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Abstract. In this paper, by using the Nevanlinna value distribution theory of
meromorphic functions on an annulus, we deal with the growth properties of solutions
of the linear differential equation f* + By, 1 (2) f* Y 4...4+ By (2) f/+Bo (2) f =0,
where k > 2 is an integer and By_1 (2), ..., B1 (), Bo (2) are analytic on an annulus.
Under some conditions on the coefficients, we obtain some results concerning the
estimates of the order and the hyper-order of solutions of the above equation. The
results obtained extend and improve those of Wu and Xuan in [16].
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1 Introduction and results

Throughout this article, we shall assume that the reader is familiar with the
standard notations and fundamental results of the Nevanlinna value distribu-
tion theory of meromorphic functions in the complex plane and in the unit disc
D={z€C:|z| <1}, see [3,4,10,14,17].

Nevanlinna theory has appeared to be powerful tool in the field of complex
differential equations in the complex plane and in the unit disc which are simple
connected domains. In the year 2000, Heittokangas [5] firstly investigated the growth
and oscillation theory of second and higher order linear differential equations when
the coefficients are analytic functions in the unit disc D, by introducing the definition
of the function spaces. Recently, Wu [15], Long [11], Belaidi [2], Zemirni and Belaidi
[18] have obtained some results about the growth of analytic solutions of higher
order linear differential equations in a sector of the unit disc. It is well-known
that Nevanlinna theory of meromorphic functions in the complex plane and in the
unit disc can be extended in a modified form to multiply-connected plane domains,
in particular in the annulus [6-9, 12, 13] which is a doubly-connected domain. In
2005, Khrystiyanyn and Kondratyuk [6,7] gave an extension of the Nevanlinna value
distribution theory for meromorphic functions in annuli. In their extension the main
characteristics of meromorphic functions are one-parameter and possessing the same
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20 B. BELAIDI

properties as in the classical case of a simply connected domain. From the doubly-
connected mapping theorem [1], we can get that each doubly-connected domain
is conformally equivalent to the annulus {z:r < |z| < R, 0 <7 < R < 4o00}. We
consider only two cases: r = 0, R = 400 simultaneously and 0 < r < R < 400. In

the latter case, the homothety z —— \/% reduces the given domain to the annulus

RLO < |z| < Ry, where Ry = \/g . Thus, every annulus is invariant with respect to

the inversion z —— i in two cases.

Before stating our main results, we give some notations and basic defini-
tions of meromorphic functions in the annulus A = {z: RLO < |z| < RO}, where
1 < Ry £ 4o00. Let f be a meromorphic function in the complex plane, we define

2 )
m(nf) = 5 [ dog* |1 (1),

N (r, ):/Orn(t’f);n(o’f)dt—i—n(o,f)logr

and
T(r,f) =m(r,f)+N(r f) (r>0)

is the Nevanlinna characteristic function of f, where log™ r = max (0,logx) for
x >0, and n (¢, f) is the number of poles of f lying in {z: |z| < ¢}, counted ac-
cording to their multiplicity. Now, we give the Nevanlinna theory in the annulus

A:{z:RLO<\z|<R0},Where1<R0§+oo. Set

1 r
Nl (T’f):[ @dta N2 ('I”,f):\/1 Mdu

mor f) =m(n ) +m (1.7) - 2m (L),

NO(va):Nl(T7f)+ NQ(va)u

where nj (t, f) and ngo (¢, f) are the counting functions of poles of f lying in
{z:t < |z| <1} and {z:1 < |z| <t} respectively, counted according to their mul-
tiplicity. The Nevanlinna characteristic of f in the annulus A is defined by

TO(va):mO(va)+NO(T7f)'

Definition 1. ([16]) Let f be a nonconstant meromorphic function in the annu-
lus A = {z : RLO <|z| < Ro}, where 1 < Ry < +o00. The function f is called a
transcendental or admissible in A provided that

To (r, f)

. 0
lim sup———=

=+4if l<r< Ry=+x
r—too lOgT
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or

To (r, f)

. 0
lim sup T
7’—>Ra Og Ro—?‘

=+40if 1<r < Ry < +o0

respectively. The order of f is defined as

pa(f) = limsup 2820 (/)

if l<r< Ry=+40c0
r—-4o00 lOgT

or

log Tp (r, f)

pa(f) =limsup———1-— if 1 <7 < Ry < +00
r—Ry 1Og Ro—r

respectively. The hyper-order of f is defined as

loglog T (, f)

p2.4 (f) = limsup ifl<r<Ry=+4x

r—+00 log
or
p2,.4 (f) = limsupw if 1<r<Ry<-+oo
r—Ry log 7=
respectively.

