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Evolution Time of Stochastic Systems
with Multiple Final Sequences of States
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Abstract. A stochastic system with multiple final sequences of states represents a
stochastic system that stops its evolution as soon as one of the given final sequences
of states is reached. The transition time of the system is unitary and the transition
probability depends on source and destination states. We prove that the distribution
of the evolution time is a homogeneous linear recurrent sequence and, based on this,
a polynomial algorithm for determining the initial state and the generating vector of
this recurrence is developed. Using the generating function, the main probabilistic
characteristics are determined.
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1 Introduction and Problem Formulation

The zero-order Markov processes with multiple final sequences of states were
introduced in [1] and the linear recurrent homogeneity property of the distribution
of their evolution time has been used for determining the main probabilistic charac-
teristics of the evolution time in [3].

In this paper a generalization of these Markov processes is considered. The
stochastic systems with multiple final sequences of states are defined in the same
way, the difference consisting only in transition probability matrix which does not
have all the rows equal. This means that the transition probability from one source
state to another destination state depends on both states, not only on destination
state.

Here, similarly as in [1], we consider a discrete stochastic system L with finite
set of states V' = {v1,v9,...,0,}, |V| = w. At every discrete moment of time t € N
the state of the system is v(t) € V. The system L starts its evolution from the state

v with the probability p*(v), for each v € V| where )  p*(v) = 1.
veV
At this point, we introduce the transition probability matrix of the Markov

process L. The transition from one state u to another state v is performed according
to the probability p(u,v) that depends on the source state u and destination state
v, for every u € V and v € V. Additionally, we assume that r different sequences

of states X = (xgg),xge), . ,x%)) € V™ ¢ = 1,r, are given and the stochastic
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system stops as soon as the states :cge),xg), e ,x%) are reached consecutively in

given order for an arbitrary ¢ € {1,2,...,r}. The time T, when the system stops, is
called evolution time of the stochastic system L with given final sequences of states
X={xMW x® . xm

The system L, described above, represents a stochastic system with final se-
quences of states X = {XM X® X"} For the particular case r = 1, im-
portant results were elaborated and presented in [3], [9] and [10]. Also, several
interpretations of these Markov processes for the games, compositions and opti-
mization problems were analyzed in [2], [4] and [5]. Based on polynomial algorithms
proposed in [3], the main probabilistic characteristics (expectation, variance, mean
square deviation, n-order moments) of evolution time and game duration were effi-
ciently determined.

Next, in this paper, the generalization of this problem for any r > 1 is considered.
This generalized problem is a bit different than the parallel compositions, studied
in [5], because the dynamics of the systems are performed in a mixed one and they
are interdependent.

Our goal is to analyze the evolution time T of the stochastic system L. We
prove that the distribution of the evolution time 7" is a homogeneous linear recur-
rent sequence, and a polynomial algorithm to determine the initial state and the
generating vector of this recurrence is developed. Having the generating vector and
the initial state of the recurrence, we can use the related algorithm from [3], which
was mentioned above, for determining the main probabilistic characteristics of the
evolution time.

2 Determining the Distribution of the Evolution Time

In this section we will determine the distribution of the evolution time 7. We
assume that m > 2 and introduce the following notations

4 4 14 * 14 J4 )4 )4 J4 4
X = {2}, 7l = @), 7§ = pl, D), wl = 1 70
v = @020, 20), v, = v ®,y®, .y,

for each i,k =1,m and £ =1, r.
Let a = (ay)52, be the distribution of the evolution time T', i.e. a, = P(T = n),
n = 0,00. Since T'> m — 1, we have a, = 0, n = 0,m—2. If T = m — 1, then

I e {1,2,...,r} such that v(j) = $§-21, j=0,m — 1, that implies

T

an—1 =P(T=m=1) =3 | p" @) [ o2y, | =

(=1 j=2
d 4 J4 J4 l d J4 4
=S (RO D) = 3 (ROt B

=1 =1
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We consider Vn € Z. Let be S(V) = {A | A C V}. Denote by Pg(n) the probability
that T = n and v(j) € ®;, j = 0,t— 1, supposing that the initial state of the
system is known, for all & = (®;)’Z %) € (S(V)),, t e Nand ¢ = 1,r. We introduce

the following functions on Z, k =1,m, £ = 1,r:

B (n) = Pix® x©  xoy(n),

¢
7 (n) = P x® . x¢

(3)

After that, we extend the definition of the functions ﬂ,(f) (n) for { =r+1,7r+win
the following way:

B (n) = Py (n), i =T,w, k=T,m, (4)

where vy, va, . .., Uy, as defined in Section 1, are all the states of the stochastic system
L in a predefined order. If, for each = € V', we denote by ¢(x) the index that satisfies
the equality v,(,) = ¥, then the relation (4) becomes

