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The family of cubic differential systems with two real
and two complex distinct infinite singularities and
invariant straight lines of the type (2,2,2)
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Abstract. We denote by CSL7 the family of cubic differential systems possessing
invariant straight lines, finite and infinite, of total multiplicity exactly seven. In a
sequence of papers the study of the subfamily of cubic systems belonging to CSL~
with 4 real distinct singular points at infinity was reached.

The goal of this article is to continue the study of the geometric configurations of
invariant lines of CSL7 with two real and two complex distinct infinite singularities
and invariant lines in the configuration of the type (2, 2, 2). We proved that there exists
only one configuration of invariant straight lines belonging to the class mentioned
above. In addition, we construct invariant affine criteria for the realization of the
obtained configuration.
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1 Introduction

We consider here real polynomial differential systems

(;le :P(w7y)a % :Q(xvy)a (1)
where P, @) are polynomials in x, y with real coefficients, i.e. P, @ € R|x,y]. We
call degree of a system (1) the integer n = max(deg(P),deg(Q)). In particular we
call cubic a differential system (1) with degree n = 3.

We are interested in polynomial systems (1) possessing algebraic invariant curves.
An algebraic curve f(x,y) = 0 with f(z,y) € C[z,y| is an invariant curve of a
system of the form (1) where P(z,y),Q(z,y) € C[z,y| if and only if there exists
K([z,y] € C[z,y] such that

X(f) = Pla) 3 + Qo) = f(a. ) K (o)

is an identity in Clz,y]. Since R C C, any system (1) over R generates a system of
differential equations over C. Using the embedding C? — Py(C), (z,y) — [z : y :
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1|=[X:Y:Z] (x=X/Z,y=Y/Z and Z # 0), we can compactify the differential
equation Q(z,y)dy — P(z,y)dr = 0 to an associated differential equation over the
complex projective plane.

In this work we consider a particular case of invariant algebraic curves, namely
invariant straight lines of systems (1). A straight line over C is the locus {(z,y) €
C?|f(x,y) = 0} of an equation f(z,y) = ux + vy +w = 0 with (u,v) # (0,0) and
(u,v,w) € C3.

In view of the above definition of an invariant algebraic curve of a system (1), a
line f(x,y) = ux + vy +w = 0 over C is an invariant line if and only if there exists
K (z,y) € C[z,y| which satisfies the following identity in C|z, y]:

X(f) =uP(z,y) +vQ(z,y) = (ur + vy + w)K(x,y).
Notation 1. Let us denote:

e CS ={ 5|8 isasystem (1) such that gcd(P,Q) =1 and
maz(deg(P,Q)) = 3};

e CSL ={ S eCS|S possesses at least one invariant affine line or the line at
infinity with multiplicity at least two }.

The set CS of cubic differential systems depends on 20 parameters and hence
people began by studying particular subclasses of C'S. Some of these subclasses
are cubic systems having invariant straight lines. We associate to each system in
CSL its configuration of invariant lines, i.e. the set of its invariant lines together
with the real singular points of the system located on the union of these lines. The
notion of configuration of invariant lines for a polynomial differential system was
first introduced in [23].

Definition 1. [26] Consider a real planar polynomial differential system (1). The
configuration of invariant straight lines of this system is the set of (complex) invari-
ant straight lines (which may have real coefficients), including the line at infinity
of the system, each endowed with its own multiplicity and together with all the
real singular points of this system located on these invariant straight lines, each one
endowed with its own multiplicity.

In analogous manner to as we view the phase portraits of systems on the Poincaré
disc (see e.g. [10]), we can also view the configurations of real lines on the disc. To
help imagining the full configurations, we complete the picture by drawing dashed
lines whenever these are complex. On the class of C'S the group of affine transfor-
mations and time rescaling acts. Since cubic systems depend on 20 parameters and
since this group depends on 13 parameters, the class of cubic systems modulo this
group action, actually depends on five parameters. It is clear that the configuration
of invariant lines of a system is an affine invariant.

We mention here some papers on polynomial differential systems in CSL: [2,3,
5-10,13-16,19-21] and [22].
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The maximum number of invariant straight lines (including the line at infinity)
for cubic systems with a finite number of infinite singularities is 9. In [14] the authors
classified all cubic systems possessing the maximum number of invariant straight
lines taking into account their multiplicities according to their configurations of
invariant lines.

