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Abstract. We study the problem of existence of Poisson stable (in particular, al-
most periodic, almost automorphic, recurrent) solutions to the semi-linear differential
equation

' = (Ao + A(t))x + F(t, )

with unbounded closed linear operator Ao, bounded operators A(t) and Poisson stable
functions A(t) and F'(¢,x). Under some conditions we prove that there exists a unique
(at least one) solution which possesses the same recurrence property as the coefficients.
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1 Introduction

Let Y be a complete metric space, (Y, R, o) be a dynamical system on Y, (B, |-])
be a Banach space and £(8) be the space of all linear bounded operators acting
on the space B. Denote by [B] the linear space L£(8) equipped with the operator
norm ||A]| := sup |Az| and by [B], the space L£(B) equipped with the topology of

lz[<1
strong convergence. We denote by C(Y,B) (respectively, C'(Y x B, B)) the space of
all continuous mappings ¢ : Y — B (respectively, f : Y x B — B) and by Cy(Y,B)
(respectively, Cp(Y x 9B,9)) the space of all bounded mappings from C(Y x 9B, B)
(respectively, the space of all functions f € C(Y x B,9B) satisfying the conditions:

sup | f(y,0)| < +o0 and f(y,u1) — f(y,u2)| < L|u; — ug| for some positive constant
yey

L and all (y,u;) €Y xB (i =1,2)).

The problem of the existence of Poisson stable (in particular, periodic, quasi-
periodic, Bohr almost periodic, almost automorphic, recurrent in the sense of
Birkhoff, Levitan almost periodic, almost recurrent in the sense of Bebutov, pseudo-
recurrent, pseudo-periodic in the sense of Bohr) solutions of semi-linear differential
equations of the form

2 = (Ao + Alo(t,y)a + F(o(t.y),a), (y€Y) (1)
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18 DAVID CHEBAN

where Ap : D(Ap) — B is an infinitesimal generator of Cp-semigroup {U(t)}+>0
acting on the Banach space B, A € C(Y,[B]s) and F' € C(Y x B,*B).

Earlier this problem was studied in the works of Shcherbakov B. A. [17, Ch.IV],
Shcherbakov B. A. and Koreneva L. V. [22] and Bronshtein I.U. [1, Ch.IV]. Namely,
Shcherbakov B. A. [17, Ch.IV] and Shcherbakov B. A. and Koreneva L. V. [22] have
studied this problem for the equations of the form (1) in the case when the ”linear
part” of the equation (1) is stationary and bounded, i.e., Ag + A(y) = Ag for any
y € Y and a linear operator Ay € L(*B).

Bronshtein I. U. in [1, Ch.IV] studied this problem for the equations (1) with
non-stationary linear part, but in the case when Aj is equal to zero, i.e., for the
equations of the form

o' =A(o(t,y)z+ Flo(t,y),z) (yeY) (2)

with compact Y and A € C(Y,[®B]) and F € C(Y x B,B).

This paper is organized as follows. In the second section we collect some known
notions and facts about Poisson stable motions of dynamical systems. Namely we
present the construction of shift dynamical systems, definitions and basic properties
of Poisson stable motions and Shcherbakov’s principle of comparability for Poisson
stable motions by their character of recurrence. The third section is dedicated to
the study of the problem of existence of a unique Poisson stable solution for linear
nonhomogeneous differential equations z’ = (Ag + A(o(t,y)))x + f(o(t,y)) with
unbounded linear operators Ay + A(y) (y € Y). In the fourth section we study the
problem of Poisson stability of solutions for nonlinear equations (2) with Lipschitz
nonlinear perturbations (both global and local Lipschitzian F'). We give also an
example which illustrates our results for infinite-dimensional differential equations
(1) with unbounded and non-stationary ”linear part”.

2 Preliminaries

2.1 Poisson stable motions of dynamical systems

Let R := (—o00,00), Ry := {t € R| ¢ > 0} (respectively, R_ := {t € R| ¢ < 0}),
T € {R,R;} and (X, T, n) be a dynamical system on the space X.

Recall the classes of Poisson stable motions we study in this paper, see [14,17,
21,23] for details.

Definition 1. A point x € X is called stationary (respectively, T-periodic) if
7(t,x) = x (respectively, m(t + 7,x) = w(t,x)) for all t € T.

Definition 2. A point x € X is called quasi-periodic with the base of frequency
v = (1,v,...,v) if the associated function f(-) := (-, x) : R — X satisfies the
following conditions:

1. the numbers vy, 15, ..., v, are rationally independent;
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2. there exists a continuous function ® : R¥ — X such that
q)(tl + 2m,to + 27, ..., g —|—27T) = (I’(tl,tg,.. . ,tk)
for all (t1,t,...,t;) € RF:

3. f(t) = ®(vt,vat,. .., vt) for t € R.
Definition 3. For given € > 0, a number 7 € T is called an e-shift of x (respectively,
e-almost period of x) if p(n(r,x),x) < e (respectively, p(n(r + t,x),m(t,z)) < e for
allt € T).
Definition 4. A point x € X is called almost recurrent (respectively, Bohr almost
periodic) if for any e > 0 there exists a positive number [ such that any segment of

length [ contains an e-shift (respectively, e-almost period) of z.

Definition 5. A point x € X is called Lagrange stable if its trajectory ¥, :=
{m(tx)| t € T} is precompact.

Definition 6. If a point x € X is almost recurrent and Lagrange stable, then z is
called (Birkhoff) recurrent.

Let z € X and denote M, := {{t,} C T| such that n(¢,,z) — = as n — oo}.

Definition 7. A point x € X is called Levitan almost periodic [11] (see also [1,3,10])
if there exists a dynamical system (Y, T, o) and a Bohr almost periodic point y € Y’
such that 91, C 91,.

Definition 8. A point x € X is called almost automorphic if it is st. L and Levitan
almost periodic.

Definition 9. A point z € X is said to be uniformly Poisson stable or pseudo-
periodic in the positive (respectively, negative) direction if for arbitrary € > 0 and
[ > 0 there exists an e-almost period 7 > [ (respectively, 7 < —I) of z. The point z
is said to be uniformly Poisson stable or pseudo-periodic if it is so in both directions.

Definition 10. [15,16] A point x € X is said to be pseudo-recurrent if for any
e>0, pe€ X, and tg € T there exists L = L(e,t9) > 0 such that

B(p.e)(\(lto,to + L],p) #0,

where B(p,e) := {x € X : p(p,x) < ¢} and 7([to,t0o + L|,p) = {n(t,p) : t €
[to, to + L]}
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2.2  Shcherbakov’s comparability principle of motions by their char-
acter of recurrence

In this subsection we present some notions and results stated and proved by
Shcherbakov B. A. [17-21] (see also [6, Ch.I]).

Let (X, T,n) and (Y, T, o) be two dynamical systems.

Definition 11. A point x € X is said to be comparable with y € Y by character of
recurrence if for any € > 0 there exists a 6 = §(¢) > 0 such that every d-shift of y is
an e-shift for z, i.e., p(o(7,y),y) < ¢ implies p(7(T,z),z) < €.

