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Abstract. In this work, the two identities that characterize middle Bol loop (MBL)
were separately generalized to define generalized middle Bol loops (GMBL1 and
GMBL2) and their relationship was unraveled for possible equivalence. Thereafter, au-
totopic characterizations of identities GMBL1 and GMBL?2 in a loop were carried out.
Banking on these, the Bryant-Schneider group characterization of generalized middle
Bol loop was carried out. Furthermore, an autotopic-split and right (left) pseudo-
automorphic characterization of generalized middle Bol loop were carried out. Fur-
thermore, a right (left) pseudo-automorphic characterization of the isotopy-isomorphy
of generalized middle Bol loop was also carried out. This is a sort of 'G-generalized
middle Bol loop’ characterization based on pseudo-automorphic companionship of el-
ements of GMBL as already established for ’G-loops’.
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1 Introduction

Let G be a set that is non-empty. Define the binary operation ” ®” on G. The
pair (G,®) is known as a groupoid or magma if x @y € G for every z,y € G. A
quasigroup (G, ®) is defined, if the equations v ® £ = u and y ® v = u have unique
solutions z,y € G for all v,u € G.

Let (G, ®) be a quasigroup and let there exist a unique element i € G called the
identity element such that for all z € G,z ®i =i ® z = z, then (G,®) is called a
loop. At times, we shall write zy instead of x ® y and stipulate that ” ®” has lower
priority than juxtaposition among factors to be multiplied.

Let (G, ®) be a groupoid and v be a fixed element in G, then the left and right
translations L, and R, of v are respectively defined by L, = v®x and R, = x®Ov
for all z € G.

Sometimes we shall use vu instead of v ® w and say that juxtaposition of the
factors to be multiplied has greater significance than ” ® 7.

Now, it is clear that a groupoid is a quasigroup if its left and right translations
are permutations. A quasigroup has inverse mappings L, ' and R, ! because its left
and right translations are bijective.
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Let
v\u = ulL;* =vM, and  v/u=vR," =uM, "

and note that
Nu=w<<=a0w=u and vu=w<E= wOu=0.

Thus, for any quasigroup (G, ®), we have two new binary operations: right division
(/) and left division (\), where M, is the middle translation for any fixed v € G.
Consequently, (G, \) and (G, /) are also quasigroups. Using the operations (\) and
(/), the definition of a loop can be restated as follows.

Definition 1. A loop (G,©®,/,\,1) is a set G together with three binary operations
(®), (/), (\) and one nullary operation 4 such that

(i) a® (a\b) =0, (b/a) ®a =10 for all a,b € G,
(ii) a\(a®b) =b, (b®a)/a=>bfor all a,b € G and
(iii) a\a=i=b/bori®a=a=a®i for all a,b € G.

For further results on some varieties of loops and their characterizations, see
[9-15,31]. In a loop (G, ®) with identity element i, the left inverse element of x € G
is the element z.Jy = 2* € G such that

P Or=1i
while the right inverse element of v € G is the element x.J, = 2 € G such that
O’ =1

If J, = Jy, then we shall simply write J and call it the inverse mapping. Thus,

2 = 2 = 2~ ! will then be called the inverse element of z € G.

Definition 2. A loop (G, ®) is called a middle Bol loop (MBL) if

(a/b)(c\a) = (a/(cb))a or (a/b)(c\a) = a((cb)\a) (1)
for all a,b,c € G.

For more on quasigroups and loops, check [17,38,40].

Middle Bol loops (MBL) were investigated at first by V. D. Belousov [4], who
established identities (1) characterising loops which satisfy the anti-automorphic
inverse property. After Belousov’s excellent characterisation and the establishment
of the groundwork of the structure of middle Bol loop, Gwaramija provided an
isostrophic connection between the right (left) and middle Bol loops [8].

Grecu [7] showed that right multiplication group of a middle Bol loop coincides
with the left multiplication group of the corresponding right Bol loop. Thereafter,
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Syrbu [41,42] examined MBL in respect to the universality of the flexible law, which
led to the reappearance of an MBL in the literature in 1994 and 1996.

