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On the solubility of a class of two-dimensional
integral equations on a quarter plane
with monotone nonlinearity

Kh. A. Khachatryan, H.S. Petrosyan, S. M. Andriyan

Abstract. In the paper we study a class of two-dimensional integral equations on
a quarter-plane with monotone nonlinearity and substochastic kernel. With specific
representations of the kernel and nonlinearity, an equation of this kind arises in var-
ious fields of natural science. In particular, such equations occur in the dynamical
theory of p-adic open-closed strings for the scalar field of tachyons, in the mathemat-
ical theory of the geographical spread of a pandemic, in the kinetic theory of gases,
and in the theory of radiative transfer in inhomogeneous media.

We prove constructive theorems on the existence of a nontrivial nonnegative and
bounded solution. For one important particular case, the existence of a one-parameter
family of nonnegative and bounded solutions is also established. Moreover, the asymp-
totic behavior at infinity of each solution from the given family os studied. At the
end of the paper, specific particular examples (of an applied nature) of the kernel and
nonlinearity that satisfy all the conditions of the proven statements are given.

Mathematics subject classification: 45G10.
Keywords and phrases: two-dimensional equation, nonlinearity, Carathéodory con-
dition, monotonicity, convergence, bounded solution.

1 Introduction

Consider the following class of two-dimensional integral equations on the first
quarter of the plane with monotone nonlinearity:

[e.elNe ]
ﬁ(xlaxQ) :/ P(x17y17$27y2) G(x17x27ﬁ(pl(l‘hyl)upQ(anyQ)))dyl dy?:
0 0
(z1,12) € Ry :=R" xR, R*":=[0,+00)

(1)

with respect to an unknown measurable and bounded function .Z (z1,z2) on R .
In the equation (1), the kernel P(x1,y1,x2,y2) is a measurable real-valued func-

tion on R} := Rt x RT x RT x R* satisfying the following conditions:

a) (minorant condition)

there exist continuous on R} functions K (y1, y2) and A(z1,72) with properties

© Kh. A. Khachatryan, H. S. Petrosyan, S. M. Andriyan, 2022
DOI: https://doi.org/10.56415/basm.y2022.i2.p19

19



20 KH. A. KHACHATRYAN, H.S. PETROSYAN, S.M. ANDRIYAN

a1) K(y1, y2) >0, (y1, 12) € Ry, K € Li(Ry) N M(RY),

//K Y1, y2) dy1 dyz = 1, (2)
00

az) 0 < Ax1,22) <1, (z1,22) €ERS, A1 byzjonRY, j=12
(1= M1, x2)) af'ah € Ly (RF), m,£=0,1, (3)

such that
P(z1,y1,22,92) > Mz, 22) K (y1, y2), (4)

b) (substochasticity condition)
oo o0
(1, z2) //77(9617%79627?!2)6191 dys <1, p(z1,29) #1, (1,22) € Ry
0 0

and sup  pu(zy,x2) = 1.
(x1,22)ERT

Nonlinearity G(z1,72,u) is a measurable real-valued function on Ry x R
(R := (—o00,+00)) satisfying Carathéodory condition with respect to the argument
u (i.e., for every u € R the function G is measurable in (z1,72) € RJ and for al-
most every (r1,79) € Ry this function is continuous in u on set R ) and some other
conditions (see the statement of the main result).

The functions {p;(u,v)},_; 5 in the right side of (1) satisfy the following condi-
tions:

) 0, (u,v) € R;—? Pj € C(R;—)? Jj=12,
2) (u,v)
3) pi(u,0)

The equation (1), apart from its purely mathematical interest, has numerous
important applications. First of all, we should single out the problems of mathe-
matical physics and mathematical biology. So, very important in practical terms is
a special case of the equation when p;(u,v) = u+v, j = 1,2, (u,v) € RJ with
specific representations of the kernel P and the nonlinearity G. Such equations arise
in the dynamical theory of p-adic open-closed strings for the scalar field of tachyons,
in the mathematical theory of space-time (geographical) propagation of pandemics,
in the kinetic theory of gases, in the theory of radiative transfer in inhomogeneous
media [1-8].

In the particular case p;(u,v) = u+v, j = 1,2, (u,v) € Ry, when the func-
tions G and P do not depend on the variables (1, z2), the equatlon (1) was stud-
ied in [8-10] under various restrictions on nonlinearity. It should be noted that

T inwonRT and p;(u,v) TinvonRT, j=1,2,
>u

w, pi(u,1) >u+1, ueRF, j=1,2.
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in the one-dimensional case the corresponding nonlinear integral equation with
the difference kernel P(x — y) on the semiaxis, for various representations of the
nonlinearity was studied in detail in the papers [11-13]. We also note there are
scientific papers devoted to the study of one-dimensional nonlinear integral equa-
tions on a semiaxis with a sum-difference kernel P(x,y) = Po(x — y) — Po(z + y),
(z,y) € Ry and with convex nonlinearity (see for instance [2,14-16] and references
therein).

