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Methods of construction of Hausdorff extensions

Laurentiu Calmutchi

Abstract. In this paper we study the extensions of Hausdorff spaces generated by
discrete families of open sets.
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1 Introduction

Any space is considered to be a Hausdorff space. We use the terminology from [3].
For any completely regular space X denote by 8X the Stone-Cech compactification
of the space X.

Fix a space X. A space eX is an extension of the space X if X is a dense
subspace of eX. If eX is a compact space, then eX is called a compactification of
the space X. The subspace eX \ X is called a remainder of the extension eX.

Denote by Ezt(X) the family of all extensions of the space X. If X is a com-
pletely regular space, then by Ext,(X) we denote the family of all completely regular
extensions of the space X. Obviously, Ext,(X) C Ext(X). Let Y, Z € Ext(X) be
two extensions of the space X. We consider that Z <Y if there exists a continuous
mapping f : Y — Z such that f(x) =z foreachx € X. If Z <Y and Y < Z, then
we say that extensions Y and Z are equivalent and there exists a unique homeomor-
phism f:Y — Z of Y onto Z such that f(z) = z for each x € X. We identify the
equivalent extensions. In this case Ext(X) and Ext, are partially ordered sets.

Let 7 be an infinite cardinal. Denote by O(7) the set of all ordinal numbers of
cardinality < 7. We consider that 7 is the first ordinal number of the cardinality
7. For any a € O(1) we put O(a) = { € O(7) : 8 < a}. In this case O(7) is well
ordered set such that |O(7)| = 7 and |O(«)| < 7 for every a € O(7).

A point z € X is called a P(7)-point of the space X if for any non-empty family
~ of open subsets of X for which z € Ny and |y| < 7 there exists an open subset U
of X such that x € U C Ny. If any point of X is a P(7)-point, then we say that X
is a P(7)-space.

Any point is an Ng-point. If 7 = Xy, then the P(7)-point is called the P-point.

2 Hausdorff extensions of discrete spaces

Let 7 be an infinite cardinal. Let E be a discrete space of the cardinality > 7.
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A family n of subsets of E is called 7-centered if the family #n is non-empty,
Mn =0, 0 &€ n and for any subfamily ¢ C n, with cardinality |(| < 7, there exists
[ € p such that L C NC.

Two families 1 and ¢ of subsets of the space F are almost disjoint if there exist
L enand Z € ( such that LN Z = (.

Any family of subsets is ordered by the following order: L < H if and only if
H C L. Relative to this oder some families of sets are well-ordered.

Proposition 1. Let k = |E| > 7 and 2{k™ : m < 7} = k. Then on E there exists
a set Q of well-ordered almost disjoint T-centered families such that |Q| = k7 and
In| = 1 for each n € Q.

Proof. We fix an element 0 € E. For every o € O(7) we put E, = E and 0, = 0.
Then E™ = II{E, : « € O(7)}. For each x = (2o : « € O(7)) € E™ we put
d(x) = sup{0,a : zq # 0n}. Obviously, 0 < ¢(z) < 7. Let D = {z = (24 :
a € O(r)) € E™ : ¢(x) < 7}. By construction, |D| = ¥{k™ : m < 7} =k
and |E7| = k7. Since |E| = |D|, we can fix a one-to-one mapping f : E — D.
Fix a point z = (z, : @ € O(7)) € E7. For any 8 € O(1) we put V(z,5) =
{y = Wa :a € O(1)) € E" : yo, = x4 for every a < 8} and n, = {L(z,5) =
YD NV(z,8) : 3 € 0(r)}. Then Q = {n, : z € E7} is the desired set of
T-centered families. O

Remark 1. Let |E| = k > 7. Since on E there exists & mutually disjoint subsets of
cardinality 7, on E there exists a set ® of well-ordered almost disjoint 7-centered
families such that |®| > k and |n| = 7 for each n € ®.

Fix a set ® of almost disjoint 7-centered families of subsets of the set ££. We put
eaF = EU®. On eg F we construct two topologies.

Topology T%(®). The basis of the topology T%(®) is the family B*(®) = {UL =
Lu{ne®:HCLforsome Hen}:LCE}.

Topology T,,(®). For each z € E we put By,(x) = {{z}}. For every n € ® we
put By (n) = {Vy,r) = {n} UL : L € n}. The basis of the topology T},,(®) is the
family B,,(®) = U{Bn(z) : x € ea E'}.