Kuznetsov [26], while investigating gyrogroups in 2003, established several alge-
braic properties of the MBL and developed a method for creating an MBL from a
gyrogroup, while the connections of right Bol loops with its MBL were established
in 2010 by Syrbu [43]. It was revealed that two MBLs are isomorphic if and only if
the corresponding left (right) Bol loops are isomorphic. Drapal and Shcherbacov [5]
in 2010, found a new identity of MBL.

Jaiyéold et al. [20] introduced the holomorphic structure of an MBL in 2017 and
established that the holomorph of a commutative loop is a commutative MBL if and
only if the loop is an MBL and its automorphism group is abelian. Generalized Bol
loops were examined by Adeniran et al. [1], Jaiyéold and Popoola [24].

Osoba et al. [28,29] investigated further the multiplication group of middle Bol
loop in relation to left Bol loop and the relationship of multiplication groups and
isostrophic quasigroups respectively while Jaiyéola [22,23] studied second Smaran-
dache Bol loops. The Smarandache nuclei of second Smarandache Bol loops were
further studied by Osoba [30] while core of second Smarandache Bol loops was in-
vestigated in [33].

In 2015, Jaiyéold et al. [19] presented new algebraic properties of MBL and
further showed the necessary and sufficient conditions for the existence of inverse
property, alternative property and flexible property through a bi-variate mapping of
an MBL. The authors [21] in 2021 announced additional properties of MBL, while
the new algebraic connections between right and middle Bol loops and their cores
were unveiled by Osoba and Jaiyéold [32] in 2022. More results on the algebraic
properties of middle Bol loops using its parastrophes were presented by Oyebo and
Osoba in [35]. The paper revealed some of the algebraic properties the parastrophic
structures of MBL share with its underlying structure. The connections between
middle Bol loop and right Bol loop with their crypto-automorphism features were
unveiled in [34]. In [16,18,27], the Bryant-Schneider groups of some varieties of loops
were studied, while in [25], the Bryant-Schneider group of middle Bol loop with some
of the isostrophy-group invariance results were studied. It was further shown that
the subgroups of the Bryant-Schneider group of an MBL were isomorphic to the
automorphism and pseudoaumorphism groups of its corresponding right (left) Bol
loop.

A generalized middle Bol loop GMBL characterized by

(GMBLI) (x/y) © (z"\2%) =z © (" © y)\z®) (2)

was first introduced in [2], as a consequence of a generalized Moufang loop with
universal a—elastic property where the map o : G — G is a homomorphism. Thus,
if @ : x — x, then the identity of generalized middle Bol loop reduces to the identity
of middle Bol loop. The authors in [3] presented the basic algebraic properties
of generalized middle Bol loop. Work on generalized middle Bol loop was further
revealed by Osoba et al. [36].
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In this current study, we shall generalize the equivalent identities of middle Bol
loops in Definition 2 to identities (2) and (3) where « is a self-map on the loop.

(GMBL2) (z/y) © (z*\a%) = (z/(z" O y)) © =* (3)

They shall be called generalized middle Bol loop identity 1 (GMBL1) and gen-
eralized middle Bol loop identity 2 (GMBL2) respectively.

In this paper, the Bryant-Schneider group and pseudo-automorphism of a gen-
eralized middle Bol loop (GMBL) are studied. A subgroup of a Bryant-Schneider
group of a GMBL is found. Some elements of a Bryant-Schneider group of a GMBL
are shown to be crypto-automorphisms. The necessary and sufficient condition(s)
for a LP-isotope of a GMBL (G,®) to be isomorphic to (G,o) is shown. Some
further characterizations of right (left) pseudo-automorphism of a GMBL are also
presented.

2 Preliminaries

We now introduce some basic notions and concepts in quasigroup and loop theory
which are of importance to this work.

Definition 3. Let G be a non-empty set, the set of all permutations on G forms
a group SY M (G) called the symmetric group of G. Let (G,®) be a loop and let
A, B,C € SYM(G). If

tAOyB=(zoy)CVzxyecqG,

then the triple (A, B,C) is called an autotopism and such triples form a group
AUT (G, ®) called the autotopism group of (G,®). If A = B = C, then A is
called an automorphism of (G, ®) whose set forms a group AUM (G, ®) called the
automorphism group of (G, ®).

Definition 4. Let (G, ®) be a loop.