In the present paper, under sufficiently general restrictions on the nonlinearity
G, we prove a constructive theorem on the existence of a nonnegative nontrivial
(nonzero) bounded solution on the set R;’ . In one important particular case, we
also construct a one-parameter family of bounded solutions and establish the inte-
gral asymptotics of the constructed solutions. The proofs of the formulated theorems
are based on the construction of invariant cone segments for the corresponding non-
linear monotone integral operator in the space of essentially bounded functions on
the set }R;, as well as on the methods developed during the systematic study of
corresponding homogeneous and non-homogeneous linear integral equations on R;r
with operators of almost Volterra type (when p;(u,v) = u+wv, j=1,2, (u,v) € RS
these operators turn into two-dimensional Volterra operators with variable lower
limits). At the end of the paper, we provide concrete particular examples of the
functions P, K, A and G, which are of both applied and purely theoretical interest.

2 Auxiliary facts and notations

Before we prove the main result, we first study auxiliary equations and establish
important and useful results for them, which will be used later.

2.1 Summable solution of a linear inhomogeneous auxiliary integral
equation on a quarter-plane

Consider the following linear inhomogeneous two-dimensional integral equation:

[o el e

f(x1,22) = g(x1, 22 +//K y1,y2) f (p1(x1,91), p2(22, y2)) dy1dys,
00
(z1,22) € RY,

with respect to a nonnegative and measurable on R} function f(z1,72). Here
g(w1,79) is a measurable function on R} and

9(1:171:2) Z Ou (1:171:2) S R;a g(x17$2)l in Jj] on ]R+7 j =1 27

oo 0
//gml,:cg mledaclda:2<—|—oo m,{=0,1.
0 0
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For the equation (5) we consider the following simple iterations:

fros1(z1,22) = g(z1, 22 +//K y1,y2) fn (p1(x1,y1), p2(22,y2)) dy1 dyo,
0

/ 7)
fo(z1,22) = g(z1,72), n=0,1,2,..., (v1,72) € RJ.
Applying the method of mathematical induction it is easy to check that
fa(z1,22) T in n. (8)
Now we prove that
fo(z1,22) | in z; on RT, §=1,2, n=0,1,2,.... (9)

Indeed, the monotonicity of the zero approximation immediately follows from (6).
Assume that (9) holds for some positive integer n. Then taking into account the
conditions (6), a1) and 2), from (7) for arbitrary z1,7; € R", z1 > T we will have

fat1(z1,22) < g(T1,22) +//K(y1,y2)fn (p1(Z1,91), p2 (22, y2)) dy1 dys =

= fu41(T1,12), @2 € RT.

By analogy, for arbitrary zo, 7o € RT, z9 > Ts we get fri1(71,72) < frri(w1, 22),
x1 € R*. Therefore, (9) is valid.
Applying again induction on n we prove that

fn€Li(RY), n=0,1,2,.... (10)

In the case when n = 0 the validity of (10) follows obviously from definition of zero
approximation and its property (6). Assume that f,, € Li(R3) for some n € N, then
g+ fn € L1(R). On the other hand, taking into account (9), 2) and a;), from (7)
we derive the following estimation:

g(z1,22) < for1(x1, z2) < g(x1, 2)+

o0
o
0
00

o0
< g(z1, z2)+ fr (21, 22 / K (y1,y2)dyr dys = g(z1,22)+ fn(1,22), (71,72) € Ry,
00

/K y1,y2) fn (p1(21,0), p2(22,0)) dy1dys <
0

whence it follows that f,11 € Ll(}R;).
Next we prove the existence of a such constant C' > 0 that

oo o0
//fn(:vl,xg)dxl dre <C, n=1,2,.... (11)

0 0
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Let r1 > 0, r2 > 0 be arbitrary numbers. Then taking into account the conditions
ai),az),1) —3) and (6), from (7) we get

//fn+1(x1,a:2)da:1 da:gg//g(xl,xg)dxldxg—l—

1 T2 T2 T1
"‘////K(yhyZ)fnJrl (p1(x1,91), p2(22,Y2)) dy1 dyodxy dxe =
rory 0 O

o0 0O
// 1, T2 dl’ldl‘2+//Ky1 Y2) X
0 0

ro T1
//fn+1 (p1(x1,y1), p2(22,y2)) dxq drady: dys < // (21, x2)dxy dao +
72 T1 T2 T1

[ee] oo o0
+ /K(y1,y2)//fn+1 (p1(x1,91), p2(22,0)) dy dxo dy1 dys +
0

T2 T1

o _

oo o0
-l-//K Y1, Y2 //fn+1 (p1(x1,y1), p2(2,1)) dxy dos dyy dys <
10

T2 T1

o0 00 1 1
<//g(x1,x2)da:1da:2—|—//K Y1, Y2) X
00

ro T1

oo o0
X//fn+1 p1(x1,0), p2(x2,0)) dxy dxo dyy dys +

ro T1

o0 oo o0
/K Y1, Y2) //fn-l—l p1(x1,1), p2(x2,0)) dzy dre dy; dys +
1

o _

.
oo 1 oo 00

[ [ K [ [ s (01(00,0).pali. 1)) dan s di dys +
1 0 ro T1
. .

