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Subordination and superordination for certain analytic
functions associated with Ruscheweyh derivative and a
new generalised multiplier transformation

Anessa Oshah, Maslina Darus

Abstract. In the present paper, we study the operator defined by using Ruscheweyh
derivative R™ and new generalized multiplier transformation

I+ (M +X)(k—1)+d]™ &
0+ 2alk—1) +d e

DX ageaf(2) = 2+ Z V(

k=n+1

denoted by RDY"S, ; 4t An — An, RDYS, 4 af(2) = (1=a)R™ f(2)+aDX, a,.0.af(2),
where A, = {f € H(U), f(z) =z + 12" Fang0z" 4z € U} is the class of
normalized analytic functions with 4; = A. We obtain several differential subordi-
nations associated with the operator RD/’\”{"?\Z, el (z). Further, sandwich-type results
for this operator are considered.

Mathematics subject classification: 30C45, 30C50.
Keywords and phrases: Ruscheweyh operator, multiplier transformation, differen-
tial subordination, differential superordination.

1  Introduction
Let A denote the class of functions of the form
f(2) :z+Zakzk, (1)
k=2
which are analytic in the unit disk U = {z € C: |z| < 1}. Let H(U) be the space of
holomorphic functions in U. For ¢ € C and n € N we denoted by
Hla,n] = {f € H(U), f(2) = a+ an2" + ans12" T + ..., 2 € U},

and
Ap = {f € H(U)7 f(Z) =z+ CLn—l—lzn—i—1 + an+22’n+2 + ...,z € U} R

with A; = A. A function f € H(U) is said to be starlike in U if and only if f/(0) # 0

/
and Re <Z;((Z§)> > 0. Further, a function f € H(U) is said to be convex in U if
o 2f"(2)
and only if f'(0) # 0 and Re{l + ) }>0,z€U.
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If f and g are analytic functions in U, we say that f is subordinate to g, (or g
is superordinate to f ), and write f(z) < g(z) (z € U). If there exists a Schwarz
function w(z), analytic in U, with w(0) = 0 and |w(z)| < 1, then f(z) = g(w(z))
(z € U). In particular if g is univalent in U, then f(z) < g¢(z) is equivalent to
f(0) = g(0) and f(U) € g(U).

The method of differential subordinations (also known as the admissible functions
method) was perhaps first introduced by Miller and Mocanu in 1978 [20] and the
theory started to develop in 1981 [17]. All the details can be found in a book written
by Miller and Mocanu [18].

For our work, we may need the following definitions and lemmas. First, we state
the following generalized derivative operator: Let m,d € Nyg = {0,1,2,...},
A > A >0, >0, and £ +d > 0. Then, for f € A,, the operator DY\ aotd
is defined by DY} ;4 An — A,

DY, apeaf (2) = f(2),
(61 + Mok — 1) = M) +d| DYy, af (2) + 200 (DY, 5, 0.4 (2))
01+ Xo(k—1))+d ’
[+ Aok = 1) = A1) +d] Dy, , 0.4 (2) + 200 (D}, 5, 0.af (2))
U1+ A(k—1)+d ’

Dil,xz ,Z,df(z) =

D3, apeaf(2) =

Dﬁ7,\2,e7df(z) = D/\l7/\27£,d(D§Z,—>\12,z7d)f(Z))-

Remark 1. If f(2) € A, and f(2) =2+ 3. agz*, then the linear operator
k=n+1

+ M+ N)k—-1)+d mn k

m B — [
DY\ noeaf (2) =2+ kg-l [ 0t 2alk—1) +d agz". (2)

Tt can be casily shown that
60+ Dalk 1)+ DT, 1 (2) =
(601 + Aok — 1) = A1)+ d] DY o af (2) + Onz(DT o, 0af(2) . (3)
We note that
® D?f&l,df(z) = I{"f(z) (see Cho and Srivastava [4]).
o D% af(2) = 175f(2) (see Swamy [24]).
o DI o uf(2) = (A0 (2) (see Catas [3)).
o D 1 of(2) = DY f(2) (see AL-Oboudi [1]).



