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Completeness of the factor group of a complete
topological Abelian group by a discrete subgroup
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Abstract. The factor group of a Hausdorff topological Abelian group by a discrete
subgroup is complete iff the topological group is complete and the factor ring of a
Hausdorff topological ring by a discrete ideal is complete iff the topological ring is
complete.
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1 Introduction

The question of preserving the completeness of topological Abelian groups and
the completeness of topological rings under various constructions is one of the areas
of research in topological algebra (see, for example, [1]).

This article is a continuation of the research that was carried out in works [1 and
2]. It is proven that the factor group of a complete topological Abelian group by a
discrete subgroup and the factor ring of a complete topological ring by a discrete
ideal are complete.

2 Notations and preliminaries

To present the main results we remind the following well-known results:

Definition 2.1. As usual, a directed set is called a partially ordered set (Γ, <)
if for any two elements γ1 and γ2 ∈ Γ there exists an element γ3 such that γ1 < γ3
and γ2 < γ3.

Definition 2.2. If (Γ, <) is a directed set then, as usual, a sequence {gγ |γ ∈ Γ}
of elements of a topological Abelian group (G(+), τ) is called a Cauchy sequence by
this directed set if for any neighborhood V of the zero of the topological group (G, τ)
there exists an element γ0 ∈ Γ such that gγ − gγ0 ∈ V for any element γ ∈ Γ such
that γ > γ0.
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Remark 2.1. If (Γ, <) is some directed set, then for any Cauchy sequence
{gγ |γ ∈ Γ} of elements of a topological group (G, τ) by this directed set and any
neighborhood V of the zero of the topological group (G, τ) there exists an element
γ0 ∈ Γ such that gγ1 − gγ2 ∈ V for any elements γ1 and γ2 ∈ Γ such that γ1 > γ0
and γ2 > γ0.

Indeed, for the neighborhood V of the zero of the topological group (G, τ) there
exists a neighborhood V1 of the zero of the topological group (G, τ) such that V1 −
V1 ⊆ V . As {gγ |γ ∈ Γ} is a Cauchy sequence then for the neighborhood V1 of the zero
of the topological group (G, τ) there exists an element γ0 ∈ Γ such that gγ−gγ0 ∈ V1

for any element γ ∈ Γ such that γ > γ0. Then gγ1 − gγ2 = (gγ1 − gγ0)+ (gγ0 − gγ2) ∈
V1 − V1 ⊆ V .

Definition 2.3. If (Γ, <) is a directed set, then an element g of a topological
Abelian group (G, τ) is called the limit of the Cauchy sequence by this directed set
if for any neighborhood V of zero in the topological group (G, τ) there exists an
element γ0 ∈ Γ such that g − gγ ∈ V for any element γ ∈ Γ such that γ > γ0.

In this case we will write g = limγ∈Γ gγ .

Definition 2.4. A topological group (G, τ) is called a complete group if for any
directed set (Γ, <), any Cauchy sequence by this directed set has a limit.

Proposition 2.1 (see [1], Proposition 3.2.22). Let (G, τ) be a Hausdorff topo-
logical Abilian group and let N be a subgroup of the group G. If topological groups
(N, τ |N ) and (G, τ)/N are complete, then the topological group (G, τ) is a complete
group too.

3 Basic results

Theorem 3.1. If M is a subgroup of an Abelian group G and τ is a group
topology on G such that M is a discrete subgroup of the topological group (G, τ),
then the factor group (G, τ)/M is a complete group iff topological group (G, τ) is a
complete topological group.

Necessity. If the factor group (G, τ)/M is a complete group and because any
discrete group is a complete topological group, then from Proposition 2.1 it follows
that the topological group (G, τ) is a complete topological group and hence necessity
is proved.

Sufficiency. Let now the topological group (G, τ) be a complete topological
group. If f : G → G/M is a canonical homomorphism, then for any neighborhood
V of zero of the topological group (G, τ) the set f(V ) is a neighborhood of zero in
the topological group (G, τ)/M

If (Γ, <) is some directed set and if {ḡγ |γ ∈ Γ} is a Cauchy sequence by this
directed set in the topological group (G, τ)/M , then for each element γ ∈ Γ we
choose an element gγ ∈ G such that f(gγ) = ḡγ .
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Because (M, τ |M ) is a discrete subgroup of the topological group (G, τ), then
there exists a neighborhood V0 of zero of the topological group (G, τ) such that
M

⋂
V0 = {0} and there exists a neighborhood V1 of zero in the topological group

(G, τ) such that V1 + V1 − V1 ⊆ V0 and because {ḡ|γ ∈ Γ} is a Cauchy sequence
of the topological group (G, τ)/M , then there exists an element γ0 ∈ Γ such that
ḡγ − ḡγ0 ∈ f(V1) for any element γ ∈ Γ such that γ > γ0. Then gγ − gγ0 ∈ V1 +M
for any element γ ∈ Γ such that γ > γ0, and hence for any element γ ∈ Γ such that
γ > γ0 there exists an element mγ ∈ M such that gγ − gγ0 ∈ V1 +mγ .