4 [ [ K [ [ fus (a0, pali 1)) day o di dys <
1 1 ro T1
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o0 00 1 1
S//g(ﬂn,xz ) dxy dl‘2+//K Y1, y2) dyr dyz//fn+1 x1,x2) dxy dee +
T2 T1 0 0 ro T1
1 oo oo 00
+//K Y1, y2) dy dyz/ / frot1(z1, 22) doy dag +
01 T2 Tl
oo 1 oo 00
+//K(y1,y2)dy1 dys / /fn+1($1,$2)d331 dxo +
1 0 ro+1 11
oo o0 o
+/ K (y1,y2) dy1 dy» / / frt1(x1, 22) doy dag .
1 1 ro+1ri+1

Hence, combining similar integrals and taking into account (2), we obtain

oo 00 1 1 1 o©
//fn+1 x1, x2)dxry drs (//K Y1, y2) dy1 dyz+//K Y1, y2) dyr dya+
0 0 0 1

r2 T1

oo 1
+//K Y1, y2)dy1 dys +
1 0
(oo} o0

1 oo
S//g(l“h@ ) dxy dl’2+//K Y1, Y2 dyldy2/ / fr1(x1, z2) doy deo+
01

o0

H\

(&%) 1 1
K (y1,y2) dy1 dy2 —//K(yhyz)d?ﬂ dyz) <
1 0 0

ro 1 ro r1+1
oo 1 co 00
+//K Y1, y2) dy1 dys / /fn+1 x1,x2) dry dre+
1 0 ro+1 71
oo 0 o0 o0
+//K Y1, y2) dy1 dys / /fn+1($1,$2)d961d332-
11 ro+1ri+1
We introduce the following notations
1 oo
11
= [ [ Ky, y2)dy1dy2, a1 Z//K(yb Yy2) dy1 dya,
00 01
oo 0
oo 1
= [ [ K(y1, y2) dyr1dys,  az ://K(yb y2) dy1 dys.
10
11
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Then the last inequality in the above notations can be written as follows:

(Oél —|—Oé2—|—0é3) //fnJrl(l‘l,l‘Q)dxl dxg §//g(x1,1:2) dl‘l d$2+

ro T1 r2 T1
o o0 [ee] o0
+Oé1/ / Jnt1(x1, x2) day dog + rp / /fn+1(9517962)d331d332+
r2 r1+1 ro+1 71
o0 o0
+CM3 / / fnJrl(xl, xg) dl‘l dl‘g.
ro+1ri+1
After some transformations we get
oo r1+1 ro+1 oo
Oél/ / fr+1(z1, 22) dry drotan / /fn+1(96‘1,$2)d331 dzo+
ro T ro i
ro+1r1+1 ro+1 oo
+C¥3 / / fn+1(.1‘1,.1‘2) dl‘l dl‘2+063 / / fn+1(.1‘1,.1‘2) dl‘l dl‘Q—i- (12)
T 71 r2 ri+l1
oo ri+1 0o 00
+ag / / Jrt1(z1, 22) day doo <//g(a:1,x2)dx1 dzs.
ro+1 71 T2 T1

By virtue of (9), from (12) it follows, in particular, that

ai / Jny1(r1 + 1, 22)dzs + Oé2/fn+1(96‘1,7“2 + 1)dz1+

T2 T1

+agfor1(r1 +1ra +1) + g / fnr1(z1,m2 + 1)da1+ (13)
ri+1

“+as / fn+1(7“1—|—1,x2)dx2§//g(x1,x2)dx1dx2.

ro+1 T2 T1

Taking into account the condition (6), by Fubini’s theorem [17] we can state that

xr1

00 00 00 0O 00 00 T2
////g(ml,wg)dazl dacgdrldrgz//g(ml,mg)/drl/drgdml dxoy =
00 0 0 0 0

ro T1

oo o0
//961 w2 (1, x2) dry drgy := My < +00,
0 0
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[o o le el o] [o o lNe elNe o]
///g x1,x9) dry dre dr; = ///g(a:l,;rg)dacl drydze <
0

T2 T1 T2 T1

0
(e oo o] oo oo
§//g T1, X9 /drldazldaz ://$1g x1,x2)dxy dre := Miy < +00,

0 0 0 0

[e.olNe olNe o] oo 0
///g x1,x9) dry drg drg < //xgg x1,x9) dry dre := My < +00.
0 0 0