Pifap(n) = Pgo (@) = 51 (), Ve e V. (5)

On the other hand, for each x € {xl 3352), e ,xgr)}, there exists at least one
index ¢(x) € {1,2,...,r} such that x = gﬁ( ), So, in this case, we also have

r4u(x aes
) () = Py (n) = B (n), k =T,m. (6)

Instead, for = ¢ {xgl), a:gQ), ... ,a:gr)}, we can write the following relation:

B ) = Pap(n) = 3 ple.y) Py (n = 1) =

yev

= pays Y- 1), k=Tm. (7)
yev

Let firstly analyze the functions B,(f) (n) forVn >m, k=1,m, ¢ = 1,r. For every

k > 1 we have

B8 (n) = Py x®, . x0y(n) =

P xoym=D= 3 mhPyp  xpyn—1)=
ji 1<j<r, v, =y,

%%%(f) (n—1)—

M-

(7 Iy oy () -9 (n = 1)) (8)
7=1

Similarly, for £ = 1, the next formula holds

817 (n) = Py (n) =
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_ (© (4) _
=Y _play”, y)Pyyp(n—1) - > | W1{2P(X§j)7__.7xg>)(n —-1) =
yEV ] 1§j§r, Yl(J):Yl(l)

=Yl B = 1) = Y (7 Loy, 0) A= D) . (9)

yev 7j=1

By combining the relations (8) — (9) we obtain the following formula for Vn > m,
k=1,m,{=1,r:

l / l
8(m) = 7 Ty (k) -1 (n — 1)+

+3 ( p(@?y) Ty (k) - B (n — 1)) _

yev
=7 (T Ty, G) 0= 1) (10)
j=1

We consider the sets
TO = {s+1}u{t e {2,3,....s} | ({7, 2{D,...,20) € Yipi o},

for each s = 1,m and ¢ = 1,r. The minimal elements from these sets are

tO = min k, s=1,m, £=1,r. (11)
lceT(Z>
The value tg) represents the position in the sequence (xge),xé@, .. :cg)) starting

with which, if we overlap a final sequence of states X (r:") € X, the superposed ele-
ments are equal. Here by TS(E) we denote the minimal index from the set {1,2,...,r}

that satisfies given condition.

Next, we analyze the expression 73) (n—1)fors=1,mand {=1,r. For s =1
we have

HWn-1)=Pyn-1)=3 Pupn-1=> """ Dm-1. (2

zeV zeV

()

Instead, for s = 2, m, we have two cases. In the case when t5’ < s we obtain

Wn—-1)=P

n—1)=
(0 x(0, x 0 )

_ (0 _(0) ) ‘ _
= M2,3M3,4 - 'ﬂ-tgf)fl’tgf)P(Xt(e) 7Xt(e)+1,..A,Xs)(n - tg )+ 1) =

¢
- wf(f))P ) e ey (e )+ 1) =
s(Xy X, ’W’XsJﬁl—tff))
¢
t“)ﬁ +1- t(e)( — 1+ 1). (13)
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()

and for tg’ = s+ 1 we have
O (py — 1) = _1) =
v (=1 =Pyo yo  yoy(n—1)=

= 71'5271':(54)1 Wée)l’sp(xge))(n — s+ 1) =

)
= wOpI TN (5 4 1), (14)

By combining the relations (12) — (14) we obtain the next formula for Vn > m,
s=1m,L=1,r:

’I’L—l Zl{l} ( t Z))(n—l)—}—

zeV
(z) (TS ¢
+wtg€) . I{k|2§t;(f)§k}( ) /83+1 t(@) (n — tg ) + 1)_|_
T+t xs)
ruy? Ligsa® =iy (5)- e (0 — s 4 1), (15)

Substituting the relation (15) in (10) and taking into account that Ityy(m) =0
for m > 2 and Iy (13 (k)11 (k) = 0, we obtain the following recurrence for k = 1,m,
{=1,r and Vn € Z:

8O (n) = 7l - hn iy (k) -1 (n — 1)+

+3° (09 1y () - BT 0 - 1))

( S Iy (k) - BT (- 1)

yev

© () ©
+wt§f> Tipart < (B) - Bl (o (n—t, "+ 1)+

V4 r+u(x ()
) a0y (F) - By k4 1)>

- lﬂg Ty oy @y ()
j=1
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<§jmum»%””Wn—n+

yeVv

G) ) |
o Tpeeg(m) B g (=12 + D)+

y Tt 2?%)
+wl) 'I{s\3§t§j>zs+1}(m) : ﬁf D (- 1)>

= Z < xl 73/ I{l}(k)) '5§T+L(y))(n — 1)+

yev

(OBN0)

