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Abstract. We study time-reversibility and invariants of the group of transformations
x —x, y — ay, 2 — a 'z for three-dimensional polynomial systems with 0:1: —1
resonant singular point at the origin. An algorithm to find the Zariski closure of the set
of time-reversible systems in the space of parameters is proposed. The interconnection
of time-reversibility and invariants of the group mentioned above is discussed.
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1 Introduction

Let k be a field, let G be a multiplicative group of invertible n x n matrices with
elements in k£ and, for A € G and x = (21, 22,...,%,) € k", let A -x denote the
usual action of G on k™. A polynomial f € k[z1,...,x,] is invariant under G if
f(x) = f(A-x) for every x € k™ and every A € G. The polynomial f is also called
an invariant of G.

Consider two-dimensional systems of the form

T =x— Z apq:Epqu,
(p,a)es (1)
y=-y+ Z bqp$qyp+1 )
(p,a)€S

where the variables = and y and the coefficients of (1) are complex, and
S C ({1} UNp) x Ny is a finite set, of which every element (p,q) satisfies
p+q > 1. Let £ be the cardinality of the set S. Then, C?¢ is the parameter
space of (1), which we denote by E(a,b). The set of polynomials in ordered vari-
ables ap, q15 -5 pygs Ogppys - - - s bgr py With coefficients in the field £ will be denoted
by k[a, b].
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TIME-REVERSIBILITY AND IVARIANTS OF 3-DIM SYSTEMS 17

After the transformation

¥ =e %z, o =e¥y (2)
(such transformations form a one-parametric group of the parameter ¢), we obtain
the system

¥ =a - Z a(@)pee™ ™y, Y =~y Z b(@)qpx/qy/pﬂv
(p,9)€S (p,q)€S

where the coefficients of the transformed system are
a(Q)pg = apqei(pj—qj)so, b(0)gp = bqpe_i(Pj—Qj)W7 (3)

for (p,q) € S. For any fixed ¢ the equations in (3) determine an invertible linear
mapping U, of the space E(a,b) of parameters of (1) onto itself.

The group U, of family (1) acts on E(a,b) = C?*. The set of polynomial in-
variants of this group action has been for the first time studied by Sibirsky [12,13].
Actually, Sibirsky considered the case of the "real” system (1), that is, the case
where both equations on the right-hand side of (1) are multiplied by ¢ and the
first equation of (1) is the complex conjugate of the second one (such systems are
complexifications of real systems, see e.g. [9, Chapter 3]). However, as it is shown
in [8] and [9, Chapter 5], the theory for general systems (1) is similar to the theory
developed by Sibirsky:.

Before we proceed, we fix some notations. For any n-tuple s = (s1, $2,...,85),
n > 1, let § be the permutation § = (s,,Sn—1,...,81). For two n-tuples
r o= (ry,re,...,rn), s = (81,82,...,8,) we define the ”dot’-product as

r.s = ri8y + roSo + -+ + 8y, Given n-tuples r, s, let the ordered pair (r,s)
denote the 2n-tuple generated in the obvious way. Furthermore, we will use a short
form of monomial writing as (ay,ag, ..., a,)¥2 ) = a¥"ab? ... alr = a¥, where
a=(ay,...,ap) and v = (v1,...,10p).

Let Ly, Lo : Nge — 7 be homomorphisms of the additive monoid Nge defined
with respect to the ordered set S by

Li(v) = pivr + - 4+ peve + qevpgr + - - + quirgg
= (p,q) v,

Lao(v) = quvr + -+ + quve + pevey1 + -+ - + p1vag)
= (¢,p) - v,

(4)

where p := (p1,...,p0), ¢ := (q1,-..,q¢) and v := (v1,...,v9). Furthermore, the
map
L:=L —Ly:N¥—-17 (5)

is a monoid-homomorphism as well, hence the kernel,

M :=kerL ={v: L(v) =0} (6)
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is also a monoid. Since U, changes only the coefficients of polynomials, a polynomial
f € Cla,b] is an invariant of the group U, if and only if each of its terms is an
invariant (see Lemma 3.4 of [12]). Therefore, for the description of polynomial
invariants of Uy, it suffices to find the invariant monomials. By (3), for v € N2¢,
a=(ap, q - Apyq,)s 0= (bgy p1 ---g,p,), We denote by [v] € Cla, b] the monomial

