations with age structure. Under various
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Figure 7. Function B(t) (above) in the interval [0,2], when 79 = 100, vy =pu=T =1
and 8 = 1/2, and its expected value (below) if T" has the probability density function
defined in Eq. (56).

assumptions, we were able to obtain the exact solution to this integral equation for
any t > 0, or at least in finite intervals.

When it is not possible to solve the integral equation exactly, we could use
an approximate method, such as the Neumann method mentioned in Section 2.
Alternatively, if it is possible to transform the integral equation into a differential
equation, we could at least compute a numerical solution in particular cases.

In Section 2, we treated four particular cases. In Cases II and III, the birth
modulus 3(a) depended on a positive constant 7. In Section 3, to make the model
more realistic, T' was instead a random variable. We saw how to calculate the
expected value of B(t) in that case. Similarly, we could have assumed that the
parameters u, 8 and v in the model were also random variables.

Finally, we could add a random noise, such as a geometric Brownian motion, in
the renewal equation (7) to increase the realism of the model.
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