1. ¢ € SYM(Q) is called a left pseudo-automorphism with companion a € G if
(¢Lq, d,®Ls) € AUT(G,®). The set of such maps forms a group.

2. ¢ € SYM(G) is called a right pseudo-automorphism with companion a € G if
(¢, 0Rq, pR,) € AUT(G,®). The set of such maps forms a group.

3. » € SYM(G) is called a crypto-automorphism with companions a,b € G if
(Rod, Lyp, ¢) € AUT(G, ®). The set of such maps forms a group. See [34].

4. A mapping ¢ € SYM(G) such that (¢R;1,¢L;1,q§) € AUT (G, ®) for some
fyg € G is called a Bryant-Schneider map of (G,®). The set of such maps
forms a group called the Bryant-Schneider group BS(G, ®) of (G, ®). See [37].
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From Definition 4, it is clearly seen that

(6R, ™ oL, ¢) = (6,0, 0) (R, ", L7, 1),
which implies that ¢ is an isomorphism of (G, ®) onto some f, g-isotope of it.

Theorem 1. [37] Let the set BS(G,®) = {¢ € SYM(G) : 3f,g € G >
(pR, 1, oL}, ¢) € AUT(G,0)}, then BS(G,®) < SYM(G).

Theorem 1 is associated with Theorem 2.

Theorem 2. (Pflugfelder [38]) Let (G, ®) and (H, o) be two isotopic loops. For some
f,9 € G, there exists an f,g-principal isotope (G,*) of (G,®) such that (H,o) =
(G, ).

Definition 5. Let (G, ®) be a quasigroup with fixed elements a,b € G. The isotope
of the form (R;', L, !, 1) is called LP-isotope.

Definition 6. A quasigroup (G, ®) is said to have the

1. left inverse property (LIP) if there exists a mapping Jy : 2 — 2 such that
O (xoy)=yforall z,yc G,

2. right inverse property (RIP) if there exists a mapping J, : © — 2z such that
(yoz)oar =y foral z,y € G,

3. inverse property (IP) if it has both the LIP and RIP,

4. flexible or elastic property if (xt ®y) ©x =2 ® (y © x) holds for all z,y € G,

5. a—elastic property if (z ©y) ©@ 2% =z ® (y © %) holds for all z,y € G.
Definition 7. Let (G, ®) be a loop.

1. Nj={veG:(vozr)0oy=v0 (xOy)V x,y € G} is called the left nucleus
of G .

2N, ={veCG:y0(zov)=(yOz)OvVz,y € G} is called the right nucleus
of G.

3Ny ={velG: (yov)or=yo (voz)Varyec G} is called the middle
nucleus of G .

Definition 8. A loop (G, ®) is said to be
1. commutative loop if R, = L, for all z € G,

2. an anti-automorphic inverse property loop (AAIPL) if (xzy)? = yPxf for all
x,y € G.
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3 Main Results

3.1 Autotopic characterization of generalized middle Bol loop

First, we need to unravel the relationship between identities (2) and (3) and their
possible equivalence.

Lemma 1. Let (G,®) be a loop. Let x,y, z be arbitrary elements in G.

1. If (G, ®) obeys identity GMBL1 such that o : i — i, then
(a) (x/y) ©a® =z 0O (y\z*),
(b) y* © (2% = (z* O y),
(c) y* =y
2. If (G,®) obeys identity GMBL2 such that o : i — i, then
(a) v © (2"\z) = (z/2%) © 2,
(b) v © (2% = (z* oY),
(c) (20 = (z%)".
3. If (G,®) obeys identity GMBLI such that « is bijective and « : i v+ i, then

(a) (x/y) © 2% =2 O (y\z?),
(b) Y © 2 = (z0y)",
(c) y* =yP.

4. If (G,®) obeys identity GMBL2 such that « is bijective and « : i — i, then

(a) O (2\2%) = (z/2) © 2%,
(b) Y ©2F = (z0y),

(c) 2* = 2P

5. Let a: i+ i. Then (G,®) obeys identity GMBL1 if and only if (G,®) obeys
identity GMBL2 and (xz/y) © 2% =z © (y\z?%).

6. Let « be bijective such that « : i — i. Then (G,®) obeys identity GMBL1 if
and only if (G,®) obeys identity GMBL2.

Proof. 1. Assume that (G, ®) obeys the identity GMBL1 such that a : i +— 3.
(a) Put z =14 in (2) to get (z/y) ® (i*\z%) = 2 © ((1* © y)\z*) which gives
(z/y) © 2% =z © (y\z*).