The existence of sufficiently many invariant straight lines of planar polynomial
systems could be used for proving the integrability of such systems. During the past
15 years several articles were published on this theme (see for example [24,25]).

Notation 2.  We shall denote by CSL%TQCOO the class of cubic systems with
four distinct singularities at infinity: two real and two complex, and invariant lines
of total multiplicity seven.

As we have two real and two complex infinite singularities and the total mul-
tiplicity of invariant lines (including the line at infinity) must be 7, then a cubic
systems in CSL%TQCOO could have only one of the following four possible types of
configurations of invariant lines:

(1) T=1(3,3); (1) T=(3,1,1,1); (ir7) T=(2,2,2); () T=(2,2,1,1). (2)
We remark that the cubic systems in CSL2"2°>® possessing the configurations of
invariant lines of the type T = (3,3) have already been investigated in [4], where
the existence of 14 distinct configurations Config. 7.1a — Config. 7.14a of this type
is determined. In addition the class of cubic systems in CSL%’”QCOO possessing the
configurations of invariant lines of the type ¥ = (3,1,1,1) was considered in [11].
For this subfamily of systems the existence of 42 distinct configurations Config. 7.1b

— Config. 7.42b was proved.
possessing the type of configuration

Here we will focused on systems CS
(2,2,2) and we denote such class of systems by CSL%Z;;‘)’.

2r2co0
L7

The problem which we solve in this article is the following: to construct all
possible configurations of invariant straight lines, including the infinite one, for the
class C’SL%QTZ;S‘)’.

Main Theorem. A non-degenerate system (S) from the
family (1) belongs to the class C’SL%;’QQC";)’ if an only if
D1 <0, D4y # 0, V3 = TJg = J7 = 0. Moreover such
a system (S) could be brought via an affine transformation
and time rescaling to the canonical form

i =2x(1 —z)(1+2z—sy), s(s*>—9)#0
) =—s5+sx—y+sx?— sy — sz’ — 322y (3)

+ smy2 - y3.

Config. 7. 1c

and it possesses the unique configuration Config. 7.1.c.



THE FAMILY OF CUBIC DIFFERENTIAL SYSTEMS. .. 87

2 Some preliminary results

Consider real cubic systems, i.e. systems of the form:

& =po +pi(z,y) + p2(z,y) + p3(z,y) = Pla,z,y), )
y =4qo + Q1($;y) + QQ($7y) + Q3($7y) = Q(avxa y)

with variables z and y and real coefficients. The polynomials p; and ¢; (¢ =0, 1,2, 3)
are homogeneous polynomials of degree ¢ in x and y:

po =aoo, p3(z,y) = asx® + 3az1 2’y + 3azzy” + agsy’,

pi(z,y) = a0z + aory,  p2(,y) = azx® + 2a117y + agzy’,

g =boo, q3(x,y) = bsox® + 3bo1x”y + 3browy® + bosy®,

q1(z,y) = box +bory,  qa(x,y) = baox® + 20117y + boy”.

Let a = (aoo, aig, aol, - - - » @03, boo, b10, bo1, - - -, bog) be the 20-tuple of the coefficients
of systems (4) and denote R[a,z,y] = Rlago, ai0, ao1, - - - , @03, boo,
b1o; bot, - - -, bo3, , Y.

It is known that on the set of polynomial systems (1), in particular on the set CS
of all cubic differential systems (4), the group Aff(2,R) of affine transformations of
the plane acts [26]. For every subgroup G C Aff(2,R) we have an induced action of G
on CS. We can identify the set CS of systems (4) with a subset of R?* via the map CS
— R?Y which associates to each system (4) the 20-tuple a = (ago, a10, ao1, - - - , @03,
boo, b10, bo1, - - -, bog) of its coefficients.

For the definitions of an affine or G'L-comitant or invariant as well as for the
definition of a T-comitant and CT-comitant we refer the reader to [23] (see also
[1]). Here we shall only construct the necessary invariant polynomials (7-comitants)
which are needed to detect the existence of invariant lines for the class of cubic
systems with two distinct real and two complex infinite singularities and with exactly
seven invariant straight lines including the line at infinity and counting multiplicities.