Theorem 1. The spaces (eaE,T*(®)) and (eaE,T,,(®)) are Hausdorff zero-
dimensional extensions of the discrete space E, and T*(®) C T,,,(®)). In particular,
(e B,T°(®)) < (ea B, Tin(®))-

Proof. The inclusion T°%(®) C T,,(®)) follows from the constructions of the topolo-
gies T%(®) and T,,(®)). If L € n € ®, then n € clL. Hence the set F is dense
in the spaces (es E,T°(®?)) and (ea E, T,,,(P)). If the families n,{ € ® are distinct,
then there exist L € n and Z € ( such that LN Z = (). Then U, NUz = (. If
L C F and |L| < 7, then L is an open-and-closed subset of the spaces (eq E,T%(P))
and (eqF,T,,(®)). Hence the topologies T%(®) and T,,(P) are discrete on F and
the spaces (eaE,T%(®)) and (eqF,T,,(P)) are Hausdorff extensions of the dis-
crete space E. Since the sets Uy and V{, 1) are open-and-closed in the topolo-
gies T°(®) and T,,,(®)), respectively, the spaces (ea E,T*(®)) and (es E, T),,(P)) are
zero-dimensional. O
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Theorem 2. The spaces (ea E,T°(®)) and (ea E, T),(P)) are P(7)-spaces.

Proof. Fix n € ®. If ( C n and |¢| < 7, then there exists L({) € n such that
L(¢) € N¢. From this fact immediately follows that (eq E,T;,(®)) is a P(7)-space.
Assume that {L, : p € M} is a family of subsets of £, [M| < 7, n € ® and
n € N{Ly :p € M}. Then there exists L € n such that L C N{L, : p € M}. Thus
ne Uy en{Ur, : p € M}. From this fact immediately follows that (eq £, T°(®)) is
a P(1)-space. O

Corollary 1. If T%(®) C T C T,,(®)), then (eaE,T) is a Hausdorff extension of
the discrete space E, and (ea E,T°(®)) < (ea E,T) < (ea E, T;n(P)).

Theorem 3. The space (eqE,T*(R2)), where Q is the set of well-ordered almost
disjoint T-centered families from Proposition 1, is a zero-dimensional paracompact
space with character x(eqE,T*()) = 7 and weight L{|E|™ : m < 7}.

Proof. We consider that £ = D. The family B = {{z} : x € D} U{V(z,8) : z €
E™, 3 € O(1)} is a base of the topology T%(Q2). If U,V € B, then either U C V, or
V cU,or UNV = 0. From the A. V. Arhangel’skii Theorem [1] it follows that
(eqE,T*(R)) is a zero-dimensional paracompact space. O

3 Construction of Hausdorff extensions

Let 7 be an infinite cardinal. Fix a P(7)-space X. Let v = {H, : p € M} be
a discrete family of non-empty open subsets of the space X and 7 < |M|. For any
p € M we fix a point e, € Uy, and a family §,, = {H, ) : @ € O(7)} of open subsets
of X such that e, € N, and H, g C H, ) C H, for all a € O(7) and § € O(«).
Then E = {e, : p € M} is a discrete closed subspace of the space X.

Consider the Hausdorff extension rE of the space E. We put e,p X = XU(rE\E).
In e, X we construct the topology 7 = T'(v, E,&,, ) as follows:

— we consider X as an open subspace of e g y)X;

—let T'x be the topology of X and T,.g be the topology of the space rFE;

—if V€ Typ, then eV =V U{H(,q) e, €V}

~B=TxU{e,V :V €T,g} is an open base of the topology 7 = T'(v, E,&,,T).

Theorem 4. The space (e yyX,T (7, E,&u,7)) is a Hausdorff extension of the
space X.

Proof. If VW € 1,.g, then:
—e W Ce,V if and only if W C V;
—eaW Ne,V =0 if and only if W NtV = 0;
—e VNrE=V.
These facts and Theorem 1 complete the proof. O

Theorem 5. If rE is a P(7)-space, then (e(py)X, T (v, E,&u, 7)) is a P(T)-space
too. Moreover, x(e(py )X, T (7, E,&u, 7)) = x(X) + x(rE) and
w(e(E',Y)X7T(’Ya Eaf/uT)) = w(X) + w(TE)
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Proof. Follows immediately from the construction of the sets e, V. O

Theorem 6. Assume that the spaces rE and X are zero-dimensional, and the sets
H, o) are open-and-closed in X. Then:

1. (e(ey)X, T (v, E,&u, 7)) is a zero-dimensional space.

2. The space (e(g,y)X, T (v, E,§u,T)) is paracompact if and only if the spaces rE
and X are paracompact.

Proof. If the set V' is open-and-closed in 7E and the sets H,,) are open-and-
closed in X, then the sets e,V are open-and-closed in (e(py\X,T(v, E, &y, 7)) If
{Va: A€ L} is a discrete cover of rE, and a(A) € O(7), then {eq\)Va: A € L} is a
discrete family of open-and-closed sets. This fact completes the proof. O
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