Now, we introduce the concepts of lower order, hyper lower order, type and
lower type of a meromorphic function f in the annulus A.

Definition 2. Let f be a meromorphic function in .A. The lower order of f is defined
as

log Ty
pa (f) iminf BT ey R~ o
r—-+00 logr
or 1 T
pa(f) zliminfw if 1<r< Ry< 400

THRS og Ro—r

respectively. The hyper lower order of f is defined as

loglog Ty (r, f)

p2 4 (f) = liminf if 1<r<Ry=+o0

r—00 logr
or
2 A (f) = liminfw if 1<r<Ry<+o00
r—Ry O8 Ro—r
respectively.

Definition 3. Let f be a meromorphic function in A with order 0 < p4 (f) < +o0.
Then, the type of f is defined by

BT TO(T7f)- _
TA(f)_lirEigopm ifl<r<Ry=+x
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or

T
TA(f) :limsupim(f) if l<r<Ry< -+
r—Ry 1

Ro—r

respectively. Similarly, let f be a meromorphic function in A with lower order
0 < pa (f) < +00. Then, the lower type of f is defined by

T4 (f) =lim infw

m Al if 1l<r<Ry=-+o00

or
R T TO (T’ f) : _
IA(f)_liIE;z%fm if 1<r<Ry=-+o0
Ro—r
respectively.

For k > 2, we consider the linear differential equation
O+ By (2) fE D 4+ B (2) f + By (2) f =0, (1)

where By_1(z),..., B1 (z) and By (z) are analytic in the annulus
1

A:{ZIR—<|Z‘<RO} (1<R0§+OO)
0

Recently in [16], Wu and Xuan have studied the growth of solutions of higher order
linear complex differential equations in A and obtained the following result.

Theorem 1. ([16]) Let By (2),...,B1 (2), By (z) be analytic functions in the an-
nulus A = {z : RLO <|z| < Ro} (1 < Ry < 400) such that

max{pa (Bj):j=1,2,...k — 1} < pa(By).

Then every solution f # 0 of equation (1) satisfies pa(f) = oo and
p2,4(f) = pa(Bo)-

Note that the result of Theorem 1 occurs when there exists only one dominant
coefficient. Thus, the following question arises naturally: Whether the results similar
to Theorem 1 can be obtained in A if there are more than one dominant coefficients?
In this paper, we give some answers to the above question. In fact, by using the
concepts of the type and the lower type, we obtain some results which indicate
growth estimate of every non-trivial analytic solution of equation (1) by the growth
estimate of the coefficient By (z). We mainly obtain the following results.
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Theorem 2. Let By_1(2),...,B1(2), Bo(z) (k> 2) be analytic functions in the
annulus A = {z : RLO <|z| < Ro} (1 < Ry < 400). Suppose that there exist three
positive real numbers o, B and p with 0 < (k—1) 6 < «a, p > 0, such that we have

To(r, By) > art (2)

and

TO(T7Bj)S/8T“7j:17"'7k_1 (3)

if 1 <r<Ry=+0c0 as |z| =r — +oo forr € E, which satisfies f% = 400, or
Er

a

T(] (’I“, Bo) Z m

(4)

and

Ty (r.By) < oy (5= Tk =1 (5)

if 1 <r <Ry <400 as |z| =1 — Ry forr € F, which satisfies ng’;T = +o00.
F,

Then every solution f # 0 of equation (1) satisfies pa (f) = +o0 andrpg,A (f) > .