Let us consider the polynomials

Ci(a‘ax7y) = ypi(avxay) - in(a’xay) € R[a>$7y]7 1= 07 17273>

0 0 .
Di(aax7y) = %pi(aaxay) + @Qi(av$7y) € R[a7$7y]7 1= 1a273'

As it was shown in [27] the polynomials
{Ci(a7x7y)7 Dl(CL), DQ(akuy>7 D3(aax7y)7i = 17273} (5)

of degree one in the coefficients of systems (4) are G L-comitants of these systems.
Notation 3. Let f, g € R|a,x,y] and

k
k ok f kg
(k) — E _1)h
(fag) h:O( 1) <h> a$k—hayh axhaykfh'
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(f,9)®) € R[a,x,y] is called the transvectant of index k of (f,g) (cf.[12,17]).
Let us apply a translation x = 2’ + 29, ¥ = % + yo to the polynomials
P(a,z,y) and Q(a,z,y). We obtain P(a(a,zo,y0),2’,y") = P(a, 2’ + xo,y" + %0),

Q(a(a,zg,y0), 2", y") = Qa, '+ x0,y" + yo). We construct the following polynomials
Qi(a’u xo, y()) = Res z’ (CZ (ZL(U,, 0, y0)7 .’El7 y/)a CO (d(aa xo, yO)u xlv y/)) /(y/)i+1’
Qi(a7 Zo, Z/O) € R[a7 Zo, 3/0]7 (7' - 17 27 3)
and we denote
g’i(aa €, y) = Qi(av Zo, y0)|{10::p, Yo=Yy} € R[a7 z, y] (l = 17 27 3)

Remark 1. We note that the constructed polynomials Gl(a,x,y), Go(a, z,y) and
Gs(a,z,y) are affine comitants of systems (4) and are homogeneous polynomials in

the coefficients ago, . . ., bps and non-homogeneous in z,y and
deg, G = 3, deg, Go = 4, deg, Gs = 5,
deg(x7y) gl = 8’ deg(xvy) g2 = 10’ deg(xvy) g3 - 12

Notation 4. Let Gi(a,X,Y, Z) (i = 1,2,3) be the homogenization of Gi(a,x,y),
ie.

Gila,X,Y,2) = Z%G1(a, X/ Z,Y]Z),
Gola, X, Y, Z) = Z'°Go(a, X/ 2,Y ) Z),
Gs(a,X,Y, Z) = Z'%G3(a, X/ 2,Y ) Z),
and M0, X,V,Z) = ged(Gi(a,X,Y.2), Go(a,X,Y,2), Gsla,X,Y,2)) in

Rla, X, Y, Z].
The geometrical meaning of these affine comitants is given by the two following
lemmas (see [14]):

Lemma 1. The straight line L(z,y) = ux +vy +w =0, u,v,w € C, (u,v) # (0,0)
is an invariant line for a cubic system (4) if and only if the polynomial L(x,y) is a
common factor of the polynomials Gi(z,y), Ga(x,y) and Gs(x,y) over C, i.e.

Gi(r,y) = (uz + oy + w)Wi(z,y) (i=1,2,3),
where Wi(z,y) € Clz,y).

Lemma 2. Consider a cubic system (4) and let a € R?" be its 20-tuple of coefficients.

1) If L(z,y) = uz+vy+w =0, u,v,w € C, (u,v) # (0,0) is an invariant straight
line of multiplicity k for this system then [L(z,y)]* | ged(G1, Ga, G3) in Clz,y], i.e.
there exist Wi(a, z,y) € Clz,y] (i =1,2,3) such that

Gi(a,z,y) = (uz + vy + w)* Wi(a,z,y), i=1,2,3.

