BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Numbers 1(107), 2025, Pages 81-87

ISSN 1024-7696, E-ISSN 2587-4322

On conharmonic curvature tensor of 6-dimensional
planar Hermitian submanifolds of Cayley algebra
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Abstract. In this paper, we consider the conharmonic curvature tensor of 6-
dimensional planar Hermitian submanifolds of the octave algebra. The Hermitian
(and in general case, almost Hermitian) structure on a such submanifold is induced
by the so-called Gray-Brown 3-fold vector cross products in Cayley algebra. The
main result of the work is the calculation of the so-called spectrum of the conhar-
monic curvature tensor for an arbitrary 6-dimensional planar Hermitian submanifold
of the octave algebra. By the concept of the spectrum of a tensor, we mean the mini-
mal set of its components on the space of the associated G-structure that completely
determines this tensor.

Mathematics subject classification: 53B35, 53B50.
Keywords and phrases: almost Hermitian structure, conharmonic curvature tensor,
Cartan structural equations, 6-dimensional planar submanifold of Cayley algebra.

1 INTRODUCTION

Conformal transformations of Riemannian structures are an important and
meaningful object of differential-geometric research. Of significant interest is a spe-
cial type of such transformations — conharmonic transformations, that is, conformal
transformations that preserve the property of harmonicity of smooth functions. This
type of transformations was introduced into consideration in the 50s of the last cen-
tury by the Japanese mathematician Yoshihito Ishii [18]. It is known that such
transformations have a tensor invariant — the so-called conharmonic curvature ten-
sor. Remark that the extension of a Riemannian structure to an almost Hermitian
structure allows us to single out several more conharmonic invariants.

Note that a significant contribution to the theory of conharmonic transforma-
tions, and in particular to the geometric theory of the conharmonic curvature tensor,
was made by the outstanding specialist V.F. Kirichenko, as well as some of his stu-
dents [21-23].

In this paper, we consider the conharmonic curvature tensor of 6-dimensional
planar Hermitian submanifolds of the octave algebra. The Hermitian (and in gen-
eral, almost Hermitian) structure on such submanifolds is induced by the so-called
Gray—Brown 3-fold vector cross products in Cayley algebra [14,15]. This note is a
continuation of the authors’ research in the field of geometry of planar Hermitian
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submanifolds of Cayley algebra, which was started more than 25 years ago (see [6-9],
etc.).

2 PRELIMINARIES

Let us consider an almost Hermitian manifold, i.e. a 2n-dimensional manifold
M?" with a Riemannian metric g = (-, -) and an almost complex structure J. More-
over, the following condition must hold

(JX, JY)=(X,Y), X,Y €RM™),

where R(M?") is the module of smooth vector fields on M?" [17]. All considered
manifolds, tensor fields and similar objects are assumed to be smooth of the class
C*°. We recall that the fundamental form (or Ké&hlerian form) of an almost Hermi-
tian manifold is determined by the relation

F(X,Y)=(X, JY), X,YeR(M").

The specification of an almost Hermitian structure on a manifold is equivalent to
the setting of a G-structure, where G is the unitary group U(n) [4,20]. Its elements
are the local frames adapted to the structure (local A-frames). They look as follows:

(p7 €ly---5En, 517"'75’&);

where 1 ]
€q = 3 (ea —iJeq); €4 = 5 (eq +iJe€q).
Here the index a ranges from 1 to n, and we state ¢ = a + n.
Therefore, the matrices of the operator of the complexified almost complex struc-
ture J , the complexified Riemannian metric ¢¢ and the complexified fundamental

form F¢ written in an A-frame look as follows, respectively [2,3]:

ey (i | 0N o (0 | L\ e [ O |iL
(‘]ﬂ‘)_<o —un>’(9’“ﬂ)_<1n o )i =\, 0 )

where I, is the identity matrix; k,7 =1,...,2n.