Theorem 1. [19],/21, Ch.Il] Let x € X be comparable with y € Y. If the point
y 1s stationary (respectively, T-periodic, Levitan almost periodic, almost recurrent,
Poisson stable), then so is the point x.

Definition 12. A point x € X is called uniformly comparable with y € Y by
character of recurrence if for any € > 0 there exists a 6 = d(¢) > 0 such that every
0-shift of o(t,y) is an e-shift of n(¢t,z) for all t € T, i.e., p(o(t + 7,y),0(t,y)) <6
implies p(7(t + 7,2),z) < ¢ for any ¢t € T (or equivalently: p(co(t1,y),o(t2,y)) < ¢
implies p(m(t1,x), m(t2,z)) < € for any t1,t2 € T).

Denote M, := {{t,} C T: {n(ty,z)} converges}.

Definition 13. [2,4] A point € X is said to be strongly comparable with y € Y
by character of recurrence if M, C M.

Theorem 2. [19],/21, Ch.II] Let X and Y be two complete metric spaces. Let a
point x € X be uniformly comparable with y € Y by character of recurrence. If y
is quasi-periodic (respectively, Bohr almost periodic, almost automorphic, Birkhoff
recurrent, Lagrange stable, pseudo-periodic, pseudo-recurrent), then so is x.

Theorem 3. [19/,/21, Ch.II] Let a point y € Y be Lagrange stable, then a point
x € X is uniformly comparable with y € Y if and only if M, C M.

Let (Y,R,0) be an autonomous two-sided dynamical system on Y and B be a
real or complex Banach space with the norm |- |.

Definition 14. (Cocycle on the state space 8 with the base (Y,R,)). The triplet
(B, ¢, (Y,R,0))(or briefly ¢) is said to be a cocycle (see, for example, [5] and [14])
on the state space B with the base (Y,R, o) if the mapping ¢ : Ry x B xY — B
satisfies the following conditions:

1. ¢(0,u,y) =uforallu € B and y € Y;
2. ¢(t+7,u,y) = &(t, ¢(1,u,y),0(r,y)) for any t,7 € Ry, u € B and y € Y

3. the mapping ¢ is continuous.
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Definition 15. (Skew-product dynamical system). Let (B, ¢, (Y, R, o)) be a cocycle
on B, X :=B xY and 7 be a mapping from R, x X to X defined by equality
T = (¢,0), ie, w(t, (u,y)) = (¢(t,u,y),0(t,y)) for all t € Ry and (u,y) € B x Y.
The triplet (X,R4,7) is an autonomous dynamical system and it is called [14] a
skew-product dynamical system.

Definition 16. (Nonautonomous dynamical system.) Let T; C Ty (T; € {R4,R}
(i = 1,2)) be two subsemigroups of the group T, (X, T;,7) and (Y, Ty, 0) be two
dynamical systems and h : X — Y be a homomorphism from (X, Ty, 7) to (Y, Ts,0)
(i.e., h(m(t,x)) = o(t,h(x)) for any ¢ € Ty, = € X and h is continuous), then
the triplet ((X,Ty,7), (Y, Ta, 0),h) is called (see [1] and [5]) a nonautonomous
dynamical system.

Example 1. (The nonautonomous dynamical system generated by a cocycle ¢.)
Let (B, ¢, (Y,R,0)) be a cocycle, (X,R4,m) be a skew-product dynamical system
(X =B xY,m = (¢,0)) and h = pro : X — Y, then the triplet ((X,Ry,n),
(Y,R,0),h) is a nonautonomous dynamical system.

Definition 17. A continuous mapping v : ¥ — X (respectively, £ : Y — B) is
said to be an invariant section of nonautonomous dynamical system ((X, R, ), (Y,
R, o), h) (respectively, a cocycle (B, ¢, (Y,R,0))) if h(w(t,v(y))) = o(t,v(y)) and
h(v(y)) =y (respectively, ¢(t,£(y),y) = &(o(t,y))) for any (t,y) € Ry x Y.

Remark 1. If v : Y — X (respectively, £ : Y — *B) is an invariant section of
nonautonomous dynamical system ((X,Ry,7),(Y,R,0),h) (respectively, a cocycle
(%, ¢, (Y,R,0))), then the motion 7 (¢,7v(y),y) of the dynamical system (X,Ry, )
(respectively, ¢(t,&(y),y) of the cocycle (9B, ¢,(Y,R,0))) can be extended on the
real axis R as follows: w(—t,v(y)) := ~v(o(—t,y)) (respectively, ¢(—t,&(y),y) =
&(o(—t,y)) for any (t,y) € Ry x Y.

Denote by C(R, X)) the space of all continuous functions f : R — X equipped
with the compact-open topology. This topology can be defined by the following
distance:

d(f,g) = sup min{ﬁgfp(f(t),g(t)), L'}

Remark 2. The following statements are equivalent:
1. d(fn, f) = 0 as n — oo;

2.
lim max p(fn(t), f(t)) =0

n—o0 [t|<L
for every L > 0.
Denote by (C(R,X),R,0) the shift dynamical system [6, Ch.I] on the space

C(R, X) (Bebutov’s dynamical system), where o : Rx C(R, X)) — C(R, X) is defined
by o(h, f) := f" for any (h, f) € R x C(R, X) and f"(t) := f(t + h) for any t € R.
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Lemma 1. Let (B,¢,(Y,R,0)) (shortly ¢) be a cocycle and § :' Y — B be a con-
tinuous invariant section of ¢.
Then the following statements hold:

1. the mapping v: Y — X := B x Y defined by v(y) := ({(y),y) for anyy € Y
satisfies the condition v(o(t,y)) = w(t,v(y)) for any (t,y) € Ry x Y

2. for any y € Y the motion 7(t,x) (respectively, the motion ¢(t,&(y),y) of the
cocycle ¢ ), where x := (£(y),y), is extendable on the real axis;

3. My, C M, where o € C(R, X) is defined by o(t) := v(o(t,y)) for any t € R.

Proof. To prove the first statement it suffices to define (-, z) for any ¢ € R_ as
follows: 7(t,v(y)) :=~v(o(t,y)) for any (¢,y) € R_ x Y (respectively, ¢(t,&(y),y) :=
&(o(t,y)) for any (t,y) € R_ xY).