Theorem 3. Let By_1(2),...,B1(2), Bo(z) (k>2) be analytic functions in the
annulus A = {z : RLO <|z| < Ro} (1 < Ry < 400) such that

max{pa (B;) 1 j = 1,2,k — 1} < pa(Bo) = p (0< p < o)

and
> 7a(B) <7maBo)=7 (0<7<0).
pa(Bj)=pa(Bo)
Then every solution f # 0 of equation (1) satisfies pa (f) = +oo and pa.a (f) >
pA(Bo) .

Theorem 4. Let By_1(2),...,B1(2), Bo(z) (k> 2) be analytic functions in the

annulus A = {Z : RLO <|z| < Ro} (1 < Ry < +400) such that 0 < pa(By) = pu <
pa(Bo) < oco. Assume that

max{pa (Bj):j=1,2,..,k =1} <pa(By) =p

and
> maB) <1A(Bo) =71 (0<1<00).
pa(Bj)=pa(Bo)
Then every solution f # 0 of equation (1) satisfies pa(f) = pa(f) = +oo and
p2,A(f) = p2,a (f) = pa (Bo) -
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Theorem 5. Let By_1(2),...,B1(2), Bo(z) (k> 2) be analytic functions in the
annulus A = {z : RLO <|z| < Ro} (1 < Ry < +0) such that By (z) is admissible in
A and

k—1
; mo (’I”, BJ)

. J]=
lim sup

<lifl<r<Ry=-+o0
r—+4oo Mo (1, Bp) / 0

or
k-1

z_: mo (T? B])

. j=1
lim sup

< 1ifl<r < Ry<—+oo.
’I?’L()('I”,B()) f

r—Ry

Then every solution f # 0 of equation (1) satisfies pa (f) = +oo and pa.a (f) >
pA(Bo) .

2 Some Preliminary Lemmas

We need the following lemmas to prove our results.

Lemma 1. Let f be a meromorphic function with finite order 0 < pa(f) < 400
and finite type 0 < 74(f) < +o0. Then for any given n < 74(f), there exists a subset
E, of (1,+00) with [ % = +00 such that for all v € E,

Er

To(r, f) >77rpA(f) if 1 <r < Ryg=+o0

holds or there exists a subset EZ of (1, Ry) with [ Rgir = +o00 such that for all
B/
r € El holds

n .
To(r, f) > 7o _T)PA(f) if 1 <r < Ry < +o0.
Proof. Case Ry = 400 : By Definition 3, there exists an increasing sequence

{rm}>_1 (rm — 400, m — +00) satisfying (1 + %)rm < Imy1 and

lim TO (Tmu f)
m—-4oo TﬁnA(f)

= 7A(f)-

So, there exists a positive integer mg such that for all m > mg and for any given
0 <e < 7a(f) —n, we have

To(rm, f) > (ra(f) = e)rpp). (6)

pA(f)
lim <L) —1,
m—+4oo \m + 1

Since
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then for any given n < 74(f) — €, there exists a positive integer m; such that for all

m > mq, we have
pA(f)
_m_ > + (7)
m—+1 TA(f) — €

Take m > my = max{my,mg}. By (6) and (7), for any r € [rm,, (1 + L)r,,]

T()(’I”, f) > TO(rmv f) > (TA(f) - s)rﬁlA(f)

A(f)
>(TA(f)—€)< m ) o reald).

m—+ 1"
+oo
Set E. = |J [rm,(1+ 2)ry]. Then there holds
m=m2

(14+%)rm
dr X dt X 1
/7—2 / Y—Zlog(l—ka)——i-oo.

m=m m=m
E’r 2 2

Case Ry < +o00 : By Definition 3, there exists an increasing sequence {ry,}5°_; C
(1, Ro) (rm — Ry, m — +o0) satisfying Rg — (1 — i) (Ro — rm) < Tm+1 and

lim TO(Tma f)(f) — TA(f)-

m—-400 1 PA
Ro—7rm

So, there exists a positive integer ms such that for all m > mg and for any given
0 <e < T1a(f) —n, we have