V] = agith T a%%bg%fl T bgi‘!{n = (a,b)". (7)

The image of v under the group action U, is the monomial

Ua([v]) = (a(), b())"

=a()pty, - al@)r e, b(©)ame - blo),

_ v gievi(pi—qi) | e ieve(pe—qe) prett Jioves1(qe—pe) | pree pievee(qi—pi)
= Up1g, € pyq,© b‘m’f € qule

— i (pr—a1)+Fve(pe—ge)tver 1 (qe—pe)+-+vae(gi—p1)] 1 Ve pYeEl o prae

prgr """ ApegeVacpe q1p1

— ip(Li—=L2)(v) V]

= LW ],
(8)
From (8) we see that the monomial [v]| defined by (7) is invariant under the
group action U, for system (1) if and only if L(r) = 0, that is, if and only if v € M.
Since, for any v € Ngf,
Lwv)=(p—-q,q-D) v

=(@-pp—q 7 (9)

= —L(©),

we have v € M if and only if # € M, hence the monomial [v] is invariant under the
group action U, if and only if its so-called conjugate

51— +1
[V] - a;%h T CLZ§QZ bgﬁpe e bleIDl (10)
= (CL? b)ﬁ

is also invariant. -

Sibirsky found some important properties of the monoid M. One of them is the
fact that the set {[v] : v € M} is closed under multiplication. From his results one
can see that a basis of the monoid M (a basis of the invariants of the group U, ) can
be found by sorting, since Sibirsky got a bound for the degree of basis invariants. A
simple algorithm to compute generators of M based on the Grobner bases theory
was proposed in [4].

With system (1) and the monoind M we associate the ideal

Is=(v] - [7]:veM).

This ideal was called in [4] the Sibirsky ideal of system (1). It was shown by Sibirsky
[12, Chapter 3] that in the "real” case if the parameters of the system belong to the
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variety V(Ig), then the vector field of the system is symmetric with respect to a
line passing through the origin (after reversion of time), that is, it is time-reversible,
and, therefore, admits an analytic local first integral in a neighborhood of the origin.
Later on the result was generalized to general systems (1) in [7,8], where it was shown
that for family (1) not all systems from V(Ig) are time-reversible, but V(Ig) is the
Zariski closure of the set of time-reversible systems and, therefore, all systems from
V(Is) admit an analytic first integral in a neighborhood of the origin.

We recall (see e.g. [5]) that in the higher-dimensional case a system of ordinary
differential equations

x = X(x), (11)

where X' (x) is a vector function defined on some domain D of R™ or C", is time-
reversible on D if there exists an involution ¢ : D — D (the involution means that
1 is smooth and 1 o ¢ = idp) such that

Djxowz—x.

It is said that a system (11) is completely integrable on D if it admits n — 1
functionally independent analytic first integrals on . The problem of complete
integrability can be also considered as a natural generalization of the center problem
for two-dimensional systems to higher dimensions, see e.g. [6,11,14].

In this paper we study three-dimensional systems of the form

T = Pl(x>y7 Z)v
y = y—i—Pg(a:,y,z), (12)
Z=—z+ Pg(l',y, Z)a

where P;, j € {1,2,3}, are polynomial functions on C3 which vanish together with

its first partial derivatives at the origin and present some generalizations of the above
mentioned results of Sibirsky and those of [7,8] to the case of system (12).