Let now {t,} € M, then there exists a point ¢ € H(y) := {o(t,y)| t € R} such
that o(t,,y) — q as n — oo. Let o € C(R, X) be defined by

a(t) :=(o(t,y))

for any t € R. We will show that {t,} € 9, = {{7}| such that a™ converges
in C(R,X)}. To this end denote by a(t) := y(o(t,q)) for any t € R and we will
establish the relation

sup plalt +1t,),a(t)) = up p((o(t,o(tn,y)),v(o(t ) = 0

t<i t)<l

as n — oo. If we suppose that it is not true, then there are ¢g > 0, l[j > 0 and
{sn} C [—lo, o] such that

ple(sn + tn), a(sn)) = p(7(0 (80, 0 (tn; ), V(9 (50, 9)))) = €0 3)

for any n € N. Since {s,} C [~lo,lo] then without loss of generality we can suppose
that this sequence is convergent. Denote by so = li_)In Sp. It is clear that
n—oo

(s, q) = 0(50,9); o(tn,y) = ¢ and o(sn, 0 (tn,y)) = o(s0,9) (4)

as n — oo. Passing to the limit in (3) as n — oo and taking into account (4)
we obtain 0 > g9. The last inequality contradicts the choice of 9. The obtained
contradiction proves our statement. ]

Corollary 1. Let (B, ¢,(Y,R,0)) (shortly ¢) be a cocycle and & : Y — B be a
continuous invariant section of ¢. If a point y € Y is stationary (respectively, T-
periodic, quasi-periodic with the frequency base {v1,...,vn}, Bohr almost periodic,
almost automorphic, recurrent, almost recurrent, Levitan almost periodic, pseudo-
recurrent and Lagrange stable, pseudo-periodic and Lagrange stable, Poisson stable),
then the motion 7(t,x) with x = vy(y) = (£(y),y) (or equivalently, the function
a(t) =&(o(t,y)) for any t € R) is also so.

Proof. This statement follows directly from Theorems 1, 2, 3 and Lemma 1. O
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3 Linear Systems

3.1 Linear nonautonomous dynamical systems

Let (B8, |-|) be a Banach space with the norm |-| and (8, ¢, (Y, R, o)) (or shortly
¢) be a linear cocycle over dynamical system (Y, R, o) with the fibre 9B, i.e., ¢ is a
continuous mapping from Ry x B x Y into B satisfying the following conditions:

1. ¢(0,u,y) =u for any u € B and y € Y;
2. p(t+T1,u,y) =@t o(1,u,y),0(r,y)) forany t, 7 € Ry, u € B and y € Y;
3. for any (¢,y) € Ry x Y the mapping ¢(t,+,y) : B — B is linear.

Denote by L£(8) the space of all linear bounded operators A acting on the space
B, by [B] the Banach space of all linear bounded operators £(8) equipped with the

operator norm ||A|| := sup |Az|.
|z[<1
Recall [12, Ch.III] that a sequence {Aj}nen of linear bounded operators from
[B] strongly converges to A € [B] if lim A,z = Az for any x € B. Denote by
n—oo

[B], the space of all linear bounded operators £(B) equipped with strong operator
topology.

Theorem 4. [12, Ch.III] (Banach-Steinhaus). If a sequence {A,} C [B] is strongly
convergent, then it is bounded, i.e., there exists a constant C > 0 such that || A,|| < C
for any n € N.

Lemma 2. The mapping F : [Bls x B — B defined by F(A,z) := Ax for any
(A, z) € [B]s x B is continuous.

Proof. Let (Ao, zo) be an arbitrary point from [B]s xB and {(A4,, z,)} be a sequence
from [B]s x B such that

A, — Apin [B]; and z, -z in B (5)
as n — 00. According to Theorem 4 there exists a constant C' > 0 such that
[An| <C
for any n € N. Taking into account (6) we obtain

|Anzn — Ago| = [An(2n — 20) + (Anzo — Aoxo)| < (6)
HATZ’H:UH - :Co| + |An$0 - AO$O| < C|-Tn - xo‘ + |Anl'0 — A0x0|

for any n € N. Since A,, — A in [B]s as n — oo, then we have
lim |Apzo — Aoxo| = 0. (7)
n—oo

Passing to the limit in (6) as n — oo and taking into account (5) and (7) we obtain

lim A,x, = Aprg. Lemma is proved. O
n—oo
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Corollary 2. The mapping F : [B]s X [B]|sxB — B defined by F (A, B, x) := A(Bx)
for any (A, B,x) € [B]s x [B]s x B is continuous.

Proof. Let (Ao, By, o) be an arbitrary point from [B]s x [B]s x B and
{(AnaBnafn)}nGN C [%]8 X [%]S X B

such that (A, Bn,zn) — (Ao, Bo,zo) in [B]s X [B]s x B as n — oco. Denote by

Yn = Bpz, and yg := Byzxg, then by Lemma 2 y, — yo in B as n — oo. Let

zn = Apyn and zg := Agyo, then by Lemma 2 we have zg = li_>m Apyn = AoBoxo,
n 0.)

i.e.,
lim Aan.%'n = A()Boxo.
n—00

Corollary is proved. O

Corollary 3. Let f € C(Y,B) and A,B € C(Y,[B];s), then the mapping F €
C(Y,*B), where F(y) := A(y)(B(y)f(y)) for any y € Y, is continuous.

Proof. This statement follows directly from Corollary 2. O

Remark 3. Let (B, ¢, (Y,R,0)) be a cocycle over dynamical system (Y,R, o) with
the fibre B and U be the mapping from R, x Y into £(8) defined by the equality

U(t,y) == o(t; - y),
then it possesses the following properties:
a. U(0,y) = Idy for any y € Y, where Idyg is the unit operator acting on B;
b. U(t+ 7,y) =U(t,o(r,y))U(r,y) for any t,7 € Ry;

c. for any x € B the mapping U, : Ry x Y — B defined by U,(t,y) := U(t,y)x
(for any (t,y) € Ry x Y) is continuous.

Lemma 3. Let {U(t,y)| t € Ry,y € Y} be the family of operators from L(*B)
possessing properties a.-c., then the mapping ¢ : Ry x B xY — B, defined by
o(t,z,y) :=Ul(t,y)x for any (t,x,y) € Ry X B XY satisfies the following conditions:

1. ¢(0,z,y) =z for any (z,y) € B xY;
2. p(t+1,2,y) = @(t, o(7,3,y),0(7,y)) for any t,7 € Ry and (z,y) € B xY;
3. the mapping ¢ : Ry X B xY — B is continuous.

Proof. The first two conditions follow directly from the properties a. and b. respec-
tively.