2) If the line loo : Z = 0 is of multiplicity k > 1, then Z*=' | gcd(G1, Go, G3), i.e.
we have Z8=' | H(a, X,Y, Z).
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In order to define the invariant polynomials we need, we first construct the follow-
ing comitants of second degree with respect to the coefficients of the initial systems

(4):

Sy = (Co, )V, S0 = (Cy, C3) M, Sig = (Ca, D3)V
So = (Co, C2)V S = (Cy,C3) @, Sag = (Ca, D3) @,
S = (Co, Do)V, Sia = (C1, D)V, 8o = (Dy, C3)Y,
Sy = (Co, C3)W, Si3 = (C1,D3)®,  Syy = (Dy, D3)V
S5 = (Co, D3)V | Siy = (Cy, Co)?, So3 = (C3,C3) P,
Se = (C1,C1)?, S5 = (Co, Do)V | Syy = (C3,C3)W,
Sr=(C1,C) 81 =(Co, C3) V)| So5 = (C3, D3) Y,
Ss = (C1,C2)? Si7 = (Cy, C3)? Sog = (C, D3) @,
So = (C1, D), S5 = (Cy,C3) P, Sor = (D3, D3)®

In order to determine the necessary conditions for the existence and the numbers
of couples of parallel invariant straight lines which a cubic system could have (see
Theorem 1) we use here the following invariant polynomials constructed in [14]
and [5]:

Vi(a,x,y) =So3 + 2D§, Vo(a,x,y) = Sas, Vs(a,z,y) = 6S95 — 3593 — 2D§,

Va(a, z,y) =Cs [(03, S23)@ + 36 (Ds, 526)@)} , Vs(a, ,y) = 6C5(9A5 — TAg)+
2D3(4Ty6 — Ti7) — 3T3(3A1 + 5A9) + 3A5Ty + 36T2 — 3T,

Ui (a,z,y) =S24 — 4597,

Us(a,z,y) =6(Sa3 — 3525, S26) P — 3S93(Sas — 8Sa7) — 2453 + 203(C, So3) D+
24D5(Ds, S26))) + 24D3Ss7.

In this article we shall use the following new polynomials :

Jo = Tg;
Jr = 24A3T12T11 + 615136 + 3151137 + 16157111155 — 48T 9T w7 + 3T16T74.
Here the polynomials

A = 524/288, Ay = 527/72, As = (72D1A2 + (SQQ,DQ)(l))/24 are affine

invariants and
Ty =Cs3,Ty = D3, T3 = Sp3/18, Ty = Sa5/6, T5 = Sas/72,
Ts =(3C1D3 — 27C T3 + 54C Ty 4 4C3D3 — 2C3514+
+ 1603514 — 4Co Dy D3 + 202517 + 1205891 — 4C2519) /2% /32,
Ty =(D2%,05)® —9(T3,C2)? + 18(Ty, C2) ) — 6(D2, Dy) M+
+ 54(Ts, Dy)™) — 108(Ty, D2)™ + 12D5S56 — 12(Sag, Co) D+
+ 43205 A, — 2160C,A5)/27 /3%,
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T16 =(S23, D3) @ /2583 T17 = (Sa6, D3) M) /2° /33,

Tos =(15552A42C1C3 + D3D3 — 81D3Ty — 54D3Ty + 12D3D2S17 + 8D3D2S19+
+ 16[(Cy, D3)M]? — 5184C D3 Ty + 2592C5 Do Ts — 72C5D2549) /29 /3,

Toy =(2187T2Cy + 8TASTECy + 20736111 C5 — 62208711 C1 Cs+
+ 108C3D1 Dy D3 — 8Cy D3 D3 — 54C2 D1 D3 + 601 Do D3+
+ 27Cy D3 — 54C3D3Sg + 108C3D3 Sy + 27Cy D351y — 27Co D3 S19+
+4Co D351y — 3203, D3 815 + 54D D2S 5 — 3C1 D3S17 4+ 6C, D3S19—
— 9T3(54Co (18T + D3) + 54C3(2D1 Dy — Sg + 2Sy) — Co(8D3+
+ 54D D3 — 27811 + 27815 — 4514 4 32S515) + 54D S16 + 3C1 (2Dy D3 —
—817+2819—6851)) —576T5(2Do D3 — S17-+2S19—6S21) — 18C1 D3 Sa1+
+ 18Ty (6C1 Dy D3 + 54Co D3 + 54C3(2D1 Dy — Sg + 2Sy) — Co(8D3+
+54D1 D3 — 27811 + 27519 — 4814 + 32515) + 54D1 S16 — 3C1S17+
+ 601 S19 — 18C1891)) /28 /3%, Ty = (Ts, C3) V) /2,

Tus =((Sa3,C3) V), D3)?, Tyz = (Th1, C3)?,

T136 Z(T74,03)(2)/24, Ti37 = (T747D3)(1)/6'

are T-comitants of cubic systems (4) (see [23] for the definition of a T-comitant).
We note that in the above invariant polynomials we keep the notations introduced
in [5].