2 Time-reversibility
The following statement is easily derived from a general result of [6] (see also [10]).
Theorem 1. If under the interchange of the last two variables a system (12) is

transformed to a system of the same form but with the right-hand side multiplied by
—1, then it admits two analytic local first integrals of the form

Vyi(z,y,2) =x+---

and

\Ilg(a:,y,Z)zyZ+--- .
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In the other words, the statement means that if a system (12) is time-reversible
with respect to the linear involution defined on C3

L= T, Y=z, 2= Y, (13)

then it is completely integrable in a neighborhood of the origin.
Without loss of generality we can write a polynomial system (12) in the form

T = Z apQRa;PszR,
(P7Q7R)€T
g=y— Y bpgaly™e, (14)
(p,gr)€S
Z=—z+ Z CorqtPy" 2T
(p,g,r)€S

where S C Ngx (NgU{—1}) x Ny is a set of ¢ triplets, all satisfying 1 < p+q+r < N,
and T C Ny x Ny x Ny is a set of triplets, all satisfying 2 < P+ @Q + R < N, where
N is the degree of (14). Note that the indexing set T' is symmetric with respect to
the second and third coordinates, i.e. (P,Q,R) € T if and only if (P,R,Q) € T.

The correctness of the following statement can be verified by straightforward
computations, see also (20).

Lemma 2. Let o # 0. If a system (14) is time-reversible with respect to the invo-
lution

then apgg = 0 for every (P,Q,Q) € T.

Due to the above lemma, we a priori assume that in (14)
apQ = 0 for all (P, Q, Q) erT

or, equivalently, we exclude these parameters from the parameter space. By enu-
meration we fix an arbitrary order in the indexing set S

S={(p1,q1,71)s---> (Pe;qe,70) }- (16)

Further we split the indexing set 7T in a disjoint union 7' = T3 U Ty with
Ty = {(P,Q,R) : Q@ > R} and T» = {(P,Q,R) : Q@ < R}. Note that T} and T
have the property that for every (P, @, R) € T} we have (P, R, Q) € Ty, thus both T}
and 75 have the same number of elements, say m elements. Then we fix an arbitrary
order in T7:

T, ={(P1,Q1,R1),...,(Pn,Qm,Rn)} (17)

In a natural way, this order induces the order in the set T3

Ty = {(P1,R1,Q1),. .., (Pn, R, Qm)}-
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The ring of polynomials with ordered coefficients

APLQ1R1s" " QP Qm R OP RinQs " AP R1Q1 s Opraur s Oppgeres Cpyroges ** Cpirian
(18)
as indeterminates and coefficients in a field k (typically C or Q) will be denoted by
kla,b,c]. Along with the latter ring we will work also with its extension kla, b, ¢, v, w]
where o and w are variables.

Proposition 3. 1) The Zariski closure of the set of systems in family (14) which
are time-reversible with respect to involution (15) is the variety V(Zgr) of the ideal

Ir = HNCla,b,d],
where H is the following ideal in Cla,b, c, a, w]

H= (apQRaQ +aproa’, bpgrad™ — ey aw —1: (P,Q,R) €T, (p,q,r) €S).
(19)
2) If the parameters of a system (14) belong to the variety V(ZR), then the system

is completely integrable.

Remark 4. Notice that the above ideal H remains the same if we replace the in-
dexing set T by only T1 or by T5.

Proof of Prop. 3. Let X be the vector field (14). Equating to zero the coefficients
of the monomials of the polynomial Dy, - X 4+ X o 1) we obtain the system

R-Q

aApQRrR = —« AGPRQ; bpqr = Olr_qcprqa (P, Q,R) €T, (p,q,T‘) € S.

That means, system (14) is time-reversible with respect to involution (15) if and
only if there is a nonzero « such that

aPQRaQ + aRaPRQ - 07 bpqraq - arcpr’q = 07 (P7 Q7 R) S T7 (p7 q, T) €S (20)
or, equivalently, avoiding the possibly negative exponent ¢ > —1

aPQRaQ + aRaPRQ = 07 bpquéq—i_1 - ar—l—lcprq = 07 (Pa Qa R) € Tv (pa q, T) €S.
By the Elimination theorem (see e.g. [2,9]) this is the case when the coefficients of
(14) belong to the variety of the ideal Zr defined by (3).