An almost Hermitian manifold is called Hermitian, if its almost complex struc-
ture is integrable. The following identity characterizes the Hermitian structure
[17,20]:

Vx(F)Y,Z) - V,x(F)(JY, Z) =0,

where X,Y,Z € X(M?") .The first group of the Cartan structural equations of a
Hermitian manifold written in an A-frame looks as follows [2,20]:

dw® = wy N wb + B wC A wy,

dwg = —wg A wp + Bgptwe A w?,
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where { B} and {B°} are the components of the Kirichenko tensors of M?" [1,4];
a,b,c=1,....n.

Let us also recall the explicit form of Gray—Brown 3-fold vector cross products
in the octave algebra [14]:

P(X,Y,Z)=-XYZ)+ (X, YV Z+ (Y, Z)X —{(Z,X)Y;

P(X, Y, Z)=—(XYV)Z+ (X, YV Z+ (Y, Z)X —(Z,X)Y.

Here O = R® is Cayley algebra; X, Y, Z € O; (-, ) is the scalar product in O,
X — X is the conjugation operator in O.

In the article [19], V.F. Kirichenko obtained structural equations of an arbitrary
almost Hermitian structure induced by a 3-fold vector cross product in Cayley alge-
bra on its 6-dimensional submanifold of general type. For the case of a Hermitian
structure, these equations were refined [4,10,12] in the following form:

1
dw® = wy A Wb+ —=e®" Dy A wp;

V2

1
dwg = —wg A wp + —=apn D we A W

V2

1
dof = w2 A — | 505 DraD? + > T | we not,
@

where {w"*} are the components of the displacement form and {wf} are the com-
ponents of the Riemannian connection of the metric. Here and further ¢ = 7, 8§;
a,b,c,d,g,h =1,2,3; a =a+3; k,j=1,2,3,4,56. As in [2] and [5], w, = w?
Note that €4, = 55%?, gabe — 5‘111275 are the components of Kronecker tensor;
St = O0poy — 850y D' = Dy Dej = FTG +iT0; Dej = FI5 — iT;, where
{T,fj} are the components of the configuration tensor, or of the second fundamental

form of the immersion of M% into O . A 6-dimensional submanifold is called planar
(or flattening) if it is contained in a hyperplane of Cayley algebra. Note that the
concept of planar submanifold of the octave algebra was introduced into considera-
tion by V.F. Kirichenko and M. Banaru [11]. It turned out that all 6-dimensional
Kéhlerian submanifolds of the octave algebra (which were completely classified by
V.F. Kirichenko [19]) are planar. It should be noted that there are known examples
of 6-dimensional planar submanifolds of Cayley algebra with a Hermitian structure
different from the Kéahlerian structure [2,7,9].

We also recall that the conharmonic curvature tensor on a Riemannian manifold
of dimension m is defined by the equality [18]:

Ch(X,Y,Z,W)=R(X,Y,Z,W)—

—ﬁ (X, W) Ric (Y, Z) — (X, Z) Ric(Y,W) + (Y, Z) Ric(X,W) —
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— (Y, W) Ric (X, Z)].

Here R and Ric are the Riemannian curvature tensor and the Ricci tensor, respec-
tively.

The conharmonic curvature tensor has all the classical properties of the Rieman-
nian curvature tensor and the Weyl conformal curvature tensor [21,23], namely:

Ch(X,Y,Z,W) =—Ch(X,Y,W,Z);
Ch(X,Y,Z,W)=—Ch(Y,X,W,2Z);
Ch(X,Y,Z, W)+ Ch(Y,Z,X,W) + Ch(Z,X,Y,W) = 0;
Ch(X,Y,Z,W) = Ch(Z,W,X,Y).