In [14] all the possible configurations of invariant lines are determined in the case,
when the total multiplicity of these lines (including the line at infinity) equals nine.
All possible configurations of invariant lines of total multiplicity eight (including the
line at infinity) are determined in [3,5-7,9].

In the above mentioned articles several lemmas concerning the number of triplets
and/or couples of parallel invariant straight lines which a cubic system could have
are proved. Using these lemmas the following theorem is obtained:

Theorem 1. If a cubic system (4) possesses a given number of triplets or/and
couples of invariant parallel lines real or/and complez, then the following conditions
are satisfied, respectively:

(i)  two triplets = Vi=Vo=U;=0;
(it)  one triplet and one couple = V4= Vs =Uy = 0;
(111) one triplet = Vi=Uy=0;
(iv) 3 couples = V3=0;

(v) 2 couples = V;=0.

Remark 2. The above conditions depend only on the coefficients of the cubic homo-
geneous parts of systems (4).

We rewrite systems (4) using different notations:
& =a+cx+ dy + gr* + 2hay + ky? + pa® + 3q2%y + 3ray® + sy = P(z,y),
7 =0b+ex+ fy+la® + 2may + ny? + ta® + 3uzy + 3vzy? + wy® = Q(x,y).
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Let L(xz,y) = Uz + Vy+ W = 0 be an invariant straight line of this family of
cubic systems. Then, we have

Up(x,y) + Vy(z,y) = (Uz + Vy + W)(Az® + 2Bay + Cy* + Do + Ey + F),
and this identity provides the following 10 equations:

Eq=(p-AU+tV =0, Eg¢ = (2h—E)U+(2m—D)V —2BW =0,
Eg=3q¢—-2B) U+ 3u—A)V =0, Eq=kU+ (n—E)V —CW =0,
Eqs = (3r — C)U + (30— 2B)V =0, Egs = (c— F)U +eV — DW =0
Eq4:(5 YU+ Vw=0, Eq=dU+ (f — F)V — EW =0,
=(g—D)U+1V — AW =0, Eqio =aU +bV — FW = 0.
(7)

It is well known that the infinite singularities (real or complex) of systems (6)

are determined by the linear factors of the polynomial

Cs = yp3(z,y) — zq3(x,y).

Remark 3. Let C3 = Hle(aix + Biy), i = 1,2,3,4. Then [B; : —a; : 0] are
singular points at infinity. Hence invariant affine lines must be of the form Uz +
Vy+ W = 0 with (U,V) among («;, ;). In this case, for any fixed («ay,3;), for
a specific value of W, six equations among (7) become linear with respect to the
parameters {A, B,C, D, E, F'} (with the corresponding non-zero determinant) and
we can determine their values, which annihilate some of the equations (7). So in
what follows, for each direction given by (ay,;), we will examine only non-zero
equations containing the last parameter W.

For the proof of the Main Theorem we will consider the following homogeneous
cubic systems associated to systems (6):

:.U:p?)(l'vy)a QZQB(:Evy)' (8)

Clearly in the case of two real and two complex distinct infinite singularities the
polynomial C3(z,y) has four distinct linear factors over C: two of them being real
and two complex.

According to [14] (see also [18]) we have the following result.

Lemma 3. If a cubic system (6) has 2 real and 2 complex distinct infinite singu-
larities, then its associated homogeneous cubic systems could be brought via a linear
transformation to the canonical form

{az’ = (u+ 12 + (s +v)z?y + ray?, Cs = x(sz — y)(z? + 42), (9)

Y = —szd +ury +vry? + (r — 1)y, rs(r+s)#0

for which the necessary invariant condition D1 < 0 is satisfied.
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3 The proof of the Main Theorem

Assuming that cubic systems in the family (6) possess four distinct infinite singu-
larities, two real and two complex, according to Lemma 3 via a linear transformation
they could be brought to the family of systems

& =a+ cx + dy + gz + 2hxy + ky? + (u + )23 + (s +v)2’y + ray?,

10
y =b+ex + fy+ 12 + 2may + ny? — sz® + uzy + vzy® + (r — 1)y° (10

with C3 = x(sx + y) (22 + y?) and the condition D; < 0 holds.