1 pa(f)
To(rm, f) > (1a(f) —¢€) (m) : (8)
Since
1 pa(f)
lim <1 — —> =1,
m—+00 m

then for any given n < 74(f) — ¢, there exists a positive integer my4 such that for all

m > my, we have
1 pa(f) n
1—— > 9
( m) Ta(f) —€ ©)

Take m > ms = max{ms, my}. By (8) and (9), for any r € [ry,, Ry — (1 - %) (Ro —
Tm)], we obtain

A(f)
To(r. £) = Tolrms £) > (ra(F) — ) (#)

Ry —rp,
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1\ P 7
> (ra(f) - ©) ( T _";) > s
+00

Set B/ = U [rm.Ro— (1 — L) (Ro — rp)]. Then there holds

m=ms

Ro—(1-L)(Ro—rm)

m

—+00

dr dt = m
Ji=-% [ P

m=ms
E/

Tm

O

Lemma 2. ([7],[16]) (The lemma of the logarithmic derivative). Let f be a non-

constant meromorphic function in the annulus A = {Z : RLO < |z| < Ro}, where
1<r<Ry<+o0, and k > 1 be an integer. Then

O (logr), Ry =400 and pa(f) < 400,
f(®) (0] (log ﬁ) , Ry < +oo and pa (f) < o0,
o (r T) - O (logr +logTy(r,f)), r¢ Ay, Ry = —+00,
0 (log 7l +10g Ty (r,f) ), 7 A, Ro < +00,

where A, and Al are sets with [ % < 400 and f/Rgir < 400 respectively.

Lemma 3. Let f be a meromorphic function with finite order pA(f) < +oo. Then,

there exists a subset E, of (1,400) with [ = 400 such that for all v € E, holds
Ey

ifl <r< Ry=+
r—+oco  logr

or there exists a subset E. of (1,Ry) with [
Ef

log T
pa(f) = lim =007 O(I’f) if 1 <r < Ry < +o0.

r—Ry log o7

Rgir = +o00 such that for all r € El

holds

Proof. Case Ry = +o0o. The definition of p4(f) implies that there exists a sequence
{rn}>2 (rp, — 400, n — 400) satisfying (1 + %) Tn < rpe1 and

1; log T (Tna f)
im ———
n—+teo  logry,

= palf)-

Then, there exists an integer number n; such that for all n > n; and for any
T E [rn, (1 + %) Tn], we have

log Ty (rn, f) _ _ logTo(rn, f)  _ logTo(r, f)
log (1+2)r, log(1+21)+logr, ~ logr
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logTo ((1+ )rn,f) log Ty ((1+2) 7, f) log (1+ 1)—|—logrn
log log (1 + n) T logry,

. +oo 1
Setting E,. = U [rn, (1 + 5) rn], then for any r € E,, we get
1

. logTo(r f) . logTo (rn, f)
lim ———— = lim ————
r—+oco  logr n—+oo  logry,

= pa(f),

where
r X dt =
Z Z log (1 —|— = +o00.

Case Ry < +o0o : By definition of p4(f), there exists an increasing sequence
{rn}>2 € (1, Ry) (1, — Ry, n — 400) satisfying Ry — (1 — %) (Ro — 1) < Tny1

and loa T
OB Tt O(Tflj) = pa(f)-

Ro—rn

lim
n—+oo log

So, there exists a positive integer no such that for all n > no and for any r €
[rn,RO - (1 - %) (Ro — rn)] , we have

log Ty (rn, f) logTO ( f) log Ty (Ro — (1 — —) (Ro —7n), f) '

1 = = 1
log T log Ro - log 7=
It follows that
log Ty (rn,f) logTo( f)
log ~*5 + log Ro —  log Ro -

1
_log Ty (Ro— (1= 3) (Ro—1).f) B DR
1 1 :

log 7(1_%)(1{0_%) log T

+
Set B/ = U [rn,Ro— (1 = 1) (Rg — 7). Then for any r € E,{, we get

n=ng

log T} log T
lim_ 0og 1o (Ia f) — lim og Lo (Tlna f) — PA(f)a
7‘—>R0 log m n—+00 log Ro—rn

where

Ro—(1-2)(Ro—rn)

dr =
Ro—?”:nz / Ro—t_zlg -

n=ngy

Tn

E/
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3 Proofs of the Theorems

Proof of Theorem 2

Proof. Let f # 0 be a solution of (1). We divide through equation (1) by f to get

k-1

N IO =N C1e

By (10) and Lemma 2, it follows that

k—

mo(T,Bo) Ty TB() Z TB —i—Zmo( >+O()