Now we will establish the continuity of the mapping ¢. Let (tg,xo,y0) be an
arbitrary point from Ry xB xY and {(t,, Zn, Yn) }nen be a sequence from Ry xB xY
such that (t,, zn, yn) — (to, Zo, yo). In virtue of the condition ¢. we have U (t,, yn) —
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U(to,yo) in [B]s as n — co. By Theorem 4 the sequence of operators {U (¢, Yn) }nen
from L(B) is bounded, i.e., there exists a positive constant C' such that

1U (tn,yn)|| < C (8)
for any n € N. Note that

’(p(tmxnayn) - (p(tOv«TanO” = (9)
‘U(tmyn)(xn - 33‘0) + (U<tnayn) - U(t0>y0))x0‘ <
U (tn, yn) || — 2ol + |(U(tn; yn) — U(to, yo))zol

for any n € N. From (8) and (9) we receive

|(10(tn’ fEnayn) - So(to,»TO»yO)‘ < C‘CL’n - $0| + |(U(tn>yn) - U(to,yo))l‘o| (10)

for any n € N. Passing to the limit in (10) as n — oo and taking into account the

strongly continuity of the mapping U : (¢,y) — U(t,y) we obtain li_>m O(tn, Tn,Yn) =
n—oo

©(to, o, yo). Lemma is proved. O

Definition 18. A family of linear bounded operators {U(t)}icr, is said to be a

Co-semigroup (a semigroup of strongly continuous linear bounded operators) if the
following conditions are fulfilled:

1. U(0) = Idg;
2. U(t+7)=U(t)U(r) for any t,7 € Ry;

3. lim U(t)x =z for any x € X.
t—0t

Let Ao : D(Ap) — B be the infinitesimal generator [13, Ch.I] of the strongly
continuous semigroup {U(t)}ser., -

Definition 19. A function F' € C(Y x 98,B) is said to be local Lipschitzian with
respect to variable v € B uniformly with respect to y € Y if there exists a nonde-
creasing function L : Ry — R, such that

IP(y,u1) — Py, u)| < L)t — s (11)
for any uy,us € B[0,r] and y € Y, where B[0,r] :=={u € B : |u] <r}.

Definition 20. The smallest constant figuring in (11) is called Lipshchitz constant
of the function F' on Y x B[0,r] (notation Lip(r, F')).

Let (Y,R, o) be a dynamical system on the metric space Y. Consider the differ-
ential equation
¥ = Ay + F(o(ty),2), (yeY) (12)

where F' € C(Y x B,B).
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Definition 21. A function u : [0,a) — 9B is said to be a weak (mild) solution
of equation (12) passing through the point x € % at the initial moment ¢ = 0 if
u € C([0,T],B) and satisfies the integral equation

u(t) =U(t)x + /0 Ut —s)F(o(s,y),u(s))ds

for any t € [0,7] and 0 < T < a.

Theorem 5. [6, Ch.VI] Let z9 € B, r > 0 and the conditions listed above be
fulfilled. Then, there exist positive numbers 6 = d(xo,r) and T = T(xg,r) such
that the equation (12) admits a unique solution p(t,z,y) (v € Blxo,d] = {z €
B | |z —xo| < d}) defined on the interval [0,T] with the conditions: ¢(0,z,y) = x,
lo(t, z,y) — xo| < r for any t € [0,T] and the mapping ¢ : [0,T] x Blzg,d] x Y —
B ((t,x,y) — @(t,x,y)) is continuous.

Definition 22. A function F € C(Y x B,B) is said to be globally Lipschitzian
with respect to variable u € 8 uniformly with respect to y € Y if there exists a
positive constant L such that

‘F<y7ul) - F(ya u2)| < L‘ul - u2| (13)
for any uj,us € B and y € Y.

Definition 23. The smallest constant L with the property (13) is called Lipshchitz
constant of the function F' (notation Lip(F)).

Denote by CL(Y x B8,B) the Banach space of all globally Lipschitzian functions

F e C(Y xB,B) and with sup |F(y,0)| < +o0 and equipped with the norm
yey

||F|lcr := max |F(y,0)| + Lip(F).
yey

Theorem 6. [6, Ch.VI] Suppose that a function F € C(Y x B,B) is globally
Lipschitzian. Then for any (x,y) € B XY there exists a unique solution o(t,z,y) of
the equation (12) defined on the semi-azis [0, 400) with the conditions: ¢(0,x,y) = x
and the mapping ¢ : [0,+00) X B XY — B ((t,z,y) — @(t,z,y)) is continuous.

Example 2. Let (Y,R,0) be a dynamical system on the metric space Y and A €
C(Y,[B]s). Consider the following differential equation

u' = (Ao + A(o(t,y))u, (14)

where Ag is the infinitesimal generator of a Co-semigroup {U(t)}i>0.
Denote by Cy(Y, [B]s) the family of all A € C(Y,[B]s) with sup ||A(y)|| < +oc.
yey
Theorem 7. Let Ay be the infinitesimal generator of Co-semigroup {U(t)}>0 on
B and A € Cp(Y, [B]).
Then the following statements hold:



POISSON STABLE SOLUTIONS OF SEMI-LINEAR DIFFERENTIAL EQUATIONS 27

1. for each (u,y) € B x Y the Cauchy problem
o' = (Ao + A(a(t,y))z, 2(0)=u

has a unique mild solution p(t,u,y);

tu.9) = U+ [ U= DAl (r)etr)dr
for any (t,u,y) € Ry x B xY;
3. the triplet (B, p, (Y,R,0)) is a linear cocycle over (Y,R, o) with the fibre B.
Proof. We can rewrite the equation (15) as follows
2’ = Agz + F(o(t,y), @),

where F(y,z) := A(y)x. Since A € Cy(Y, [B]s) then there exists a constant L > 0
such that ||A(y)|| < L for any y € Y. Thus we have

|F(y, x1) — F(y,22)| < Llz1 — 22
for any x1,29 € B and y € Y. Now to finish the proof of Theorem it suffices to
apply Theorem 6. 0
3.2 Linear nonhomogeneous (affine) dynamical systems

Let (%8, ¢, (Y,R,0)) be a linear cocycle over dynamical system (Y, R, o) with the
fibre B, U(t,y) := ¢(t,-,y) for any (t,y) € Ry xY, f € C(Y,B) and ¥ be a mapping
from Ry x B x Y into B defined by the equality

Bt u,y) = Ut y)u+ /0 Ut — 7, 0(r,y))f (o(r, 9))dr. (15)

From the definition of v the following properties follow:

1. ¥(0,u,y) = u for any (u,y) € B x Y;

2. Yt +T7,u,y) =9, (T, u,y),0(r,y)) for any t,7 € Ry and (u,y) € B x Y;
3. the mapping ¢ : Ry x B X Y +— ‘B is continuous;

4. Y(t, M+ pv,y) = Mp(t,u, y) + p(t,v,y) for any t € Ry, u,v € B,y € Y and
A, 1 € R (or C) with condition A + p = 1, i.e., the mapping 9 (t,-,y) : B — B
is affine for every (t,y) € Ry x Y.

Recall that a triplet (B, 4, (Y, R, o)) is called an affine (nonhomogeneous) cocycle
over dynamical system (Y, R, o) with the fibre B if ¢ is a mapping from T x B x Y
into B possessing the properties 1.-4.
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Remark 4. If we have a linear cocycle (B, ¢, (Y,R,0)) over dynamical system
(Y,R,0) with the fibre %6 and f € C(Y,B), then by the equality (15) an affine
cocycle (B,1, (Y,R,0)) over dynamical system (Y, R, o) with the fibre B is defined,
which is called an affine (nonhomogeneous) cocycle associated with the linear cocycle
¢ and the function f € C(Y,*B).

Example 3. Let Y be a complete metric space, (Y,RR, o) be a dynamical system on
Y. Consider the following linear nonhomogeneous differential equation

o' = (Ao+ Alo(t, )z + flolty), (yeY) (16)

where A € Cy(Y, [B]5).