Since systems with the configuration of the type ¥ = (2,2, 2) could only possess
three couples of parallel invariant lines, according to Theorem 1 the condition V5 = 0
is necessary for systems (10). Taking the corresponding associated homogeneous
systems (9) we force the condition V3 = 0 to be satisfied.

On the other hand in paper [5] the canonical form of (9) subject to the condition
V3 = 0 was constructed . This canonical form is the following ([5, systems (77)]):

&= — 22° 4 252y,
. 3 2 2 3 (11)
y=—sxr” — 37y +sxy" —y°.

Taking into consideration (11) and systems (6), applying an affine transformation
and a time rescaling, these systems can be brought to systems belonging to the
following family (¢ =n = 0):

& =a+ cx + dy + 2hxy + ky? — 223 + 2522y,

12
y:b+€$+fy+lx2+2mxy—sx3—3x2y+3xy2_y3‘ ( )

According to [10, Remark 2.13] we have the following

Remark 4. If the perturbed systems have a couple (respectively a triplet) of parallel
lines in the direction Uz 4+ Vy = 0, then the respective cubic homogeneous systems
(8) associated to systems (6) necessarily have the invariant line Uz 4+ Vy = 0 of the
multiplicity two (respectively three).

3.1 Construction of the cubic systems possessing configuration or
potential configuration (2,2,2)

For homogeneous cubic systems (11) we have
H(a,X,Y,7) = ged(Gy, G2, G3) = 2X%(s X + V) (X2 +Y?)2 (13)

So the above systems possess three couples of invariant straight lines and by Remark
4 systems (12) could possesses three couples of invariant lines only in the directions
x = 0 and y = +ix, and namely: two real lines in the direction x = 0 and two
complex invariant lines in the directions y = +iz. In what follows we will examine
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each one of the above mentioned directions.
(a) The direction x = 0. In this case, according to (7) and Remark 3, we
obtain:

U=1,V=0,A=-2B=5C=0,D=2W,E=2h—sW),F=c—2W?
Eq; =k, Eqy =d — 2hW + 2sW?2, Eqio = a — ¢W + 2W3.

So, to have exactly two parallel invariant affine lines in this direction (i.e. to have
exactly two solutions of W) it is necessary and sufficient that Fq; = 0, s # 0 and

REAO/)(E%, Eq) = R%)(qu, Eqi) = 0.

So k = 0 and we calculate Rg/‘l,) (Eqo, Eqio) = 4(2h% — ds — cs?) = 0. This yields
) =

2h? — cs® (0) 2 3 312 /3 -
d = —— and we get Ry, (Eqg, Eqio 8(chs® — 2h® + as®)?/s®> = 0 which
s
h(2h? — cs?
implies a = % In this case we obtain
S
1 h+ sW
Eqy = —=(cs®> — 2h? 4+ 2hsW — 232W2), Eqig = +28 Eqq
S S

and since s # 0 we conclude that the equations Eqg = 0 and FEq19 = 0 have two
common solutions. These solutions could be either real or complex or coinciding
depending on the value of the expression 2cs? — 3h? because we have

Discrim[cs® — 2h% + 2hsW — 25>W?, W] = 45%(2cs® — 3h?).
Thus we conclude that if for systems (9) the following conditions

2h* — cs® h(2h* — cs?
S0, k=0, d= 2= g = M2H = cs)

s s3 (14)

hold, then these systems possess in the direction £ = 0 two invariant lines which
could be either real or complex or coinciding.
(b) The directions x + iy = 0. Considering the equations (7), Remark 3 and
the conditions (14), for U = 1 and V = +i we obtain:
U=1V=+4i,A=-2Fis,B=(sF1)/2,C=—1,D =2W +i(sW + 1),
E=1+4+2h+i(2m—W),F=c—2W?%+i(e — IW — sW?),
Eq7 =2m Fi(l + 2h),

2h?
Eqy = T_cs—l—ej:i(f—c) =21+ h £ im)W + (£3i — 5)W?,

Eqio = (2h3 — chs?)/s® £ib — (c £ ie)W £ ilW? + (2 +is)W3.