()
2 W g ® < (B BLE Dol

_ 4O
k1t b+ 1+

¢ (r+u(z))
+7r§% w’(f) Ligjaet fs+1}(k) B =k )=

—Zi7r cw!) b ()BT -t 1))
12 00 Ly oy, s <nyV) P m

T

‘ j . r+i .I(J)
- Z <W§J% ) L=y, 3<t) —miny(9) By D n —m 1)) - (16)

According to recurrent relations (6), (7) and (16), there exist some real coeffi-

c1entsv(k)sg,j—0m 1, k,s=1,m, i,{ =1,r + w, such that

r+wm—1 m

Zzzvksgﬁsz)n—l j)y k=1m, L=1,r+w, Yn>m. (17)

i=1 7=0 s=1

So, we have

m—1

D Viks Bs(n—1—j), k=

7=0 s=1

m, Yn > m,

where Vi, = (”3(232)5, =7 Br(n) = (Bé)(n))gzm, k,s=1,m, j =0,m—1.
This recurrence relation can be written in the form

where Vj = (Vjgs ), o177 and B(n) = ((Bk(n))jZ DT, =0,m—1,Vn € Z. From this
relation, we obtain that 5 = (58(n))5, € Rol*[./\/lm(/\/lrw( ))][m] with generating
vector V' = (VJ);":_O1 € G* My, (M4, (R))][m](B). Using the results from [2], we
have 3 € Rol*[R][m?(r + w)], which implies that also

(5 ()0 € Rol* [RIm*(r +w)], k= T,m, £ =T+,
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with the same generating vector. Since

=" P @)Puy(n) = > p(@)8 (), ¥ ez, (18)

zeV zeV

we have
a = (an)>g € Rol*[R][m?(r + w)].

Next, we will use only the relation a € Rol*[C][m?(r + w)], the minimal gene-
rating vector being determined using the minimization method based on the matrix
rank, described in [3]. So, according to this method, we have that the minimal
generating vector ¢ = (qo,q1,---,qr—1) € G*[C][R](a) is obtained from the unique

solution = = (¢r-1,9Rr—2,---,qo) of the system
ARl = (1T, (19)
where
£ = (ag, apst,. .. azg-1), AlY = (@it+j); jmom=1> YR €N (20)

and R is the rank of the matrix AEZ]Q ()’
In order to apply this minimization method, we need to have only the values ay,
k = 0,2m2(r + w) — 1. These values can be determined using the recurrences (2),
(6), (7), (16) and (18).
For the case m = 1 we have similar recurrent formula as (17). Indeed, it is easy
to observe the following relations for Py,y)(n), Vo € V, Vn € N:

500) = 870y = Py (0) =1,
(X17)

(£)
B0 (n) = BT () = By, (1) =0, vn = 1, =T,
1

£T‘+L(x))(0) — P({I})(O) — 07

B (n) = Pay(n) =
= " pley) Py —1) = plz,y)87 ™ (n - 1),
yev yev
Vn>1, Vz € V\{xg ,mgz), . ,xy)}. (21)

As result, these relations can be written in the same form as (17):

1

r+w
=3NS B, =T e, v 1,
=17

0
j=0 s=1

this meaning that the homogeneous linear recurrence of the sequence a = (a,)5,
proved above, is applicable for m = 1 too.
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3 Describing the developed algorithm

In previous section we theoretically grounded the following algorithm for deter-
mining the main probabilistic characteristics of the evolution time T": the distri-
bution (P(T =n))s2,, the expectation E(T'), the variance V(T'), the mean square
deviation o(T') and the k-order moments v (T), k =1,2,... .

Algorithm 1.

Input: X = (xg),xge),...,x% evm

) , , *(x) and p(z,y), Yo,y € V;
Output: E(T), V(T), o(T), v(T), k=1,t, t >

~
Il

—_
3
N3

1. Determine the values ag, k = 0,2m?2(r + w) — 1, using the recurrence (16) and
the relations (2), (6), (7), (18) and (21);

2. Find the minimal generating vector ¢ = (qo,q1,--.,qr-1) € G*[R][R](a) by
solving the system (19), taking into account the relation (20);

3. Consider the distribution a = (a,)32, = (P(T' = n))s2, of the evolution time

T as a homogeneous linear recurrence Wlth the initial state Ij; la] = (an)F=; and
the minimal generating vector ¢ = (qk) e 0, determined at the steps 1 and 2;

4. Determine the expectation E(T'), the variance V(T'), the mean square deviation
o(T) and the k-order moments vy (T), k = 1,, of the evolution time T" by using
the corresponding algorithm from [3].

4 Conclusions

A generalization of zero-order Markov processes with multiple final sequences
of states is formulated and studied. It is shown that the evolution time of such
stochastic system is a discrete random variable with homogeneous linear recurrent
distribution. Based on this, algorithms for determining the main probabilistic cha-
racteristics of the evolution time are proposed.
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