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Subordination and superordination for certain analytic

functions associated with Ruscheweyh derivative and a

new generalised multiplier transformation

Anessa Oshah, Maslina Darus

Abstract. In the present paper, we study the operator defined by using Ruscheweyh
derivative Rm and new generalized multiplier transformation

D
m
λ1,λ2,ℓ,df(z) = z +

∞
∑

k=n+1

[

ℓ(1 + (λ1 + λ2)(k − 1)) + d

ℓ(1 + λ2(k − 1)) + d

]m

akz
k

denoted by RD
m,α

λ1,λ2,ℓ,d : An → An, RD
m,α

λ1,λ2,ℓ,df(z) = (1−α)Rmf(z)+αDm
λ1,λ2,ℓ,df(z),

where An =
{

f ∈ H(U), f(z) = z + an+1z
n+1 + an+2z

n+2 + ..., z ∈ U
}

is the class of
normalized analytic functions with A1 = A. We obtain several differential subordi-
nations associated with the operator RD

m,α

λ1,λ2,ℓ,df(z). Further, sandwich-type results
for this operator are considered.

Mathematics subject classification: 30C45, 30C50.
Keywords and phrases: Ruscheweyh operator, multiplier transformation, differen-
tial subordination, differential superordination.

1 Introduction

Let A denote the class of functions of the form

f(z) = z +

∞
∑

k=2

akz
k, (1)

which are analytic in the unit disk U = {z ∈ C : |z| < 1}. Let H(U) be the space of
holomorphic functions in U. For a ∈ C and n ∈ N we denoted by

H[a, n] =
{

f ∈ H(U), f(z) = a + anzn + an+1z
n+1 + ..., z ∈ U

}

,

and
An =

{

f ∈ H(U), f(z) = z + an+1z
n+1 + an+2z

n+2 + ..., z ∈ U
}

,

with A1 = A. A function f ∈ H(U) is said to be starlike in U if and only if f ′(0) 6= 0

and Re

(

zf ′(z)

f(z)

)

> 0. Further, a function f ∈ H(U) is said to be convex in U if

and only if f ′(0) 6= 0 and Re{1 +
zf ′′(z)

f ′(z)
} > 0, z ∈ U.
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If f and g are analytic functions in U, we say that f is subordinate to g, (or g

is superordinate to f ), and write f(z) ≺ g(z) (z ∈ U). If there exists a Schwarz
function w(z), analytic in U, with w(0) = 0 and |w(z)| < 1, then f(z) = g(w(z))
(z ∈ U). In particular if g is univalent in U, then f(z) ≺ g(z) is equivalent to
f(0) = g(0) and f(U) ⊂ g(U).

The method of differential subordinations (also known as the admissible functions
method) was perhaps first introduced by Miller and Mocanu in 1978 [20] and the
theory started to develop in 1981 [17]. All the details can be found in a book written
by Miller and Mocanu [18].

For our work, we may need the following definitions and lemmas. First, we state
the following generalized derivative operator: Let m,d ∈ N0 = {0, 1, 2, ...},
λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, and ℓ + d > 0. Then, for f ∈ An, the operator Dm

λ1,λ2,ℓ,d

is defined by Dm
λ1,λ2,ℓ,d : An → An,

D0
λ1,λ2,ℓ,df(z) = f(z),

D1
λ1,λ2,ℓ,df(z) =

[ℓ(1 + λ2(k − 1) − λ1) + d]D0
λ1,λ2,ℓ,df(z) + zℓλ1(D

0
λ1,λ2,ℓ,df(z))′

ℓ(1 + λ2(k − 1)) + d
,

D2
λ1,λ2,ℓ,df(z) =

[ℓ(1 + λ2(k − 1) − λ1) + d]D1
λ1,λ2,ℓ,df(z) + zℓλ1(D

1
λ1,λ2,ℓ,df(z))′

ℓ(1 + λ2(k − 1)) + d
,

...

Dm
λ1,λ2,ℓ,df(z) = Dλ1,λ2,ℓ,d(D

m−1

λ1,λ2,ℓ,d)f(z)).