(b) In (2), put = = i to get (i/y) ® (22\i%) =i ® ((2* ® y)\i%) to get y* ®
(2%)7 = (z* O y)".

(c) In (b), put z =i to get y* = y”.
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2. Assume that (G,®) obeys the identity GMBL2 such that o : ¢ — i. Do
similarly as done in item 1 to prove (a), (b) and (c).

3. Assume that (G,®) obeys identity GMBL1 such that « is bijective and « :
i+ 4. Then the proofs of (a), (b) and (c¢) follow up from 1.

4. Assume that (G,®) obeys identity GMBL2 such that « is bijective and « :
i+ 1. Then the proofs of (a), (b) and (c) follow up from 2.

5. Let av: i+ i. If (G, ®) obeys identity GMBL1, then it obeys identity GMBL2
because it satisfies (z/y) © z¢ = z ® (y\z®) by 1. The converse follows by
reversing the process.

6. This follows from item 5.
O

We now look at the autotopic characterization of identities GMBL1 and GMBL2

in a loop.

Lemma 2. Let (G,®) be a loop. Let x,y, z be arbitrary elements in G.

1. Let a be an onto itself map on G such that o : i+ 1.
(a) (G,®) obeys identity GMBLI if and only if (J,My ", JxMye, JxMya L) €
AUT(G,®) and y* © (2%)P = (2% © y)*.
(b) (G,®) obeys identity GMBL2 if and only if (J,M; Y, JxMye, J,M o' R,) €
AUT(G,®) and y* ® (2%)° = (2* © y)*.

2. Let o be bijective such that o : i — i. The following are equivalent.

(a) (G,®) obeys identity GMBLI.
(b) (G, @) obeys identity GMBL2.
(¢) (J,M;Y, I\Myo, J\Myo L) € AUT(G,®) and y* © 2° = (2 ® y)*.
(@) (J,M;, J\Mya, J,M o' R;) € AUT(G,0) and y* @ 2° = (2 © y).

Proof. We shall be employing Lemma 1.

1. (a) (G,®) obeys identity GMBLL1 if and only if

2(y*2\z®) = (2/2)(y"\a*) & 2M, ' © y* Mya = (y* © 2)JpxMya Ly
& 2M; O y* Mye = (20 © y*J,)JxMya L,
& 2, M7 Oy I\Mya = (2 © ¢/ ) J\Mya Ly,
with z — zJ, and y®J, — y'. Thus, (J,M; ', JxMye, J\MyaL,) €
AUT(G,0).
(b) Use similar steps of the proof of (a) for identity GMBL2.
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2. This is a follow-up to 1.
O

Henceforth, we shall assume that in a loop that obeys identities GMBL1 or
GMBL2, « is bijective such that « : ¢ — i. Thus, we shall simply refer to such loop
as a generalized middle Bol loop (GMBL) based on Lemma 2(2).

Lemma 3. Let (p, ), ¢) be an autotopism of a GMBL (G,®). Then (JJ, JpJ, J¢J)
is also an autotopism of (G,®).

Proof. Let (G,®) be a GMBL and (p, 1, ¢) € AUT(G,®), then for all z,y € G, we
have

p Oy = (z0Y)¢ = [zp O yY]J = (z ©y)oJ = [(y¥)J © (xp)J] = (z © y)pJ.
Set y — yJ and x — xJ, to get

yJJ © xJpd = [(x] ©yJ)¢lJ = yJJ ©xJp] = [(y © x)J¢]J.
Thus, (J¥J, JpJ, J¢J) € AUT(G,®). 0
3.2 Bryant-Schneider group characterization of generalized middle

Bol loop

Using the results in Section 3.1, we shall carry out the Bryant-Schneider group
characterization of generalized middle Bol loop.