Therefore, from (13) we get

M
//fn—H l‘l,l‘g) dl‘l d.l‘g 055131 (14)
1
oo 0 M
//fn+1($17$2)d331 dxo < a—io’ (15)
01
oo 0 M
//fn+1(55‘1,$2)d961 dxy < a—zl (16)
1

0
Integrating both parts of (7) over the set [0, 1] x [0, 1] and then using the estimates
(14)—(16), we have

11 11
//fn+1 x1,x2) dxy dro §//g x1,x9) dry dre+
00 00
0o 00 1
+//K(y1,yz /
0 0 0
11
//g x1,x9)dr1dry +
00

oo o0
+/ K(y1,y2)
10

1 1 1 1 1 1
<//g x1,22)dx) dar2+//K(y1,y2) //fn+1(x1,x2)dx1 dzo dyy dys+
0 0 0 O 0 0

1 oo 11
+//K(y1,y2) //fn+1($1,$2+1)d961 dxo dy1 dys+
01 00

Jnt1 (p1(x1,91), p2(22, y2)) doy des dyy dys <

o _

11
K(y1,y2 //fn+1 x1, p2(22,y2)) dridrody i dys+
00

fr1 (@1 + 1, pa(x2,y2)) dry dro dyy dys <

o O~ _
o _ 0\8
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oo 1 11
+//K(y1,y2) //fn+1 (x1 + 1, 22) dxy dxg dy; dyz+
10 00
00 00 1 1
+//K(y1,y2) //fn+1 1+ 1,29 + 1) dzy dzo dyy dys <
11 00

g(x1,x2) dry drs + ayg frnr1(x1, x2) dry deo+

o —__
O\H O\H O\H

+o fr+1(z1, 22) dry drs + oo fr1(x1, z2) doy deo+

/I
/I

+as frt1(x1, 22) doy dag < g(x1,2) dry dro+

/
g

+ag fr+1(z1, 22) doy dao + M01 + M1o + My,

S— . i —

7
1
1
0
from which we get

11 11
//fn+1 x1,22)drydry < (1 —ap)” {//g x1,2) dxy dre+
00 00

—l-ﬂMOl + %Mlo'i_Mll} =C"< 400, n=0,1,2,....
a9 a1

(17)

Finally, summing the inequalities (14)—(17) we obtain

oo o0

My My M
//fn+1(:c1,:c2)dx1dxz<0*+ 0,20 7 oo, n=0,1,2,..., (18)
0 0

(65} a9 Qs

i.e. the proving inequality (11), where C' = C* + Mo + Mo + MH.
aq a2 as
Consequently, the sequence of summable and monotone functions { f,, (1, z2) }72
as n — oo almost everywhere on R} converges to the summable function f(x1,z2).
This fact follows from (8)—(10) and (18) by B. Levi’s theorem [17]. Using again
B. Levi’s theorem it can be stated that limit function f(x1,x2) satisfies the equation
(5) almost everywhere on Rj .

From (8), (9) and (18) we also get

f(z1,22) > g(z1,22), (x1,22) € Ry, (19)
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f(z1,22) | in x; on RY, j=1,2 (20)
i Mo My M
//f l‘l,l‘g dl‘l dl‘g < C* 10 + ol + 11. (21)
a1 a9 Qs
0

The foregomg implies

Theorem 1. Let the function g satisfy the conditions (6), and let the kernel K have
the properties a1). Then under conditions 1) — 3) the equation (5) has a nonneg-

ative and monotonically non-increasing in each argument and summable solution.
Moreover, the estimates (19) and (21) hold for the solution.

2.2 A nontrivial solution of a linear homogeneous auxiliary integral
equation on a quarter-plane

Let us introduce into consideration the inhomogeneous auxiliary integral equa-
tion
f*(xl,xg) =1- )\($1,$2)+
+ (22)
A1, 22) K(y1,y2) I" (p1(z1,91), p2(22,92)) dy1 dy2, (z1,22) € Ry
0
with respect to the unknown measurable function f*(x1,22), where the functions A
and K possess the properties az) and a) respectively.
Due to ag) the function 1 — A(x1,x9) satisfies the conditions (6). Therefore,
according to Theorem 1, the equation (5) with the free term g(x,z2) = 1— (21, x2)
has a nonnegative and monotone (with respect to each argument) and summable

solution on RJ. We denote this solution by fj(x1,z2).
For the equation (22) consider the following iterations:

frpi(zr,@2) =1 = A1, 22)+
A1, 2) / / Ky y2) £ (01 (20, 00), pol2, o) dys dya, (23)

fo(zy,22) =1 — Na1,22), n=0,1,2,..., (v1,72) € R].
By induction it is easy to show that

f:(xlva) T in n, (l‘l,l‘g) ER;, (24)
fo(x1, o) < min{l, fy(z1,22)}, n=0,1,2,..., (x1,22) € R; (25)