3 THE MAIN RESULTS

Let us calculate the components of the conharmonic curvature tensor on the space
of the associated G-structure for a 6-dimensional planar Hermitian submanifolds of
the octave algebra. In terms of covariant components, the formula that defines the
conharmonic curvature tensor can be written as follows:

r . . . ,
Chiji = Riju — 7 (Ricj g + Ric g — Ricjp ga — Rica gjr,).

As in the cases of the Riemannian curvature tensor and the Weyl tensor of
conformal curvature [20], based on the classical properties of this tensor mentioned
above, it is sufficient to find only the components Chapea; Chaved; Chgjoys Chaved
that completely determine this tensor.

The components of the Riemannian curvature tensor of a 6-dimensional planar
Hermitian submanifold of the octave algebra are known [13]:

Rapea = 0, Raped = 0, R&Z;cd =0,

Rapea = =2 |ul* TLT0h,

where p is a complex constant. The components of the Ricci tensor are also known:
Ricqy = 0; Ricap = —2|u|* TLT0,
Taking into account the components of the complexified Riemannian metric [13]:
9ab =0, gab=10y, g;="700, g.,=0,

we get:

1, . ) ) .
Chabed = Rabed — Z(Rlcbdgac + Ricacgvd — Richegad — Ricaqgre) = 0;

1, . ) ) .
Chaped = Rabed — Z(wadgac + Ricacgvd — Richegaa — Ricaqgre) = 0;



ON CONHARMONIC CURVATURE TENSOR 85

1, . ) ) .
Chabea = Bapea — Z(sz}dgdc + Ricacgyy — Ricy gad — Ricaag;,.) =
Lo (7 7 sb 7 7 7 7 b 7 7
=3 |l (Tm}Thc(sd + T35 Thade — T3 Thade — Tg,;Thcég) ;

1, . ) ) .
Chapea = Rabed — Z(wadgae + Ricaegpa — Richegaa — Ricadgee) =

1

2 7 7 2 (7 7 7 7

= =2|p|" T3:Thq + B |l (TaiLThd(sg + TéﬁThb(sg) :
So the following result is proved.

Theorem 1. The conharmonic curvature tensor of a 6-dimensional planar Hermi-
tian submanifold of Cayley algebra is defined by the equalities:

Chapea = 0; Chgpeqa = 05

Lo b b
Chyieg = 3 || (TgﬁTiZc‘sd + TjjilTIId(S(cl - Tg;LTZd@ - T{;ﬂﬁi) ;

1
Chapea = =2 |12| T2 Ty + 5 || (Tg;LTZﬁE + Tg;LTZﬁfi) :

We observe that when p = /=1 (i.e. ’ Mz‘ = 1) these formulae correspond to
the conharmonic curvature tensor of a 6-dimensional Kéahlerian submanifold of the
octave algebra which, as it was mentioned above, are an important particular case
of planar Hermitian submanifolds.

A 6-dimensional planar Hermitian submanifold of Cayley algebra is conharmon-
ically flat if and only if all the components of the configuration tensor vanish. That
is why this submanifold is Riicci-flat and its scalar curvature also vanishes. It means
that this submanifold is locally holomorphically isometric to a trivial 6-dimensional
Kihlerian flat manifold, namely, to the Euclidean space C3. So, we can formulate
our second result.

Theorem 2. A 6-dimensional planar Hermitian submanifold of Cayley algebra is
a conharmonically flat manifold if and only if it is locally holomorphically isometric
to the space C? equipped with a standard Kdhlerian structure.

4 A REMARK

It is clear that the calculated components of the conharmonic curvature ten-
sor allow us to study the so-called conharmonic analogues of the Gray’s identities
from [16]. Such analogues were introduced into consideration by V.F. Kirichenko,
A. Rustanov and A. Shihab in [21]. We note that the main part of the results
obtained in the article [21], as well as in the works [22] and [23], relate to nearly
Kahlerian manifolds, mainly 4-dimensional. Another possible application of the ob-
tained results is the further development of the theory of 6-dimensional Hermitian
submanifolds of the octave algebra.
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