24 A.OSHAH, M.DARUS

Definition 1. (Ruscheweyh [23]) For f € A,,,m € N, the operator R" is defined
by R™: A, — A,

ROf(2) = f(2),
RUf(2) = 2f'(2),

(m 4+ DR™ 1 f(2) = 2(R™f(2)) + mR™f(z), zecU. (4)

Remark 2. If f(z) € A, and f(2) = 2+ >, agz*, then the linear operator
k=n+1

o0
R™f(z)=z+ > Cm, jaxz" z€U.
k=n+1

Definition 2. Let m,d € Ny ={0,1,2,...}, A2 > A\; > 0,£>0,{+d >0 and a > 0.
Denote by RD;ﬁ’f\z,& 4 the operator given by RD;ﬁ’f\z,& g A — An,

RD;ﬁ’f\z’Mf(z) = (1= a)R"f(2) + oDy, 5, 0af(2),2 € U.

Remark 3. If f(2) € A, and f(2) =2+ > apzF, then
k=n+1

RDY,0af (2)

3 m 1+ M+ X)) (k—1)+d]™
:Z“‘k;l{(l—a)Cerk_l e 1+ X(k—1))+d } }aka.

Remark 4. The operator RDY, f(z) = RI'; () was studied in [25, 26].
The operator RDY(, (f(2) = RDY', f(2) was studied in [7-10]. The operator
RD\14f(2) = RI%,, was studied in [l11] whereas operator

RDY 0f (2) = Li f(2) was studied in [12-15].

Also we note that:

For a = O,RDTl’gM’df(z) =R™f(z), where z € U.

For o = 1,722))72’7(3\27“]”(2) = DY y,0af(2), where z € U.

For m =0,

RD?\;?AQ,&C[JC(Z) = (1-)Rf(2) "‘QD?\LAQ,&CZJC(Z) = f(2) =R°f(2) = Dgl,xz,&df(z)a
where z € U.

Definition 3. [19] Denote by @ the set of functions f that are analytic and injective
on U\ E(f), where

B(f) = {n € 0U: lim /(2) = o0},

and are such that f'(n) # 0,n7 € OU \ E(f).
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Lemma 1. [18] Let q be univalent function in U and let 6 and ¢ be analytic func-
tions in a domain D containing q(U), with ¢(w) # 0 when w € q(U).

Set
Q(2) = zq'(2)9[a(2)],  N(2) = 0a(2)] + Q(2).
Suppose that
(i) Q(z) is starlike univalent in U,

(ii) 9%6{ Zg/((j))} > 0. If p is analytic in U, with p(0) = ¢(0),p(U) C D and

0[p(2)] + 20/ (2)8[p(2)] < 0la(2)] + 2d'(2)8[a(2)], (5)
then p < q and q is the best dominant of (5).

Lemma 2. [2]| Let q be convex univalent in the unit disc U and ¥ and ¢ be analytic
in a domain D containing q(U). Suppose that

PTa(2))
“%{ [q()]}>°’
(ii) ¢ (=)olq

z
(2)) is starlike univalent in U.

If p(z) € H[q(0),1] N Q, with p(U) C D, and 9[p(2)] + 2p'(2)p[p(2)] is univalent in

U, and
D0a(2)] + 24 (2)ela(2)] < Ip(2)] + 20 (2)p[p(2)]
then
q(z) < p(z), (z€U)

and q(z) 1is the best subordinant.
2 Main results

Theorem 1. Let f € A,,m,d € Ng, Ao > A1 >0,£>0,{+d>0,0 >0 and o> 0.
Let the function q be univalent in U and suppose that it satisfies the conditions

Re{q(2)} >0, zeTl, (6)

and

NELOIEE .
R [ e o) +1] >0,z U. (7)

Let

m,o 9 m+1 a
RD,” z RD z
\Il(67”L7a7)‘17)‘27€7 d) = Al’AZl’df( ) +5( 1+ 1) i‘;ﬁ‘%éd‘f( )
o RDY n,af (2)

(Lt etk d] Dy, raf (2)
+4 [( Y ( +1)> RtDTl,aAQ,Z,df( 2)
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14+ Xk—1)—A d Dy z
[+ Ao ) = A1) +d m ,\%\é,z,df( ) _Sm+1). (8)
O] RDyz 00l (2)
If
/
W(S,m, a0, A1, Ao, 6, d) < q(2) + Zj(z), zel, (9)
m,x 1
RD,~ z
then < Al’t’z’df( )) < q(z) and q is the best dominant.
Proof. Define the function p(z) by
m,x é
RD,> z
p(z) = (M) ,zeU. (10)