Theorem 3. Let (G,®) be a generalized middle Bol loop and let ¢ € BS(G,®) be
such that ¢ : i — i. For some f,g € G:

1. Ryt = Myl Ry L), My and L7 = Mg RgR 3 M.
2. ¢=o(f.9) = (/. [*) and = ¢(f,9) = #(g™, 9)-

Proof. Suppose that (G,®) is a GMBL, then 8 = (JM; ', JMya, JM2'R,) is an
autotopism of (G,®) for all x € G. Since v = (¢R;1,¢L;1,¢) € AUT(G,®) for
some f,g € G, then by Lemma 3,

v = (ngSL]TlJ, J¢R;1J, JoJ) € AUT(G,®) for some f,g € G. (4)
The product

VB = (JOLF TIM; Y, JoR, T I Mye, J§J M Ry)

= (JOL; "M ', JoR, My, JOM ol R,) (5)
is also autotopism of (G, ®). Writing this in equivalent form, for all a,b € G, we get

aJL; M © bIGRy Mye = (0 © b)JOM Ry =
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a ' OL M O b OR,  Mye = (a0 b) T OM Ry =

z/(f\@™)9) © ((b7'¢)/9)\a* = (2°/((a ©b)7")¢) © . (6)

Set a = i, the identity element in G and = = f in (6), we have

/(Ao 0 o) Jo\f* = (F*/ (b7 o)f
= f/fPObTI6R Mye = bTIOMIR
— R,'MjaLg;o = MRy

= R, = M ReLyj, M

for some f € G.
For any t € G, th_ = tMa Rfo/pr = t/g = f/ [(f/fp)\((fa/t)f) .
Put ¢ = f“ in the last equality to get f*/g = f*/[(f/fO)\f] = f*/fF = g = f?.

Thus, ¢ = ¢(f,g9) = ¢(f, fP). Taking the same steps by setting b = i and z = g in
(6), we have

g/(F\(@™)e) © (i/9)\g" (9%/a”'9) O g
a 'L M Roa e = a7 oM Ry
LM Rpnge = My Ry

-1 _ 1 1
L' = Mg'RR\ .M,

So, for any t € G, we have
tLy! = tMg'RoR )\ My = f\t = |((9"\t)9)/(g*\g*)|\g. Put t = g%, we

have f\g® [9/( Mg \g = gM\g®. That is, f\g* = g*\g* => f = ¢g*. Thus,
o= o(f,9) = d(g*, 9). O

Corollary 1. Let (G,®) be a GMBL. Any ¢ € BS(G,®) such that ¢ : i — i induces
v = chﬁMg_le € SYM(G) for some g € G and the following hold:

1. ¥ € BS(G,0).
2. U~ is a crypto-automorphism with companions g*\g* and g/g°.

Proof. Substituting R_1 RfL

we get (JOMy'R R‘A\ .
is an autotopism of (G, ®).
Put x = g to get

/ 1o M!and Ly = MR Rg;l\gaMg in (5),

L JOM I RpL Y, M 1M o, JOM ' R,) which

(JoMy'R R}\ o JOM I RLT | Mo Mo, JOM 2 Ry)

f/f"
which is an autotopism of (G, ®), for some g € G. Putting f = g gives

(quMg;leR;}\ga, JOM ' RyL
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Letting ¥ = Jd)M_le, gives (VR Al\ga,\I/Lg_/gp,\Il) is also autotopism of (G, ®).

Thus, (\I/R;;\ga,\liLg/lgp,\lf)_l = (R go ¥, Ly o U1, 071 € AUT(G, 0). O

Theorem 4. Let (G,©®) be a GMBL. Then

BS'(G,®) = {¢ € BS(G,0) | ¢:ivs i and (ad)! = (a—1)¢}
- {qﬁ eSYM(Q)3 feG > (R}, 0L;'¢) € AUT(G), i¢ =i and
(a9) ' = (@ o VacGh={oe SYME)PBgeG > (6B, 0L,!,0)
€ AUT(G), i¢ =i and (ap)" = (@ VoV a e G} < BS(G, ®).
Proof. Let BS'(G,®) = {¢ € BS(G,®) | ¢ : i i and (ag)~! = (a—1)¢} C
BS(G, ®). Following from Theorem 3,
BS'(G,0) = {6 € BS(G,0) | ¢+ iand (a6)”" = (a7)o}
- {¢ €SYM(G)3 feG > (6R;}6L;",¢) € AUT(G), i¢ = i and
(ap)t=(a N Vae G} - {¢> €SYM(G)3geG > (R, 6L}, 0)
€ AUT(G), i¢p =i and (ap) ' = (@ )p Va e G}.