2) By the construction V(Zg) is the Zariski closure of systems which are time-
reversible with respect to (15). We observe that if a system (14) is time-reversible
with respect to (15) then, after the change of coordinates r1 = z, 2o = a~ly,
T3 = «az, we obtain the system which is time-reversible with respect to involution
(13). By Theorem 1 the obtained system is completely integrable. Thus, V(Zg) is
the Zariski closure of a set of completely integrable systems. By the results of [11]
the set of completely integrable systems is an algebraic set. Therefore systems from
V(ZR) are completely integrable. [J
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3 Invariants

Recalling the fixed order (18) in our polynomial indeterminates, we write each
monomial in the polynomial ring with these coefficients as indeterminates in the
form

m cooghn Bntl .. gH2m V1 S bt VErL L el
UPQ1R: CPrQu Ry P R Qm aP1R1Q1bp1II17‘1 bpzqmcpéré‘ll Cpiriq

Introducing the notations

a :(aP1Q1R17 s 7aPmQ7an)7 b :(bp1Q17“17 s 7bpeqe7’e)7

r_ _

@ =(AP,RQ1s+ - » WP RinQum ) ¢ =(Cpiriqrs- -+ Cperear)s

we set up the monomial (21)
(s v] =[, ..., pams v, . vad]
(22)

=(a,d)"(b,¢)".

In particular,

~

[1;0] = (a,a')" (23)
and
[0;v] = (b, ¢)". (24)

With systems (14) and the fixed enumeration (17), (16) of indices (P, Q, R) € T\
and (p,q,7) € S we associate vectors
K:(Ql _Rlu"'an_Rm) - (Kla"'aKm)7

k=(q1—T1,--.,q —17) = (Ki,...,Kp)

and the map L : Ngm X Nge — 7, defined by

L(p,v) = (K,~K)-p+ (k,—R)-v, peN™ veNL

It is easy to see that L is a homomorphism of the Abelian monoid
Ngm X Ngé into the Abelian monoid Z and consequently, the kernel of L, denoted by
M= {(u,v) : L(p,v) =0} is a submonoid in NZ™ x N2‘.

A simple computation gives that for every p € N%m, ve Ngé

L(ﬂ» V) = _L(Iav 79)7
easily providing the following statement.
Lemma 5. (u,v) € M if and only if (i, v) € M.

Let

T, y—ay, z—alz (25)

be the one-parametric group U, of invertible linear transformations of the phase
space of systems (14). Similarly to the two-dimensional case in Section 1, we denote
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the coefficients of the new systems as apgr(), bpgr (@), Cprq(). The straightforward

computation gives

apor(a) = o Qapgp,

bpgr(@) = o Ubpgr, (26)
Cprq(@) = a¥ " eprg,

for all (P,Q,R) € T, (p,q,r) € S.

Proposition 6. The monomial [p;v] is invariant under the action of group (25) if
and only if (u,v) € M.

Proof. The action of the group (25) induces the change of coefficients of (14) ac-
cording to (26). Recalling (23) and (24) and performing this substitution in [y, V]
we obtain

Un([1;v]) (Q—R,R—Q)-p+(qg—r,7—G)-v

[ V]

, V]a(K7_f()'u+(R7_"%)'V

1
=

, V]QL(M7V)

=

[

wherefrom the claim easily follows. [

We now define a generalized version of the Sibirsky ideal. For any p € N3™
2
denote |u| = 375" pj.

Definition 7. The ideal
s = {(~D)Wsv] = [@:9] : (n,v) € M)
is called the Sibirsky ideal of systems (14).

For the proof of our main theorem, we will apply the following theorem ([1],
Theorem 2.4.10).

Theorem 8. Let J be an ideal of k[y1,...,ym], I be an ideal of k[z1,...x,] and let

K= <[7y1 _fla"'7ym_fm> g k[y17"'7ym7xla"'xn]-
Let ¢ : k[y1,...,yml/s — kl[z1,...2,]/1 be the homomorphism defined by

Then ker ¢ = K Nkly1,...,ym|(modJ). That is, ifker ¢ = (g1 +J,...,gp+J), then
KOklyr, ..., yml = (91, -, 9p)-

The statement below is our main result and it generalizes a result obtained in [7]
for the case of systems (1) to the case of systems (14).