Remark 1. If f(z) ∈ An and f(z) = z +
∞
∑

k=n+1

akz
k, then the linear operator

Dm
λ1,λ2,ℓ,df(z) = z +

∞
∑

k=n+1

[

ℓ(1 + (λ1 + λ2)(k − 1)) + d

ℓ(1 + λ2(k − 1)) + d

]m

akz
k. (2)

It can be easily shown that

[

ℓ(1 + λ2(k − 1)) + d
]

Dm+1

λ1,λ2,ℓ,df(z) =
[

ℓ(1 + λ2(k − 1) − λ1) + d
]

Dm
λ1,λ2,ℓ,df(z) + ℓλ1z

(

Dm
λ1,λ2,ℓ,df(z)

)

′

. (3)

We note that

• Dm
1,0,1,df(z) = Im

λ f(z) (see Cho and Srivastava [4]).

• Dm
1,0,ℓ,df(z) = Im

α,βf(z) (see Swamy [24]).

• Dm
λ1,0,1,df(z) = Im(λ, ℓ)f(z) (see Cǎtaş [3]).

• Dm
λ1,0,1,0f(z) = Dm

λ f(z) (see Al-Oboudi [1]).
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Definition 1. (Ruscheweyh [23]) For f ∈ An,m ∈ N, the operator Rm is defined
by Rm : An → An,

R0f(z) = f(z),

R1f(z) = zf ′(z),

...

(m + 1)Rm+1f(z) = z(Rmf(z))′ + mRmf(z), z ∈ U. (4)

Remark 2. If f(z) ∈ An and f(z) = z +
∞
∑

k=n+1

akz
k, then the linear operator

Rmf(z) = z +
∞
∑

k=n+1

Cm
m+k−1

akz
k, z ∈ U.

Definition 2. Let m,d ∈ N0 = {0, 1, 2, ...}, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0 and α ≥ 0.
Denote by RDm,α

λ1,λ2,ℓ,d the operator given by RDm,α
λ1,λ2,ℓ,d : An → An,

RDm,α
λ1,λ2,ℓ,df(z) = (1 − α)Rmf(z) + αDm

λ1,λ2,ℓ,df(z), z ∈ U.

Remark 3. If f(z) ∈ An and f(z) = z +
∞
∑

k=n+1

akz
k, then

RDm,α
λ1,λ2,ℓ,df(z)

= z +

∞
∑

k=n+1

{

(1 − α)Cm
m+k−1 + α

[

ℓ(1 + (λ1 + λ2)(k − 1)) + d

ℓ(1 + λ2(k − 1)) + d

]m}

akz
k.

Remark 4. The operator RDm,α
1,0,ℓ,df(z) = RIm

α,β,λf(z) was studied in [25, 26].

The operator RDm,α
λ1,0,1,0f(z) = RDm

λ,αf(z) was studied in [7–10]. The operator

RDm,α
λ1,0,1,df(z) = RIα

m,λ,ℓ was studied in [11] whereas operator

RDm,α
1,0,1,0f(z) = Lm

α f(z) was studied in [12–15].

Also we note that:
For α = 0,RDm,0

λ1,λ2,ℓ,df(z) = Rmf(z), where z ∈ U.

For α = 1,RDm,0
λ1,λ2,ℓ,df(z) = Dm

λ1,λ2,ℓ,df(z), where z ∈ U.
For m = 0,
RD0,α

λ1,λ2,ℓ,df(z) = (1−α)R0f(z)+αD0
λ1,λ2,ℓ,df(z) = f(z) = R0f(z) = D0

λ1,λ2,ℓ,df(z),
where z ∈ U.

Definition 3. [19] Denote by Q the set of functions f that are analytic and injective
on U \ E(f), where

E(f) =
{

η ∈ ∂U : lim
z→η

f(z) = ∞
}

,

and are such that f ′(η) 6= 0, η ∈ ∂U \E(f).
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Lemma 1. [18] Let q be univalent function in U and let θ and φ be analytic func-
tions in a domain D containing q(U), with φ(w) 6= 0 when w ∈ q(U).

Set
Q(z) = zq′(z)φ

[

q(z)
]

, h(z) = θ [q(z)] + Q(z).