B) O (logr +logTy(r, f)), Ry =400, r¢ A,
(r, O(logR + log Ty (r, f))7Ro<+OO7T¢A;

O(logr +logTo(r,f)), Ry =400, r¢ A,
- , To (r. Bj) + 0] <log Ty -+ log Tp (r, f)) , Ry < 400, r¢ Al (11)

where A, and A/ are sets with [ % < 400 and f Rdr < +o0 respectively.

Case Ry = +oc. By substituting (2) and (3) 1nto (11), we conclude for r € E.\A,
sufficiently large

art < (k—1)pr* + O(log r + log Ty(r, f)). (12)
From (12), we obtain

(@ —(k—1)p)r" < O(logr +log To(r, f))
and since a > (k — 1) 3, this leads to p (f) = +o0 and p2 4 (f) > p.

Case Ry < 400. Let f # 0 be a solution of (1). By substituting (4) and (5) into
(11), we conclude for r € F,\A/, r — Ry

« J6] 1
o < b= 1) g+ Ollog o g To(n ). (13)
Then by (13), we obtain
—(k-1)p 1
a(Ri - 7«)’)‘ < O(log Fr— + log To(r, f))

and since o > (k — 1) 3, this leads to pa (f) = +oo and pa 4 (f) > p. O
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Proof of Theorem 3

Proof. Let f # 0 be a solution of (1). If pa(B;j) < pa(Bop) for all 1,2,....k — 1,
then Theorem 3 reduces to Theorem 1. Thus, we assume that at least one of B;
(1,2,...,k—1) satisfies p4 (Bj) = pa (Bo) = p. So, there exists aset J C {1,2,...,k—
1} such that for j € J, we have p4 (Bj) = pa (Bo) = pwith > 74 (Bj) <Ta(Bo) =7
Jj€J
and for j € {1,2,...,k —1}\J, we have p4 (Bj) < pa (Bo) = p. Hence, we can choose
aq, ag satisfying Y 7.4 (Bj) < a1 < ag < 7 such that for sufficiently large r and any
Jj€J
given ¢ (0 <e< O‘i:ﬁ”) , we have

Ty (r,B;) = mg (r,B;) < (14 (Bj) + &) rP4Bi) = (14 (B)) +e)r?, j€J  (14)
and
Ty (’I”, Bj) = my (7“, Bj) <rfo g€ {1,2, ek — 1} \J, (15)

Qo —og

where 0 < pg < p. For r — Ry and any given ¢ (0 <e< = ) , we obtain

pA(Bj)
To (. 5) = mo (. By) < (ra (By) +) (= )
p
(a8 +0) (= ) i (16
and ) 20
TO (’I”, BJ) =mo (7“, B]) < <m> s j S {1,2, ceny k — 1} \J, (17)

where 0 < pyg < p. By applying Lemma 1, there exists a subset E, of (1,00) with
f % = +oo such that for all » € E,, we have

Er
To(?“,Bo):mo(T‘,Bo)>Oé2Tpif1<T<R0:+OO (18)
or there exists a subset E/ of (1,Ro) with [ Rgir — oo such that for all r € B/
Ef
holds
1 P
To(T,Bo):mo(T,Bo)>Oé2 <R ) if 1<r< Ry < +o0. (19)
o—7T

Case Ry = +oo : By substituting the assumptions (14), (15) and (18) into (11), for

Qo—og

k=1 J> we obtain

all sufficiently large r € E.\A, and any given & (0 <e<

ar? <Y (Ta(By)+e)rf+ > 40 (logr +1logTy (r, f))

<(ar1+(k=1)e)r’+ (k—1)r" + O (logr +log Ty (r, f)) -
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It follows that
(g —a1 —(k=1)e)r” < (k—1)r" 4+ O (logr +log Ty (r, f)) . (20)

Since ¢ (O <e< %), then from (20), we get p4 (f) = +oo and pa 4 (f) >
pA (Bo) = p.