Under the above assumptions equation (15) generates a linear cocycle (B, ¢, (Y,
R, o)) over dynamical system (Y, R, o) with the fibre B. According to Remark 4 by
the equality (15) a linear nonhomogeneous cocycle (8,1, (Y,R, o)) over dynamical
system (Y,R, o) with the fibre 98 is defined. Thus every nonhomogeneous linear
differential equations (16) generates a linear nonhomogeneous (affine) cocycle ).

3.3 Exponential dichotomy and Green’s function

Definition 24. Recall (see, for example, [7, Ch.VI]) that a linear cocycle (B, ¢, (Y,
R, o)) is hyperbolic (or equivalently, satisfies the condition of ezponential dichotomy)
if there exists a continuous projection-valued function P : Y — [B]; satisfying:

1. P(o(t,y))U(t,y) =U(t,y)P(y) for any (t,y) € Ry x Y:

2. for any (t,y) € Ry x Y the operator Ug(t,y) is invertible as an operator
from I'mQ(y) to ImQ(o(t,y)), where Q(y) := Idy — P(y) and Ug(t,y) :=
U(t,y)Q(y);

3. there exist constants v > 0 and A > 0 such that
|Up(t,y)| < Ne™* and ||Ug(t,y) || < Ne ™™
for any y € Y and t € Ry, where Up(t,y) := U(t,y)P(y) and U(t,y) =
QO(t, 7y)

A Green’s function G(t,y) (see, for example, [7, Ch.VII]) for hyperbolic cocycle
@ is defined by

G( ) { UP(tvy)7 lf(t7y) €R+ XY
yY) = .
~[Ug(~t,y)Q(o(t,9)] ' Q(a(t,y), if (t,y) € R— x Y,
where Ug(t,y) := Ug(—t,o(t,y)) for any (t,y) e R_ x Y.
Denote by Cp(Y,B) the Banach space of all continuous and bounded functions

f Y — B equipped with the sup-norm. If the metric space Y is compact, then
Co(Y,8) = C(Y,B).
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Lemma 4. Suppose that the linear cocycle (B, ¢, (Y,R,0)) over dynamical system
(Y,R, o) with the fibre B is hyperbolic and f € Cy(Y,B).
Then the following statements hold:

1.
Go(=7,9),7) flo(=7.9))| < Ne || £

for any (1,y) ER X Y;

2. the integral [*_ G(o(—7,y),7)f(o(=7,y))dr converges uniformly in y € Y
and

o N
|| Gloter s < 2|
foranyy eY;

3. by the equality

€)= [ Glot-ra).nfo(-r.o)dr (17)

a continuous mapping & : Y — B is well defined and & € Cy(Y,B).

Proof. The first two statements are well known (see, for example, [7, Ch.VII]). To
finish the proof of Lemma it suffices to establish that the mapping defined by (17)
is continuous. To this end we note that

1.
E(y) = lim &a(y),
where "
&)= | Glo(=r.9),7)flo(=7.y))dr:
2.
) &) < M o

for any n € N and, consequently, &,(y) — £(y) as n — oo uniformly in y € Y
3. for any n € N the mapping &, : Y — B is continuous;
4. the mapping & : Y — B is continuous and £ € Cy(Y,B).

Of the above statements, only the continuity of £ is nontrivial. We will prove it.
Since £ is a uniform limit of the functional sequence {,,}, then it is sufficient to
establish the continuity of &, for any n € N (in fact, for sufficiently large n). Let
Yo be an arbitrary point of Y and {yx} be a sequence from Y such that y; — yo as
k — oo. For any n € N we have

€ (Yr) — &n(yo)| < (18)
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n

/n G(o(=7,uk), T)f (0 (=T, ) = G(o(=7,40), 7) f (o (=T, 90))|dT =/ ag(T)dr,

—n —n

where

a(7) = |G(o(=7,yx), 7) fo(=7,yx)) — G(o(=T,50),7) f(o(=T,50))|.
The function ay : [—n,n]\ {0} — R possesses the following properties:
1. ay is continuous;
2. ag(t) = 0 as k — oo for any 7 € [-n,n] \ {0};
3. ag(r) < 2N flle~I"! for any 7 € [-n,n] and k € N.

By Lebesgue dominated convergence theorem we have

n

lim ag(T)dr =0 (19)

k—oo J_,,

for any n € N. From (18) and (19) we obtain klim &n(yk) = &nlyo) for any n € N.
—00

Since £ is the uniform limit of continuous functions &, then £ is also continuous
on Y. Lemma is completely proved. O

Theorem 8. Assume that the following conditions are fulfilled:

2. the linear cocycle (B, ¢, (Y,R,0)) over dynamical system (Y,R, o) with the
fibre B generated by the equation

o' = (Ao + A(o(t,y))z (yeY)
1s hyperbolic.
Then the following statements hold:

1. by the equality

bltury) = Ut y)u+ /0 Ut — 7, 0(r, ) f(o(r, 9))dr

an affine (linear nonhomogeneous) cocycle (8,1, (Y, R, o)) over dynamical sys-
tem (Y, R, o) with the fibre B is defined;

2. if £ =G(f), then

§(o(t,y)) = U(t7y)£(y)+/0 Ut —7,0(ry))f(o(r,y))dr : (20)
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3. if f € Cy(Y,B), then by the equality

e = [ Glol-ry)f(o(-ra)ir (21)
a continuous and invariant section of the affine cocycle (B, v, (Y,R,0)) is
defined;

4. if a point y € Y of the dynamical system (Y,R, o) is Poisson stable, then the
solution (t,v(y),y) of the equation

¥ = (Ao + Alo(ty)z + flo(ty) (yeY) (22)
is compatible, i.e., M, C N, with z := ((y),y);

5. if a point y € Y is Lagrange stable, then the solution ¥ (t,&(y),y) is uniformly
compatible, i.e., M, C M, and z = (£(y),y).

Proof. The first statement follows from Theorem 7 and Example 3.

The second statement follows from Proposition 7.33 [7, Ch.VII].

To prove the third statement we note that the continuity of the map £ : Y — B
defined by (21) follows from Lemma 4 (item (iii)). The invariance of the mapping &
follows from the second statement. Indeed, in virtue of (20) we have

B(LEW),y) = UL 1)Ew) + /0 Ut - r.0(r, ) fo(r,y))dr (23)
for any (¢t,y) € Ry x Y. By (23) and (20) we obtain

w(t7§(y)7y) - f(O’(t,y)) (24)

for any (t,y) € Ry x Y.

To prove the fourth statement of Theorem it suffices to show that 9, C 9.,
where z := (§(y),y). Let {t,} € My, ie., o(ty,y) = y as n — oo. Denote by
z:= (£(y),y) € X :=B x Y. We note that

W(tnax) = (w(tnaé(y)ay%(j(tmy)) (25)

for any n € N. Taking into account (24) and (25) we obtain

(tn, ) = (§(0(tn, ¥)), 0 (tn; y))) (26)

for any n € N. Since {t,} € 91,, then passing to the limit in (26) as n — oo we
receive nh_)rglo m(tn,z) = (£(y),y) = z, i.e, {tn,} € M. Thus we have the inclusion
N, CN,.