Suppose that
(i) Q(z) is starlike univalent in U,

(ii) Re

{

zh′(z)

Q(z)

}

> 0. If p is analytic in U, with p(0) = q(0), p(U) ⊂ D and

θ
[

p(z)
]

+ zp′(z)φ
[

p(z)
]

≺ θ
[

q(z)
]

+ zq′(z)φ
[

q(z)
]

, (5)

then p ≺ q and q is the best dominant of (5).

Lemma 2. [2] Let q be convex univalent in the unit disc U and ϑ and ϕ be analytic
in a domain D containing q(U). Suppose that

(i) Re

{

ϑ′[q(z)])

ϕ[q(z)]

}

> 0,

(ii) zq′(z)ϕ(q(z)) is starlike univalent in U.

If p(z) ∈ H[q(0), 1] ∩ Q, with p(U) ⊆ D, and ϑ[p(z)] + zp′(z)ϕ[p(z)] is univalent in
U, and

ϑ[q(z)] + zq′(z)ϕ[q(z)] ≺ ϑ[p(z)] + zp′(z)ϕ[p(z)]

then
q(z) ≺ p(z), (z ∈ U)

and q(z) is the best subordinant.

2 Main results

Theorem 1. Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0 and α ≥ 0.
Let the function q be univalent in U and suppose that it satisfies the conditions

Re{q(z)} > 0, z ∈ U, (6)

and

Re

[

zq′′(z)

q′(z)
−

zq′(z)

q(z)
+ 1

]

> 0, z ∈ U. (7)

Let

Ψ(δ,m,α, λ1, λ2, ℓ, d) =

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

+ δ(m + 1)
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

+ δα

[

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)
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−

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− m

)

Dm
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

]

− δ(m + 1). (8)

If

Ψ(δ,m,α, λ1, λ2, ℓ, d) ≺ q(z) +
zq′(z)

q(z)
, z ∈ U, (9)

then

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

≺ q(z) and q is the best dominant.

Proof. Define the function p(z) by

p(z) =

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

, z ∈ U. (10)

By logarithmically differentiating both sides of (10) with respect to z, and multiply-
ing the resulting equation by z, we obtain

zp′(z)

p(z)
= δ

[

z(RDm,α
λ1,λ2,ℓ,df(z))′

RDm,α
λ1,λ2,ℓ,df(z)

− 1

]

. (11)

Using (3) and (1), (11) becomes

p(z) +
zp′(z)

p(z)
=

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

+ δ(m + 1)
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

+ δα

[

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

−

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− m

)

Dm
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

]

− δ(m + 1). (12)

From (8), (9) and (12), we get

p(z) +
zp′(z)

p(z)
≺ q(z) +

zq′(z)

q(z)
, z ∈ U.

By setting

θ(w) = w, and φ(w) =
1

w
,

it can be easily observed that θ(w) is analytic function in C and φ(w) is analytic
function in C \ {0} and that φ(w) 6= 0. Also we see that

Q(z) = zq′(z)φ
[

q(z)
]

=
zq′(z)

q(z)
,
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and

h(z) = θ
[

q(z)
]

+ Q(z) = q(z) +
zq′(z)

q(z)
.

We can calculate

Re

{

zQ′(z)

Q(z)

}

= Re

[

zq′′(z)

q′(z)
−

zq′(z)

q(z)
+ 1

]

, z ∈ U,

hence by (7) Re

{

zQ′(z)

Q(z)

}

> 0, then Q is starlike in U, and by using (7)

Re

{

zh′(z)

Q(z)

}

= Re

{

q(z) +
zq′′(z)

q′(z)
−

zq′(z)

q(z)
+ 1

}

> 0.

Since Q is starlike, and Re

{

zh′(z)

Q(z)

}

> 0, z ∈ U. and then, by using Lemma 1 we

deduce that the subordination (9) implies p(z) ≺ q(z), and the function q is the best
dominant of (9).