Therefore, the sequence of functions {f;(x1,22)}72, has a pointwise limit as
n — oo lim f¥(x1,x2) = f*(x1,22). In accordance with B. Levi’s theorem, the
n—oo
limit function f*(x1,z2) satisfies the equation (22). It follows from (24) and (25)
that
1-— A(.’El,.’EQ) S f*($17$2) S min{17 f>\(l‘17$2)}, (1:171:2) € R;’ (26)



SOLUBILITY OF A CLASS OF TWO-DIMENSIONAL INTEGRAL EQUATIONS 29

whence, in particular, we obtain
e Li(RI)n M(RY). (27)

Further, we consider the corresponding homogeneous integral equation
o0 O
S(z1,22) = A1, 22 //K y1,42)S (p1(21,91), p2(w2,y2)) dyrdyz,  (28)
0 0

(z1,m2) € RS, with respect to the measurable and bounded function S(z1,z2).
Using a1), we can check directly that f; (x1,22) = 1 is a solution of the equation
(22). On the other hand, we have proved that the equation (22), in addition to such
a trivial solution, also has an integrable and bounded solution f*(x1,z2) (with the
property (26)). It is obvious that

S(x1,m2) = fre(1,22) — [ (21, 22) = 1 = f*(21,22), (1,72) € RS
is a solution of the homogeneous equation (28). From (26), in particular, we get
125(1‘1,1‘2) 20, S(l‘l,xg)?éo, S(l‘l,xg);él, (l‘l,xg)ER;, (29)

and from (27)
1-Se€Li(RY)nM(RY). (30)

Thus, for the auxiliary linear homogeneous equation (28), the following theorem
holds:

Theorem 2. Under the conditions ay),a2) and 1) — 3) the linear homogeneous
integral equation (28) has a nonnegative nontrivial measurable and bounded solution
S(x1,72) on Ry . In addition, S(x1,x2) possesses the (29) and (30) properties.

Remark 1. It is interesting to note that the proved Theorem 2 generalizes and sup-
plements the corresponding result from [18], devoted to the study of one-dimensional
integral equations with p(u,v) = u+v, (u,v) € RJ.

3 Solubility of the main nonlinear equation. Examples

In this section, we begin to study the initial nonlinear integral equation (1), first
highlighting one special case (important in applications).

3.1 One-parameter family of bounded solutions of the equation (1)
in one particular case

Let the nonlinearity G(z1,x2,u) admit a representation of the form
G(x1,29,u) = u + w(x1,T9,u), (T1,72,u) € RY X R, (31)

where w(z1, z2,u) satisfies the following conditions:
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I) w(xy,z2,u) T in u on R,

IT) w(xy,x2,u) satisfies the Carathéodory condition with respect to the argu-
ment u on R x R (see the introduction about the Carathéodory condition),

III) w(z1,22,u) >0, (z1,72,u) € R,
IV) the supremum of w with respect to u on R :

B(z1,22) == sup w(wy,w2,u), (v1,72) € RS, (32)
uERT

possesses following properties: S(x1,22) | in z; on RY, j=1,2
xah B(wy, 2) € Ly (R;’) ,m,{=0,1.

Suppose also that the kernel P(x1,y1,x2,ys2) is linked with the functions A and K
by the relation

77(96‘173/173?273/2) = )‘(ml?mQ)K(yl? Z/2)’ (xl’th?va) € RI (33)

Then the equation (1) will take the following form:

oo o0
F(x1,22) = M1, 22 //K(yh y2){Z (p1(z1,91), p2(22,y2))+
00

(34)
+ w(z1, 22, Z (p1(x1,91), p2(22,42))) } dyr dyo, (21, 22) € RS
We construct special successive approximations
yn+1($1,$2 Ay, 2 //K Y1, y2){«%¥(01(3«“1,y1),,02(96‘2’92))4‘
0 (35)

(1‘171‘27 Y(p1(x1,y1), p2(22,92))) } dy1 dys,
Fo (x1,22) = vS(x1,22), n=0,1,2,..., (@1,22) € R;,

where v > 0 is an arbitrary numeric parameter.
Along with iterations (35), consider a linear inhomogeneous integral equation
(5) with a free term of the form

g(x1,22) = Bx1,m2), (v1,72) €R]. (36)

Due to conditions IIT) and IV), according to Theorem 1 the equation (5) with a free
term of the form (36) has a nonnegative monotonically non-increasing and summable
on Ry solution fs(z1,z2).

Below we establish several important properties that characterize the sequence
{F] (x1,22)}22, both for each value of the parameter v > 0.