Let £ denote the identity map on G such that i£ =i and (f£)~' = (f"Y)LV f €
G and (LR;Y, LL7Y L) = (L,L,L) € AUT(G,0). So, £L € BS'(G,®). Hence,
BS'(G,®) is not empty.

Let ¢,m € BS'(G,®). Then, ¢7 € BS(G,®) and i) = i and (ap)™! =
(a=)ep, imr =i and (an) ' = (a7 Va€QG.

Furthermore, there exist f1, g1, fi1,911 € G with g1 = ff, fi1 = g{‘l such that

= (ngfll’q/JL;lljw)’ (TFR911177TLf111’ ),Bfl _
(Rgyym ', Lyt mh) € AUT(G, @)

= (R, LT ) Ry Ly m ) =

(¢R;11Rgu7r_1,¢L]711Lf117r_1,1/;77 Y e AUT(G, ).

Let p = R 'Ry,m ! and v = ﬂLJIllLfHW*l so that (Yr~tu,wr v, Yrt) €
AUT (G, ®) if and only if for all a,b € G

apr @ by = (a @ b)yr L (7)
Setting @ = i in G and replacing b by bryp~! in (7), we have

(') © (bv) = b= bwL(yyr1yy =b=v =L 1.
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Similarly, setting b = i in G and replacing a by amy~! in (7), we have

(ap) © (i ) =a = apiR(jpr—1) = a => 1 = R@m,ly).

Thus, g = ipr v =iv = iﬂ'L]TllLfllw_l =[fuo (A\D)]7m L= [fu1 o f{]=! and
f=dpr iy =ip= mR;llemTr—l = z’R;{}Rmn—l =[(i/f)o Mlrt = (o
ffl)ﬂ'_l- Then, f7 = [(f1 ®f101)77_1]_1 = (O fﬁ)_lﬂ'_l = (fuo® f{))ﬂ_l =9

A

since zf = x
Hence,

AB™! = (Wt o, ) = (ww_lR]?pl,wﬂ_lL;I, Y1) is an autotopism of
(G,®), wrnt=iand (¢ Hypr! = (apr 1)1 VaeG. So, vyt e BS(G,0).

Also, AB™! = (m—lR‘;l,w—ng—;,w—l) € AUT(G,®). Therefore, BS'(G,®) <
BS(G,®). O

Corollary 2. Let (G,®) be a GMBL. Then, AUM(G,®) < BS'(G,0) <
BS(G,®).

Proof. This follows from Theorem 4. O
Theorem 5. Let (G,®) be a GMBL, then JMyaL, € BS(G,®) for every z € G.

Proof. Let (G, ®) be a generalized middle Bol loop, then (JM, !, J Mo, J Mo L,) €
AUT(G,®) for all z € G. Choose JMyaL, = ¢ to get the triple (JM 1, JMa, d)
which is an autotopism of (G, ®). Using the identical relation, we have

aJM; O bIMye = (a®b)p Y a,beG. (8)

Put a = i in (8), the identity element in G to get b¢p = iJ M1 © bJMya = x/i ®
bJMya = bIMyalL, = JMyaL, = ¢ for all b € G. So,

JMpo = ¢L;' V2 €G. (9)

Also, put b = i in (8), to get a¢ = aJ M, ' ®iJ My = aJM; 1O (i\2*) = aJM; ' Rya
for all a € G. So,

GRE =JM; 'V zeG. (10)

Using (9) and (10) in (8), we get that (¢R 4, pL; ', ¢) is an autotopism of (G, ®).

T

So, ¢ € BS(G,®). O
Corollary 3. Let (G,®) be an MBL. Then, JMyL, € BS(G,®) for every xz € G.

Proof. Consequence of Theorem 5. O
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3.3 Pseudo-automorphic characterization of generalized middle Bol
loop

Using the results in Section 3.1, we shall carry out an autotopic-split and right
(left) pseudo-automorphic characterization of generalized middle Bol loop. Further-
more, we shall carry out a right (left) pseudo-automorphic characterization of the
isotopy-isomorphy of generalized middle Bol loop.