Theorem 2. Let q be convex univalent in U, and let us assume that it satisfies the
equation (7) and

Re
{

q(z)q′(z)
}

> 0, z ∈ U. (13)

If f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

∈ H[q(0), 1] ∩ Q. (14)

If Ψ(δ,m,α, λ1, λ2, ℓ, d) given by (8) is univalent in U and satisfies the following
superordination

q(z) +
zq′(z)

q(z)
≺ Ψ(δ,m,α, λ1, λ2, ℓ, d), (15)

then

q(z) ≺

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

, and q is the best subordinant.

Proof. It can be proved easily by using the same method of Theorem 1 and by
an application of Lemma 2.

Combining Theorems 1 and 2, we state the following sandwich theorem.

Theorem 3. Let qi be univalent in U (i = 1, 2), and q1 be convex. Suppose that
q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

∈ H[q(0), 1] ∩ Q. (16)
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Let Ψ(δ,m,α, λ1, λ2, ℓ, d) given by (8) be univalent in U.
If

q1(z) +
zq′1(z)

q1(z)
≺ Ψ(δ,m,α, λ1, λ2, ℓ, d) ≺ q2(z) +

zq′2(z)

q2(z)
,

then

q1(z) ≺

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

≺ q2(z).

and q1, q2, respectively, are the best subordinant and the best dominant.

Theorem 4. Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0 and α ≥ 0.
Let the function q be univalent in U and suppose that it satisfies the conditions (6)
and (7).
Let

Φ(δ,m,α, λ1, λ2, ℓ, d) =

(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

+ (m + 2)

[

RDm+2,α
λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− 1

]

− δ(m + 1)

[

RDm+1,α
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− 1

]

+ α

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 2)

)

Dm+2

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− αδ

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− α

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

+ αδ

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− m

)

Dm
λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

. (17)

If

Φ(δ,m,α, λ1, λ2, ℓ, d) ≺ q(z) +
zq′(z)

q(z)
, (18)

then
(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

≺ q(z), z ∈ U,

and q is the best dominant.

Proof. Define the function p(z) by

p(z) =

(

RDm,α
λ1,λ2,ℓ,df(z)

z

)δ

, z ∈ U. (19)
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Then the function p(z) is analytic in U and p(0) = 1. By logarithmically differen-
tiating both sides of (19) with respect to z, and multiplying the resulting equation
by z, and using (3) and (1), we obtain

p(z) +
zp′(z)

p(z)
=

(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

+ (m + 2)

[

RDm+2,α
λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− 1

]

− δ(m + 1)

[

RDm+1,α
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− 1

]

+ α

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 2)

)

Dm+2

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− αδ

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− α

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

+ αδ

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− m

)

Dm
λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

. (20)

From (17), (18) and (20), we get

p(z) +
zp′(z)

p(z)
≺ q(z) +

zq′(z)

q(z)
, z ∈ U.

Taking θ(w) = w, and φ(w) = 1

w
, and applying Lemma 1, we obtain the conclusion

of Theorem 4.

Theorem 5. Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ+d > 0, δ > 0, α ≥ 0, and
(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

∈ H[q(0), 1] ∩ Q. Let Φ(δ,m,α, λ1, λ2, ℓ, d)

defined by (17)be univalent in U. Let q be convex univalent in U, and let us assume
that it satisfies the equations (7) and (13).
If

q(z) +
zq′(z)

q(z)
≺ Φ(δ,m,α, λ1, λ2, ℓ, d), (21)

then

q(z) ≺

(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

,

and q is the best subordinant.

Proof. Theorem 5 follows by using the same technique of proof of Theorem 4
and by an application of Lemma 2.

Combining Theorems 4 and 5, we state the following sandwich theorem.
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Theorem 6. Let qi be univalent in U (i = 1, 2), and q1 be convex. Suppose that
q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

∈ H[q(0), 1] ∩ Q. (22)

Let Φ(δ,m,α, λ1, λ2, ℓ, d) given by ( 17) be univalent in U.
If

q1(z) +
zq′1(z)

q1(z)
≺ Φ(δ,m,α, λ1, λ2, ℓ, d) ≺ q2(z) +

zq′2(z)

q2(z)
,

then

q1(z) ≺

(

RDm+1,α
λ1,λ2,ℓ,df(z)

z

)(

z

RDm,α
λ1,λ2,ℓ,df(z)

)δ

≺ q2(z).

and q1, q2, respectively, are the best subordinant and the best dominant.