Let now the point y be Lagrange stable, then by Theorem 3 to prove that the
solution (¢, &(y),y) of the equation (22) is uniformly compatible it suffices to show
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that 9, C M,, where z = ({(y),y). Let {t,} € M, then there exists a point
q € H(y) such that

o(tn,y) = q (27)
as n — 0o. Reasoning as above we obtain
T (tn, ) = (Y (tn, £(Y),y), o (tn, y))- (28)

Passing to the limit in (28) as n — oo and taking into account (27) we obtain
7(th,x) = p = (£(q),q) € H(z) as n — oo, i.e,, M, C M,. This means that the
point x is uniformly comparable by character of recurrence with the point y (or
equivalently, the solution ¥ (¢,&(y), y) of the equation (22) is uniformly compatible).
Theorem is completely proved. O

Corollary 4. Under the conditions of Theorem 8 if a pointy € Y is stationary (re-
spectively, T-periodic, quasi-periodic with the frequency base {v1,... vy}, Bohr al-
most periodic, almost automorphic, recurrent, almost recurrent, Levitan almost peri-
odic, Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Poisson stable
and Lagrange stable), then the solution 1 (t,£(y),y) of the equation (22) is also sta-
tionary (respectively, T-periodic, quasi-periodic with the frequency base {v1,...,vm},
Bohr almost periodic, almost automorphic, recurrent, almost recurrent, Levitan al-
most periodic, Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Pois-
son stable and Lagrange stable).

4 Semi-Linear Differential Equations

4.1 Global Lipschitzian Perturbations

Denote by d¢, the distance on the Banach space (CL(Y xB,9B), | -||cr) defined
by
dor(F1, Fy) := [|[F1 — Fallor

for any Fy, Fy € CL(Y x B,B).
Theorem 9. Suppose that the following conditions are fulfilled:

1. linear differential equation
2 = (Ao + Alo(t, ) (29)
1s hyperbolic;
2. Fe CL(Y xB,%);

3. Lip(F) < eg, where N, v are the positive constants from Definition 24 and
0<eo < gy

Then
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1. the equation

= (Ao + Alo(t,y)))z + F(o(t,y), z) (30)

admits a unique invariant section £ € Cp(Y,B);

2. the mapping F — &p from CL(Y x B,B) into Cy(Y,B), where {p is a unique
invariant section of (30), is continuous.

Proof. Let the equation (29) be hyperbolic and G(¢,y) be its Green’s function, then
there exist positive constants N and v such that

1G(t,y)l] < Ne=

for any y € Y and t € R. Consider the operator ® defined on the Banach space
Cy(Y,B8) by the equality

—+00

(®Y)(y) = G(=7,0(=7,9))F(o(=7,y),%(o(=7,y)))dT. (31)

—0o0

Note that the operator ® maps Cp(Y,B) into itself. It is easy to see that F(-,¢(:)) €
C(Y,B) for any ¢ € C(Y,B). Indeed, let yo be an arbitrary point from Y and
{yr} C Y such that yr — yo as k — oo. Then we have

|F'(yk, ¥ (yr)) — F (0, ¥ (yo))
|F (ks ¥ (k) — F (Yrs ¥ (y0))| + |1 F (Y, 2 (yo)
Lip(F)|[¥(yr) — ¥(yo)| + [ F(yr, ¥ (v0)) —

| < (32)
) — F(yo,¥(yo))| <
F(yo,%(y0))|

for any k € N. Passing to the limit in (32) as k — oo we receive hm F(yk, ¥(yr)) =

F(y0,%(yo)). This means that F(-,¢(-)) € C(Y,B). Moreover 1f P e Cp(Y,B),
then F(-,9(:)) € Cp(Y,B). To show this fact we notice that

|F(y, v (W) < |F(y,¥(y)) — F(y,0)| + [F(y,0)] <
Lip(F)|[¢(y)| + | F(y,0)| < Lip(F)||[¢]lc,vs) + A

for any y € Y and, consequently, |F(-,% ()| < Lip(F)||¢| + A, i.e., F(-,¥(:)) €
Cy(Y,B).

By Lemma 4 (item (ii)) the function ®v defined by (31) belongs to Cy(Y,B).
Now we will prove that ® : C,(Y,B) — Cp(Y,B) is a contraction. Indeed, we have

[(@91)(y) — (291)(y)] < %HF( P1()) = F( 2l (33)

On the other hand

|F(y, ¥1(y)) — Fy,2(y))| <
Lip(F)[¢1(y) — ¥a2(y)| < eollthr — bal|
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for any y € Y and, consequently, we obtain

1E (1) = FC 2| < ol lhr — 4o (34)
From (33) and (34) it follows

2N
|[@1py — Pepol| < 7€0||¢1 — o]

Thus @ : Cp(Y,B) — Cy(Y,B) is a contraction, and consequently, ® has a unique
fixed point £ € Cp(Y,B): P = £. It is easy to see that £ is a unique invariant
section of perturbed equation (30) from Cy(Y,*B).

Now we will prove the second statement of Theorem. Let Fy, F,, € CL(Y xB,B)
with the condition Lip(Fp), Lip(Fy,) < e¢ (for any n € N) such that F,, — Fp as
n — oo. Let &g, € Cy(Y,*B) (respectively, (g, € Cp(Y,B)) be the unique invariant
section of the equation

u' = (Ao + A(o(t,y)))u + Fo(o(t,y),u)
(respectively, of the equation

u' = (Ao + Aot y))u+ Fu(o(t, y), ),
then p, — &F, is an invariant section of the equation

u = (AO + A(O'(t, y)))u + FO(J(ta y)a §F0 (O-(ta y))) -

Since the equation (35) has a unique invariant section, then we obtain
Er(y) — Ep, (y) = G[Fo( ER, () — Fu( 67, ()], (36)

where G is a Green operator associate with G(¢,y). Note that

|Fo(y, §m (1) — Fn(y, E1y (¥))] < [Fo(y,0) — Fu(y, 0)] +
[(Fo(y, €/ () — Fu(y,€m (y)) — (Fol(y, 0) — Fu(y,0))] <
max [Fo(y,0) — Fu(y, 0)| + Lip(F, — Fo)|l{r || <

(I +[lEr INder(Fn, Fo) (37)

and

Fo(y, &0 ()] +
F

|Fo(y, Er (¥)) — Fn(y, €7, ()| < [Foly, €y (v)
( n(y7§F0 (y))‘ =+

) _
|Fo(y, 67, (y)) — Ful(y, &r, (0))] < [Fo(y, Er () —
Lip(F)|€r, (v)) — R, ()]

for any y € Y. From (36)—(38) we obtain

€m0 (y) = Em, (W) < (L+I€R [DIFo — Fullor +

(38)
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Lip(Fn)|6r () — &7, ()| < (X + ||ER | der (Frn, Fo) +
e0léry (y) — €r, (V)]

and, consequently,

R, (1) = €p, (1) < (1= 0) ™ (L + |[€m D deL,, (Fa, Fo),

i.e.,
1€, — &Rl < (1 —e0) ' (1 + [|éR, D der,, (Fn, Fo)

for any n € N. Passing to the limit in the last inequality as n — oo we obtain
&r, — YF,- Theorem is proved. O

Corollary 5. Under the conditions of Theorem 9 if a pointy € Y is stationary (re-
spectively, T-periodic, quasi-periodic with a frequency base {v1, ..., v}, Bohr almost
periodic, almost automorphic, recurrent, almost recurrent, Levitan almost periodic,
Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Poisson stable and
Lagrange stable), then the solution ¥ (t,&(y),y) of the equation (30) is also station-
ary (respectively, T-periodic, quasi-periodic with a frequency base {v1,...,vy}, Bohr
almost periodic, almost automorphic, recurrent, almost recurrent, Levitan almost
periodic, Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Poisson
stable and Lagrange stable).