Theorem 9. 7p = Zg.
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Proof. Recall that the ideal H is defined by (19) and the ideal, which we are inter-
ested in, is Zr = H N C(a,b,c). Let T = (aw — 1), s = (81,...,8m), t = (t1,...,tp).
We define a homomorphism ¢ : Cla, b, ¢] — C[s, t,a,w] 7 by

aPnQan = Sn +I7
AP, Ry Qpn —OéQ"_R"Sn + 7,
bp;qjr; =t + T,
Cpyriq; P @Vt + T if gy >y,
Cpjriq; — WVt + T, iy > g5,
n=12....m, j=1,2,..., L.
Recalling the shorthand notation K, = @, — R, > 0, n = 1,2,....,m, and
Kkj=qj—15, 5 =1,2,...,¢ let

H=(Z, ap,Q.R. — Sn» OP,R.Qn — (_aKnSN)v bijjT’j — tj, iy Thy iy tkjankjv
Cor, Ty, — w ity 01 <n<m,1 < j< kg >0,k < 0).
By Theorem 8 (J is taken to be trivial), we have
ker ¢ = H N Cla, b, c|

and by Proposition 3, Tg = H N Cla, b, |.
We next show that H N Cla,b,c] = H N Cla,b,c|. By elimination of

S1y+-+ySmyt1,...,tg from H we get exactly H. Hence H = H N Cla, b, ¢, a, w] and

Ir = HNCla,b,d]
=Hn Cla, b, c, o, w] N Cla, b, c]
= HNCla,b,c
= ker ¢.

Next we check that Zg C ker ¢, i.e. that
([ 7)) = (=) g([; ), (sv) € M.

Writing in a short way, with = (£,7) € NI* x NI*, v = (¢, 0) € Nj x Nf, we have
m m R
[1;0] = [€,m;0] = a*(a/)" = H ap,q,r," H ap,R,Qn ™
j=1 n=1

and

J4
[07 V] = [07 C? 9] = bcée = H bijjTjCijLzlcpn'rnQnen'
j=1
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Now, acting by ¢ on [u; 0], noting that 57 = s gives us

o(lp:0]) = (€. m0) = ()@ P 1ster 4 7
— (—)lKngeri 4 T

and R o
o([:0)) = ¢([, & 0)) = (1) a0~ Es05¢ 4 7
= (—1)la@-R)Egs+n 4 7
= (1)l g8+ 4 T

By choosing [u;0] = [£,1;0] € M we know that K - £ = K - . Moreover, it is easy
to check that

S((=1)¥ [11;0]) = $([: 0]))
since (—1)E+2 = (1)Kl We have to be a bit careful when computing ¢(c?).
Namely, ¢(c?) = tornafnfn if k, = ¢, — 1, > 0 and o(c; ) = tJw "% if k; < 0.
Denote by k4 the non-negative part of x, and by r_ the negative part such that
Kk = k4 + k— and supp K4 Nsupp k— = {}. Now,

o([0;1]) = 6((0:C, 0]) = €0 aer)iyy=(s00 | T (&t mi)by =)0 L 7 (o5

and o R

8([0:5) = 6(10:,8]) = 9+t ()€ 4 T
We next show thatAa(“”'éw_(“*)'éA— al®+)Cy=(-)C € T as soon as (0;¢,0) € M.
Denote u; = k1 -0, us = —k_ -0, vy = kg - (, vo = —K_ - (. The requirement
(0;¢,0) € M tells us that v; — u; = v9 — ug =: d. Assuming that d > 0 we obtain

a(ﬁ‘f') —(k-)-0 _ a(F+) G (R=)C —juig vz _ (v1,02
=a“ w2 (1 — odw?)