By logarithmically differentiating both sides of (10) with respect to z, and multiply-
ing the resulting equation by z, we obtain

Z(RDZKZ,&df(Z)), 1
RDﬁ’f‘/\%&df(z)

(11)

Using (3) and (1), (11) becomes

2p'(2) RDAml’oiQ 0af(2) ’ RD;ZKIQ’OE af (2)
= AL tha! ) B i b
p(z) + (%) < . +d(m 1)RDZ7,Q>\2,Z,df(z)
(601 + Dok = 1)) + d] DY oaf (2)
o] ( o ~ O RDGS, af )
(O Ak =1 = A) +d] DY) sl (2) ] B
< oY m —RDZ&%&J(Z) d(m+1). (12)
From (8), (9) and (12), we get
zp'(2) 2q'(2)
p(z) + ) <q(z)+ ) ,2€U
By setting
1

O(w)=w, and ¢(w)= o

it can be easily observed that f(w) is analytic function in C and ¢(w) is analytic
function in C\ {0} and that ¢(w) # 0. Also we see that
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and

(557} - [0

hence by (7) Re { Zgéij) } > 0, then @ is starlike in U, and by using (7)
SN e oy 2R 2d(2)
ne{ G ) = e a5 - e >o
2l (2)

Since @ is starlike, and Re > 0, z € U. and then, by using Lemma 1 we

Q(2)
deduce that the subordination (9) implies p(z) < ¢(z), and the function ¢ is the best
dominant of (9).

Theorem 2. Let g be conver univalent in U, and let us assume that it satisfies the
equation (7) and

Re {q(2)d'(2)} >0, z€U. (13)
If feA,mdeNy A>XA\>0,>0,+d>0,0>0,a>0 and
5
RDY" 2
( “j“f : )> € H[q(0),11N Q. (14)

If W(6, m,c, \1, N, £,d) given by (8) is univalent in U and satisfies the following
superordination

= \I/(é,m,a,)\l,)\g,&d), (15)

then

m,x
o (B

4
z
~ ( )) ,and q is the best subordinant.

Proof. It can be proved easily by using the same method of Theorem 1 and by
an application of Lemma 2.
Combining Theorems 1 and 2, we state the following sandwich theorem.

Theorem 3. Let q; be univalent in U (i = 1,2), and q1 be conver. Suppose that
q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f € An7m7d € N07)\2 > )\l > Oag > 07£+d > 076 > 0,0é >0 and

m,a
RDy so 0.0t
z

)\’
€ Hlq(0),1] N Q. (16)
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Let U (5, m,a, A1, Ao, £,d) given by (8) be univalent in U.
If

/
@ (z) + qul((;)) < W(0,m,a, A\, Ao, £, d) < q2(2) + Zq2(2)7
1

() < (M) < a),

and q1, qo, Tespectively, are the best subordinant and the best dominant.

then

Theorem 4. Let f € A,,m,d € Nog,Ada > A1 >0,0>0,{+d>0,0 >0 and o > 0.
Let the function q be univalent in U and suppose that it satisfies the conditions (6)
and (7).

Let

9
RDYHLG 1 (2) z
o _ 1,12,
(5,m,Oé, >\17 A27€7 d) < z RDZ73275’df(Z)

m+2 a m+l,a
RD Ao, af (2) RD A e2,0,d f(2) 1
RD™ L (2) RID)TZ 7a)\2,z df(z)

)

+(m+2)

—1] —d(m+1)

A1,A2,4,d

61+ Xa(k — 1) +d] DY Ll (2)
a( 0\1 (m+2) RDZ:‘;\é’agdf( )

([t dak 1) d] Dy, naf (2)
a5< oY (m+1) RD;\TLO)!\Q,de( 3

(61 + Ao(k — 1) = M) +d] DY 14l (2)
< oY — (m+ 1))

- m+1,a
RDy, ) eaf (2)
[@(1+)\2(/€—1)—)\1)+d] _ ,D)\l)%gdf( )
o < 2N " RDer)\lzagdf( ) "
If )
B(6,m,0 0 e ) < () + 225, (18)
then

m~+1,a 4
RDx o/ ) i <q(2),2€U
z RDZ’§27&df(z) ’ ’

and q is the best dominant.