As the parameters of cubic systems are real, clearly Eq; = 0 impliesm = 0, [ = —2h.
Considering the relations (determined at this moment)
2h% — cs? h(2h? — cs?
57&0,k;:o,d:ics,a:w,mzo,zz—zh (15)

s 53
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we calculate Rg,?/) (Eq9, Eqi0) and R%,)(Eq% Eqip). So we have R%/) = (U1 +1iU3y)/s,

where
Up = 3cs + 6fs + 6h%s — es® — bes® — fs°,

Uy = —12h% + 3es + Tes? + 5fs? + 2h2s? — es™.
As it was mentioned earlier, in order to have exactly two parallel lines in

the directions y = =iz it is necessary and sufficient that R%?,)(qu,quo) =

R%/)(qu,quo) = 0. Therefore RI(/II/) =0« U; = Uy =0 and we obtain:
—T2h2 + 27cs? — 6h%s? + 12¢s* — 2h%s* + ¢sb
25(9 + s2) ’
—9¢ — 6h? + 8cs® — 2h%s? + cst)
2(9 + s2) '

Taking into consideration the above conditions we calculate:

€= —

=

R = (Us + iU4) /(—s8(s — 3i)%(s + 30)?),

where

Us = — 162h3 + 81chs® — 108h3s? + 54bs* + 45chs* — 8h3s* + 6bs0+
13chs® — 2h3s% + chs®,
U, = — 108h3s — 81bs> + 81chs® — 6h3s® + 2h3s° + bs” — chs”.

So R%,?,) =0« Us = Uy = 0 and we calculate

Resy(Us, Uy) = — h(s* — 9)s3(1 + 5%)(9 + s°)¥, where
U = cs2(9 4 %)% — 2h%(81 + 952 + s).

We claim that for h = 0 or s2 — 9 = 0 we arrive at the systems possessing invariant
lines of total multiplicity 8. Indeed, assuming h = 0 we obtain

Us = 6bs* (94 5%), Uy =b(s*>—9)s>(9 + s?)

and clearly the condition Us = Uy = 0 implies b = 0. Then considering the above
determined conditions we arrive at the following systems

& =(c - 22%)(x — sy),
g =—cs(3+sHx/2+ c(s* = 1)y/2 — s — 322y + sxy? — o>
which possess the following 7 invariant affine lines:
c—222=0, st+y=0, c(s+i)>+2x+iy)2 =0, c(s —i)* +2(x —iy)> = 0.

So considering the line at infinity we get 8 invariant lines and our claim is proved in
the case h = 0.
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Next we consider the case s = +3. Since we may assume s > 0 (due to the
rescaling y — —y) we examine the case s = 3. Then we obtain Uy = 0 and
Us = 324(27b + 63ch — 10h3) and therefore the condition Uy = 0 implies b =
—h(63c — 10h?)/27. Then we arrive at the following systems

@ =(2h? — 9c + 6hax + 1822)(h — 3z + 9y) /27,
y = — h(63c — 10h?)/27 + (27c — 4h*)x/3+
(6¢c — h?)y/3 — 2ha® + 32° — 32y — 3wy® — ¢°
which besides the invariant line at infinity, possess the following 7 invariant affine

lines:
2h — 9z 4+ 3y =0, 9¢ — 2h? + 6ha — 1822 = 0,

(36 — 27i)c — (6 — 4i)h* + (3 — 3i)h(z — iy) + 9(z — iy)*> = 0,
(36 + 27i)c — (6 4 44)h? + (3 + 3i)h(z + iy) + (= + iy)>.
Therefore our claim is completely proved.
So it remains to examine the case ¥ = 0 which gives us
_ 2h%(81 4 9s% + s%)
s2(9 + s2)2

and then we have

bs2(9 + s2)2 + 6h3(2s2 — 9 2_9
Us = 5%(9 + s%)° + 6h°(2s )7 U4:'5(s )Ug.
9 4 s2 652

6h3(2s% — 9)
s2(9 + s2)2

Evidently the condition Us = Uy = 0 yields b = — and as a result we

arrive at the 2-parameter family of systems

i:2<x+L)<x+L)<ﬁ—x+sy)
9+ 52 s(9+s2)/ \s ’
6h3(25s2 —9)  9h2(5s® —9) h?(s? —9)(4s% - 9)
294822 s(9+s2)2 v s2(9 + s2)?
sz® — 3a%y + swy® — .