Case Ry < 400 : By substituting the assumptions (16), (17) and (19) into (11),
for all r € EJ\A] with r — R, and any given ¢ (0 <e< %) , we obtain

1 po 1
+ Z (Ro—r> +0 (log Ro v +log Tj (r,f))

Gell, . k—10\J

< (o4 (k—1)¢) <R01_ T>p +(k—1) (Rol_ T)Po

1

+0 <log Ro 7 + log Tp (7, f)) .

It follows that
1 P 1 PO
—ay— (k-1 < (k-1
(02 -1 (b-12) (= ) < k-1 (7= )

+0 (log —— +1og T (r, f) (21)
Since ¢ (0 <e < O‘ij‘l) , then from (21), we obtain p4 (f) = +oo and pa 4 (f) >
pa (Bo) = p- 0

Proof of Theorem 4

Proof. Let f # 0 be a solution of (1). First, we suppose that b = max{p4 (B;) : j =
1,2,..,k—1} < pa(Bg) = p. Then, for any given € (0 < 2¢ < p—b) and sufficiently
large r, we have

T(] (’I”, Bo) =my (’I”, Bo) Z T“is (22)

and
Ty (T¢Bj) =mo (’I”,Bj) STbJrEv J=12,., k-1 (23)

For r — R, and any given ¢ (0 < 2¢ < p— b) , we obtain

T(] (’I“, Bo) =my (T‘, BO) > <R01— T>ME (24)
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and

1 b+-e
TO(TyB]):mO(TyB]) S (Ro—r> ) j:1727.'.,k_1. (25)

Case Ry = +o00 : By substituting the assumptions (22) and (23) into (11), for any
given ¢ (0 < 2¢ < p —b) and sufficiently large r ¢ A,, we obtain

PP7E < (k= 1) 4 O (logr + log Ty (1, f). (26)

Since € <0<€< “be), then from (26) we get pa(f) = pa(f) = +oo and
p2,4 (f) = p2,.4(f) = pa(Bo) = p.

Case Ry < +o00 : By substituting the assumptions (24) and (25) into (11), for
any given € (0 <2 < pu—>b) and r — R, r ¢ A} we obtain

1 p—e 1 b+e 1
(Ro—r> <(k_1)<R0—7“> —|—O<logRO_T—|—logT0(r,f)>. (27)

Since & (0 <e< “be), then from (27) we have p4(f) = pa(f) = +oo and
p2,A(f) = p2,4(f) = pa(Bo) = .

Assume
max{pa (Bj):j=1,2,...k =1} = pa(Bo) = p

and 7 = > T4 (Bj) < 74(Bo) = 7. Then, there exists a set J C
pA(Bj)=p.4(Bo)
{1,2,..,k — 1} such that for j € J, we have ps(B;) = pa(Bo) = p with
71 = > TA(Bj) < 174(Bo) =7 and for j € {1,2,...,k — 1}\J, we have p (B;) <
jeJ
pa (Bo) = p. Hence, we can choose 31, (2 satisfying Y 7.4 (Bj) < 1 < (2 < 7 such
jeJ

that for sufficiently large r and any given ¢ (O <e< %) , we have

To (r, Bj) = mo (1, Bj) < (14 (Bj) + &) rPAB) = (14 (Bj) + &) ", jeJ  (28)

and
TO (Tu B]) =mo (T7 B]) S Tplu j € {1727 7k - 1} \J7 (29)

where 0 < p; < u. By the definition of lower type for sufficiently large r, we have
Ty (r, Bo) = mo (7, By) > Bart". (30)

For r — Ry and any given ¢ (O <e< %) , we obtain

1 >PA(Bj)

To (T7 Bj) = mo (Tv Bj) < (TA (B]) +E) <RO —r
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1 e
~(ralBy) +9) () ie (31)
and
1 P1
To (’I”,Bj) = my (T‘,Bj) < (ﬁ) , J € {1,2,...,]€—1} \J, (32)
0 —
where 0 < p1 < p. By the definition of lower type, for r — R, we have
1 K
To (r Bo) = mo (. Bo) 2 62 (= ) (33)
o—7T