Theorem 6. Let (G,®) be a GMBL. For any © € Ny, ¢ = JM; 'R, is a right
pseudo-automorphism of (G, ®) with companion x © x®.

Proof. Let (G,®) be a generalized middle Bol loop with € N,,, then
(MY, JMyo, JMya Ly) and (R, 1, Ly, i) are autotopisms of (G, ®). The product

(JM; ", TMye, JMya Ly ) (R, Ly, i) =
(JM;lelijxaLx,JanLx) S AUT(G, @) (11)

Replacing JM 1R with ¢ in (11), we get (¢, J Myo Ly, JMyaLy) € AUT(G, ).
Writing the identical relation, we have

ap © bJ Myo L, = (a ® b)J My L, (12)
for all a,b € G. Put b =1 in (12), where i is the identity element in G, to get
aJMyaLy, = agp © iJMpa L, = ap © 22° = aPpRyza

for all @ € G and for all © € N,,. Then, (¢, Rypo, dRype) € AUT(G, ®), that is ¢
is right pseudo-automorphism of (G, ®) with companion zz®. O

Corollary 4. Let (G,®) be a middle Bol loop. For any x € N,,, ¢ = JM 'R is

a right pseudo-automorphism of (G, ®) with companion 2.

Proof. Consequence of Theorem 6 by z = x. O

Theorem 7. Let (G,i,®) be a generalized middle Bol loop and let K = (A, B,C) €
AUT(G,®). Then, there exists a right pseudo-automorphism ¢ with companion
y‘l\x(a)_l, where 1A = x and iB =y such that
-1
K = (¢, PRy—1\ (gay-1, PRy—17\ (goy—1) (M1, M(xa)
Proof. Let (G,®) bea GMBL, then (JM ', JM(za)-1, JM(zay-1L, 1) € AUT(G, ®)
Ve €eG.If K=(A,B,C) € AUT(G,®), then the product

S LN My 1)

(A, B,C)(JM Y, TMyay-1, JM(zay-1L,1) =
(AJM Y, BJ M ay-1,CIMzay-1L,1) € AUT(G,®) V z € G. (13)

Replacing AJMm__l1 with ¢, and i¢ = iAJM:E__l1 =27 1/6GA) " =727 =4
Then (Qs,BJM(Ia)fl,CJM(wa)flefl) S AUT(G,@) Y2 edG. So,



24 B. OSOBA, T. G. JAIYEQLA, A. O. ISERE AND Y. T. OYEBO

ap © bBJIMzay-1 = (a © b)CJ M gay-1 Ly (14)
for all a,b € G. Let a = i, where i is identity element in (G, ®) to get
i) © bBJ M gay-1 = bCJTMzay-1 Ly
for all b € G, this implies that
bBJ M gay-1 = bCIMzay-1 Ly = BIMzay-1 = CJMgay-1L,—1

for all x € G.
Using the last equality, we obtain (¢, BJ M za)-1, BJMzey-1) € AUT(G,0)Vz €
G. So, for all a,b € G, the identical relation

aqb@bBJM(ma)—l = (a@b)BJM(xa)—l (15)

holds. Letting b =i in (15), we have

ap ® Z‘BJM(xa)fl = a/BJM(IDc)fl
= ap Oy 'May-1 = aBJ Moy
= ap Oy N\(z) " = aBJ M ey
= (bRyfl\(xa)fl = BJM(wa)—l
That is, K = (¢, Ry~ 1\ (go)-1, PRy-1\(go)-1) € AUT(G, ®), this implies that ¢ is a

right pseudo-automorphism with companion y‘l\x(a)_l. So,
= (A, B,C)(JM Y, JMyay-1, JMay-1Ly—1) = (¢, BRy—1\ (go)-1, pRy~11 (o)1) -
That is,

(4, B,C) = (¢, 9Ry1\(goy -1, Oy -1\ (o)1) (M1 J, Mz 1 J L M

( @)1 7)-

O]

Theorem 8. Let (G,i,®) be a generalized middle Bol loop and let K = (A, B,C) €
AUT(G,®). Then, there exists a left pseudo-automorphism ¢ with companion
yil/x(a)_l, where 1A = x and 1B =y such that