Proof. Define the function p(z) by

m,o 9
p(z) = (—RDM’AZ’“‘}C(Z)> 2 €. (19)

z
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Then the function p(z) is analytic in U and p(0) = 1. By logarithmically differen-
tiating both sides of (19) with respect to z, and multiplying the resulting equation
by z, and using (3) and (1), we obtain

() RPN Geal(2) 2 ’
p(z) + p(2) _< z RDYS, 1.af (2)

m+2 a m+1 a
RD A1,A2,4, df(z) RD A, A2,L, df(Z) _q
RD/r\rit\lg,af,d (2) RDZ ,Oig,z of (2)

. <[€(1+/\2(k—1))+d] - (m+2)> Dt 1 af(2)

+ (m+2)

—1] —d(m+1)

h RDZ—;\Z; d (z)

61+ Mok — 1)) + d] Dy af (2)
—a5< O —(m—l-l) RIDTlg\%de( )
60+ Dok —1) = \1) +d] Dy s eaf ()
< 0\1 (m + 1) RD;Z—‘_)Lagdf( )
[@(1+)\2(/€—1)—)\1)+d] - DA17)\27gdf(Z)
0\ Rpg"bj;zj'g S

—

+ ad

(20)

From (17), (18) and (20), we get

2p'(2) 2q'(2)
o) <q(z) + eU.

p(z) +

Taking 0(w) = w, and ¢(w) = %, and applying Lemma 1, we obtain the conclusion
of Theorem 4.

Theorem 5. Let f € A,,m,d € Ng,Aa >\ >0,£>0,{+d>0,6§ >0, a« >0, and
m+1,« é
ROV 4 (2) 2
z RDZ”%\M’df(z)
defined by (17)be univalent in U. Let q be convex univalent in U, and let us assume
that it satisfies the equations (7) and (13).

If

) € H[q(0),1] N Q. Let ®(5,m, a, \1, A2, ¢, d)

< <I>(5,m,a, A1, Ao, L, d), (21)

m+la 4
A1,A2,, df( ) z
q(z) < < . ) (RDZKQ,Z,df(Z)> :

and q is the best subordinant.

then

Proof. Theorem 5 follows by using the same technique of proof of Theorem 4
and by an application of Lemma 2.
Combining Theorems 4 and 5, we state the following sandwich theorem.
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Theorem 6. Let q; be univalent in U (i = 1,2), and g1 be convex. Suppose that
q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f € Ay,m,d € Ng,A\a > A1 >0,>0,4+d>0,0>0,a>0 and

[
RO} ol ) :
— a € H[q(0),1] N Q. 22
< z RD}\1:>\27Z7df(Z) [ ( ) ] ( )
Let ®(0,m, a, A1, Ao, £, d) given by ( 17) be univalent in U.
If
2qy(2) 2q5(2)
z) + < ®(6,m,, A\, Ao, b, d) < qa(z) + ,
B < oMt bd K@l
then

5
RDTJF,\I i of (2) z
Q1(Z) = e ™, = QQ(Z)'
< z RD\ e e, (2)

and q1, qo, respectively, are the best subordinant and the best dominant.
Taking o = 1 in Theorem 6, we get the following result
Corollary 1. Let g; be univalent in U (i = 1,2), and q1 be convex. Suppose that

q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7).
Let f € Ay,m,d € Ng,A\a > A1 >0,>0,4+d>0,0>0,a>0 and

m+1 J
< Dyl (2 )>< _ i ()> € Hq(0),1] N Q. (23)

z DY\ naeaf (2

Let

O n o tod) = [ Diaeal ) . y
’ s N1y N2, 4L, = _
? DAl)\Q,Z,df(z)

[6(1+ Dok — 1)) +d (Dg}jzfdf( 2 1) +6 <1 M)] (24)

th Dy o of (2) D)\l,)\z,é,df(z)
I
f () + 285 o 5m 0, Ao ) < o(e) + 22

q1 Q1(Z) 1y N2, %, q2 (]2(2) )
then

) < ((Dieal @) R N
" : Dl eal @)~

and q1, qo, Tespectively, are the best subordinant and the best dominant.
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Theorem 7. Let f € A,,m,d € Ng,\a > A1 >0,£>0,{+d>0,0 >0 and o> 0.
Let the function q be univalent in U and suppose that it satisfies the conditions (6)
and (7).