Proof. This statement follows from Theorem 9 and Corollary 4. O

Corollary 6. Suppose that the following conditions are fulfilled:
1. the linear equation (29) is hyperbolic;
2. Fe CL(Y xB,8).
Then there exists a positive number Ao so that:
1. for every \ € [—Xo, Ao| the equation
u'=Alo(t,y))u+ flo(t,y)) + AF(o(t,y),u) (y€Y) (39)

admits a unique invariant section £y € Cy(Y,B);

[1€x — &ol| = 0

as A — 0, where & is a unique invartant section of equation

u'=A(o(t,y)u+ flo(ty) (yeY).
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Proof. This statement follows from Theorem 9. Indeed. Denote by

Faly,u) == f(y) + AF(y,u)

for any (y,u) € Y x B[0,r¢], then

Lip(Fx) < |[ALip(F) < e

for any |\| < Ao < eo/Lip(F) and ||Fx — f|lcr — 0 as A — 0 since f = Fyp. O

Corollary 7. The following statements hold.

1.

Under the conditions of Corollary 6 there exists a positive number \g such that
for any A € [=Xo, o] the equation (39) has a unique invariant section &y ;

If a point y € Y is stationary (respectively, T-periodic, quasi-periodic with a
frequency base {v1,..., v}, Bohr almost periodic, almost automorphic, re-
current, almost recurrent, Levitan almost periodic, Poisson stable, pseudo-
recurrent and Lagrange stable, uniformly Poisson stable and Lagrange stable),
then the solution ¥ (t,&x(y),y) = Ex(a(t,y)) of the equation (39) is also station-
ary (respectively, T-periodic, quasi-periodic with a frequency base {v1,...,Vm},
Bohr almost periodic, almost automorphic, recurrent, almost recurrent, Lev-
itan almost periodic, Poisson stable, pseudo-recurrent and Lagrange stable,
uniformly Poisson stable and Lagrange stable);

3.
sup [0(E, Ex(Y), y) — P (t So(y), y)| < [16x = &ol| = 0
€
as A — 0.
Proof. This statement follows from Corollaries 4 and 10. O
4.2 Local Lipschitzian Perturbations

Theorem 10. Suppose that the following conditions are fulfilled:

1.

2.

the linear equation (29) is hyperbolic;

F(-,0) € Cp(Y,B):

the function F € C(Y x B,B) is locally Lipschitzian;

Lip(ro, F) < g9, where N, v are the positive constants of hyperbolicity, A :=

sup [F(y,0)], 0 < e < 55 and ro := %[A(l — 50%[)_1.
yey

Then

1.

the equation (30) admits a unique invariant section & € C(Y, B[0,19]);
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2. the mapping F — & from C Ly, (Y x B0, o], B) into Cp(Y,B), where £ is a
unique invariant section of (30), is continuous.

Proof. Let the equation (29) be hyperbolic and G(¢,y) be its Green’s function. Con-
sider the operator ® defined on the space Cy(Y, B0, rg]) by the equality

@) = [ Gler ol y)Flo(~r.5), blo(—7,y)))dr

—0o0

We will show that ®(C(Y, B[0,rq]) C C(Y, B[0,79]). In fact, let v» € C(Y, B[O, 9]),
then we have
|F(ya Q/J(y))| < A + Lip(T(], F)T‘O < A + egro

for any y € Y and according to choice of the number ry we obtain
2M 2N
129l = —~[1F (DO = == (A + goro) < 7o.

Now we will prove that ® : C(Y, B0, ro]) — C(Y,[0,79]) is a contraction. Notice
that

[(@¢1)(y) — (291)(y)| < %\/IIF(',%(-)) — F (2 ())ll (40)

for any 1/]15 Q;Z)Q € C(Y7 B[Oa TO])’
On the other hand

|F(y, ¥1(y)) — Fy,2(y))| <
Lip(ro, F)|1(y) — w2 (y)| < eollvhr — o]

for any y € Y and, consequently, we obtain

G, 1()) = F G2 < eolltn — . (41)

From (40) and (41) it follows

2N
|[@11 — Pool| < 780H¢1 — 1|

for any yn, 2 € C(Y, B[0,7¢]). Thus ® : C(Y, B0, ro]) — C(Y,B[0,r]) is a con-
traction, and consequently, ® has a unique fixed point £ € C(Y, B[0,r¢]): ®& = &.
It is easy to see that £ is a unique invariant section of the perturbed equation (30)
from C(Y, B[0, 9]).

Now we will prove the second statement of Theorem. Let Fy, F,, € CL(Y x
B[0,ro],B) with the condition Lip(ro, Fy), Lip(ro, Fy,) < €¢ (for any n € N) such
that F,, — Fp asn — oo. Let {g, € C(Y, B0, r0]) (respectively, {g, € C(Y, B[0,70]))
be the unique invariant section of the equation

u' = (Ao + A(o(t,y)))u+ Fo(o(t, y),u)
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(respectively, of the equation
u' = (Ao + Aot y))u+ Fu(o(t, y), ),
then (g, — &F, is an invariant section of the equation

u = (AO + A(O'(t, y)))u + FO(O-(tv y)a §F0 (O-(ta y))) -
Fn(a(tvy)ngn(U(tvy)))'

Since the equation (42) has a unique invariant section, then we obtain

§m(y) — €r,(y) = GIFo(,€m () — Fu( Em ()],

where G is a Green operator associate with G(¢,y). Note that

|Fo(y, Emy (1) — (v, €/ (¥)] < [Fo(y,0) — Fu(y, 0)] +
[(Fo(y:§m () — Fu(y,€m, (v))) — (Fo(y,0) — Fu(y,0))] <
glea;( ’FO(% O) - Fn(ya 0)| + Lip(ran - FO)HgFOH S

1+ [Er Il der,, (Fn, Fo)

and
1Fo (Y, Er (v) — Fu(y, §m, ()| < [Fo(y, Emy (y)) — Fuly, €/ (v))] +
| Fn (Y, §m0 () — Fnly, Er, (W) < [Fo(y: €/ (¥)) — Fu(y, $m (v))] +

Lip(ro, Fy)IEr, () — Er.(9))]

for any y € Y. From (43)—(45) we obtain

€7y (y) = Er ()] < (L +[[€R D)1 Fo — Fuller +
Lip(Fn)[€r, (y) — €m, (W) < (1 + [[€R |1 deL,, (Fn, Fo) +
eolém (y) — &, (v)]

and, consequently,
€, (y) — Er, ()] < (1 —e0) " (1 + [[eR | D, (Fn, Fo),

i.e.,
1R, = &r, 1l < (1 —20) ™ (L + [[€R ) dcr,, (Fa, Fo)

(44)

(45)

for any n € N. Passing to the limit in the last inequality as n — oo we obtain

&r, = &r,. Theorem is proved.