= (PLy-1(zo)-1, B, PLy—1 /(g 1)(MI_1J,M(’1) L M(mi) ).
Proof. Follow similar steps to Theorem 7. O

Theorem 9. Let (G,®) be a generalized middle Bol loop, x,y € G, and let aob =
aR;'® bL;l, for all a,b € G. Then, (G,0) = (G,®) if and only if there exists
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1. right pseudo-automorphism of (G,®) with companion ac_l\y(':“)_1 or

1

2. left pseudo-automorphism of (G,®) with companion y~* /z(® ™.
Proof. 1. Let C be isomorphism between (G, o) and (G, ®). Then
(a®b)C =aCobC =aCR;' ®bCL," = aB® bA,

for all a,b € G, where B = CR,! and A = CL;I. So the triple (B, A,C) €
AUT(G,®).

Let i and e denote the identity elements in (G, ®) and (G, o) respectively. So,
since C' is an isomorphism between them, we have :C = e, where e = y ® x,
and

iA=iCR;' =eR;' = (yo )R, =y, (16)
iB=1iCL,' =eL," = (yoa)L," = (17)
Here, from Theorem 7, (16) and (17), we have the equality

(B,A,C) = (¢, 9Ry1\(yoy 1, dRy1\(yoy 1) (M1 J, My 1, L Moy 1)

where ¢ is a right pseudo-automorphism of (G, ®) with companion xil\y(a)_l.
Conversely, suppose that ¢ is a right pseudo-automorphism of (G,®) with
companion z~\y® ™", Then, (¢, 9R,-1\(ya)-1, pRo-1\(yay-1) € AUT(G, ).
On the other hand, since (G, ®) is GMBL, we get that

(JM_ Y, IMgay-1, JMay-1Ly—1) " =

(M1, M(;i)_lj, L;_llM(;i)_lJ) € AUT(G, ®).

So,

(B,A,C) = (¢, ¢Rx_1\(ya)_1,fzst_l\(ya)_l)(My_lJ,lM(;)l,lJ, LMy )
= (d)Myfl J, gszfl\(ya)flM(;a),l J, QSRx—l\(ya)—lLy_,l M(;a),l J) € AUT(G,®).
Writing the identical relation, we have

apMy-1J @ bpRy-1\ (yoy-1 M L 1 J =

(y>)~!

(a® b)¢R$—1\(ya)—1L;}1M(;(ll),lJ = (a®b)C=aBObAVa,bc G (18)

where
C = ¢R,1\(yoy1 LMoy 1 J, B = ¢M,-1J and A = ¢R,-1\(ya)-1 M0

()17
Also,

iB=i¢pM,J = (y ") =y.

iA = iRy1\ oyt M b T = (™) /@ @) T = @) T =
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Hence, let [(y*) ' /(2" "\(y*) D =t = (y*) ' =t o (@ "\(y*) "
Putting s = 2 N\ (y*) ' =27 ' Os= (y*)7!, we get that 7' © s =t @ s, s0
t =21, Now, put b =i in (18), to obtain

aC=aB®iA=aC =aBR,VacCG
CR;'=B. (19)

Put a =i in (18) we get

bC' =iB®bA = bC =bAL,VbeEG
A=CL," (20)

So, from equations (18), (19) , and (20) we have
(a®b)C =aB®bA=aCR;' ©bCL," = aC obC.
for all a,b € G. Thus, (G,0) = (G, ).

2. Follows similar argument with 1.

4 Conclusion

From this study, it can be concluded that the two identities that characterize
middle Bol loop can be separately generalized to define generalized middle Bol loops
(GMBL1 and GMBL2) which are distinct if the generalizing map («) only fixes the
identity element of the loop but equivalent if the generalizing map («) fixes the
identity and is bijective. Also, an autotopic-split and right (left) pseudo-automorphic
characterization of generalized middle Bol loop was made feasible and a right (left)
pseudo-automorphic characterization of the isotopy-isomorphy of generalized middle
Bol loop was also made possible. This is a sort of ‘G-generalized middle Bol loop’
characterization based on pseudo-automorphic companionship of elements of GMBL
as we have it for ‘G-loops’.
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