Taking α = 1 in Theorem 6, we get the following result

Corollary 1. Let qi be univalent in U (i = 1, 2), and q1 be convex. Suppose that
q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

(

Dm+1

λ1,λ2,ℓ,df(z)

z

)(

z

Dm
λ1,λ2,ℓ,df(z)

)δ

∈ H[q(0), 1] ∩ Q. (23)

Let

τ(δ,m, λ1, λ2, ℓ, d) =

(

Dm+1

λ1,λ2,ℓ,df(z)

z

)(

z

Dm
λ1,λ2,ℓ,df(z)

)δ

+

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

[(

Dm+2

λ1,λ2,ℓ,df(z)

Dm+1

λ1,λ2,ℓ,df(z)
− 1

)

+ δ

(

1 −
Dm+1

λ1,λ2,ℓ,df(z)

Dm
λ1,λ2,ℓ,df(z)

)]

(24)

If

q1(z) +
zq′1(z)

q1(z)
≺ τ(δ,m, λ1, λ2, ℓ, d) ≺ q2(z) +

zq′2(z)

q2(z)
,

then

q1(z) ≺

(

Dm+1

λ1,λ2,ℓ,df(z)

z

)(

z

Dm
λ1,λ2,ℓ,df(z)

)δ

≺ q2(z).

and q1, q2, respectively, are the best subordinant and the best dominant.
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Theorem 7. Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0 and α ≥ 0.
Let the function q be univalent in U and suppose that it satisfies the conditions (6)
and (7).
Let

Θ(δ,m,α, λ1, λ2, ℓ, d) = (m + 2)
RDm+2,α

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− m
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

+ α

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 2)

)

Dm+2,α
λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

− α

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− α

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− (m + 1)

)

Dm+1

λ1,λ2,ℓ,df(z)

RDm+1,α
λ1,λ2,ℓ,df(z)

+ α

(

[

ℓ(1 + λ2(k − 1) − λ1) + d
]

ℓλ1

− m

)

Dm
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

− 1. (25)

If

Θ(δ,m,α, λ1, λ2, ℓ, d) ≺ q(z) +
zq′(z)

q(z)
, (26)

then
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

≺ q(z), z ∈ U,

and q is the best dominant.

Proof. Define the function p(z) by

p(z) =
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

.

Then

p(z) +
zp′(z)

p(z)
= Θ(δ,m,α, λ1, λ2, ℓ, d),

which, in light of hypothesis (26) of Theorem 7, yields the following subordination

p(z) +
zp′(z)

p(z)
≺ q(z) +

zq′(z)

q(z)
.

The assertion of Theorem 7 now follows by an application of Lemma 1 with

θ(w) = w,φ(w) =
1

w
.
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Theorem 8. Let q be convex univalent in U, and let us assume that it satisfies the
equations (7) and (13). Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0,

δ > 0, α ≥ 0 and

(

RDm+1,α
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

)

∈ H[q(0), 1] ∩ Q. Let Θ(δ,m,α, λ1, λ2, ℓ, d)

given by (25) be univalent in U and satisfies the following superordination

q(z) +
zq′(z)

q(z)
≺ Θ(δ,m,α, λ1, λ2, ℓ, d), (27)

then

q(z) ≺

(

RDm+1,α
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

)

, and q is the best subordinant.

Proof. By using the same method of Theorem 7 and by an application of Lemma
2.

Combining Theorems 1 and 2, we state the following sandwich theorem.

Theorem 9. Let qi be univalent in U (i = 1, 2), and q1 be convex. Suppose that
q1(z) satisfy (7) and (13), and q2(z) satisfy (6) and (7).
Let f ∈ An,m, d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

RDm+1,α
λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

∈ H[q(0), 1] ∩ Q. (28)

Let Θ(δ,m,α, λ1, λ2, ℓ, d) given by (25) be univalent in U and satisfy the following
superordination

q1(z) +
zq′1(z)

q1(z)
≺ Θ(δ,m,α, λ1, λ2, ℓ, d) ≺ q2(z) +

zq′2(z)

q2(z)
,

then

q1(z) ≺
RDm+1,α

λ1,λ2,ℓ,df(z)

RDm,α
λ1,λ2,ℓ,df(z)

≺ q2(z),

and q1, q2, respectively, are the best subordinant and the best dominant.