O]

Corollary 8. Under the conditions of Theorem 10 if a point y € Y is station-

ary (respectively, T-periodic, quasi-periodic with a frequency base {v1, ..

.y Um}, Bohr

almost periodic, almost automorphic, recurrent, almost recurrent, Levitan almost
periodic, Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Poisson
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stable and Lagrange stable), then the equation (30) admits a unique invariant section
& € C(Y, B[0,rg]) and the solution ¥ (t,&(y),y) of the equation (30) is also station-
ary (respectively, T-periodic, quasi-periodic with a frequency base {v1,...,vp}, Bohr
almost periodic, almost automorphic, recurrent, almost recurrent, Levitan almost
periodic, Poisson stable, pseudo-recurrent and Lagrange stable, uniformly Poisson
stable and Lagrange stable).

Proof. This statement follows from Theorem 10 and Corollary 4. O
Corollary 9. Suppose that the following conditions are fulfilled:
1. the linear equation (29) is hyperbolic;

2. there exists a number ro > 0 such that the function F' € C(Y x B,B) is
Lipschitzian on B[0,ro].

Then there exists a positive number \g so that:
1. for every X € [—Xo, \o| equation
u'=Alo(t,y))u+ flot,y) + AF(o(t,y),u) (y€Y) (46)

admits a unique invariant section {x € C(Y, B[0,1¢]);

[[Ex — &ol| = 0

as A — 0, where & is a unique invariant section of the equation
u'=A(o(t,y)u+ flo(ty) (yeY). (47)
Proof. This statement follows from Theorem 10. Indeed, if we denote by
Faly,u) == fy) + AF(y,u)
for any (y,u) € Y x B[0,rg], then
Lip(ro, Fa) < |A|Lip(ro, F) < eg
for any [A| < Ao < eo/Lip(ro, F') and || Fx — fllcL,, = 0 as A — 0 since f = Fp. O

Corollary 10. Under the conditions of Corollary 9 there exists a positive number
Ao such that the following statements hold:

1. for every A € [—=MXg,\o] the equation (46) has the unique invariant section
& € C(Y,B[O,To});
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2. If a point y € Y 1is stationary (respectively, T-periodic, quasi-periodic with a
frequency base {vi,...,vn}, Bohr almost periodic, almost automorphic, re-
current, almost recurrent, Levitan almost periodic, Poisson stable, pseudo-
recurrent and Lagrange stable, uniformly Poisson stable and Lagrange stable),
then the solution ¥ (t,&x(y),y) = Ex(o(t,y)) of the equation (46) is also station-
ary (respectively, T-periodic, quasi-periodic with a frequency base {v1,...,Um},
Bohr almost periodic, almost automorphic, recurrent, almost recurrent, Lev-
itan almost periodic, Poisson stable, pseudo-recurrent and Lagrange stable,
uniformly Poisson stable and Lagrange stable);

3.
sup [, (), y) — (t So(y) y)| < IEx — &ol| = 0
€
as A — 0, where & is a unique continuous invariant section of (47).
Proof. This statement follows from Corollaries 9 and 4. O

Remark 5. Note that Corollary 9 assures existence and uniqueness of invariant sec-
tion &) of the equation (46) for sufficiently small A, but this equation can have on
the space B more than one invariant section. We will confirm this fact below by the
corresponding example.

Example 4. Let p € C(Y,R) be a positive function. Consider the differential
equation

2 =z~ Wp(o(ty)e’, (yey) (18)
where A € Ry. For A = 0 it admits a unique invariant section £y(y) = 0 for any
y € Y. If A > 0, then the equation (48) admits three invariant sections: £i(y) = 0,
() = ax(y) and & (y) = —qa(y) for any y € Y, where

0
i) =32 [ ptomir) " we).

—0o0

Note that ||£}]] = 0, ||€3]] = oo and ||£3]| — oo as A goes to 0.
Finally we note that if A < 0, the equation (48) admits a unique invariant section

Ex=0.
Below we give an example which illustrates our above results.

Example 5. Let Y be a two-dimensional torus 72 := R?/27Z2. Let (Y,R,0)
be an irrational winding of 72 with the frequency {1,v2} € R?, ie., o(t,y) =
(y1 + t(mod 27),y2 + v/2t(mod 27)) for any (t,y) € R x Y.

Let € € R be a sufficiently small parameter. Consider the heat equation on the
interval [0,1] with Dirichlet boundary condition:

ou  9%*u

i 8—;524—6(008(3;1 —|—t)+sin(y2+\f%))tﬁ—%(sin(yg +1)+cos(y2+V2t)) sinu (49)
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(y = (y1,y2) € Y = T?) on the interval [0,1] with Dirichlet boundary condition
u(t,0) =u(t,1) =0, t>0.

Let Ag be a linear operator defined by Agp(z) = ¢ (x) (0 < z < 1), then
Ao : D(Ag) = H?(0,1)N H(0,1) — L2(0,1) (for more details see [9, Ch.I]). Denote
H := L?(0,1) and the norm on H by |- | and A(y)p = (cosy; + sinys)p for any
y € Y and ¢ € H. Then the equation (49) can be written as an abstract evolution
equation
2'(t) = (Ao +eA(o(t,y)z(t) + F(o(t,y), (t))

on the Hilbert space H, where

z(t) :==u(t,"), F(y,z):=f(y,z) and f(y,x):= %(Sinyl + cosyz) sinx.

Note that o(Ag) = {—n?7?| n € N} and Ay generates a Co-semigroup {U(t) }i>0 =
{eA'} 50 on H. Tt is easy to see that the semigroup {U(t)};>0 is exponentially
stable and consequently, for sufficiently small € the linear equation

2'(t) = (Ao +eA(o(t,y))z (yeY)

is uniformly exponentially stable (see, for example, [8]). Note that Lip(F) < 1, so
it is immediate to verify that conditions of Theorem 9 hold. Finally note that every
point y € Y = T2 is quasi-periodic in (72,R, o). By Theorem 9 equation

ou 9%

. L, . .
5= a—€2+6(cost+81n\f2t)u+g(smt—i—cosﬁt) sinu (y1 =0, y2 = 0)

for sufficiently small € has a unique quasi-periodic solution 1. with the frequency

basis {1,/2}.
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