=a" w"? f(o,w)(1 — aw)

where f(a,w) is a polynomial. We proceed very similarly when d < 0. Therefore,

o([0; v]) = ¢([0; 7]).
To complete this step of the proof, i.e. to show that all generating binomials of
Zg are in the kernel of ¢, let (u,v) € M. Then, as ¢ is a ring homomorphism,

S((= 1) s v]) =o((= 1) [1s; 0] ([0; v])
=o([f1 70]) ([0; )

It remains to check that ker ¢ C Is. A reduced Grobner basis G of Cla,b, )N H
can be found by computing a reduced Grébner basis of H using an elimination
ordering with {a,b,c} < {w,«,s,t}, and then intersecting it with C[a, b, ¢]. Since H



26 TATJANA PETEK AND VALERY G. ROMANOVSKI

is binomial, any reduced Grébner basis G of H also consists of binomials. This means
that Zr = HNQJa, b, c] = ker ¢ is a binomial ideal. Assume that for some (&, 7;,0),
(7,0;6,0) € N?™ x N* y € C, the equality ¢(ul¢,n:¢, 0] — [v,0;¢,¢]) = 0 holds.
Without loosing any generality, we assume that [, 7; (, 6] and [y, J; &, ¢] do not have
nontrivial common factors. This implies that &;v; = n;0; =0, j = 1,2,...,m, and
Gei =0;0;,=0,1=1,2,...,¢. Suppose

P(ulé,m; ¢, 0]) = ([, 05, ¢]).

We will show that [v,8;e,¢] = [#,£;6,(] and v = (=117 From (27) and (28)
one derives that

F 1= (= 1) IO g0 (Ko (e ) 0y = (0 )-0 gy 84e+0 o K0+ )Py =(5-)¢ & (aqp—1).

Computing the value of f at w = o~}

of (possibly rational) monomials

we must have 0. But this implies the equality

55+ﬁtc+éaf<vn+(n++m)vé _ sw+5ts+¢ak-5+(n++n,)-¢ (29)

and additionally,
w(—1)lmHel =1, (30)

Comparing the powers at s,t,« in (29) gives

E+i=v+6 (31)
C+0=c+¢ (32)
Kn+r-0=K-6+r-o. (33)

We will firstly prove and then immediately apply the following technical lemma.

Lemma 10. Let &,1n,7v,6 € Ny be non-negative integers. Assume that

E+n=7+0 (34)
§y=0 (35)
nd = 0. (36)

Then (v,0) = (n,§).

Proof. Let us firstly assume that v > 7. Then v # 0 and by (35), £ = 0. Apply (34)
to get a contradiction, since § is not negative. Similarly, if > + we have n # 0 and
thus by (36) one obtains 6 = 0. This contradicts the non-negativity of £. It follows
that v = n and consequently from (34), § = £ as claimed. OJ

Let us continue with the proof of Theorem 9. From (31) we observe that
& +1M; = 7; + 6; and by our assumption on coprimeness, {;y; = 7;0; = 0 for
all j =1,2,...,m. Applying Lemma 10 we obtain v; =7, and §; =¢;,7=1,...,m
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and in turn, v = 7 and § = &, i.e. (7,8) = (7,€). In a very similar manner we get
(g,¢) = (0,() from (32).

It remains to see that both [£,7n;, 0] and [v,d; e, ¢] must be in M. By Lemma
5 and inserting (7,0, &, p) = (ﬁ,f, 0, f) into (33) we confirm the claim.

Finally we easily get u = (—1)1+1 from (30) since 6] = €| = |¢|. O

A generating set or basis N of M is minimal if, for each v € N, N'\ {v} is not
a generating set. A minimal generating set is called a Hilbert basis of M.

Theorem 11. Let G be the reduced Gréobner basis of g with respect to a chosen
term order. Then the following holds.

1. Every element of G has the form (—1)/M[u;v] — [f1; 7], where (u,v) € M and
[u; V] and [i; D] have no common factors.

2. The set

N = {(u,v), (1, 2) = (=) ;0] = [:0] € G}
U{(0,€5) + (0, eap—jy1) :j=1,.... L and & ([0;¢;] — [0; e20—41]) & G},

J
where ej = (0,...,0,1,0,...,0) € Q2 is a Hilbert basis of M.

The proof of the theorem is similar to the proof of Theorem 5.2.5 in [9].
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