For each element γ ∈ Γ consider the element g′γ = gγ −mγ if γ > γ0 and g′γ = gγ
otherwise. Then

g′γ − g′γ0 = (gγ −mγ)− gγ0 = (gγ − gγ0)−mγ ∈ (V1 +mγ)−mγ = V1

for any element γ ∈ Γ such that γ > γ0.

Let us show that {g′γ |γ ∈ Γ} is a Cauchy sequence by a directed set (Γ, <) in the
topological group (G, τ).

In fact, if V is any neighborhood of zero of the topological group (G, τ), then
(see Remark 2.1) for the neighborhood f(V

⋂
V1) of zero of the topological group

(G, τ)/M there exists an element γ1 ∈ Γ such that f(g′γ2) − f(g′γ3) ∈ f(V
⋂
V1) for

any elements γ2 and γ3 ∈ Γ such that γ2 > γ1 and γ3 > γ1.

As the set (Γ, <) is a directed set, then there exists an element γ4 such that
γ4 > γ0 and γ4 > γ1.

If now γ ∈ Γ and γ > γ4, then γ > γ0 and γ > γ1. Then (see definition
of element γ0) g′γ − g′γ0 ∈ V1. In addition, (see the definition of the element γ1)
f(g′γ)− f(g′γ4) ∈ f(V

⋂
V1), and hence g′γ − g′γ4 ∈ (V

⋂
V1) +M . Then there exists

an element m′
γ4 ∈ M such that g′γ − g′γ4 ∈ (V

⋂
V1) +m′

γ4 , and hence

−m′
γ4 ∈

(
(g′γ4 − g′γ) + (V

⋂
V1)

)⋂
M =

(
(g′γ4 − g′γ0 + g′γ0 − g′γ) + (V

⋂
V1)

)⋂
M ⊆

(V1 − V1 + V1)
⋂

M ⊆ V0

⋂
M = {0}.

Then m′
γ4 = 0, i.e. g′γ − g′γ4 ∈ V

⋂
V1.

From the arbitrariness of the neighborhood V of the zero of the topological
group (G, τ) and the arbitrariness of the element γ ∈ Γ it follows that {g′γ |γ ∈ Γ} is
a Cauchy sequence by a directed set (Γ, <) in the topological group (G, τ).

Because the topological group (G, τ) is a complete group then there exists an
element g ∈ G such that g = limγ∈Γ g

′
γ . Then f(g) = limγ∈Γ f(g

′
γ) = limγ∈Γ ḡγ .

The arbitrariness of the sequence {ḡγ |γ ∈ Γ} implies the completeness of the
topological group (G, τ)/M .

Remark 3.1. Since the completeness of a topological ring is determined by the
completeness of its additive group, then follows:
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Corollary 3.1. If M is an ideal of a ring R and τ is a ring topology on R such
that M is a discrete ideal of the topological ring (R, τ), then the factor ring (R, τ)/M
is a complete ring iff topological ring (R, τ) is a complete topological ring. .

Acknowledgments This work is supported by the Program SATGED 011303,
Moldova State University.

References

[1] Arnautov V. I., Glavatsky S.T., Mikhalev A.V. Introduction to the topological rings
and modules. Marcel Dekker, inc., New York-Basel-Hong Kong, 1996.

[2] V.I. Arnautov, S.T.Glavatsky, G.N.Ermakova, A.V.Mikhalev. On factor rings of
complete topological rings, Fundamental and Applied Mathematics, vol. 24, No. 3, 3-9, Moscow
2023, Moscow State University (in Russian).

V. I. Arnautov
Institute of Mathematics and Computer Science Vladimir
Andrunachevici
of Moldova of the State University
5 Academiei str., MD-2028, Chisinau
Moldova
E-mail:arnautov@math.md

G.N.Ermacova
Transnistrian State University
25 October str., 128, Tiraspol, 278000
Moldova
E-mail: galla0808@yandex.ru

Received January 10, 2024