Case Ry = +oo : By substituting the assumptions (28), (29) and (30) into (11), for

all sufficiently large » ¢ A, any given & (0 <e< %) , we obtain

Bort <3 (ra(B) 4+ S 40 (logr +1og Ty (1, )
jed je{l,.. . k—11\J
<Bi+(k=1)e)r + (k—1)r" + O (logr +log Ty (r, f)) -
It follows that
(B2—=B1—(k=1)e)r" < (k—1)r" + O (logr +log T (1, f)) - (34)

From (34), since ¢ (0 <e< ﬁiifl) , we have pa (f) = pa (f) = +oo and p2 4 (f) >
p2,.4 (f) = pa(Bo) = p-

Case Ry < +o0 : By substituting the assumptions (31), (32) and (33) into (11),
for all r ¢ A with r — Ry and any given ¢ (O <e< ﬁi:?) , we obtain

b () <o (5 )

jeJ

+ > ( ! >p1+0<logR1

Ro—r -7
je{lik—1p\g N 0

<(Bi+(k—1)¢) (Rol_ T)“ +(k—-1) <R01— r)”l

1
+0 <log 7 + log Tp (r, f)) .

o—T

+ IOg To (T‘, f)>

It follows that

(52—ﬁ1_(k_1)6)<R1 )“<(k_1)< 1 >p1

0o—7T Ro—’l”

1
o1
+ <ogR

o—T

+ log Tp (r, f)) . (35)

From (35), since (0 <e< %) , we get pa (f) =pa(f)=—+oo0 and pa 4 (f) >
p2.A (f) = pa (Bo) = p- O
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Proof of Theorem 5

Proof. Let f # 0 be a solution of (1). Suppose that

k—1
; mo (’I”, BJ)

lim sup?— <lifl<r<Ry=+4 (36)
r—+o0 Mo (7, Bo)
or
k—1
Zmo (T7 Bj)
=1
li I 1ifl<r<Ry< . 37
im sup o (B i r 0 < +oo (37)

r—Ry
Then for sufficiently large r or r — R, , we have

k—1

Zmo (r,Bj) < ymyg (r,Bp),0 <~y < 1. (38)
j=1

Thus, by substituting (38) into (11), we obtain for sufficiently large r or r — Ry

O(lOg’l” +10gT0 (T’f)) , Ro =400, r ¢ A?‘a
mo (r, Bo) <amo(r. Bo) +1 ¢ (108 7l +1og T (r, /) Ro < o0, 1 ¢ A,

Ro—r
(39)
From (39), it follows that
(1 —v)mo (r,Bo) = (1 — ) To (r, Bo)
O(lOgT+10gT0(T,f)), R0:+OO, rgéArv 4
-1 0 <logﬁ + log Ty (7, f)) , Ry < 400, r¢ Al (40)
Case Ry = +o0 : By (40), we obtain for r sufficiently large
1p (r, Bo) log Ty (7, f)
_ A 2P o VA
(1—7) ogr = O (1 + Tog , A, (41)
and
log(1—7~) logTp(r,Bo) < loglogr  loglogTy (7, f) N O (1) rE A (42)

log r log r — logr logr logr’

Since By (z) is an admissible analytic function in the annulus A, then from (41) and
(42), we get pa (f) = 400 and p2,4 (f) = pa(Bo).

Case Ry < 400 : By (40), we have for r — R

T B log T
(1_7)0("”7’10)§0 1+0g07(17“,f)  rd A (43)
log o7 log o T
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and
log(1 —7) | logTo (1, Bo) _ loglog 7= | JoglogTo (/) _O(1) | ¢ Al
log Rol—r log —Rol—'r — log Rol_r log Rol_r log Rol_r’ "
(44)
Since By (z) is an admissible analytic function in the annulus A, then from (43) and
(44), we obtain p4 (f) = +oo and p2 4 (f) > pa (Bo). O
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