By induction on n we prove

Fl(x1,22) T in n, v>0, (x1,22) € ]R;r, (37)
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yg(l‘l,l‘g) < ’)/S(.Tl,.l‘g) +fﬁ($1,$2), Yy > 0’ n = 0’172""> (.1‘1,.1‘2) € R;— (38)

We first prove that F](z1,22) > % (z1,22) and F(z1,22) < vS(z1,22) +
fa(z1,22), (x1,29) € RF, 7 > 0. Indeed, taking into account (28), (32), as well as
the conditions a1), as), I1I), from (35) we have

oo

o0
F(x1,22) > NMx1, 79 / K (y1, y2) Z) (p1(z1,31), p2(x2, y2)) dyr dys =
00

oo

A1, 22 / K(y1, y2)S(p1(z1, 1), p2(w2,y2)) dy1 dyz =
0 0
= vS(z1,x2) = F# (21, 22),
F (21, 3) = Mz, 22) X

X //K(yla yz){75(01(951791)&2(332,?;2)) +fﬁ(ﬂl(ﬂb‘hyl),Pz(@,yz))—F
0 0

+w (1‘171‘2,VS(Pl(ﬂﬁlyyl)aP2(332,y2)) + fﬂ(P1($17y1)7P2($2,y2))> } dyy dys <

oo 0
< YA (21, 22 //K y1, ¥2)S (p1(@1,51), p2(@2, y2)) dyr dyz+
0 0
o0 0O
Ay, 22 //K y1, y2) fa(p1(z1,m1), p2(@2,y2)) dy1 dys+
0 0
oo o0
+06(x1, z2) N (21, 22 //K Y1, Y2) dyy dyz < vS(x1, x2) + B(w1, x2)+
00

+//K(y1, y2) fa(p1(@1,y1), pa(@2,y2)) dyr dys = vS(z1,22) + fa(z1,22).

Assume that the statements (37) and (38) are true for some n € N. We use again
(28), (32), a1),a2) and IIT). Then from (35) by virtue of I) we obtain

o0

o
F o (x1,0) > Ny, 2 //K 1, y2 _1(p1(x1,91), pa(2, y2))+
00

+ wlan, e, Zy (o1 (w1, ), p2<x2,y2>>>}dy1dy2:fm,xz),
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ﬁlﬂ(wl,xg) <AS(x1,22) + fa(x1,22), n=0,1,2,..., (x1,22) € R;, v >0,

whence the required assertions (37) and (38) follow.

Based on the Carathéodory condition for the function w (see II)) it is easy
to prove that for every v > 0 each element of the sequence {.%,) (z1,72)}32, is a
measurable function on RJ.

Thus, in view of (37) and (38) we can assert that the sequence of mea-
surable functions on R {Z)(z1,22)}%%, has a pointwise limit as n — oo:
nhlrologz (x1,22) = 3”(3:1,352). By Levy’s theorem, the limit function .#7(x1,x2)

satisfies the equation (34) for every v > 0. Moreover, from (37) and (38) we get
that .#7(x1,x9) satisfies the following double inequality:

vS(x1,29) < FV (w1, 22) < ¥S(21,22) + fa(z1,20), (21,22) ERS, 7> 0. (39)

Now we note one more important and useful property of the sequence of functions
{F (21,22) 22, on RS for different values of the parameter v > 0. We prove by
induction that if 71, v2 € (0, 4+00), 71 > 72 are arbitrary parameters, then

T (w1, m0) = F )2 (21, 22) > (11 —72)S(21,22), n=0,1,2,..., (x1,22) € RY. (40)

Indeed, when n = 0 the required inequality is obvious. Suppose (40) is satisfied
for some n € N. Then, using the conditions ), aq), a2) and taking into account (28),
from (35) we have

[ olNe o]
T (1, 09) =T (01, 22) = A(J«“l’@)//K(yl, y2){3?,?1 (p1(z1,91), p2(x2,2))—
0 O

=72 (p1(x1, Y1), p2(22, y2)) + w(@, 2, F) (p1(21, Y1), p2(72,y2)))—
—w(z1, 2, F,? (p1(x1,y1),p2(9:27y2)))} dyy dya > ANz, z2) X

o0 o0
X//K Y1, Y2) fyl(ﬂl(xl’yl) p2(x2,92)) — 0732(01(931,y1)702(932,y2))}dy1dy2 >
0 0

> (1—72)A(w1, 22)

o0
/K y1, y2)S (p1(z1,y1), p2(22,y2) ) dyrdys = (11 —72)S (21, 2).
0

Letting the number n — oo into (40), we get
y"ﬂ (.’,1;'1,.1'2) - 3?’72 (.’,1;'1,.1'2) Z (71 - 72)5($1,$2), (.’,1;'1,.1'2) S R; (41>

Since 1 — S € Li(Ry) N M(RJ) and f3 € L1(RF), then in view of (39) from the
estimate below

|y — F7(z1,22)| = |y — ¥S (21, 22) +vS(21,22) — F7 (21, 22)| <

< (1 = S(x1,22)) + f(x1,22), v> 0, (x1,22) ERJF

we obtain the following important fact: for each v > 0 the function y—%7 € L1 (R5).
Thus the following theorem is true.
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Theorem 3. Under conditions ai),as),I) — IV) and 1) — 3), the nonlinear inte-
gral equation (34) has a one-parameter family of nonnegative nontrivial measurable
solutions {F7(x1,72) }ye(0, +00) and

o for all v € (0, +00) the inequalities (39) hold,

o for all v1, v2 € (0, +0), 71 > 72, (41) takes place,

e for all y € (0, +00) functions v — F7(x1,22) are summable on R .