_ (16)

y — 2ha?—

We observe that for these systems the condition h(s? —9) # 0 must hold, otherwise
we get either homogeneous cubic systems (for h = 0) or systems possessing invariant
lines of total multiplicity 8 (for s = £3).

Therefore we can apply to systems (16) the following transformation

SV IS L NS S C et
Tl = ax 82_97 Yy =ay 52_97 1_042’ a_h(82—9)

and we arrive at the one-parameter family of systems
& =2z(1 —z)(1 + = — sy),

y:—s+sm—y+sx2—sy2—sx3—3x2y+sxy2—y3,
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which coincide with systems (3) given in the Main Theorem.
So we proved the following lemma.

Lemma 4. A system (12) possesses invariant lines in the configuration (2,2,2) if
and only if the following conditions are satisfied:

5 18h%s 9h%(9 — 552)
sh(s*—=9)#0, k=m =0, d:m, Il = —2h, ezw,
h%(81 — 4552 + 4s) 2h2(81 + 9s% + s1))
f=- s2(9 + s2)? P OT s2(9 + s2)2 ’ (18)
_ 6h3(9 —2s?) 18h3

 s2(94s2)2 7 “= s(9+ s2)%

Next we construct the invariant conditions corresponding to (18).
First of all providing that for systems (12) the conditions (18) are satisfied we
calculate

2
Dy = 2304s(9 + 5%), K4 = §h,(32 — 9)z(2? + y?)
and we deduce that the condition sh(s? —9) # 0 is equivalent to D4y # 0.
Next we evaluate the invariant polynomial Js:

TJo = é[(iﬁ + 8%z — 2sy] [2ma* — 2(1 + 2h)23y — (3K + 2m)2?y® — ky*].
We observe that the condition Jz = 0 forces the second factor to vanish and evidently
this is equivalent to k = m = 0 and [ = —2h, i.e. we get the conditions provided in
(18) for these three parameters.
Taking into consideration the conditions D4y # 0 and Js = 0 for system (12)
we calculate

7
j? = Z ék((l, ba ¢, da €, f7 h7 S)xj_kyk'
k=0

The condition J7 = 0 implies the system Cy(a, b, c,d, e, f,h,s) =0 (k=0,..., 7)
of eight polynomial equations. It is not too difficult to determine that this system
of equations gives us the unique solution (a,b,c,d, e, f) for these parameters and
the obtained expressions coincide with the corresponding expressions provided by
Lemma 4.

Thus we arrive at the invariant conditions provided by Main Theorem.

Next we prove that systems (17) possess a single configuration given in Figure 1.
Indeed, we observe that systems (17) possess the following six invariant affine lines:

Li:x=0, Ly:xz=1, L374:—1—|—x2|2iy20, L576:1—|—xIFiy:0.
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Moreover, these systems have 9 singular points:

B B ' o B ) _(sFi 2
MLQ—(:F].,O), M3,4—(07:Fl)7 MS_(O) 8)7 M6,7_(17:F27’)7 M8’9_<S:|:’L'7 S:l:Z) :

We observe that systems (17) have only three real finite singular points: M; (re-
spectively Mj) at the intersection of Lz and L4 (respectively Lo, Ls and Lg) and
My is located on the invariant line L.

In the article [11, page 8] the Convention concerning three invariant lines inter-
secting at the same singular point is given: two complex conjugate lines (L and L)
and one real (L'). We have the next remark.

Remark 5. Considering the examination of the position of L’ with respect to L and
L given in [11, Convention] it is not too difficult to show that this Convention is true
independently whether L’ is an invariant line or not of the corresponding system.
Only the fact that L’ passes through the point of intersection of L and L is essential.

Next we observe that the singular point Mjy is located on the non-invariant line
y = s(x—1) passing through Ms which is the intersection point of the invariant lines
y = +i(x — 1). According to [11, Convention] the common projection of these two
complex lines is y = 0. Since s # 0 we conclude that the line y = s(z — 1) could not
coincide with the projection y = 0. Therefore assuming s < 0 (due to the rescaling
y — —y) we arrive at the configuration Config. 7.1c. This completes the proof of
the Main Theorem. O
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