Taking α = 1 in Theorem 9, we get the following result

Corollary 2. Let qi be univalent in U (i = 1, 2), and q1 be convex. Suppose
that q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7). Let f ∈ An,m,

d ∈ N0, λ2 ≥ λ1 ≥ 0, ℓ ≥ 0, ℓ + d > 0, δ > 0, α ≥ 0 and

Dm+1

λ1,λ2,ℓ,df(z)

Dm
λ1,λ2,ℓ,df(z)

∈ H[q(0), 1] ∩ Q. (29)

Let
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Υ(δ,m, λ1, λ2, ℓ, d) =

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

)

Dm+2

λ1,λ2,ℓ,df(z)

Dm+1

λ1,λ2,ℓ,df(z)

−

(

[

ℓ(1 + λ2(k − 1)) + d
]

ℓλ1

− 1

)

Dm+1

λ1,λ2,ℓ,df(z)

Dm
λ1,λ2,ℓ,df(z)

(30)

If

q1(z) +
zq′1(z)

q1(z)
≺ Υ(δ,m, λ1, λ2, ℓ, d) ≺ q2(z) +

zq′2(z)

q2(z)
,

then

q1(z) ≺
Dm+1

λ1,λ2,ℓ,df(z)

Dm
λ1,λ2,ℓ,df(z)

≺ q2(z).

and q1, q2, respectively, are the best subordinant and the best dominant.

Remark 5. Some other works related to differential subordination can be found
in [5–7,21,22].
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Math. Inequal. Appl. 12(4)(2009), 781–790.
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[16] Lupaş A. A. Certain differential superordinations using a multiplier transformation and

Ruscheweyh derivative, Buletinul Academiei de Stinte A Republicii Moldova. MATEMATICA,
2(72)-3(73) (2013), 119–131.

[17] Miller S. S., Mocanu P. T. Differential subordinations and univalent functions, The Michi-
gan Mathematical Journal 28(2)(1981), 157–172.

[18] Miller S. S., Mocanu P. T. Differential Subordinations: Theory and Applications, Pure and

Applied Mathematics No. 225, Marcel Dekker, New York, (2000).

[19] Miller S. S., Mocanu P. T. Subordinates of differential superordinations, Complex Var.
Elliptic Equ. 48 (10) (2003), 815–826.

[20] Miller S. S., Mocanu P. T. Second order differential inequalities in the complex plane, J.
Math. Anal. Appl. 65(1978), 298–305.

[21] Oshah A., Darus M. Differential sandwich theorems with a new generalized derivative oper-

ator, Advances in Mathematics: Scientific Journal 3(2) (2014), 117–124.

[22] Ravichandran V., Darus M., Hussain Khan M., Subramanian K. G. Differential subor-

dination associated with linear operators defined for multivalent functions, Acta Math. Vietnam
30(2)(2005), 113–121.

[23] Ruscheweyh S. A new criteria for univalent function, Proc. Amer. Math. Soc. 49 (1975),
109–115.

[24] Swamy S. R. Inclusion properties of certain subclasses of analytic functions, International
Mathematical Forum 7(36)(2012), 1751–1760.

[25] Swamy S. R. A note on a subclass of analytic functions defined by Ruscheweyh derivative and

a new generalised multiplier transformation, J. Math. Computer Sci. 2(4) (2012), 784–792.

[26] Swamy S. R. Differential sandwich theorems for certain subclasses of analytic functions defined

by a new linear derivative operator, J. Math. Computer Sci. 2(6) (2012), 1785–180

Anessa Oshah

Department of Mathematics, Faculty of Science,
Sabratha University,
Sabratha, Libya.
E-mail: anessa.oshah@sabu.edu.ly

Maslina Darus

Department of Mathematical Sciences,
Faculty of Science and Technology,
Universiti Kebangsaan Malaysia,
Bangi 43600, Selangor D. Ehsan, Malaysia.
E-mail: maslina@ukm.edu.my

Received January 10, 2019