Remark 2. Under the assumptions of Theorem 3, if moreover the following conditions
are fulfilled

p1) pj(0,0) > v, veRT, j=1,2,

p2) B € M(Ry),
then for any v > 0 the solution .#7(x1,x2) is bounded on the set R .

Proof. First, we verify that fg3 € M(RJ). Indeed, given the monotonicity of
fa(z1,22) inz; on RT, j =1,2, and also conditions 2),a1),p1), p2), from the equa-
tion (5) with free term g(x1,x2) = B(x1,x2) we get

fa(zi,22) < sup Bz, x2)+
(2517252)€]R2+

oo OO
+ sup  K(y1, y2) //fﬁ(pl(l‘l,yl),p2(9€2,y2)) dy1 dys <
(y1,y2)ERT 00

[e el e
< sup  fB(z1,22)+  sup  K(yi, y2) //fﬁ(p1(07y1),p2(0792)) dy1 dys <
(z1,22)ERT (y1,92)ERS 0 0

oo 0
< sup  B(xi,x2)+  sup  K(y1, y2) //fﬁ(yby2)dyl dy2 < +00,
(z1,22)ERT (y1,y2)ERT 00

whence it follows that f3 € M(RJ). Consequently, from (29) and (39) we have

0< (a1, m2) <y+ sup  fa(w1,22) < +o0, ¥ >0, (z1,22) € Ry.
(9617562)€]R2+

3.2 Main result

Let us turn to the study of the original equation (1) with a common kernel P
and a common nonlinearity G(z1,x2,u).

First, to represent the main conditions imposed on the function G, we introduce
a new function. Let Go(u) be a continuous on the set R™ function and

Cl) GO(U) T uon RJra GO(O) =0,

c2) Go(u) is upward convex on Rt, Gy € C(R™),
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c3) there exists a number n > sup  fg(z1,22) := By such that
(2317232)€]R2+
Go(u) > u, u €0, n).

The properties of ¢1) — ¢3) imply the existence of a single number £ > n such that
Go(§) = € — Bo. (42)

The approximate graph of the function Gg is shown in the figure.

Y y=u y=u— By
Go(€) oo L 7y = Go(u)
U} e , i
0 | i u
o 7 3
—By

Figure. The approximate graph of the function Gy on [0, &].

Regarding the nonlinearity of G(z1,x2,u), we assume that the following condi-
tions are satisfied:

n1) G(x1,x2,u) T inuon R and G(x1,xs,u) satisfies the Carathéodory condition
on R; x R by argument u,

712) G(.’El, x2, ’LL) >u+ w($17 x2, ’LL), (.’El, x2, U) € R:—S’—7

where w has properties I) — IV) and po),
ng) G(x1,z2,u) < Go(u) + B(z1,22), (x1,22,u) € R x [0, &].
The next theorem is valid.

Theorem 4. Let conditions a),b),1) — 3),p1),c1) — c3) and ny) — ng) be satis-
fied. Then the nonlinear integral equation (1) has a nonnegative nontrivial solution
bounded on ]RJF.

Proof. Let v* := n — By > 0. By Theorem 3 and Remark 2, to the num-
ber v* the bounded solution .#7" (21, 22) of the equation (34) corresponds, where
v — F7 € Li(RY) and the double inequality takes place

VS(x1,m0) < FV (w1, 29) < 7 S(a1,32) + f(21,32), (z1,22) € RF. (43)
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By the definition of the number v* and the inequality S(z1,z2) < 1, (71,72) € RS
from (43) it follows that

F (x1,22) <+ By =1, (v1,72) € RY. (44)

Let us proceed to the construction of a solution to the equation (1) by successive
approximations

Fns1)(T1,72) / P(z1, 91,72, y2) X
0 0 (4_5)
x G(x1, 22, F(ny (p1(21, Y1), p2(22, y2))dy1dy2,
F (o) (71, 72) = FV (21,29), n=0,1,2,..., (z1,22) € Ry .
We prove by induction that
y(n) ($1,$2) T in n, (ml,mg) S R%—. (46)

First, note that, based on (4), (34) and condition ng), the following chain of inequal-
ities holds:

oo 0
Fa)(x1,22) //7’(3317?;179627.@2) (3;7*(/71(1‘17yl),p2($2,y2))+
00

/K(yh y2) X
0

X (gw* (p1(x1,91), p2 (22, y2)) + w(x1, T2, F" (p1(x1,91), pa(2a, y2)))> dyy dys =

o0

+w(wy, zo, FT (p1(3317y1)702($27y2)))> dy1 dys > Mz, x2)

o\

— tgi’y*(xl’x2) — 9}0)(1‘1,332), (x17$2) € R;

Assuming F ) (21, 72) > F_1)(21,72), (71,72) € RJ for some positive integer n,
due to the non-negativity of the kernel P and the condition n;) from (45) we obtain
that Z(,41)(21,22) > F(n) (21, 22), (21,22) € RF.