Let

RDm—I—Za . RDm—I—l,a p
O(8,m, o, A1, Ao, £,d) = (m +2) 2200 5 B vl )
RDy aovaf (2) RDY "\, 0af (2)

01+ Mok — 1)) +d Dy af (2
a([( + 2(6/\ ) + ]_(m+2)> )\ir,b)fl,{;d()
1 RD;, atal (2)

01+ Mop(k— 1)) +d Dy, 0af (2

W [0(1 + Ao( ) + ]—(m+1) ,\ir,b,’\;,e,df()
I\ RDy [\, 0af ()

01+ Xo(k—1)— ) +d DY f(z
_a<[< +alk— )~ + ]_(m+1)) A eaf )
1 RD;, a,al (2)

u [0+ Xk =)= M) +d] . DR doraf (2) L (@)
)\ RDY 00k (2)
If
2q'(2)
@(5,7’)’1,0[,/\1,)\2,6, d) < Q(Z) + 9 (26)
q(2)
then )
RDTTLY £
PR e,
RD}q,)\g,Z,df(Z)

and q is the best dominant.
Proof. Define the function p(z) by
+1,
_ RDY awal (?)
RDY s eaf (2)

p(z)

Then

The assertion of Theorem 7 now follows by an application of Lemma 1 with

O(w) = w, dp(w) = l

w
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Theorem 8. Let g be convexr univalent in U, and let us assume that it satisfies the
equations (7) and (13). Let f € A,,m,d € No,Ag > A\ > 0,0 > 0,0 +d > 0,
m+1,a
etd B H[g(0),1] N Q. Let O(8,m,c, A1, Ao, £, d)
RDy rotaf (2)

given by (25) be univalent in U and satisfies the following superordination

5>0,a20and<

2q'(2)
q(2)

Q(Z) + = @(5,7’71,0[,/\1,)\2,5, d)v (27)

then

RD™TLY f(
q(z) < /;;,’QQ’Z’d (=) ,and q is the best subordinant.
RD}\l,)\g,Z,df(Z)

Proof. By using the same method of Theorem 7 and by an application of Lemma

Combining Theorems 1 and 2, we state the following sandwich theorem.

Theorem 9. Let q; be univalent in U (i = 1,2), and g1 be convex. Suppose that
q1(z) satisfy (7) and (13), and q2(z) satisfy (6) and (7).
Let f € Ay,m,d € Ng,A\a > A1 >0,>04+d>0,0>0,a>0 and
m—+1,a
RD}\l—,"_)\g,é,df (2)
RD Dl (2)

Let ©(0,m, a, A1, A2, 4, d) given by (25) be univalent in U and satisfy the following
superordination

€ H[q(0),1] N Q. (28)

/

2q(2)
q1(2)

<00, m,a, A1, A2, 0, d) < q2(2) +

q1(z) +

then o
RDTT Y f(z
e

q1(z) < .
RDY . eal (2

and q1, qo, respectively, are the best subordinant and the best dominant.

Taking o = 1 in Theorem 9, we get the following result

Corollary 2. Let ¢; be univalent in U (i = 1,2), and q1 be convex. Suppose
that q1(z) satisfies (7) and (13), and q2(z) satisfies (6) and (7). Let f € A,,m,
deNp, A >X>0,>0,+d>0,6d >0, >0 and
,DTl—i_)\lz v af (2)
A € Hlg(0),1] N Q. (29)
D,\l,,\z,e,df(z)

Let
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N

[@(1 + )\Q(k — 1)) + d] D;ﬁ—i_)\i zdf( )

T(57m7 )‘17 A27£7 d) =

th TJAlz eaf(2)
[0(1 + Aa(k — 1)) +d] DY af (2)
- 1 (30)
28 D/\MQ’Mf(z)
If
2q)(2) 2q5(2)
z) + < Y(5,m, A1, A2,4,d) < q2(2) + ,
By ST A b e
then

+1
;ﬁ)\z,@ df( 2)

—CLA2n -
[ ,)\z,é,df( z)

and q1, qo, Tespectively, are the best subordinant and the best dominant.

q1(2) < q2(2).

Remark 5. Some other works related to differential subordination can be found
in [5-7,21,22].
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