Let now prove that

Fmy(x1,02) <& n=0,1,2,..., (z1,22) € R]. (47)

When n = 0 the inequality (47) is an obvious consequence of the inequalities (44)
and n < £. Suppose (47) holds for some n € N. Then, in view of the conditions
b),n1),n3) and the definition of the number £ (see (42)), from (45) we will have

[e.elNe ]
Fny1)(T1,72) < //77(3317311,562&2)G(l‘hﬂ?%f) dyy dy2 <
00
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< (Go(§) ‘|’5(3317372))//P(xl,yl,x2ay2)dyl dys <
0 0

< (Go(€) + Bo) plx1,22) < Go(§) + Bo =&, (x1,22) € RS

Thus, given that (46) and (47) hold, one can assert that the sequence of mea-
surable on RJ functions {.Z(,(z1,22)}52, has a pointwise limit as n — oo
lim F,)(z1,72) = F (71, 22), and the limit function .7 (1, z2) satisfies the equa-
n—oo

tion (1) (due to B. Levi’s theorem) and the double inequality
F (w1, m9) < F(w1,19) <&, (w1,72) € RY.

This completes the proof. O

3.3 Examples

In the end of the work, we provide concrete illustrative examples of the func-
tions {p;}j=12, w, A, K, Go, G and P satisfying all assumptions of the formulated
theorems.

Examples of functions {p;} ;=1 o:

Al) ,oj(u,v) =u+w, (u?v) GR;—a ]: 1)27

AQ) p](u,v) = u(l + Oéj’l)) + ﬁjva (U,U) € R;a ] = 172>
where a; > 0, 3; > 1 are numerical parameters, j = 1,2,

A3) pj(u,’U) = (u + 5j)ev + 2(1 - eiv)v (u,v) € R;a J=12,
where €; > 1 is a numerical parameter, j =1,2.

Examples of functions w:
B1) w(wy,ma,u) = Bz1,x9)(1—e™), (21,22,u) € RY,

u
u+1’

By) w(z1,22,u) = B(z1,22) (1, m2,u) € RY.

Examples of functions A:
Dl) /\(%1,%2) =1- 6_($1+$2), (1‘171‘2) S R;,
Dy) Az, m0) =1 — e~ @142 (31, 15) € Ry, 0<e <1 isa parameter.

Examples of kernel K:

4
E1) K(y1, y2) = ;ef(y%yg)’ (y1, y2) € RY,

b
Ey) K(yr, yo) = [ e~ @1t25Q(s)ds, (y1, y2) € RS,

a
where Q(s) > 0 is a continuous function on [a, b),0 < a < b < +o0, and
b

52
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Examples of nonlinearity Gy:

Hy) Go(u) = ¥/u, w € RT, p> 2 is an arbitrary odd number,

Hy) Go(u)=d(1 —e¥), ue R, d>1isanumeric parameter.

Examples of kernel P:

Li) Plzi,yi,22,92) = Az, 22) K (y1, y2), (1,91, 22,92) € RY,

L) P(1,y1,%2,y2) = M1, 22) K (y1, y2)+ Koz, y1, w2, y2), (z1,91,72,92) € R,

where Ko(z1,y1,%2,y2) >0, (z1,y1,%2,y2) € R and

o0 OO
| | Ko(z1,y1,22,92) dy1 dya = £(1 — A(x1,22)), 0 < e < 1is a parameter.
0 0

Examples of nonlinearity G :

U) G(z1,z9,u) = Go(u) + w(z1, z2,u), (x1,72,u) € R;r x R,

UQ) G(l‘l,l‘g,u) = \/(u—i—w(acl,xg,u))(Go(u) +W(l‘1,$2,u)), (.1‘1,.1‘2,U) € R;XRa
Us) G(z1,z2,u) = %(Go(u) +u) +w(zy, x2,u), (r1,22,u) € ]R;r x R.

In conclusion, we note that among the above examples, the most important and
most frequently encountered in applications of mathematical physics and mathe-
matical biOlOgy are Al), Bl), Dl), El), EQ), Ll), Hl), Hg) and Ul)

Remark 3. Unfortunately, the question of the uniqueness of the solution of the

general nonlinear integral equation (1) in certain cone segments (functions bounded
on RY) is still open problem.

The work was supported by the Science Committee of the RA, in the frame of
research project No 21T-1A047.
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